Heavy Quarks (cont’d from Part 2)

Quarkonia

Potential models
Temperature effects
NRQCD



Quarkonia: heavy quarks = non-relativistic potential theory
Jacobs et al. 1986
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Quarkonia: heavy quarks = non-relativistic potential theory
Jacobs et al. 1986

1 _,
Schrédinger equation {2m.— —V*+ V(r) ®;(r) = M;®;(r)
with confining (“Cornell”) potential V(r) = o r — b
r

state J/Y| xe | Y| X | xp Y’ X} Y

mass [GeV]|3.10| 3.53 1 3.68 9.46 | 9.99 {10.02 |10.26 1 10.36

radius [fm] [0.25| 0.36 |0.45|0.14| 0.22 | 0.28 | 0.34 | 0.39




Bound by Coulombic part vs confining binding
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Potential model recipe:
1) Find Potential as a function of temperature <-> Lattice
2) Solve Schroedinger eq. as a function of T

3) Check who remains bound (binding energy)

Various uncertainties, including theoretical ones



Compromise: Bottomonium via NRQCD

Zero temperature NRQCD works beautifully for the spectrum

nSt1[; State arM Eo+ M (MeV)  Mexpt (MeV)

1S, m  0.20549(4)  9409(12) 9398.0(3.2)
218, n. 0.311(3) 10004(21) 9999(4)
138, T  0.21460(5) 9460* 9460.30(26)
23S, Y 0.318(3) 10043(22)  10023.26(31)

1P, hy  0.2963(4) 9920(15) 9899.3(1.0)
18Py xpo  0.2921(4) 9896(15) 0859.44(52)
18P, yp1  0.2964(4) 9921(15) 0892.78(40)
18Py ype  0.2978(4) 9928(15) 9912.21(40)




T
Objects of interest: Spectral functions

Relativistic t

Computed on the lattice: Euclidean (imaginary) Time Correlator:

Functions of
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Euclidean Time Correlator:

Analytic continuation

\ Fourier transform

Non'relatiViStiC |nverse Lap'ace
makes life easier..
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Bottomonium as a probe of QGP
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Bottomonium spectral functions from the lattice
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n , -: L]
Upsilon’s spectral functions from MEM  (NnracD)
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The picture of sequential melting is qualitatively correct, but quantitative
uncertainties remain — cross checks from different methods important

T/Te 1/(r) [fm]
a

2 |- | Y(1S)

- Xb(lp)

1.2|aml 7/4(15) Y'(25)

Xp (2P) Y'(35)

=Tc x(1P) w'(2s)

A.Mocsy, arXiv:0811.0337



Review by C.Allton:

https://www.ggi.infn.it/talkfiles/slides/slides5843.pdf

Study of Numerical Methods

. Exponential (Conventional o f'ns) } Maximum Likelihood

. Gaussian Ground State (+ é f'n excited)) (Minimise y?)

. Moments of Correlation F'ns Direct Method - “no” fit
.BR MethOd } Bayesian Approaches

. Maximum Entropy Method

. Kernel Ridge Regression Machine Learning

. Backus Gilbert from Geophysics
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Lattice Field Theory for Extreme QCD - Part 2

Topology
UA(1) problem and strong CP problem

QCD axion and high temperature topology
Topological susceptibility in the QGP

Limits on axion mass from lattice QCD topology

Lattice methods for finite density (and high temperature)

Sign problem and complex chemical potential
Methods

The quest for the critical point



Focus on the (9 term

2

g — Ll
= 0
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a rupv
32— 7‘_2[-'“”,:;" o q(x)

Q — topological charge

Q=) q(x) - CP-violating term
|



. GCPF and )

The GCPF of QCD is now a function of 0:
Z(H,T) — /D[@] e—TthdBLU[,(Q) — e—VF(O,T).

The energy density F'(6,T) is related with the probability of finding
configurations with given topological charge Q = [ d*z q(z):

Py = a9 —ioq,~vF@)

2T

?

so the coefficients (), of the Taylor expansion

OO H2n
F(O,T)=)» (-1)""'—C,
0.7 = 30"
are given by the cumulants of the topological charge:
+1 d2n 2
Cn=(-1)" F(0,T . — ") conn.-
(-1 FO.T)| = (@)



Topology, " and solution of the UA (1) problem
Ui

1 ~
It can be proven that o /d4:1:FF =Q Gluonic definition

and Q=ny—n_ Fermionic definition

The n’mass may now be computed from the decay of the correlation
. Qxaw)
(Ouds (2)Buis () < ~5 (F () F () F(y) F(y))

which at leading order gives the Witten-Veneziano formula

> 2Nf @ Successful
m,, = Xt
T F2 at T=0




Topology observable effects: EVIDENCES OF THE EXPLICIT U(1)s BREAKING.
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Topology observable effects:

x = (191 £ 5MeV)*,

v
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EVIDENCES OF THE EXPLICIT U(1)s BREAKING.

Yang-Mills Topological Susceptibility
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Del Debbio, Giusti et al. (2005)



Strong CP problem and the QCD axion



Topology and the Strong CP problem
How ‘large’ is 9 ?
The QCD Lagrangian admits a CP violating term

2

g a TV
£:£Q0D+932W2FMVF5’

2

I__pa B is the topological charge density g(x),

3272 HT

~ 1

FHY — ia“VpUFpg, and 6 q(x) is known as the #-term.
Without the 6-term strong interactions conserve CP. With the

f-term the neutron acquires an electric dipole moment d,,:

with QCD sum rules: d,, = 2.4 x 107199 e cm
chiral perturbation theory: d,, = 3.3 x 107199 e cm
Experiments: |d,| < 1.8 x 1072% e cm at a 90% C.L,

0 < 0.5x 10710,



Solution of the strong CP problem: the axion

Suppose 6 were a dynamical parameter: in such a case, dynamics
would force its value to zero, thus solving the strong CP problem.
Postulate Axion! a pseudo-Goldstone boson of a spontaneously
broken symmetry known as the Peccei-Quinn (PQ) symmetry,
which couples to the QCD topological charge, with a coupling
suppressed by a scale f4.

Axion field a(x) = fa0(z) is now a space-time dependent ¢
parameter.

The axion—QCD Lagrangian:

2 2
FCLF,U,I/_I_aQ 2_|__

Fa F/_Ll/
327 fa 32m2

L=Lgcp -|—9

Assume a shift symmetry: a — a + «. The 6 dependence has been
traded with a dependence on the axion field, whose minimum is at
Zero:

This solves the strong CP problem.



The axion mass

At leading order in 1/f4 — well justified as f4 = 4 x 10% GeV — the
axion can be treated as an external source, and its mass is given by

O?F(0,T)

mi(DfA= %@ |
=0

= Xtop(T) -

At zero and low temperature, chiral perturbation theory gives:

mymg M2 f3
my +ma)?  f4

7

2
mA:(

In very brief summary, the essence of this discussion
is the close relation between axion mass and
topological susceptibility:

2 2
mAfA = Xtop;



QCD axion mass landscape
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Axion cosmology and lattice
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T.. Peccei Quinn 2 107 -10% GeV

Time from Big Bang

v

Axions’s freezout

3H(T) = ma(T)

/

Axions’ mass
and density
today

After freezout e constant

S

Ng,
Pa,0 — ?ma S0

Wantz, Shellard 2010
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Axion freezout : SH(T) =ma(T) = /x(T)//a
Berkowitz Buchoff Rinaldi 2015

T I L
Y. Mill (
an g I S N DIGM fit
B 9H AT, £,=10"° GeV
1074+ B 9HfATA, f,=10" GeV |
B 9H TS, £.=102 GeV
\ J
lllll (1]) = \f
V
Q
& 106F
*
10—8 L
10—10

T|T,
Axion density at freezout controls axion density today



Topological susceptibility around and above the critical temperature



What do we know about xw(T)=—573

Xtop(T)

0%F(0, T)

6=0
ChPT “Axion mass
very small
. Compton length
Lattice QCD + Very large
mohdells * ) |
oLograpny.. DIGA Universe very small..
.
T/Tc



For axion applications we need T approx. 500-600 MeV

1) Comparison with DIGA: Only instanton-anti-instanton pair contribute

F(0,T) — F(0,T) ~ T4 P (%

where By = 11N./3 —2N;/3 and Ny, is the number of light
flavors.

N
) M (1 — cos ),

X(T) ~ T4 (%)Nf 6_87T2/92(T) ~ meTél—%Nc_%Nf



Lattice tOpOlogy Michael Mueller-Preussker(2015)

> GIUOniC:Luscher(ZOIO), Bonati,d’Elia e al (2014),Alexandrou et al . (2015)
24

Q — 32 QENVPU Z Tr[F/ZlI'/ )Flgg( )]

Need smooth configurations,using smearing,cooling, gradient flow..
Viu(n, 7) = =8°[0n,u S (V(T)IViu(n, 7),  Viu(n, 0) = Up(n),
Pros: Easy
Cons: suffers very much from lattice artifacs
» Fermionic:Atiyah Singer(1971,1984)
_ 1 Tr[FHY Fro d*x =
Q= 553 uvpe | TIF()F ()] d"x = ny —n_

Pros: not affected but UV fluctuations
Cons: very high computational cost

» Fermionic - simple but approximate: Kogut et al.(1996),Petreczky, Sharma(2016)

Q% _

Xtop — V = My X5,disc

V _ _
xeopo(T 2 Te) = mf Xase = mi — ((D0)*)s — ($)7)



Topological and chiral susceptibility =~ 9t Lagae, Sinclair1999
HotQCD, 2012

9 2 From:
Xtop QtOp / [ X5,dZSC m/d4x¢’75¢ = Qtop

SU(2) xSU(2)
Y5%q< - 0:4qq Xecon T X disc

q
u(1) A' | U(1),
Xcon d:q

Tq -~ “N: qy.q Xscon~ X s5,disc

Xr — X6 = Xdisc = X5.disc for T'>T., m — 0

Xtop —< Q%Op > /V — mZQXdisc



Systematics from twisted mass Wilson fermions

2+1+1 flavours

Xio/;l MeV Fermionic method
100 E_XXXX Finer lattice (C140 —&5—
* Fine lattice BLA0 N, = 48 —e—
B140 Ny = 64 ——<—
®
10 N E
: X
&
| | lé | —
100 200 300 400 500 600 700
T INMaV]

Kotov MpL Trunin (2021 + in progress)



QCD - summary

120 -

Chen et al., 2022
Athenodorou et al., 2022
Kotov et al., 2021
Borsanyi et al., 2016
Petreczky et al., 2016

Plot by
Claudio Bonanno
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T/T,

Na6-Strong2020, MpL et al, 2023




From exponent d to axion mass in three steps

Temperature
Time from Big Bang
H(T) ~ T2 /Mp
Axions’s freezout

1 ] 3H(T) = m«(T) Mo(T) =/x(T)/fa

—d
d = (6.26,6.88,7.52,7.48)

m. = (470,370,260, 210) MeV

/ 150

100

2_ After freezout @ constant ] 1% 70
S — D
3 N 45 % 50
= —MySo '
. Pa,0 g a 0 = =
- -
x 00 o m0Mev

B O30 Mev
100 A 260 MeV
V 210 MeV

=V X(T)/fa

200

300 500

3.0534d /2

2.027+d/2

Pa(Mg) X Mg

T [MeV]




For axion freeze-out extrapolation needed X(T) — ATY

Summary of the d parameters

Y. Taniguchi, K. Kanaya, H. Suzuki and T. Umeda (2017) (d),

Borsanyi et al. (2016) a)
Petreczky, Schlaeder, Scharma (2016) (p)
O Burgeretal (2018) Cg)

DIGA, Nf=3
DIGA, Nf=4

For T > 300 MeV the DIGA exp
is approached from below

Tc<T <250 — 300 MeV ?7?

(a) ——
(b) =——¢—
>4 (g) ——
T <500 MeV ( )
(global fit)
T=420 MeV

—— T=2100 MeV

T <350 MeV
4]

—_——
T <450 MeV

6 657 75 8 85 9 9.5 10
d



Limits on the (post-inflactionary) axion mass 3.053+d/2

Qu=F(Ad,..)m, """

0.0
02+
=z 04° 0370 MeV
< - % 210, 260 MeV -
C‘f 0.6- M 140 MeV
@& d=8(DIGA)
4A'.tggr25 E:;Ir(gy 0,8;_.0.4._141111111 EEEEEE
&Z’t';e, 71.4% _ A A X 104 .
oL vanot s 4
1 510 - 50 100 500
Axion mass [,ueV] Kotov, Trunin, MpL, updated 2023
p O Burger, Trunin, ligenfritz,Mueller-Preussker,MpL 2019
0, = =&
a — : Example: if axions constitute 80% DM,
Pc our results give a lower bound for the

axion mass of ~ 30ueV



Limits on the axion mass

falGeV]
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Issue: string contribution ??



Lower limits on the axion mass assuming that axions make 100% of DM:

Tg: TWEXT gluonic; Bon: Bonati et al.; D: DIGA, B: Borsanyi et al.,
P: Petreczky et al., T: TWEXT, fermionic

-l s . __fa

Borsanyi et
CULTASK al

Assuming that axions
contribute from 50% to 1% to DM

| | | | | | | l | | | |
1 10! 102 103 10* 10° 108

Axion mass (ueV)

Updated from Nature N&V



Lattice methods for finite density (and high temperature)



Temperature (MeV)
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Sign problem

/dwady?,@’(T”u’ v, y,U) = /dUe—(S),.u(U)_/og(detM))

M(UB) — _‘M(_UB)

Forget the log, keep determinant as an observable

Keep chemical potential zero, works compute derivatives

Purely imaginary chemical potential and alaytic continuation

~——

MY (ug) = —M(~pg) MY =M



Phases at imaginary chemical potential

Zap/T) = Z(ip/T + 2k /3)

The periodicity is smooth at low temperature

Phase transitions at high temperature at 7 =27 /3(k+1/2) Roberge-Weiss 1981

-
/
/
\
\
N
I -
7
N
7

l
l

'-----\—

A. Alexandru



Pressure and its derivatives from analytic continuation

eStrategy: analytically continue from imaginary U
MpL 00 de Forcrand Philipsen 02 d’Elia MpL 02

e Observation: optimal parametrization depends on T
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Singular Taylor

Virial expansion natural



Useful to consider
the QCD phase
diagram in the

temperature,

A2 plane

Temperature

Chiral Transition
Roberge Weiss Transition
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All methods work at high T

oldish results
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Current status for the crossover line

QCD crossover temperature

© HotQCD: PLB (2019)

WB:PRL (2020)

170 —rT————— - e
165 ,+ ] 170 T. [MeV] crossover line: O(u}) m
160 | ¢ [ constant: € m |
— 165 + s & |
155 F + freeze-out: STAR e
~ 160 ALICE = -
g 1507 155
25| * -
- Dyson-Schwinger: hep-ph/1906.11644 —— 150 | ]
140 | Chemical freezeout; Nucl-th/0511071v3 —e—
nucl-th/1212.2431 +—e— 145 |
135 | hep-ph/ 14034903 —— ‘ 10| 4
130 nucl-th/1512.08025 —— E up [MeV]
i nucl-ex/1701.07065 —+— ] 135 ' : : : : : : '
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Search for the critical point of QCD -

(and there are more in the complexts plane )
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Searching for the QCD critical point

Series expansions are useful tools to study the phase diagram in the region which is not directly accessible to
MonteCarlo simulations due to the sign problem.

Typical parameters for the expansion are the the chemical potential 1t and the fugacity e/ / 7: while the observables
to be expanded include the Grand Canonical Partition Function or the associated thermodynamic quantities,
derivatives of the GCPF

GCFP

33 33 on the lattice

Zpw)= 3 <b> ckuT _ 3 Q. f* Glasgow-style
k=—3n§ k=—3n§’ LLM. Barbour,N. Behilil, E. Dagotto, F.

Karsch, A.Moreo, M.Stone, H. Wyld, Nuclear
Physics B275 (FS17)(1986) 296.

- Pressure

/L) _ S~ ¢, (1) G on the lattice Bielefeld-
4
T = T Swansea -style

C. R. Allton, S. Ejiri, S. J. Hands, O. Kaczmarek,
F. Karsch, E. Laermann, and C. Schmidt, Phys. Rev.
D66, 074507 (2002); D68, 014507 (2003); C. R. All-
p = (T/ V) ln Z ton, M. Doering, S. Ejiri, S. J. Hands, O. Kaczmarek,

F. Karsch, E. Laermann, and K. Redlich, D71, 054508
(2005).




Estimate of the position of the critical point via radius of convergence
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Attempts at a direct identification of the poles
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Figure 4.1: Poles in the complex jip plane from the [4,4]-Padé re-summation of the Taylor series about ip = 0 (left) and from
the multi-point Padé approach applied to lattice QCD data at imaginary pp (right). Also shown in the right panel is the expected

scaling behavior of the Lee-Yang edge singularities for different critical points, indicated by dashed lines/bands.



The Canonical Approach

Beating the Sign problem by Canonical Approach
(Hasenfraz-Toussant,1992)

Calculation in pure [y regions,
where no sign problem.

do Im
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The Canonical Approach

Beating the Sign problem by Canonical Approach
(Hasenfraz-Toussant,1992)

Calculation in pure [ly regions,
where no sign problem.
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A simple model : QCD in 1d

One dimensional QCD is a an interesting, exactly solvable model. There is no spontaneous symmetry breaking, but
there are baryons. Its partition function is formally the same as the one obtained in 4d QCD at strong coupling, once
an explicit mass term is identified with the 4d dynamically generated mass. For any temperature T and varying 4
there is a crossover to a baryon rich phase, which turns into a first order transition at zero temperature.

The partition function reads

2(1,T) = 2cosh(p/T) + sinh(4m'/T)/ sinh(m' /T) = Z A
n=-1,0,1

Aq = sinh(4m'|T)/sinh(m'/T) = A, Ay = A = 1, s understood to be pp, m' = sh™m, with m the quark mass.
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Leros of the GCPF and radius of convergence in QCD 1d
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4 < A < oo — y; =1/yy are two negative real roots.

Re'/T = (—A+ /- VA2 —4)/2=y1)

The fugacity series converges for:

1/y; < /T <y,

/8, = radius of convergency
Iy I

p=£T(log|y1|) + i(2k + 1)T'.

Setting A=5.
Y172 = —4.79,—0.208.
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Partial sums reveal the radius of convergence

n

n"(ur) = ) axsin(kpr/T)
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\ Analytic continuation

n

n"(u) = Z ax sinh(u/Tk)
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RHIC-BES Seminar Oct. 6th 2020

Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)
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Lattice Compilation by X Luo & Y.G. Huang

-- LI: F. Karsch et al., NPA 956, 352 (2016)
*  L2: Fordor & Katz, JHEP, 0404, 050 (2004) (Reweighting)
*  L3: Gavai & Gupta, NPA 904, 883c¢ (2013) (Taylor Expansion)
FRG up/T <2
Vv Fl: Weijie Fu et al,, Phys. Rev. D 101, 054032 (2020)
V¥ F2: Defu Hou et al., PRD 96, 114029 (2017) ///
DSE L1 pp/T>2
DI1: Y.X. Liu et al., PRD 90, 076006 (2014) o
D2: Y.X. Liu et al., PRD 94, 076009 (2016) P e
D3: Y.X. Liu et al., PRL 106, 172301 (2011) - T e
D4: Hong-shi Zong et al., JHEP 07, 014 (2014) /// //,—’/ IJB/T =3 e
D5: C. S. Fischer et al., PRD 90, 034022 (2014) /'L,Z (360 162) -
D6: F. Gao, J. M. Pawlowski, PRD 102, 034027 (2020) L3 (279 155)
PNJL
P : Mei Huang et al., EPJC 79, 245 (2019)
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Large uncertainties for the estimation of CP location.
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‘Essential’ issues in Lattice Field Theory for Extreme QCD

— Euclidean formulation : no real time (still, a sign problem..)

0 +0
— Monte Carlo evolution : no positive determinant for #

g 7 0



‘Essential’ issues in Lattice Field Theory for Extreme QCD

— Euclidean formulation : no real time (still, a sign problem..)

9+ 0

— Monte Carlo evolution : no positive determinant for

g 7 0

Plenty of room for improvements,
dialogue with other approaches
and new ideas -

Enjoy Extreme QCD2023!
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