
Heavy Quarks 

Quarkonia 
Potential models 
Temperature effects 
NRQCD

(cont’d from Part 2)



Minimizing the energy: 

Relation between  
the parameters of 
the potential, the mass 
and the radius

Q Q

Slide from H. Satz





Seth 2009

Bound by Coulombic part  vs confining binding 

Potential probes gauge dynamics 



Potential model recipe: 

1) Find Potential as a function of temperature <-> Lattice 

2) Solve Schroedinger eq. as a function of T 

3) Check who remains bound (binding energy)

Various uncertainties, including theoretical ones  

                  



Zero temperature NRQCD works beautifully for the spectrum

Compromise: 



Relativistic

Non-relativistic Inverse Laplace:
makes life easier..



Bottomonium as a probe of QGP

Eur.Phys.J. C76 (2016) no.3, 107 
CMS





Bottomonium spectral functions from the lattice

T ' 0
T ' 2Tc



Upsilon’s spectral functions from MEM
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Persistence of
the ground state

at all temperatures

Melting of
excited states

Modifications of
the ground state

Pattern reminiscent of experimental 
observations

(NRQCD)



The picture of sequential melting is qualitatively correct, but quantitative  
uncertainties remain — cross checks from different methods important



Review by C.Allton: 

https://www.ggi.infn.it/talkfiles/slides/slides5843.pdf
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UA(1) problem and strong CP problem  
  
QCD axion and high temperature topology  

Limits on axion mass from lattice QCD topology 

  Lattice methods for finite density (and high temperature) 

                             Sign problem and complex chemical potential 
                                     
                                    Methods 

                                    The quest for the critical point 

Lattice Field Theory for Extreme QCD - Part 2 

Topology 

Topological susceptibility in the QGP



CP-violating term 

Q — topological charge

✓must be unnaturally small

This is the strong CP problem of QCD!

Focus on the ✓
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term 



GCPF and ✓
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It can be proven that = Q 

The ⌘0mass may now be computed from the decay of the correlation

which at leading order gives the Witten-Veneziano formula 

and Q = n+ � n�

Gluonic definition

Fermionic definition

Successful
at T=0

Q(x) Q(y)

Topology, ⌘0
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and solution of the  UA(1)
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problem



ETMC 2017

Topology observable effects:



Yang-Mills Topological Susceptibility

Del Debbio, Giusti et al. (2005)

Topology observable effects:



Strong CP problem and the QCD axion



How ‘large’ is ✓
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?







MADMAX (2019)

QCD axion mass landscape 



 Axion cosmology and lattice



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
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> 



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
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p
�(T )/fa=



Topological susceptibility around and above the critical temperature



T/Tc
1

ChPT

DIGA

Lattice QCD + 
models + 

holography..

What do we know about

“Axion mass  
very small 

Compton length 
Very large 

Universe very small..” 



1) Comparison with DIGA:  Only instanton-anti-instanton pair contribute

For axion applications we need  T approx. 500-600 MeV



Lattice Topology Michael Mueller-Preussker(2015)

I Gluonic:Luscher(2010), Bonati,d’Elia e al (2014),Alexandrou et al . (2015)

Q =
a
4

32⇡2
"µ⌫⇢�

X

n

Tr[Fµ⌫
lat (n)F

⇢�
lat (n)],

Need smooth configurations,using smearing,cooling, gradient flow..

V̇µ(n, ⌧) = �g2[@n,µSG (V (⌧))]Vµ(n, ⌧), Vµ(n, 0) = Uµ(n),

Pros: Easy
Cons: su↵ers very much from lattice artifacs

I Fermionic:Atiyah Singer(1971,1984)

Q =
1

32⇡2
"µ⌫⇢�

Z
Tr[Fµ⌫(x)F ⇢�(x)] d4

x = n+ � n�

Pros: not a↵ected but UV fluctuations
Cons: very high computational cost

I Fermionic - simple but approximate: Kogut et al.(1996),Petreczky, Sharma(2016)

�top =
hQ2i
V

= m
2
l �5,disc

�top(T & Tc) = m
2
l �disc = m

2
l
V

T

�
h( ̄ )2il � h ̄ i2l

�
.

Lattice topology



Topological and chiral susceptibility 

�top =< Q2
top > /V = m2

l �5,disc

�top =< Q2
top > /V = m2

l �disc

HotQCD, 2012

Kogut, Lagae, Sinclair 1999

From:



Systematics from twisted mass Wilson fermions 

Kotov MpL Trunin (2021 + in progress) 

2+1+1 flavours

Fine lattice 

Finer lattice

Fermionic method



QCD - summary 
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Summary of the d parameters

T=420 MeV

T=2100 MeV

T < 350 MeV

T < 450 MeV

T < 500 MeV
(global fit)

For T > 300 MeV the DIGA exp
is approached from below

Tc < T < 250 — 300 MeV ??

Y. Taniguchi, K. Kanaya, H. Suzuki and T. Umeda (2017) (d),

d

d

For axion freeze-out extrapolation needed



Example: if axions constitute 80% DM, 
our results give a lower bound for the 

axion mass of ' 30µeV

 Burger,Trunin, Ilgenfritz,Mueller-Preussker,MpL 2019

Kotov, Trunin, MpL, updated 2023

Limits on the (post-inflactionary) axion mass



Lattice topology contribution

Limits on the axion mass

Issue: string contribution ??



Borsanyi et 
al

B

T

D

Updated from Nature N&V

P
Bon

Tg

Lower limits on the axion mass assuming that axions make 100% of DM:

Tg: TWEXT gluonic; Bon: Bonati et al.; D: DIGA, B: Borsanyi et al., 
P: Petreczky et al., T: TWEXT, fermionic

Assuming that axions
contribute from 50% to 1%  to DM



  Lattice methods for finite density (and high temperature) 

                           





Sign problem

Purely imaginary chemical potential and alaytic continuation 

Forget the log, keep determinant as an observable 

Keep chemical potential zero, works compute derivatives 



Phases at imaginary chemical potential

Z(iµ/T ) = Z(iµ/T + 2k⇡/3)
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The periodicity is smooth at low temperature 

Phase transitions at high temperature at 

A. Alexandru

Roberge-Weiss 1981



Pressure and its derivatives from imaginary      

•Strategy: analytically continue from imaginary 

• Observation: optimal parametrization depends on T

µ
MpL 00 de Forcrand Philipsen 02 d’Elia MpL 02

D’Elia, MpL 04 D’Elia, di Renzo, MpL 05 D’Elia, MpL 04

Below Tc: 
Fourier Tc < T < TRW

Singular
T > TRW

Taylor 

Virial expansion natural

µPressure and its derivatives  from analytic continuation









oldish results 



From Claudia Ratti 

Current status for the crossover line



The QCD critical point 



Search for the critical point of QCD - 

(and there are more in the complex     plane )µB



GCFP 
on the lattice
Glasgow-style

Pressure  
on the lattice Bielefeld-
Swansea -style

Searching for the QCD critical point 



Estimate of the position of the critical point via radius of convergence

Gavai-Gupta



Attempts at a direct identification of the poles  
 



The Canonical Approach 



The Canonical Approach 



SU(3)

U

 



zeros of Z 
         in the complex 

 fugacity plane

2 pi T

zeros of Z 
         in the complex 

 muB plane

Radius of convergence of 
taylor expansion

Radius of
convergence 

of fugacity 
expansion

for negative
mu

Radius of
convergence 

of fugacity 
expansion
for positive

mu

Zeros of the GCPF and radius of convergence in QCD 1d

Convergence
in fugacity

Convergence
in

µ/T



Partial sums reveal the radius of convergence 

Analytic continuation
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)
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Nakamura et al. 





J. Pawlowsky@GGI - after ‘cut’



‘Essential’ issues in Lattice Field Theory for Extreme QCD  

         
— Euclidean formulation : no real time (still, a sign problem..) 

— Monte Carlo evolution : no positive determinant for  
✓ 6= 0
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µq 6= 0
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‘Essential’ issues in Lattice Field Theory for Extreme QCD  

         
— Euclidean formulation : no real time (still, a sign problem..) 

— Monte Carlo evolution : no positive determinant for  
✓ 6= 0
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µq 6= 0
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Plenty of room for improvements, 
 dialogue with other approaches 

 and new ideas -  

Enjoy Extreme QCD2023!
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References and other material will 
be collected on: 

Details on the talk by  
Claudio Bonanno at 
Lattice2023 


