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Prelude

You may love hydro or you may hate hydro, but you can’t ignore hydro !

Why hydro is so popular/works and how we use it in heavy ion collisions ?



Why hydro is so popular?
One of the reason : it is a simple theory based on the fundamental conservation laws, worked excellently.

https://www.nature.com/articles/d41586-018-05004-4

“Everything should be made as simple as possible, but no simpler”

“The hardest thing in the world to understand is the income tax.”



The unusual effectiveness of 
hydro:1

One of the reason : it is a simple theory based on the fundamental conservation laws.

The other reason: the applicability of the frame work is based on the ratio of the two length scale
 and not the underlying interaction explicitly. 

Hydro should work when 

L ~ 1 m

 ~ 

Ordinary fluid Heavy Ion collisions 

L ~ 

 ~ 



The unusual effectiveness of 
hydro:1

One of the reason : it is a simple theory based on the fundamental conservation laws.

High density: in high energy heavy ion collisions the entropy density is quite high.

Deconfinement and long range force: both color and electromagnetic forces are at work.

The other reason: the applicability of the frame work is based on the ratio of the two length scale
 and not the underlying interaction explicitly. 



The unusual effectiveness of 
hydro:2

Hydrodynamics attractor in 0+1 D Bjorken expansion Hydrodynamics attractor in more general cases

Paul Romatschke Phys. Rev. Lett. 120, 012301



Many facets of hydrodynamics
1+1 D hydro - highly symmetric system.• Non relativistic hydrodynamics

• Relativistic hydrodynamics
• Radiation hydrodynamics

• Magneto hydrodynamics
• Chiral hydrodynamics

Greek Mythology: gigantic water-snake-like monster nine head (the number varies) one of which was immortal.

• Spin hydrodynamics

1+2 D hydro - transverse expansion with 
                           azimuthal symmetry.
1+3 D hydro - no symmetry assumed.

Very few analytical solution exists.

• Superfluid hydrodynamics No straight-forward way to deal with the causality
in the relativistic version. 



Plan of the lecture

• Non-relativistic hydrodynamics
       -Ideal
      -Viscous

• Hydrodynamics in heavy ion collisions
            -numerical hydrodynamics
            -connection to the experimental observables
            -details of the hydro simulation (how to)

• Short introduction to the relativistic hydrodynamics 



Text book definition of 
hydrodynamics 

Fluid Mechanics- Landau-Lifshitz
• Fluid dynamics concerns itself with the study 
of the motion of the fluid (liquid & gas).

• Any small volume of fluid contains large 
number of molecules (Knudsen number).

• When we speak of the displacement of some 
    fluid element (or particle) it does not mean 
the displacement of individual molecule.

• State of a fluid is given by dynamic and 
    thermodynamic variables 

Non-relativistic classical description

Velocity field:
Pressure field:
Mass density:



Non-relativistic formulations: co-
moving derivative

The change to field picture introduces new concepts of co-moving derivative 

Material derivative/co-moving derivative:



Non-relativistic formulations: Euler 
equation

The  Newton’s law for fluid element

Force per unit volume =Force/(area*length) =pressure/length 

Euler equation for ideal fluid

Source of non-linearity



Non-relativistic formulations: Mass 
conservation

What about the density?

Change in mass in the elemental volume = flow of mass through the surface

With source :

Change in mass in the elemental volume = flow of mass through the surface + contribution from the source



Non-relativistic 
formulations:Viscosity 1

At finite temperature almost all real fluid resist any relative motion: analogous to friction in solids 

More specifically non-equilibrium processes inside fluid is associated to thermodynamic irreversibility

Irreversibility results in energy dissipation in fluid. viscosity (shear & bulk) , thermal conduction.

  is usually a function of temperature



Non-relativistic 
formulations:Viscosity 2

How does the dissipative terms contribute to the fluid equation fo motion?

[Force/volume] the viscous force per unit area F/A=

To match the dimension we can take the following term F/V=

Almost correct

If we consider a rigid body like rotation of the fluid —> there should be no viscous forces between the adjacent layers 



Simple application of hydro 
equation

Consider the following simple situation 

Fluid is in an uniform gravitational field and at rest —> v(x,y,z,t)=0

Euler equation

We also consider a non-viscous fluid

(-ve sign corresponds to the fact ‘g’ pointed towards -z)

Earth

Z

h

When the fluid is in motion and viscosity is non-zero, the problem becomes much more harder !



What is the connection to heavy-
ion collisions

Lev Landau



What is the connection to heavy-
ion collisions

Initial entropy density is related to the final multiplicity 

J. D. Bjorken
ECG Sudarshan

Pion transverse momentum spectra



What is the connection to heavy-
ion collisions
Flow harmonics 

px

py

X

Y



Why relativistic hydrodynamics ?

Mass of the constituent ~ system temperature (average K.E)

Fluid velocity reaches few percent of speed of light!

Mass density  is not a good degrees of freedom 
since it does not take into account the K.E which may be ~ or greater than the rest mass of the particles  

Energy per particle ~

Energy density~ 

Energy density~ Kinetic energy



Relativistic Ideal hydrodynamics 

Conservation of mass:

Euler equation:

Non-relativistic Relativistic

Where



Relativistic viscous hydrodynamics 
In nature ideal fluid does not exists !

Superfluid helium also has small but finite shear viscosity! 

W Israel J M Stewart

Carl Eckart
Relativistic generalisation of

Navier-Stokes theorem
1940

Relativistic N-S suffers from the
Problem of acausality(signal propagation faster than light)

1979



The energy-momentum tensor 

Fluid at rest has finite energy density and pressure  

(energy, mass) density = (energy,mass)/volume

 pressure=force/area=momentum/(time x area)

energy, momentum, and volumes change under Lorentz transformation (arbitrary reference frame) 

Physical laws must be invariant under Lorentz transformation Tensors are the right quantity to work with

Lorentz transformation

(Conservation of mass)

(Euler equation)

Energy-momentum is conserved:     



Connection between the microscopic world to the 
macroscopic world: EoS

Need for an Equation of State (EoS):

Four equations Five unknowns  

For a masses Boltzmann gas:



Part- 2



Relativistic hydrodynamics: simple applications in 
HIC: Bjorken flow

Local four velocity

Fluid is at rest in Milne system, we only need to find energy density evolution !

• Approximate boost-invariance along the beam line near mid rapidity
• Translational invariance in the transverse plane 
• Rotational invariance in the transverse plane 

The line element in the Minkowski space (Milne co-ordinate):

Milne co-ordinate system Cartesian co-ordinate

Symmetry argument



Relativistic hydrodynamics: simple applications in 
HIC:Gubser flow

Steven S Gubser

Transverse + longitudinal viscous expansion of fluid

• Approximate boost-invariance along the beam line near mid rapidity
• Translational invariance in the transverse plane 
• Rotational invariance in the transverse plane 

Symmetry argument



Relativistic hydrodynamics: Need for 
numerical hydro

Complex geometry

Complicated freezeout hyper surface



What is under the hood?
Numerical relativistic hydrodynamics

Relativistic ideal fluid t

X

Y

We need to evaluate conserved quantities   on each 
space grid point at later times by solving the coupled partial diff eqn until freeze out.

Given energy-momentum tensor components on the spatial grid at initial time

Four equations 

Similarly for  

When we consider no special symmetry one needs to solve
 3(spatial) + 1(temporal) equations —> 3+1 -d hydro.

Let us consider that we have a translational symmetry 
along ‘z’ direction and  

2(spatial) + 1(temporal) equations —> 2+1 -d hydro.

t=1

t=2

t=3



What is under the hood?
Numerical relativistic hydrodynamics

Relativistic ideal fluid t

X

Y

Four equations 

In Milne coordinate with boost invariance 

To solve these set of equations we need specialised algorithms : SHASTA, Kurganov-Tadmor, Riemann Solver etc.



Numerical solution of  differential 
equations

x

t

n

i

Simple cantered difference scheme gives

x

q
t=0, v=1

0 30

Starting from an initial time we keep on solving for later times

Advection equation



Handling error is very important !

Simple finite difference scheme produces 
spurious results 

Many stable algorithm->unphysical diffusion

2nd order accuracy in space derivative

300 cycles

300 cycles
upwind scheme

1st order accuracy in space derivative



Heavy-ion collisions: how do you get 
particles from fluid ?

Cooper-Frye formulation:

From hydrodynamics 
3 dimensional space —> 2d surface (xy,yz,zx)

4 dimensional space-time —> 3d hyper-surface (xyz,xyt,yzt,zxt)



Relativistic numerical 
hydrodynamics: flow chart

• Setting primitive variables: energy / entropy density obtained from some model (Glauber, IP-Galsma, CGC etc).
• Pressure is obtained from the energy/entropy density using EoS.
• Velocities are set either to zero or to some values from educated guess.

STEP -1 : Initial conditions 

Conserved quantities: 
• calculate components of from the given initial data.

STEP -2 : Time evolve conserved quantities
• Conserved quantities in the next time step is obtained by solving the conservation equation. 
• Calculate the new velocities from the conserved quantities. 
• Recover primitive variables from the conserved quantities. 
• Check for the freeze out condition.

STEP -3 : Store freeze out information

STEP -4 : Calculate observables from freeze out data
• In each time step and  run the simulation till all fluid elements are frozen out. 

• invariant yields using stored freeze out information and Cooper-Frye formula .
• calculate other relevant observables such as  flow harmonics, correlations.



Need more study 

•Hydrodynamization and attractor solution

•Particlization and alternative of Cooper-Frye prescription

•Inclusion of critical slowing down due to CP

•Incorporate the initial strong electromagnetic field : relativistic magnetohydrodynamics

Active participation from young students like you!
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