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Some Implications from Anomalies
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Non-central collisions produce 
matter with net magnetic field 
and angular momentum (rotation).

B ∼ 1015 T

J ∼ 107 ℏ

103 times larger than the surface 
magnetic field of the magnetar

Largest spin states of nuclei (Yrast states) < 100 ħ 
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Triangle (ABJ) Anomalies
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QED:

QCD:

Usually only the flavor-singlet is anomalous.
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Performing the space-time integration of
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Left-hand side is:

Right-hand side is:
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d3xK0 (Chern-Simons charge)Winding Number
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Simple example:

In the case of the U(1) electromagnetic theory:

This itself is not gauge invariant, but the integral is!

<latexit sha1_base64="gjLJo9Dq0PMNB0eSW51huhZK+3Y="></latexit>
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Magnetic Helicity

Chiral anomaly dictates a new conservation law of 
the chiral charge and the magnetic helicity!
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Energy
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Instanton

True vacuum should be the “bloch state”

Strong q-term emerges from
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Genuine QCD Lagrangian should be

q is one of the physical constants to be determined by 
the experiment ← Violation of P and CP (or T)

November 24, 2010 @ KEK

q -Vacuum and Strong CP Violation

Topological Structure and q -Vacuum

 

Strong q -Term
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Manton
Faddeev
Jackiw-Rebbi

(Bloch state)

Spin

EDM

+

-This q can be absorbed by U(1)A rotations

 (or even smaller)θ < 10−11

Electric Dipole Moment is 
sensitive to P and CP
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Even the heavy-ion collision would not 
change the physical constant, but…

Positive 
Chiral 

Domain

Negative 
Chiral 

Domain
Negative 
Chiral 

Domain

Positive 
Chiral 

Domain

Negative 
Chiral 

Domain

Positive 
Chiral 

Domain

Local Parity Violation 
(LPV)

Parity-violating condensate ~ background q
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In the heavy-ion collision time-dependent (and space too) 
q could be induced by the change in the QCD vacuum.

Such backgrounds would also induce a q term in the 
electromagnetic sector → Chern-Simons-Maxwell theory

The last term is a surface term (in other words, topological 
invariant if integrated), and no contribution to dynamics 
as long as q is constant, but…
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Equations of Motion

Differentiating Chern-Simons Maxwell theory

r ·E = ⇢+
e2

2⇡2
r✓ ·B
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Chiral Magnetic Effect AQHE

Electric current along the magnetic direction!?
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Right-handed particles

Momentum parallel to Spin

Left-handed particles

Momentum anti-parallel to Spin

Chiral Magnetic Effect

 induces chirality imbalance → Nonzero current∂0θ
often denoted as  (chiral chemical potential)μ5
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j ⇠ µ5B

j5 ⇠ µB
<latexit sha1_base64="pOAx4bEKuvxXCiZDJgR8SYTQqYM="></latexit>

Various Chiral Effects

CME

CSE

Spin Polarization Material under B

B ⇠ µ!
<latexit sha1_base64="0MN7OXEH83qxjyE2vc+IKaNGOFA="></latexit>

Rotation

j5 ⇠ µ2!
<latexit sha1_base64="QW5gMYiibThnyVseOccDsnS2G4w="></latexit>

Angular Velocity
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In the heavy-ion collision, it is very difficult to control

the vacuum properties, and so far, there is no positive 
evidence for the chiral magnetic effect.

In condensed-matter physics situations, there is no way 
to control the time- and space-dependent q angle 
(there are several proposals, though).

However, what we need is not necessarily the q angle,

but the parity-odd backgrounds should be introduced.
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B

E

Electric currents flow 
 in directions perpendicular to E

Ohm’s Law

Hall Current

CME

Chiral imbalance provided by E ·B not by µ5
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Boost

j0 = ne

B B0 ' B

E0 ' (v/c)B

jHall = j0 ' v · ne = nec
B E

Classical Hall Conductivity

Textbook argument for “classical” Hall effect
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B

E
jOhm = �E

jCME = (E ·B)B / B2

j = (�Ohm + �CME)E �CME / B2

Only this is external

Son-Spivak (2012)

Generated Chirality

Signature for Anomaly
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FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

FIG. 1: Magnetoresistance in ZrTe5. (a) Temperature dependence of resistivity in ZrTe5 in mag-

netic field perpendicular to the cleavage plane ( ~B k b). The inset shows the electron di↵raction from

a single crystal looking down the (001) direction. (b) Magnetoresistance at 20 K for several angles

of the applied field with respect to the current as depicted in the inset. (c) The same data as in (b),

plotted on the logarithmic scale, emphasizing the contrast between extremely large positive mag-

netoresistance for magnetic field perpendicular to current ( ~B k b) and negative magnetoresistance

for the field parallel to current ( ~B k a).

higher temperatures and we observe a very large classical positive magnetoresistance in the

whole temperature range, consistent with previous studies.20

Panels (b-c) in Fig. 1 show the MR measured at 20 K for several angles of the applied

magnetic field with respect to the current along the chain direction. The angle rotates from

b- to a-axis, so that at � = 90�, the field is parallel to the current ( ~B k a) - the so-called

Lorentz force free configuration. When magnetic field is aligned along the b-axis (� = 0), the

MR is positive and quadratic in low fields, and tends to saturate in high fields, consistent

with a classical behavior.26 When magnetic field is rotated away from the b-axis, the positive

MR drops with cos�, as expected for the Lorentz force component. However, in the Lorentz

force free configuration ( ~B k a), we see a large negative MR, a clear indication of CME in

this material.

Fig. 2 shows the MR at various temperatures in a magnetic field parallel to the current.

At elevated temperatures, T � 110 K, the ⇢ vs B curves show a small upward curvature, a

contribution from inevitable perpendicular field component due to an imperfect alignment

between current and magnetic field. In fact, the small perpendicular field contribution to the

5

Lorentz force = “Classical” MR

Perpendicular E and B are Lorentz force free

Negative “magnetoresistance”Li, Kharzeev, et al. (2016)
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The community has invested a lot to find the topological 
effect in the heavy-ion collision. → Isobar Experiment

So far, no evidence… why?

Various backgrounds:

By

z

y x
Ez
Bz

Fluctuation contributions from flows etc. etc.

Not only B but also shell structures and nuclear shapes 
are slightly but significantly different!
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Physics in the large-Nc limit
Only mesons (pions) and baryons are too heavy.

How to retrieve baryons?

Topological winding of pions!
What is the topological winding?
The simplest example:  fundamental homotopy group

<latexit sha1_base64="1I6sPxc3k7TwbQj5OlWnVFufKbI="></latexit>
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<latexit sha1_base64="1I6sPxc3k7TwbQj5OlWnVFufKbI="></latexit>

⇡1(S
1) = Z

Suppose a configuration, , with z periodic.Σ = eiα(z)

Going through one period in ,  gets  (which 
gives the same ). → n = (winding number)

z α(z) 2πn
Σ

One-dimensional pion configuration:
<latexit sha1_base64="JQaLeCIdbWiIgLpgJe4IJwjnLV8="></latexit>
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Three pions are “angular variables” on the sphere.
<latexit sha1_base64="IiMAJl+kyg0g1ZxVBHRagEYXgFM="></latexit>

S3 Surface of 4-D sphare

Or… the infinity in spatial 3-D *contracted* to a point 
(easier to make a picture? Monopole charge)

<latexit sha1_base64="EeXaBVUZryaGnXY89bp58zY6iLc="></latexit>

⌃ = ei(⇡
1(x)⌧1+⇡2(x)⌧2+⇡3(x)⌧3)/f⇡

describes
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⇡3(S
3) Physics symbol for particles

Math symbol for S3 in target space
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It is possible to make a winding configuration 
of neutral and charged pions.  →  Skyrmion

Dominated by charged pions

Dominated by neutral pions

<latexit sha1_base64="V24ZAvgnRNcKc8WCS3GYF/ZLld4="></latexit>

(⇡+)2 + (⇡�)2 = (const.)
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(⇡3)2 + (�)2 = (const.)

This winding number is identified 
as the Baryon Number.
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In the large-Nc limit, nuclear matter is 
given by multi-Skyrmions.

……
If Skyrmions are solved with periodic bounadry condition 
(with some factor in isospin space), it is “matter” and 
by construction, this state is *inhomogeneous*.

Skyrme Crystals

(Klebanov 1985, Goldhaber-Manton 1987)
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Couling to the magnetic field — 1D case
<latexit sha1_base64="JQaLeCIdbWiIgLpgJe4IJwjnLV8="></latexit>
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symmetry breaking
WZW (anomaly)

* Exactly the same Hamiltonian as the 
   “Chiral Soliton Lattice” for a chiral magnet.
* The mass terms favors trivial π0 = 0, 2π, etc.

* Finite baryon density requires inhomogeneous .π0(z)
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Chiral Soliton Lattice

Kishine et al., PRL108, 107202 (2012)

No symmetry breaking

Explicit breaking
H ⇠ m (mass) in QCD

<latexit sha1_base64="eC5PN98ptC82wX6R69qXf/4qFBQ="></latexit>



July 23, 2023 @ XQCD School in Coimbra

Topological Effect at High Density

132

B

Baryon density localized 
on periodic domain walls

nB =
@hHi

@µ
=

Bz

4⇡2f⇡
@z⇡

0
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Brauner-Yamamoto, JHEP (2016)

This can be understood as Skyrmions under B:

⇡3(SU(2)) = Z
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⇡1(U(1)) = Z
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B = 0
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B ! 1
<latexit sha1_base64="lrJct68koC52Dzq4ofYYk5ZB1Ko="></latexit>



July 23, 2023 @ XQCD School in Coimbra

Another Anomaly — Trace

133

Trace anomaly tells us a lot about matter properties!

Conformality must be quantified by the trace 
of the (symmetrized) energy-momentum tensor.

Noether Currents

Energy-momentum tensor (Noether current for translation symmetry)

Under the transformation, x
⌫
! x

⌫
� ✏⌫, the field and the Lagrangian density change as

�(x) ! �(x) + ✏⌫@⌫� , L ! L + ✏⌫@⌫L .

From the expression of Noether’s current, we immediately find,

⇥
µ
⌫ =

@L

@(@µ�)
@⌫� � �

µ
⌫L ,

which satisfies @µ⇥
µ
⌫ = 0. Four conserved charges correspond to

(Energy) =
Z

d
3
x⇥0

0 , (Momentum) =
Z

d
3
x⇥0

i
.

Note that ⇥µ⌫ = g
⌫�⇥

µ
� is not necessarily symmetric w.r.t. µ$ ⌫.

* The definition and an interpretation of ⇥µ⌫ is very subtle...
Consider the following example:

[Prob. 3] In electrodynamics calculate, ⇥µ⌫ =
@L

@(@µA�)
@⌫A� � g

µ⌫
L, to find,

⇥µ⌫ = �F
µ
�@
⌫
A
� +

1
4

g
µ⌫

F�⇢F
�⇢ . ( Not gauge invariant!?)

Kenji Fukushima / TA : Yusuke Shimada Quantum Field Theory I (01) 9 / 1

QCD Lagrangian has almost no energy scale 
(other than small quark masses).

Is the trace vanishing???
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↵s(Q
2) =

1

�0 ln(Q2/⇤2
QCD)

Remember the running coupling constant!

2

prehensive quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance as [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution only
given by

h⇥iT,µB = "� 3P . (2)

It is customary to call h⇥iT,µB the trace anomaly too.
If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and

FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT [45] and
pQCD [11]) and (a) and (b) are interpolations with 1� band
by the Gaussian process applied to di↵erent regions of NS
data.

P  ", respectively. Therefore �2/3  � < 1/3, and
� ! 0 in the scale-invariant limit.
We decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density, i.e., "0 = 150MeV/fm3. From
these expressions it is evident that the restoration of
conformality renders � ! 0 and d�/d⌘ ! 0, so that
v2s ' v2s, non-deriv ! 1/3 in the conformal limit at asymp-
totically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as
an input [49], which makes the tendency � ⇠ 0 more
apparent.
Overall, Fig. 1 shows that the (normalized) trace

anomaly monotonically decreases with increasing ". At
asymptotically high density � ! 0 should be eventually
reached. It is nontrivial that the NS observations favor

The trace involved a parameter 
in the running coupling constant.

This is also an anomaly (breaking of conserved current).
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Canonical Quantization for Scalar

Scalar action continued

The dilatation current is conserved when the theory is scale invariant.
Sometimes, the scale invariance is characterized by the trace of the energy-momentum
tensor. Let’s see it!
Consider a scale-invariant theory:

L =
1
2
@µ�@

µ� �
�

4!
�4 .

Then, the trace of the energy-momentum tensor is,

⇥
µ
µ = @

µ�@µ� � 4L = �@µ�@µ� +
�

3!
�4 = �@µ�@µ� � �⇤� ,

where the equation of motion, ⇤� + (�/3!)�3 = 0, is used. This is not vanishing... We
shall introduce a new form of the energy-momentum tensor,

⇥̃µ⌫ = ⇥µ⌫ �
1
6

(@µ@⌫ � gµ⌫⇤)�2 .

[Prob. 24] Show the following for m = 0:

@µ⇥̃
µ⌫ = 0 , ⇥̃

µ
µ = 0 .
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Relation between the dilatation current and 
the energy-momentum tensor

Canonical Quantization for Scalar

Scalar action continued

The dilatation current is conserved when the theory is scale invariant.
Sometimes, the scale invariance is characterized by the trace of the energy-momentum
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where the equation of motion, ⇤� + (�/3!)�3 = 0, is used. This is not vanishing... We
shall introduce a new form of the energy-momentum tensor,

⇥̃µ⌫ = ⇥µ⌫ �
1
6

(@µ@⌫ � gµ⌫⇤)�2 .

[Prob. 24] Show the following for m = 0:

@µ⇥̃
µ⌫ = 0 , ⇥̃

µ
µ = 0 .
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Obviously, the massless scalar is scale invariant:

However,

This is not zero???
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One can get the dilatation current from

The corresponding Noether current is

Canonical Quantization for Scalar
Scalar action

Before the quantization, let us derive some expressions for the Noether currents. The
energy-momentum tensor reads:

⇥µ⌫ =
@L

@(@µ�)
@⌫� � gµ⌫L = @µ� @⌫� � gµ⌫L .

This is a symmetric form, but is frequently further “improved”.
Let us consider the following infinitesimal dilatation:

x
µ
! x

0µ
' (1 + ✏)x

µ , �(x)! �0(x
0) ' (1 � ✏)�(x) ,

i.e., scaling according to the mass dimension. Then, for the m = 0 case,

�� = �0(x) � �(x) = �✏� � ✏xµ@µ� , �L = �4✏L � ✏xµ@µL = �✏@µ(x
µ
L) .

Using the formula of the Noether current (divided by �✏), we find the conserved current,

j
µ
dil = (@µ�)(� + x

⌫@⌫�) � x
µ
L = ⇥µ⌫x⌫ +

1
2
@µ�2 .

[Prob. 23] Confirm @µ j
µ
dil = 0 for m = 0 and also, for m , 0,

@µ j
µ
dil = m

2�2 , 0 .
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Canonical Quantization for Scalar
Scalar action
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It is easy to confirm

The definition of conserved currents is not unique!
It is always possible to add “trivially” conserved parts.
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Canonical Quantization for Scalar

Scalar action continued

The dilatation current is conserved when the theory is scale invariant.
Sometimes, the scale invariance is characterized by the trace of the energy-momentum
tensor. Let’s see it!
Consider a scale-invariant theory:

L =
1
2
@µ�@

µ� �
�

4!
�4 .

Then, the trace of the energy-momentum tensor is,

⇥
µ
µ = @

µ�@µ� � 4L = �@µ�@µ� +
�

3!
�4 = �@µ�@µ� � �⇤� ,

where the equation of motion, ⇤� + (�/3!)�3 = 0, is used. This is not vanishing... We
shall introduce a new form of the energy-momentum tensor,

⇥̃µ⌫ = ⇥µ⌫ �
1
6

(@µ@⌫ � gµ⌫⇤)�2 .

[Prob. 24] Show the following for m = 0:

@µ⇥̃
µ⌫ = 0 , ⇥̃

µ
µ = 0 .
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The following energy-momentum tensor is also Okay!

The following dilatation current is also Okay!

Canonical Quantization for Scalar

Scalar action continued

We can introduce a new form of the dilatation current,

j̃
µ
dil = j

µ
dil �

1
2
@µ�2

�
1
6

x⌫(@µ@⌫ � g
µ⌫⇤)�2

= j
µ
dil +

1
6
@⌫
h
(x
µ@⌫ � x

⌫@µ)�2
i
.

Because µ and ⌫ are anti-symmetric, obviously @µ j̃
µ
dil = 0 follows if @µ j

µ
dil = 0.

[Prob. 25] Make sure that the following relation is satisfied:

j̃
µ
dil = ⇥̃

µ⌫
x⌫ .

Once the above is shown, with @µ⇥̃µ⌫ = 0, it is immediate to check,

⇥̃
µ
µ = @µ j̃

µ
dil = 0 .

Note that all the differences are surface terms. It is even possible to add an extra term,
@µ⇤µ, in the Lagrangian, so that the desired forms are directly derived as the Noether
currents. In this sense, the ambiguity appears from the non-uniqueness of the
Lagrangian density to describe the same theory.
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Then, we can prove:
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have

✓
@f

@T

◆

(x,y,z)

=

✓
@f

@T

◆

(µB ,µQ,µS)

(A1)

+

✓
@f

@µB

◆

(T,µQ,µS)

✓
@µB

@T

◆

(x,y,z)

+

✓
@f

@µQ

◆

(T,µB ,µS)

✓
@µQ

@T

◆

(x,y,z)

+

✓
@f

@µS

◆

(T,µB ,µQ)

✓
@µS

@T

◆

(x,y,z)

.

Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation

✓
@f

@g

◆

(x,y,z)

=
(@f/@T )

(x,y,z)

(@g/@T )
(x,y,z)

(A2)

In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,

@f

@µB

����
T

= Tn�1
@f̂

@µ̂B

�����
T

. (A3)

Rewriting the temperature derivatives one has to be a

Speed of sound with increasing T at small densities

HotQCD Collab. 
  (2212.09043)

Suppressed around the phase transition (~1st-order PT) 
and approaching the conformal limit at high T
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FIG. 7. Pressure divided by net baryon-number density versus nB/T
3 (left) and nB/n0 (right), respectively. Shown are results

for strangeness-neutral, isospin-symmetric matter at several values of T . In the left hand figure we compare results obtained
from the full Taylor series for the pressure with those obtained in O

�
µ̂4
B

�
only (dashed lines). In the right hand side the grey

bands show a comparison with O
�
g2
�
high-T perturbation theory. The bands shown in both figure are shown up to values of

nB/T
3 or nB/n0 corresponding to µ̂B = 2.5 for T < 200 MeV and µ̂B = 3 otherwise.
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FIG. 8. The µ̂B-dependent contribution to the trace anomaly
in (2 + 1)-flavor QCD for several values of µ̂B . The yellow
band shows the line �((✏� 3p)/T 4)(Tpc(µ̂B)).

with µ̂B(T, n̂B) taken from Eq. 34. Results for
�✏(T, n̂B)/nB and �s(T, n̂B)/nB as functions of n̂B are
shown in Fig 10.

3. Comparison of Taylor series and their resummation

using Padé approximants

As seen already in the analysis of the Taylor expansion
for the pressure and net baryon-number density, Padé ap-
proximants agree well with the Taylor series themselves
at low µ̂B up to the region where we estimated the latter
to provide reliable results [14]. We will extend this ap-
proach here to the analysis of Taylor series for the energy
and entropy densities.

We use Padé approximants for thermodynamic observ-
ables derived from the Taylor series of the pressure in two
ways. On the one hand we construct Padé approximants
based on the Taylor series for a given observable, e.g.

the energy and entropy density series given in Eqs. 13
and 14 can be resummed using Padé approximants simi-
lar to that of the pressure series given in Eq. 23 by just
replacing the expansion coe�cients P2k by ✏2k or �2k, re-
spectively. On the other hand we use the P-Padé , i.e.
appropriate derivatives of the Padé approximants for the
pressure, for the energy and entropy densities as given in
Eqs. 24 and 25.

In Fig. 11 (left) we compare 6th and 8th-order Tay-
lor series for �p̂ with corresponding [4,2], [2,4] and [4,4]
Padé approximants introduced in Eqs. 20-23. Corre-
sponding results for �✏̂ are shown in Fig. 11 (right). In
the figure for the pressure (top, left) we compare the
6th-order Taylor expansion results with the two possible
[n,m] Padé approximants that use up to 6th-order ex-
pansion coe�cients. As can be seen the [4,2] Padé agrees
with the Taylor series result while the [2,4] Padé di↵ers
from these two in the temperature interval 150 MeV .
T . 180 MeV. In the (bottom, left) figure shows a com-
parison of the 8th-order Taylor expansion results with
the [4,4] Padé approximant. They are in good agreement
with each other. Moreover, as can be seen from the inset,
for large values of µ̂B the [2,4] and [4,4] Padé approxi-
mants stay in much better agreement with each other
than the [4,2] and [4,4] Padé approximants or, equiva-
lently, the 6th and 8th-order Taylor series. Similar con-
clusions can be drawn for the energy density shown in
the right hand part of the figure.

In Fig. 12 we compare at fixed values of the temper-
ature 8th-order Taylor expansion results with the [4,4]
Padé approximant as well as the P-Padé results for pres-
sure, energy and entropy densities that we have discussed
above and in Sec. II C. We generally find that the P-
Padé results for bulk thermodynamic observables are in
better agreement with the Taylor series results than the
[4,4] or [3,4] Padé approximants. This may not be too
surprising, as both approaches are based on a thermody-

The energy-momentum tensor in hydro variables:
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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In Eqs. A1 and A2 the derivatives of the chemical po-
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dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
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Rewriting the temperature derivatives one has to be a
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dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.

FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
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as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�
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, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as

Fujimoto-Fukushima-McLerran-Praszalowicz (2022)
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In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:
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Ref. [44], the orange dashed line from Ref. [47], the green
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pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
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Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.
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we show � extracted from various P (") constrained by
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Finite Temperature — Non-Derivative Dominant 2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.

−
Δ

η = ln(ε/ε0)

12

FIG. 7. Pressure divided by net baryon-number density versus nB/T
3 (left) and nB/n0 (right), respectively. Shown are results

for strangeness-neutral, isospin-symmetric matter at several values of T . In the left hand figure we compare results obtained
from the full Taylor series for the pressure with those obtained in O

�
µ̂4
B

�
only (dashed lines). In the right hand side the grey

bands show a comparison with O
�
g2
�
high-T perturbation theory. The bands shown in both figure are shown up to values of

nB/T
3 or nB/n0 corresponding to µ̂B = 2.5 for T < 200 MeV and µ̂B = 3 otherwise.
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FIG. 8. The µ̂B-dependent contribution to the trace anomaly
in (2 + 1)-flavor QCD for several values of µ̂B . The yellow
band shows the line �((✏� 3p)/T 4)(Tpc(µ̂B)).

with µ̂B(T, n̂B) taken from Eq. 34. Results for
�✏(T, n̂B)/nB and �s(T, n̂B)/nB as functions of n̂B are
shown in Fig 10.

3. Comparison of Taylor series and their resummation

using Padé approximants

As seen already in the analysis of the Taylor expansion
for the pressure and net baryon-number density, Padé ap-
proximants agree well with the Taylor series themselves
at low µ̂B up to the region where we estimated the latter
to provide reliable results [14]. We will extend this ap-
proach here to the analysis of Taylor series for the energy
and entropy densities.

We use Padé approximants for thermodynamic observ-
ables derived from the Taylor series of the pressure in two
ways. On the one hand we construct Padé approximants
based on the Taylor series for a given observable, e.g.

the energy and entropy density series given in Eqs. 13
and 14 can be resummed using Padé approximants simi-
lar to that of the pressure series given in Eq. 23 by just
replacing the expansion coe�cients P2k by ✏2k or �2k, re-
spectively. On the other hand we use the P-Padé , i.e.
appropriate derivatives of the Padé approximants for the
pressure, for the energy and entropy densities as given in
Eqs. 24 and 25.

In Fig. 11 (left) we compare 6th and 8th-order Tay-
lor series for �p̂ with corresponding [4,2], [2,4] and [4,4]
Padé approximants introduced in Eqs. 20-23. Corre-
sponding results for �✏̂ are shown in Fig. 11 (right). In
the figure for the pressure (top, left) we compare the
6th-order Taylor expansion results with the two possible
[n,m] Padé approximants that use up to 6th-order ex-
pansion coe�cients. As can be seen the [4,2] Padé agrees
with the Taylor series result while the [2,4] Padé di↵ers
from these two in the temperature interval 150 MeV .
T . 180 MeV. In the (bottom, left) figure shows a com-
parison of the 8th-order Taylor expansion results with
the [4,4] Padé approximant. They are in good agreement
with each other. Moreover, as can be seen from the inset,
for large values of µ̂B the [2,4] and [4,4] Padé approxi-
mants stay in much better agreement with each other
than the [4,2] and [4,4] Padé approximants or, equiva-
lently, the 6th and 8th-order Taylor series. Similar con-
clusions can be drawn for the energy density shown in
the right hand part of the figure.

In Fig. 12 we compare at fixed values of the temper-
ature 8th-order Taylor expansion results with the [4,4]
Padé approximant as well as the P-Padé results for pres-
sure, energy and entropy densities that we have discussed
above and in Sec. II C. We generally find that the P-
Padé results for bulk thermodynamic observables are in
better agreement with the Taylor series results than the
[4,4] or [3,4] Padé approximants. This may not be too
surprising, as both approaches are based on a thermody-
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have
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Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation

✓
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@g

◆

(x,y,z)

=
(@f/@T )
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(@g/@T )
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(A2)

In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,

@f

@µB

����
T

= Tn�1
@f̂

@µ̂B

�����
T

. (A3)

Rewriting the temperature derivatives one has to be a
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Ab Initio EoS in the Low and High Density Regions
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FIG. 2. EOS candidates with a crossover (left) and a strong first-order transition (right) interpo-

lated between �EFT (nuclear branch) and pQCD (quark branch). The blue band represents the 1�

uncertainty in �EFT and the orange band represents the renormalization scale uncertainty from

X = 2 (lower) to X = 4 (upper) using the notation in Ref. [42]. Gray bands show the data-driven

EOSs inferred from the Bayesian (edged by dashed [26] and dotted lines [43, 44]) and deep learning

(edged by a solid line [37, 38]) analyses. The maximum NS masses are 1.98M� (with the central

pressure 0.26GeV/fm3) and 2.32M� for the EOSs with and without crossover, respectively, while

the central pressure is 0.062GeV/fm3 for 1.4M�.

classes according to the critical density of the phase transition. Figure 2 summarizes two

representative scenarios.

III. NUMERICAL SETUPS AND RESULTS

We shall explain the common ingredients for our EOS construction. We note that the

terms, “soft” and “sti↵”, refer to the EOS with p relatively low and high, respectively, for

a given density, ⇢, or energy density, ". At low density (" . 0.25 GeV/fm3 in Fig. 2), a

blue shaded region labeled as “Nuclear Matter” represents the nuclear branch, that is, a

theoretical window predicted from N3LO �EFT [19]. At high density (" & 1 GeV/fm3 in

Fig. 2), the pQCD prediction is shown by an orange shaded region (quark branch) labeled as

“Quark Matter” on the figure. Although these are reliable constraints on the genuine EOS,

we still need to introduce at least two parameters. Here, one parameter, ⇢sti↵, which we

call the sti↵ening density, represents the breakdown point of �EFT, above which the EOS

Fujimoto-Fukushima-Hotokezaka-Kyutoku (2022)

We have performed the gravitational wave simulation.

[Crossover EOS]

Quark matter onset 
~ Softening point

Many other ways 
for interpolation 
not excluded 
(systematic studies 
 needed further)
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Two non-trivial features

Figure 18. (Left) The speed of sound from our EoSs with and without the NICER data by the
shaded blue and the hatched orange regions. (Right) The speed of sound from fine binning (shaded
blue) and coarse binning (hatched orange) estimates.

Figure 19. A concrete shape of f(x) of our choice (blue curve) and typical training data (orange
dots) for nbase = 20 and ns = 5.

5 More on the Performance Test: Taming the Overfitting

In Sec. 3.2, we observed a quantitative difference between the learning curves for the training
data sets with and without data augmentation by ns = 100 as demonstrated in Fig. 5.
Then, it would be a natural anticipation to consider that this ns data augmentation may
be helpful to overcome the problems of local minimum trapping and overfitting that we
often meet during the NN training. This section is aimed to discuss numerical experiments
to understand the behavior of the learning curve and the role of ns thereof. In particular,
we will focus on the overfitting problem here4.
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A peak in the speed 
of sound???
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Fujimoto-Fukushima-McLerran-Praszalowicz (2022)2

dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as

Different 
InterpolationsML

Very different 
from the finite 
temperature case!
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Finite Density — Derivative Dominant

2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.

−
Δ

η = ln(ε/ε0)
2

dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as

Figure 18. (Left) The speed of sound from our EoSs with and without the NICER data by the
shaded blue and the hatched orange regions. (Right) The speed of sound from fine binning (shaded
blue) and coarse binning (hatched orange) estimates.

Figure 19. A concrete shape of f(x) of our choice (blue curve) and typical training data (orange
dots) for nbase = 20 and ns = 5.

5 More on the Performance Test: Taming the Overfitting

In Sec. 3.2, we observed a quantitative difference between the learning curves for the training
data sets with and without data augmentation by ns = 100 as demonstrated in Fig. 5.
Then, it would be a natural anticipation to consider that this ns data augmentation may
be helpful to overcome the problems of local minimum trapping and overfitting that we
often meet during the NN training. This section is aimed to discuss numerical experiments
to understand the behavior of the learning curve and the role of ns thereof. In particular,
we will focus on the overfitting problem here4.
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These results suggest that the peak in the speed of sound 
indicates nearly conformal metter (restoration of scale 
invariance) in dense matter in the neutron star.

In the community more and more authors have confirmed 
this conclusion with different methods.

Some fundamental explanation from Quantum Field 
Theory is necessary… any idea?

Any hint for exotic phases (like Quarkyonic, CSL, etc.) ?
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Any questions welcome!


