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Prelude

You may love hydro or you may hate hydro, but you can’t ignore hydro !
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Why hydro is so popular/works and how we use it in heavy ion collisions ?



Why hydro Is so popular?

One of the reason : it is a simple theory based on the fundamental conservation laws, worked excellently.

“Everything should be made as simple as possible, but no simpler”

https://www.nature.com /articles/d41586-018-05004-4
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Yang-Mills and Mass Gap

Experiment and computer simulations suggest the existence of a "mass gap" in the solution to the quantum versions of the Yang-Mills equations. But

BOOKS AND ARTS \ 30 April 2018 no proof of this property is known.

Did Eil‘ISteil‘l l‘ea“y Say that? Riemann Hypothesis

The prime number theorem determines the average distribution of the primes. The Riemann hypothesis tells us about the deviation from the
average. Formulated in Riemann's 1859 paper, it asserts that all the 'non-obvious' zeros of the zeta function are complex numbers with real part 1/2.

As the physicist’s collected papers reach volume 15, Andrew Robinson sifts through the

quotes attributed to him.

P vs NP Problem

If it is easy to check that a solution to a problem is correct, is it also easy to solve the problem? This is the essence of the P vs NP question. Typical of

Andrew Robinson the NP problems is that of the Hamiltonian Path Problem: given N cities to visit, how can one do this without visiting a city twice? If you give me a
solution, | can easily check that it is correct. But | cannot so easily find a solution.

Navier-Stokes Equation
This is the equation which governs the flow of fluids such as water and air. However, there is no proof for the most basic questions one can ask: do
solutions exist, and are they unique? Why ask for a proof? Because a proof gives not only certitude, but also understanding.

Hodge Conjecture
The answer to this conjecture determines how much of the topology of the solution set of a system of algebraic equations can be defined in terms of
further algebraic equations. The Hodge conjecture is known in certain special cases, e.g., when the solution set has dimension less than four. But in

dimension four it is unknown.

Poincaré Conjecture
In 1904 the French mathematician Henri Poincaré asked if the three dimensional sphere is characterized as the unique simply connected three
manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tells us that every

three manifold is built from a set of standard pieces, each with one of eight well-understood geometries.

“The hardest thing in the world to understand is the income tax.”



The unusual effectiveness of
nydro:1

One of the reason : it is a simple theory based on the fundamental conservation laws.

The other reason: the applicability of the frame work is based on the ratio of the two length scale
and not the underlying interaction explicitly.

Ordinary fluid 5
Hydro should work when Heavy lon collisions
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The unusual effectiveness of
nydro:1

One of the reason : it is a simple theory based on the fundamental conservation laws.

The other reason: the applicability of the frame work is based on the ratio of the two length scale
and not the underlying interaction explicitly.

High density: in high energy heavy ion collisions the entropy density is quite high.
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(a) Low pressure (b) High pressure

Deconfinement and long range force: both color and electromagnetic forces are at work.



The unusual effectiveness of

Hydrodynamics attractor in 04+1 D Bjorken expansion
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Many facets of hydrodynamics

1+1 D hydro - highly symmetric system.

Non relativistic hydrodynamics

1+2 D hydro - transverse expansion with

Relativistic hydrodynamics
azimuthal symmetry.

Radiation hydrodynamics
143 D hydro - no symmetry assumed.

Magneto hydrodynamics

* Chiral hydrodynamics Very few analytical solution exists.

* Spin hydrodynamics

No straight-forward way to deal with the causality

* Supertluid hydrodynamics
in the relativistic version.

Greek Mythology: gigantic water-snake-like monster nine head (the number varies) one of which was immortal.



Plan of the lecture

* Non-relativistic hydrodynamics
-Ideal
-Viscous

* Short introduction to the relativistic hydrodynamics

* Hydrodynamics in heavy ion collisions
-numerical hydrodynamics

-connection to the experimental observables
-details of the hydro simulation (how to)



Text book definition of
Nydrody-hamiecs:

Fluid Mechanics- Landau-Lifshitz

Fluid Mechanics

2nd edition

Landau and Lifshitz
Course of Theoretical Physics
Volume 6

L.D. Landau and E.M. Lifshitz

Institute of Physical Problems, USSR Academy of Sciences, Moscow

CHAPTER 1

IDEAL FLUIDS

§1. The equation of continuity

(

Fluid dynamics concerns itself with the study of the motion of fluids (liquids and gases).
Since the phenomena considered in fluid dynamics are macroscopic, a fluid is regarded as a
continuous medium. This means that any small volume element in the fluid is always
supposed so large that it still contains a very great number of molecules. Accordingly, when
we speak of infinitely small elements of volume, we shall always mean those which are
“physically” infinitely small, i.e. very small compared with the volume of the body under
consideration, but large compared with the distances between the molecules. The
expressions fluid particle and point in a fluid are to be understood in a similar sense. If, for
example, we speak of the displacement of some fluid particle, we mean not the
displacement of an individual molecule, but that of a volume element containing many
molecules, though still regarded as a point.

I'he mathematical description ot the state ot a moving Huid 1s eftected by means of
functions which give the distribution of the fluid velocity v = v(x, y, z, t) and of any two
thermodynamic quantities pertaining to the fluid, for instance the pressure p(x, y, z, t) and
the density p(x, y, z, ). All the thermodynamic quantities are determined by the values of
any two of them, together with the equation of state; hence, if we are given five quantities,
namely the three components of the velocity v, the pressure p and the density p, the state of
the moving fluid is completely determined.

All these quantities are, in general, functions of the coordinates x, y, z and of the time ¢.
We emphasize that v(x, y, z, t) is the velocity of the fluid at a given point (x, y, z) in space
and at a given time ¢, i.e. it refers to fixed points in space and not to specific particles of the
fluid; in the course of time, the latter move about in space. The same remarks apply to
p and p.

We shall now derive the fundamental equations of fluid dynamics. Let us begin with the
equation which expresses the conservation of matter. We consider some volume V,, of
space. The mass of fluid in this volume is | pd ¥, where p is the fluid density, and the
integration is taken over the volume V. The mass of fluid flowing in unit time through an
element df of the surface bounding this volume is pv - df; the magnitude of the vector df is
equal to the area of the surface element, and its direction is along the normal. By
convention, we take df along the outward normal. Then pv-df is positive if the fluid is
flowing out of the volume, and negative if the flow is into the volume. The total mass of
fluid flowing out of the volume V,, in unit time is therefore

§pv-df,

where the integration is taken over the whole of the closed surface surrounding the volume
in question.

1

.

5
* Fluid dynamics concerns itself with the study

of the motion of the fluid (liquid & gas).

* Any small volume of fluid contains large
number of molecules (Knudsen number).

* When we speak of the displacement of some
fluid element (or particle) it does not mean
the displacement of individual molecule.

* State of a fluid is given by dynamic and
thermodynamic variables

Velocity field:
Pressure field:
Mass density:




Non-relativistic formulations: co-
moving derivative

The change to field picture introduces new concepts of co-moving derivative

Material derivative/co-moving derivative:




Non-relativistic formulations: Euler
equation

The Newton’s law for fluid element

Force per unit volume =Force/(area*length) =pressure/length

Euler equation for ideal fluid

Source of non-linearity



Non-relativistic formulations: Mass
conservation

What about the density?

Change in mass in the elemental volume = flow of mass through the surface

With source :

Change in mass in the elemental volume = flow of mass through the surface + contribution from the source



Non-relativistic
formulations:Viscosity 1

At finite temperature almost all real fluid resist any relative motion: analogous to friction in solids
More specifically non-equilibrium processes inside fluid is associated to thermodynamic irreversibility

[rreversibility results in energy dissipation in fluid. viscosity (shear & bulk) , thermal conduction.
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Non-relativistic
formulations:Viscosity 2

How does the dissipative terms contribute to the fluid equation fo motion?

| Force/volume]| the viscous force per unit area F/ A=

To match the dimension we can take the following term F/V=

Almost correct

If we consider a rigid body like rotation of the fluid —> there should be no viscous forces between the adjacent layers



Simple application of hydro
equation

Consider the following simple situation

Fluid is in an uniform gravitational field and at rest —> v(x,y,z,t) =0

We also consider a non-viscous fluid

Euler equation

(-ve sign corresponds to the fact ‘g’ pointed towards -z) ‘. !

Earth

When the fluid is in motion and viscosity is non-zero, the problem becomes much more harder !



What is the connection to heavy-

lon collisions

88. A HYDRODYNAMIC THEORY OF
MULTIPLE FORMATION OF PARTICLES

Collected Papers of
L.D.LANDAU

1. INTRODUCTION

EDITED AND WITII AN INTRODUCTION

Experiment shows that in collisions of very fast particles a large number

RY of new particles are formed in multi-prong stars. The energy of the particles
which produce such stars is of the order of 10* eV or more. A characteristic
feature is that such collisions occur not only between 2 nucleon and a nucleus
l:mt alac- between two nuclacma F::rr mmp]e, the furma.tmu ﬂf t'.wcr mesons

D. TER HAAR

ualitatively, the lision Cess rua e clescrl Wa".

(1) When two nucleons collide, a compound system is formed, and energy
is released in & small volume ¥ subject to a Lorentz contraction in the trans-
verse direction.

At the instant of collision, a large number of “particles” are formed; the
‘‘mean free path” in the reau]tmg system is small compared with its dimensions,
and statistical equilibrium is set u

|

|

(2) The second stage of the uc:l.humn consists in the expansion of the system.
Here the hydrodynamic approach must be used, and the expansion may be
regarded as the motion of an ideal fluid (zero ﬁsmity and zero thermal con-

1 The conditions of app]inm’hihty of thermodyunamics and hydrodynamics are comprised in
the requirement }/L « 1, where ! is the “mean free path’ and [ the least dimension of the
system.

Lev Landau
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What is the connection to heavy-
lon collisions

Initial entropy density is related to the final multiplicity

2d
PHYSICAL REV _—D8=240y=
PHYSICAL REVIEW D VOLUME 12, NUMBER 3 1 AUGUST 1975 EVIEW D VOLUME 27, NUMBER 1 1 JANUARY 1983 c
3 N . regi
Hydrodynamical expansion with frame-independence symmetry . T . . |:;Je|(r?)n ?f
in high-energy multiparticle production® Highly relativistic nucleus-nucleus collisions: The central rapidity region es
Charles B. Chiu, E.C.G. Sudarshan, and Kuo-hsiang Wang
The Center for Particle Theory, Department of Physics, University of Texas, Austin, Texas 78712 :
(;]leceiwd 23 December 19’7":-, revised y::nuscr:;:t:e;ed 3 April 1975) J. D. Bjorken
We describe the space-time development of the hardronic system formed immediately after the Fermi National Accelerator Laborarory, * P.O. Box 500, Batﬂvfﬂ, Illinois 60510
hlgh-ene?gy ‘hadro‘n co‘liisinrn with the l’ollnwin.g p'u:tune.. Initially 1.he system is hig.hly compm;sed_ along (Rece“,ed 13 August 1982) )
the longitudinal direction. The sudden relaxation of this compression leads to a violent acceleration along quonto em erg'ng
this direction d perhaps a weak lerati 1l the 1 direction. When the lerats . . . . . . . "
ceast, we propase that the system moquires oorain frame-independonce symmetry with U5 forther ' The space-time evolution of the hadronic matter produced in the central rapidity region ——— from colhsuon point
expansion suvtem:ld by the hydn::i_y:amic oqm;ticlr::: ro;in;;t\flilriq our scheme, fhl; ;ﬂ'.::m,l.” - in extreme relativistic nucleus-nucleus collisions is described. We find, in agreement with at speed of Ilghf
P a natur; whic 1) - - .
and it also admits a sharp cutoff in the inclusive t um distribution. These features pl'eVIOUS StUdleS, that quark'g]uﬂn plasma 18 produced at a tempemturﬁ sz—-—SOO MeV, ——

differ from those of Landau’s model. and that it should survive over a time scale > 5 fm/c. Our description relies on the existence

of a flat central plateau and on the applicability of hydrodynamics.
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z _ FIG. 2. Geometry for the initial state of centrally pro
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FIG. 1. Pion inclusive transverse momentum distri-
bution at @« =0. The theoretical curves are predictions
of Eq. (26), with T, =140 and 150 MeV. For the data
see Ref. 21.
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What Is the connect
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Why relativistic hydrodynamics ?

Mass of the constituent ~ system temperature (average K.E)

Mass density is not a good degrees of freedom
since it does not take into account the K.E which may be ~ or greater than the rest mass of the particles

Energy density~

Energy per particle ~

Energy density~ Kinetic energy

Fluid velocity reaches few percent of speed of light!



Relativistic Ideal hydrodynamics

Non-relativistic Relativistic

Conservation of mass:

Euler equation:

Where



Relativistic viscous hydrodynamics

Carl Eckart

W lIsrael

In nature ideal fluid does not exists !
Superfluid helium also has small but finite shear viscosity! :

NOVEMBER 15, 1940 PHYSICAL REVIEW VOLUME 58

The Thermodynamics of Irreversible Processes

1 9 4 O III. Relativistic Theory of the Simple Fluid

CARL ECKART
Ryerson Physical Laboratory, University of Chicago, Chicago, Illinois

(Received September 26, 1940)

The considerations of the first paper of this series are modified so as to be consistent with the
special theory of relativity. It is shown that the inertia of energy does not obviate the necessity
for assuming the conservation of matter. Matler is to be interpreted as number of molecules,
therefore, and not as inertia. Its velocity vector serves to define local proper-time axes, and
the energy momentum tensor is resolved into proper-time and -space components. It is shown
that the first law of thermodynamics is a scalar equation, and not the fourth component of the
energy-momentum principle. Temperature and entropy also prove to be scalars. Simple
relativistic generalizations of Fourier’s law of heat conduction, and of the laws of viscosity are
obtained from the requirements of the second law. The same considerations lead directly to
the accepted relativistic form of Ohm’s law.
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Relativistic generalisation of ,_.1
Navier-Stokes theorem

=-1.0 -0.5

Ratio of Shear Viscosity to entropy density

Lacey et al,
PRL98,
092301
(2007)

Relativistic N-S suffers from the

ANNALS OF PHYSICS 118, 341-372 (1979)

1979

Transient Relativistic Thermodynamics and Kinetic Theory
W. ISRAEL*

D.AM.T.P., Silver Street, Cambridge, England and
Institur Henri Poincaré, 11 Rue Pierre et Marie Curie, Paris

AND

J. M. STEWART

Received March 28, 1978

The paper develops, from both the phenomenological and kinetic points of view, a
generalized formulation of irreversible thermodynamics applicable to the description of

thermal phenomena in the presence of strong gravitational fields, fast rotation and rapid
M SteW a rt fluctuations. The coefficients in the generalized transport equations are evaluated ex-
plicitly for a relativistic quantum gas.

Problem of acausality (signal propagation faster than light)

THERMODYNAMICS AND KINETIC THEORY
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The energy-momentum tensor

(Conservation of mass)

Fluid at rest has finite energy density and pressure

(energy, mass) density = (energy,mass)/volume (Euler equation)

pressure=force/area=momentum/ (time x area)

energy, momentum, and volumes change under Lorentz transformation (arbitrary reference frame)

Physical laws must be invariant under Lorentz transformation Tensors are the right quantity to work with

Lorentz transformation

Energy-momentum is conserved:



Connection between the microscopic world to the
macroscopic world: EoS

_zo(energy) momentum

densit densit :

2 - 4 : Need for an Equation of State (EoS):
@ o1 702 o;
T . shear
720 2 stress : .

Four equations Five unknowns
39 88| pressure
energy momentum

flux flux

For a masses Boltzmann gas:






Relativistic hydrodynamics: simple applications In
HIC: Bjorken flow

1. the colliding particles had so much energy that the flow of energy and Symmetry argument
matter after the collision remains unidirectional along the original col-

lision axis: and * Approximate boost-invariance along the beam line near mid rapidity

2. the transverse extent of the system is so large that the existence of the * Translational invariance in the transverse plane
edge of matter in a direction transverse to the collision axis is of little * Rotational invariance in the transverse plane
relevance.

The line element in the Minkowski space (Milne co-ordinate):

Time

Milne co-ordinate system Cartesian co-ordinate

Freeze-out

Space Local four velocity

Fluid is at rest in Milne system, we only need to find energy density evolution !



Relativistic hydrodynamics: simple applications in
HIC:Gubser flow

Transverse + longitudinal viscous expansion of fluid

Symmetry argument

* Approximate boost-invariance along the beam line near mid rapidity

s s S s ]

* Rotational invariance in the transverse plane

£0(29)%/* 214/3
€ = TAT [1 -+ 2q2 (1-2 + 'r’%) + q4 (1-2 — T%) ] (3,5) 210 MeV
n 4q% 72
n = 0 d (36) 130 MeV

7 (fm/c)

T3 [1 4 2¢% (12 +12) + ¢ (72 — r2))°

where v+ = \/x? + y? is the radial coordinate and the com-
ponents of u* are given as

u” = cosh [k (1,r7)], u" =0, (37)

30 MeV

U . | 1‘ a ' u® = z sinh [k (1,77)], uY = A sinh [k (7,77)], (38)
UL T o
|" | "i’ha

i
it
{8

llll"‘ ’lE-M'I'I i i’
|

Wl El ﬂi
Steven S Gubser

2¢%TrT

. (39)
1+ q27-2 + q2m%

k (t,rr) = arctanh

7500 100727

Symmetry constraints on generalizations of Bjorken flow

Steven S. Gubser
Phys. Rev. D 82, 085027 — Published 26 October 2010



Relativistic hydrodynamics: Need for
numerical hydro

7=0.4 fm/c

600
200
400
300
200

100
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y [fm]

1=6.0 fm/c, ideal

10

1=6.0 fm/c, /s=0.16

12

10

; Complex geometry

N
e [fm™

Complicated freezeout hyper surface



What Is under the hooq?

Numerical relativistic hydrodynamics

Relativistic ideal fluid ¢

Four equations

Similarly for

When we consider no special symmetry one needs to solve
3(spatial) + 1(temporal) equations —> 3+1 -d hydro.

Let us consider that we have a translational symmetry
along ‘z” direction and

2(spatial) + 1(temporal) equations —> 2+1 -d hydro.
Given energy-momentum tensor components on the spatial grid at initial time

We need to evaluate conserved quantities on each
space grid point at later times by solving the coupled partial diff eqn until freeze out.



What Is under the hooq?

Numerical relativistic hydrodynamics

Relativistic ideal fluid ¢

MCGIb. 0-1% p+Pb @ 5.02 TeV
0.4 <pr <1 GeV

Four equations

In Milne coordinate with boost invariance

To solve these set of equations we need specialised algorithms : SHASTA, Kurganov-Tadmor, Riemann Solver etc.



Numerical solution of differential
equations

------------------------------------------------------------------------------------

@ﬂ @q- = Advection equation
gi T tegg =Y :

Simple cantered difference scheme gives

------------------------------------------------------------------------------------

------------------------------------------------------------------------------------

— s = W S

n

e = (gi%1 — ¢-1)

Starting from an initial time we keep on solving for later times

t=0, v=1
q om=:10,0f =0-1ox
>

0 30 X




Handling error Is very important !

Simple finite difference scheme produces
spurious results

upwind scheme

Many stable algorithm->unphysical diffusion

300 cycles
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Heavy-ion collisions: how do you get
particles from fluid ?

Cooper-Frye formulation: E% = jy dgupl f(#,p) = z Agupt f(%: B):

From hydrodynamics
3 dimensional space —> 2d surface (xy,yz,zx)

4 dimensional space-time —> 3d hyper-surface (xyz,xyt,yzt,zxt)

Y 9v* oxP
dY, = —¢,, dxdydn,
N R I M el

IR TS

Fig. 5. Examples of triangularisation of the polygon in a sim-
ple and a complicated case.




Relativistic numerical
hydrodynamics: flow chart

STEP -1 : Initial conditions

* Setting primitive variables: energy / entropy density obtained from some model (Glauber, IP-Galsma, CGC etc).
* Pressure is obtained from the energy/entropy density using EoS.
* Velocities are set either to zero or to some values from educated guess.

Conserved quantities:
* calculate components of from the given initial data.

STEP -2 : Time evolve conserved quantities

* Conserved quantities in the next time step is obtained by solving the conservation equation.
* (Calculate the new velocities from the conserved quantities.

* Recover primitive variables from the conserved quantities.

* Check for the freeze out condition.

STEP -3 : Store freeze out information
* In each time step and run the simulation till all fluid elements are frozen out.

STEP -4 : Calculate observables from freeze out data

* invariant yields using stored freeze out information and Cooper-Frye formula .
* calculate other relevant observables such as flow harmonics, correlations.



Need more study

*Inclusion of critical slowing down due to CP
ncorporate the initial strong electromagnetic field : relativistic magnetohydrodynamics

*‘Hydrodynamization and attractor solution

*Particlization and alternative of Cooper-Frye prescription

Active participation from young students like you!
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