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-Matrix:S <latexit sha1_base64="so9Jkglj0I1hKcux03jaxBh63ic="></latexit>

S�↵ ⌘ h�out|↵ini
<latexit sha1_base64="shwrs9lWfVOeXobxW7b+6I8qPQA=">AAACInicbZDLSsNAFIYnXmu9tbp0EyyCq5KIqAuRohuXCrYWmlAmk5N2dC5hZlIpoe/gVtc+jTtxJfgwTmMWWj0w8PN/5zDn/FHKqDae9+HMzS8sLi1XVqqra+sbm7X6VkfLTBFoE8mk6kZYA6MC2oYaBt1UAeYRg9vo/mLKb0egNJXixoxTCDkeCJpQgo21OsEolkb3aw2v6RXl/hV+KRqorKt+3VkKYkkyDsIQhrXu+V5qwhwrQwmDSTXINKSY3OMB9KwUmIMO82LdibtnndhNpLJPGLdwf07kmGs95pHt5NgM9Sybmv+xXmaSkzCnIs0MCPL9UZIx10h3ersbUwXEsLEVmChqd3XJECtMjE2oGgh4IJJzLOI8OJ3kAcNiUByj4Cc6s0iVyCbnz+b0V3QOmv5R8/D6sNE6LzOsoB20i/aRj45RC12iK9RGBN2hR/SEnp0X59V5c96/W+eccmYb/Srn8wvdwqQ1</latexit>...

<latexit sha1_base64="shwrs9lWfVOeXobxW7b+6I8qPQA=">AAACInicbZDLSsNAFIYnXmu9tbp0EyyCq5KIqAuRohuXCrYWmlAmk5N2dC5hZlIpoe/gVtc+jTtxJfgwTmMWWj0w8PN/5zDn/FHKqDae9+HMzS8sLi1XVqqra+sbm7X6VkfLTBFoE8mk6kZYA6MC2oYaBt1UAeYRg9vo/mLKb0egNJXixoxTCDkeCJpQgo21OsEolkb3aw2v6RXl/hV+KRqorKt+3VkKYkkyDsIQhrXu+V5qwhwrQwmDSTXINKSY3OMB9KwUmIMO82LdibtnndhNpLJPGLdwf07kmGs95pHt5NgM9Sybmv+xXmaSkzCnIs0MCPL9UZIx10h3ersbUwXEsLEVmChqd3XJECtMjE2oGgh4IJJzLOI8OJ3kAcNiUByj4Cc6s0iVyCbnz+b0V3QOmv5R8/D6sNE6LzOsoB20i/aRj45RC12iK9RGBN2hR/SEnp0X59V5c96/W+eccmYb/Srn8wvdwqQ1</latexit>...

<latexit sha1_base64="hWBk/Lc3XCsmBM01Dt1OPu8R5pA=">AAACHnicdZDLSgMxFIYzXmu969JNsAiuyozXLkSKblyq2At0SslkztTQJDMkGaUM8wZude3TuBO3+jamdYQqeiDw83/nkHP+IOFMG9f9cKamZ2bn5ksL5cWl5ZXVtfWNpo5TRaFBYx6rdkA0cCahYZjh0E4UEBFwaAWD8xFv3YHSLJY3ZphAV5C+ZBGjxFjr2s97axW36o4LT4hDd792VMNe4VRQUZe9dWfOD2OaCpCGcqJ1x3MT082IMoxyyMt+qiEhdED60LFSEgG6m41XzfGOdUIcxco+afDYnZzIiNB6KALbKYi51b/ZyPyLdVIT1boZk0lqQNKvj6KUYxPj0d04ZAqo4UMrCFXM7orpLVGEGptO2ZdwT2MhiAwz/yTPfE5kf3yMgkl0apEqkE3uOx78v2juVb2j6sHVQaV+VmRYQltoG+0iDx2jOrpAl6iBKIrQA3pET86z8+K8Om9frVNOMbOJfpTz/gmGfKJ4</latexit>

}
<latexit sha1_base64="hWBk/Lc3XCsmBM01Dt1OPu8R5pA=">AAACHnicdZDLSgMxFIYzXmu969JNsAiuyozXLkSKblyq2At0SslkztTQJDMkGaUM8wZude3TuBO3+jamdYQqeiDw83/nkHP+IOFMG9f9cKamZ2bn5ksL5cWl5ZXVtfWNpo5TRaFBYx6rdkA0cCahYZjh0E4UEBFwaAWD8xFv3YHSLJY3ZphAV5C+ZBGjxFjr2s97axW36o4LT4hDd792VMNe4VRQUZe9dWfOD2OaCpCGcqJ1x3MT082IMoxyyMt+qiEhdED60LFSEgG6m41XzfGOdUIcxco+afDYnZzIiNB6KALbKYi51b/ZyPyLdVIT1boZk0lqQNKvj6KUYxPj0d04ZAqo4UMrCFXM7orpLVGEGptO2ZdwT2MhiAwz/yTPfE5kf3yMgkl0apEqkE3uOx78v2juVb2j6sHVQaV+VmRYQltoG+0iDx2jOrpAl6iBKIrQA3pET86z8+K8Om9frVNOMbOJfpTz/gmGfKJ4</latexit>

}<latexit sha1_base64="Qwv/8z1xvGOUkIMRPZkUrSWkdA4="></latexit>

|↵ini
<latexit sha1_base64="8CF4myfVp6DMywbfIubJEy5AOXE="></latexit>

h�out|

Weak coupling:
<latexit sha1_base64="LYVYCbxLnGbYuSnuTUFZqqwKUko=">AAACHXicbZDNSgMxFIUzVWutf60u3QwWQRDKjBR1IVJ047IF+wOdoWTS2zY0yQxJRilDn8Ctrn0ad+JWfBvT6Sy09ULgcL57yb0niBhV2nG+rdza+kZ+s7BV3N7Z3dsvlQ/aKowlgRYJWSi7AVbAqICWpppBN5KAecCgE0zu5rzzCFLRUDzoaQQ+xyNBh5RgbazmWb9UcapOWvaqcDNRQVk1+mUr7w1CEnMQmjCsVM91Iu0nWGpKGMyKXqwgwmSCR9AzUmAOyk/STWf2iXEG9jCU5gltp+7viQRzpaY8MJ0c67FaZnPzP9aL9fDKT6iIYg2CLD4axszWoT0/2x5QCUSzqRGYSGp2tckYS0y0CafoCXgiIedYDBLvepZ4DItReoyE3+jGIJkhk5y7nNOqaJ9X3YtqrVmr1G+zDAvoCB2jU+SiS1RH96iBWoggQM/oBb1ab9a79WF9LlpzVjZziP6U9fUDBLqhog==</latexit>

+
<latexit sha1_base64="A5kRi0di6zrQip4O/GTdmEqzGNc=">AAACJHicbZDLSgMxFIYzVWutd126CRZBEMqMFHUhUnTjUsFqoVNKJnPahuYyJBmlDH0Jt7r2adyJCzc+i+k4i3o5EPj5v3PIOX+UcGas7394pbn5hfJiZam6vLK6tr6xuXVrVKoptKjiSrcjYoAzCS3LLId2ooGIiMNdNLqY8rt70IYpeWPHCXQFGUjWZ5RYZ7UPcEhjZU1vo+bX/bzwXxEUooaKuupteuUwVjQVIC3lxJhO4Ce2mxFtGeUwqYapgYTQERlAx0lJBJhuli88wXvOiXFfafekxbk7O5ERYcxYRK5TEDs0v9nU/I91Uts/6WZMJqkFSb8/6qccW4Wn1+OYaaCWj50gVDO3K6ZDogm1LqNqKOGBKiGIjLPwdJKFnMhBfoyGWXTmkC6QSy74ndNfcXtYD47qjetGrXleZFhBO2gX7aMAHaMmukRXqIUo4ugRPaFn78V79d689+/WklfMbKMf5X1+AYoypIE=</latexit>

+ · · ·

How to compute -matrix at strong coupling or large particle number?S

<latexit sha1_base64="n/4Go9ptJjHUxrSCI03OIF7T1UI="></latexit>

n ⇠ 1

�
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}<latexit sha1_base64="Qwv/8z1xvGOUkIMRPZkUrSWkdA4="></latexit>

|↵ini
<latexit sha1_base64="8CF4myfVp6DMywbfIubJEy5AOXE="></latexit>

h�out|

Weak coupling:
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+ · · ·

How to compute -matrix at strong coupling or large particle number?S

<latexit sha1_base64="n/4Go9ptJjHUxrSCI03OIF7T1UI="></latexit>

n ⇠ 1

�

hep-ph/0312114



Punchline

 Nonperturbative recipe for directly 
computing -matrix


 Uses discrete, approximate energy 
eigenstates (e.g. Hamiltonian truncation)

 Obtains analytic structure in complex 

plane

∘
S

∘

∘

3

Percent-level error on laptop!

/ 26



Menu

 Motivation and review

 LSZ with discrete spectrum

 Example: 2+1d  model at large 

 Future directions

∘
∘
∘ O(N) N
∘

4 / 26



Lattice Monte Carlo Methods
1706.06223

 Euclidean path integral based approach


 Elastic scattering obtained from finite-
volume spectrum (Lüscher method)

 Numerically ill-posed inverse problem 

for obtaining amplitude from correlators


 Limited to QFTs with lattice formulation

∘
∘

∘

∘
Bulava, Hansen ’19
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Lattice Monte Carlo Methods
1706.06223

 Euclidean path integral based approach


 Elastic scattering obtained from finite-
volume spectrum (Lüscher method)

 Numerically ill-posed inverse problem 

for obtaining amplitude from correlators


 Limited to QFTs with lattice formulation

∘
∘

∘

∘
Bulava, Hansen ’19

Need a (cheap) alternative to the lattice
5 / 26



Hamiltonian Truncation
 Lorentzian method for studying strongly-coupled QFT dynamics


 Basic steps:

1) Discretize QFT Hilbert space

2) Truncate to finite-dimensional subspace

3) Diagonalize truncated Hamiltonian

 Approximation of low-energy eigenstates of full QFT

∘
∘

∘

6

<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(
<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(<latexit sha1_base64="HNWk4rUFkNgg9QtqzeKxyQ9+Ag0="></latexit>

Htrunc
<latexit sha1_base64="gWYk4b/vaD8j5PH59VaZX8A2wWM="></latexit>

H = H0 + V =

Solvable theory 
(e.g. free or CFT)

NOT small 
perturbation!

/ 26



Hamiltonian Truncation
 Obtain discrete spectrum of approximate energy eigenstates


 Can use eigenstates to compute dynamical observables (correlation 
functions, form factors, etc)

 How do we obtain the -matrix from the energy eigenstates?

∘
∘

∘ S

2010.09730

7 / 26



Why is This Hard?

 -matrix is overlap of asymptotic states 


 Numerical methods  discrete spectrum  IR cutoff  finite “box”


 Prevents identification of asymptotic states

∘ S ⟨βout |αin⟩
∘ → → →
∘

8 / 26



What About LSZ?
 LSZ reduction connects -matrix to correlation functions:∘ S

 Insert intermediate energy eigenstates 


 Connects asymptotic states with discrete spectrum in finite “box”


 Problem:  gives exact zeroes on-shell, but  
only creates approximate poles in correlator  expression vanishes

∘ |M2
α⟩

∘
∘ ( □ + m2) ∑α |M2

α⟩⟨M2
α |

→

<latexit sha1_base64="N/aS5MkXD4OLNEVTTozcFBY+pIk="></latexit>X

↵

|M2
↵ihM2

↵|

<latexit sha1_base64="x6dJngQ7cQkf6AFyxBqNHE5aAbk="></latexit>

hp3,p4; out|p1,p2; ini =
✓

ip
Z

◆2Z
dx2 dx3 e

i(p3x3�p2x2)(⇤3 +m2)(⇤2 +m2)hp4|T{�(x3)�(x2)}|p1i

9 / 26



<latexit sha1_base64="P3oyO3rF3iPA/E3d91UdvNNK3ZU="></latexit>

hp4|T{
�S

��(x3)

�S

��(x2)
}|p1i = i hp4|

�2S

��(x3)��(x2)
|p1i

<latexit sha1_base64="DCFSgh5jrRQ+SUvLejTqDOSvTFs="></latexit>

(⇤3 +m2)(⇤2 +m2)hp4|T{�(x3)�(x2)}|p1i+ . . .

LSZ for Discrete Spectrum

 Nonperturbative relation between correlators of  and  via 
Dyson-Schwinger equations:
∘ ( □ + m2)ϕ J

<latexit sha1_base64="Zs6a0Uuq+mEtuobAVkfHdr7TK/A="></latexit>

�S

��(x)
= �(⇤+m2)�(x) + J(x)

 Can use equations of motion to enforce cancellation exactly∘

e.g.  for J = − λ
3! ϕ3 V = λ

4! ϕ4

10 / 26



<latexit sha1_base64="oW7iF6M/YLzl6wxEtEAhjJfMMEw="></latexit>

(⇤3 +m2)(⇤2 +m2)hp4|T{�(x3)�(x2)}|p1i = hp4|T{J(x3)J(x2)}|p1i � i�d(x3 � x2)hp4|J 0(x2)|p1i

LSZ for Discrete Spectrum

 Obtain alternative LSZ formula which is manifestly smooth on-shell:∘

 Rewrite Dyson-Schwinger equation as relation∘

e.g.  for J′ = − λ
2 ϕ2 V = λ

4! ϕ4

No exact zeroes

<latexit sha1_base64="7CwNJZKqdxIJ0EogdKsY6TB6G6Y="></latexit>

hp3,p4; out|p1,p2; ini = � 1

Z

 Z
dx2 dx3 e

i(p3x3�p2x2)hp4|T{J(x3)J(x2)}|p1i
<latexit sha1_base64="KQ3zAqUfIEHW1xCWXD5Wc8m8o+g="></latexit>

� i

Z
dx2 e

i(p3�p2)x2hp4|J 0(x2)|p1i
�

11 / 26



<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="dzoj9qtBuZ4rTv3aLMe8MMZxT10="></latexit>

hp4|T{J3J2}|p1i

LSZ for Discrete Spectrum
 Example: for  theory, have schematic representation:∘ ϕ4

<latexit sha1_base64="Q/xzYZ8ay2447u8Zt6dPxrGjN6M="></latexit>

hp3,p4; out|p1,p2; ini
<latexit sha1_base64="St7hi8BF217hCoVQM+FS7sxTXfc="></latexit>

hp4|J 0
2|p1i
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<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="dzoj9qtBuZ4rTv3aLMe8MMZxT10="></latexit>

hp4|T{J3J2}|p1i

LSZ for Discrete Spectrum
 Example: for  theory, have schematic representation:∘ ϕ4

<latexit sha1_base64="Q/xzYZ8ay2447u8Zt6dPxrGjN6M="></latexit>

hp3,p4; out|p1,p2; ini
<latexit sha1_base64="St7hi8BF217hCoVQM+FS7sxTXfc="></latexit>

hp4|J 0
2|p1i
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<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="dzoj9qtBuZ4rTv3aLMe8MMZxT10="></latexit>

hp4|T{J3J2}|p1i

LSZ for Discrete Spectrum
 Example: for  theory, have schematic representation:∘ ϕ4

<latexit sha1_base64="Q/xzYZ8ay2447u8Zt6dPxrGjN6M="></latexit>

hp3,p4; out|p1,p2; ini
<latexit sha1_base64="St7hi8BF217hCoVQM+FS7sxTXfc="></latexit>

hp4|J 0
2|p1i

💥 = 😺 + 🥳
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<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="dzoj9qtBuZ4rTv3aLMe8MMZxT10="></latexit>

hp4|T{J3J2}|p1i

LSZ for Discrete Spectrum
 Example: for  theory, have schematic representation:∘ ϕ4

<latexit sha1_base64="Q/xzYZ8ay2447u8Zt6dPxrGjN6M="></latexit>

hp3,p4; out|p1,p2; ini
<latexit sha1_base64="St7hi8BF217hCoVQM+FS7sxTXfc="></latexit>

hp4|J 0
2|p1i

💥 = 😺 + 🥳
 Note: physical mass  in LSZ formula does not generically match 

bare mass  in e.o.m.  
∘ m2

m2
0 → J ⊃ (m2 − m2

0)ϕ
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Sum over Intermediate States
 Inserting sum over energy eigenstates:∘

<latexit sha1_base64="gMiTrPNs6/atcp5QK7qJWwKbkcc="></latexit>

M(s, t) =
1

Z

"
X

↵

✓
hp4|J(0)|M2

↵;p1 + p2ihM2
↵;p1 + p2|J(0)|p1i

M2
↵ � s� i✏

<latexit sha1_base64="VGTnxxwvFUmy6TQykovNDmBtir0="></latexit>

+
hp4|J(0)|M2

↵;p1 � p3ihM2
↵;p1 � p3|J(0)|p1i

M2
↵ � t� i✏

◆
+ hp4|J 0(0)|p1i

#

<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4 <latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
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Sum over Intermediate States
 Inserting sum over energy eigenstates:∘

<latexit sha1_base64="gMiTrPNs6/atcp5QK7qJWwKbkcc="></latexit>

M(s, t) =
1

Z

"
X

↵

✓
hp4|J(0)|M2

↵;p1 + p2ihM2
↵;p1 + p2|J(0)|p1i

M2
↵ � s� i✏

<latexit sha1_base64="VGTnxxwvFUmy6TQykovNDmBtir0="></latexit>

+
hp4|J(0)|M2

↵;p1 � p3ihM2
↵;p1 � p3|J(0)|p1i

M2
↵ � t� i✏

◆
+ hp4|J 0(0)|p1i

#

<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4 <latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4

<latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="JtPrvi9r1+nL0s2wyEUl9OqgbUA="></latexit>p1

<latexit sha1_base64="2rGGUY/zpGAATj4NooW7D95QTHc="></latexit>p2
<latexit sha1_base64="Q50XNInt+q/du3uFFxozwpkMYXg="></latexit>p3

<latexit sha1_base64="BpFA6M2H96xzeWNKiVPLwaXavEI="></latexit>p4
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Dispersion Relation

 Reproduces fixed-  dispersion relation:∘ u

<latexit sha1_base64="gMiTrPNs6/atcp5QK7qJWwKbkcc="></latexit>

M(s, t) =
1

Z

"
X

↵

✓
hp4|J(0)|M2

↵;p1 + p2ihM2
↵;p1 + p2|J(0)|p1i

M2
↵ � s� i✏

<latexit sha1_base64="VGTnxxwvFUmy6TQykovNDmBtir0="></latexit>

+
hp4|J(0)|M2

↵;p1 � p3ihM2
↵;p1 � p3|J(0)|p1i

M2
↵ � t� i✏

◆
+ hp4|J 0(0)|p1i

#

<latexit sha1_base64="c4O2bIXZy9vvsP8tfBEkm4djhrg="></latexit>

M(s, t) =
1

⇡

Z
ds0

Im[M(s0, t0)]

s0 � s� i✏
+

1

⇡

Z
dt0

Im[M(s0, t0)]

t0 � t� i✏
+ subtraction terms

<latexit sha1_base64="OEw5T/nLtNfheozo2BIiy8kIpcA="></latexit>

4m2<latexit sha1_base64="BKyqnQE44DZIM4VG6yM92OeCigw="></latexit>�u

<latexit sha1_base64="WfKkdhxR0wXBfJpTzKDqMNpAb+M="></latexit>s

<latexit sha1_base64="ZAqueRZuS+8+DH3/UtfkXcYoMU4="></latexit>

s0
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Dispersion Relation

 Reproduces fixed-  dispersion relation:∘ u

<latexit sha1_base64="gMiTrPNs6/atcp5QK7qJWwKbkcc="></latexit>

M(s, t) =
1

Z

"
X

↵

✓
hp4|J(0)|M2

↵;p1 + p2ihM2
↵;p1 + p2|J(0)|p1i

M2
↵ � s� i✏

<latexit sha1_base64="VGTnxxwvFUmy6TQykovNDmBtir0="></latexit>

+
hp4|J(0)|M2

↵;p1 � p3ihM2
↵;p1 � p3|J(0)|p1i

M2
↵ � t� i✏

◆
+ hp4|J 0(0)|p1i

#

<latexit sha1_base64="c4O2bIXZy9vvsP8tfBEkm4djhrg="></latexit>

M(s, t) =
1

⇡

Z
ds0

Im[M(s0, t0)]

s0 � s� i✏
+

1

⇡

Z
dt0

Im[M(s0, t0)]

t0 � t� i✏
+ subtraction terms

<latexit sha1_base64="OEw5T/nLtNfheozo2BIiy8kIpcA="></latexit>

4m2<latexit sha1_base64="BKyqnQE44DZIM4VG6yM92OeCigw="></latexit>�u

<latexit sha1_base64="WfKkdhxR0wXBfJpTzKDqMNpAb+M="></latexit>s

<latexit sha1_base64="ZAqueRZuS+8+DH3/UtfkXcYoMU4="></latexit>

s0
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Recap

 Numerically stable


 Computable from discrete energy eigenstates

∘
∘
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Example: O(N) Model at Large N

 Solvable at  for all values of , 


 Scattering amplitude computable from summing chains of loop 
diagrams:

∘ N → ∞ m λ
∘

<latexit sha1_base64="fn/8ebF7YSznnmEGr+BD6on9ZGk="></latexit>

L =
1

2
@µ�i@µ�

i � 1

2
m2�i�i � �

4N
(�i�i)(�j�j)

<latexit sha1_base64="VhLafax7a883w1q4e2jAzUAzqmg="></latexit>

(d = 2 + 1)

<latexit sha1_base64="LFWnjMRW6uts3LyKW5iJhbczQEE="></latexit>

Mijk`(s, t) =
1

N

⇣
M(s)�ij�k` +M(t)�ik�j` +M(u)�i`�jk

⌘

16

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

· · ·

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>
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Example: O(N) Model at Large N

 Solvable at  for all values of , 


 Scattering amplitude computable from summing chains of loop 
diagrams:

∘ N → ∞ m λ
∘

<latexit sha1_base64="fn/8ebF7YSznnmEGr+BD6on9ZGk="></latexit>

L =
1

2
@µ�i@µ�

i � 1

2
m2�i�i � �

4N
(�i�i)(�j�j)

<latexit sha1_base64="VhLafax7a883w1q4e2jAzUAzqmg="></latexit>

(d = 2 + 1)

<latexit sha1_base64="LFWnjMRW6uts3LyKW5iJhbczQEE="></latexit>

Mijk`(s, t) =
1

N

⇣
M(s)�ij�k` +M(t)�ik�j` +M(u)�i`�jk

⌘

16

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

· · ·

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>
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 Describe Hilbert space in terms of UV CFT:∘

Lightcone Conformal Truncation

 States formulated in lightcone quantization∘

<latexit sha1_base64="h3Oq6lTrK7OGVditrjdLWQeTBtE="></latexit>

t

<latexit sha1_base64="pui9ZlMHfXWEwyBBMtvJgQd6BS8="></latexit>x

<latexit sha1_base64="jSeEDrR1A/W675D5RZP9osx7l34="></latexit>

x± ⌘ t± x

17

<latexit sha1_base64="7Sx80aiFdRdJqCP0q+ybljJW1E0="></latexit>

H = H0 + V
<latexit sha1_base64="Em2mZ1lbRl6Pi/oWRicxhQSokOE="></latexit>

m2~� 2 +
�

N
(~� 2)2

<latexit sha1_base64="z2+y+b/c+qPf/TWqZjp/ZUyfoTQ="></latexit>

(@~�)21) Discretize: use basis of CFT local operators


     with energy divided into discrete bins (in fixed  frame)

2) Truncate: restrict to operators with ,  bins for each

3) Diagonalize: construct Hamiltonian from free theory data and 
diagonalize numerically 

⃗p
Δ ≤ Δmax 𝔦max

<latexit sha1_base64="VYuE8LiEn7dTznvcoLLXzHHb7g0="></latexit>

|O; pµi ⌘

Z
dx e�ipx

O(x)|0i

<latexit sha1_base64="sW3ioMJQrd5Fk53vis8/dkrSgu0="></latexit>

O
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Generalized LSZ Formula

 Generalizing formula to  model:∘ O(N)
<latexit sha1_base64="Iqx8r19DWFl60S4p8V++Uhe1K7U="></latexit>

Mijk`(s, t) =
1

Z

"
X

↵

✓
hp`

4|Jk|M2
↵;p1 + p2ihM2

↵;p1 + p2|Jj |pi
1i

M2
↵ � s� i✏

<latexit sha1_base64="UgkvD7A//ufaICCrthcXewfcg0c="></latexit>

+
hp`

4|Jj |M2
↵;p1 � p3ihM2

↵;p1 � p3|Jk|pi
1i

M2
↵ � t� i✏

◆
+ hp`

4|J 0 jk|pi
1i
#

<latexit sha1_base64="ECLM2WYPz3PVntXokBn/6v1mwwo="></latexit>= <latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="diDrmAbmkQVVxf0JwretFRx5yd8="></latexit>

+
<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2
<latexit sha1_base64="0S8QAe0+C/eMnaWixCtr6n/9dmM="></latexit>

pk3

<latexit sha1_base64="l8XJhdYejpUM3l80x9V79zfT+0E="></latexit>

p`4
<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2
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Generalized LSZ Formula

 Generalizing formula to  model:∘ O(N)
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-Flavor AmplitudeS
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-Flavor AmplitudeS
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Results ( -flavor)s
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Percent-level error
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Results ( -flavor)s

Rapid convergence 
in unphysical regime

20

Percent-level error
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Results ( -flavor)s
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Results ( -flavor)s
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Rapid convergence 
throughout complex plane
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  studies arbitrary  for fixed 


 To study arbitrary , , and :

∘ ⟨p4 |T{ϕ3ϕ2} |p1⟩ s ∈ ℂ u ≤ 0
∘ s t u

Future Directions
Full Analytic Structure

<latexit sha1_base64="3BLQpmY8Y3J08upwRCiX6WJX9d8="></latexit>

(⇤4 +m2) · · · (⇤1 +m2)hT{�4�3�2�1}i = hT{J4J3J2J1}i+ contact terms

 Can we access full multi-sheeted structure?∘
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Future Directions
Finite  TheoriesN
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0

 Same approach as large , include general particle number states


 Two minor complications:

1) Field strength renormalization 

2) Mass shift  

∘ N
∘

Z ≡ ⟨Ω |ϕ(0) |p⟩ ≠ 1
δm2 ≡ m2 − m2

0 ≠ 0 →
<latexit sha1_base64="UQZJU1eoIHZ3IjLcpd/WNkIKEFI="></latexit>

J � �m2�
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 LSZ can be used for any operator  with same quantum numbers as 
one-particle state 


 Crucial for computing scattering of bound states ( )


 Can we use e.o.m. for constituent fields or Ward identities for stress-
energy tensor or conserved currents?

 More generally, use OPE for ?

∘ 𝒪
|p⟩

∘ π ∼ q̄γ5q
∘

∘ [V, 𝒪]

Future Directions
Bound States
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 Two possible approaches:∘

Future Directions
Gauge Theories

Free Quarks, Gluons

QCD

<latexit sha1_base64="TQQd2IuaeR/WYFZlIRYNBWRtiUg="></latexit>

+ gAµJµ + gA3 + g2A4
Banks-Zaks (e.g. , )SU(3) Nf = 16
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+mq̄q (Nf � 3)

 Marginal ( ) 
 Not Gauge-Invariant

∘ d = 3 + 1
∘

 Relevant 
 Gauge-Invariant

∘
∘
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 Same approach can be implemented in many numerical frameworks 

 Wide variety of exciting open questions (both conceptual & technical)


 Would greatly benefit from insight on QCD, BSM, experiment, & more


 If you’re interested in any aspect of QFT (Standard Model, model-
building, EFT, amplitudes, etc) there’s an application for you!

∘
∘
∘
∘

Let’s Do This!
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-Matrix BootstrapS

2011.02802

 Nonperturbative constraints on space 
of -matrices consistent with 
analyticity, unitarity

 Can input information on low-energy 

EFT behavior

 Difficult to isolate individual QFTs

∘
S

∘

∘



-Matrix BootstrapS

2011.02802

 Nonperturbative constraints on space 
of -matrices consistent with 
analyticity, unitarity

 Can input information on low-energy 

EFT behavior

 Difficult to isolate individual QFTs

∘
S

∘

∘

Need a way to study specific -matricesS



Truncation and the -MatrixS

 Compute elastic scattering from eigenvalue spectrum (via Lüscher)


 Analytically continue to complex plane using unitarity, analyticity

∘
∘

1+1d Ising Field Theory (Gabai, Yin ’19)

1905.00710
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Truncation and the -MatrixS

 Directly compute form factors 


 Use combined form factor + -matrix bootstrap to derive theory-
specific bounds on -matrix

∘ ⟨p |𝒪 |p′ ⟩
∘ S
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1+1d  Theory (Chen, Fitzpatrick, Karateev ’21)ϕ4

Karateev, Kuhn, Penedones ’19
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pi3

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="7be3GfTdK79/iJWB+FNni5IL5no="></latexit>

pi3

<latexit sha1_base64="X6aNoBjt/+Z/8/zP43fuE1GghJk="></latexit>

pj4

<latexit sha1_base64="7be3GfTdK79/iJWB+FNni5IL5no="></latexit>

pi3
<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="X6aNoBjt/+Z/8/zP43fuE1GghJk="></latexit>

pj4
<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="yGC28Z3gQnranr9j5VFErJyoMko="></latexit>

J 0 ij

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

<latexit sha1_base64="s6X7naYEJwNNdlqxWaRK2FTsc3k="></latexit>= +

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

···

<latexit sha1_base64="uZiMi/Wv5WwlTHSDFkhTWoXMvwk="></latexit>

<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="piqkhhBfQGQqTOu/KJh+TnGK0Zc="></latexit>

pj3

<latexit sha1_base64="aBqhyqDtxL1kp/LNBKOX/wAawNM="></latexit>

pi4
<latexit sha1_base64="FLmS60iHtUGyfen3ZEEk33MCAtM="></latexit>

/ ✓(p1� � p4�)

<latexit sha1_base64="piqkhhBfQGQqTOu/KJh+TnGK0Zc="></latexit>

pj3
<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="MQWWC0XobM5B7nmpCNH3hax9s4o="></latexit>

J 0 jj

<latexit sha1_base64="aBqhyqDtxL1kp/LNBKOX/wAawNM="></latexit>

pi4

<latexit sha1_base64="EnerEsvqKjUhX+Gf+Fs259DXF7I="></latexit>

V (�)

<latexit sha1_base64="49QrOxw8EU1tLDif9VDUCHvRED4="></latexit>

/ ✓(p4� � p1�)

<latexit sha1_base64="piqkhhBfQGQqTOu/KJh+TnGK0Zc="></latexit>

pj3
<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1

<latexit sha1_base64="MQWWC0XobM5B7nmpCNH3hax9s4o="></latexit>

J 0 jj

<latexit sha1_base64="aBqhyqDtxL1kp/LNBKOX/wAawNM="></latexit>

pi4

<latexit sha1_base64="EnerEsvqKjUhX+Gf+Fs259DXF7I="></latexit>

V (�)

<latexit sha1_base64="MQWWC0XobM5B7nmpCNH3hax9s4o="></latexit>

J 0 jj
<latexit sha1_base64="piqkhhBfQGQqTOu/KJh+TnGK0Zc="></latexit>

pj3
<latexit sha1_base64="ENDh3CWC9mcQJyh8XTHLyxx0fHo="></latexit>

pj2

<latexit sha1_base64="ej67YCIZLX0RML1EG6XNUPe0ffM="></latexit>

pi1
<latexit sha1_base64="aBqhyqDtxL1kp/LNBKOX/wAawNM="></latexit>

pi4

<latexit sha1_base64="s6X7naYEJwNNdlqxWaRK2FTsc3k="></latexit>= +

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>

+

<latexit sha1_base64="iv2EW10D6EDlkaO4FxNAkGDy+/M="></latexit>


