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RESOURCES

WEB
e E. Metral website, JUAS courses, exercises, exams and corrections
COURSES

e G.DOme, Theory of RF Acceleration

e L. Rinolfi, Longitudinal Beam Dynamics Application to synchrotron

F. Tecker, Longitudinal Beam Dynamics in Circular Accelerators

B. Holzer, Introduction to Longitudinal Beam Dynamics

e H. Damerau, Introduction to Non-linear Longitudinal Beam Dynamics
R. Garoby, RF Gymnastics in Synchrotrons

B. W. Montague, Single particle dynamics : Hamiltonian formulation
W. Pirkl, Longitudinal beam dynamics

J. Le Duff, Longitudinal beam dynamics in circular accelerators

E. Jensen, RF Cavity Design
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RESOURCES

NOTES

H. G. Hereward, What are the equations for the phase oscillations in a synchrotron?

J. A. MacLachlan, Difference Equations for Longitudinal Motion in a Synchrotron

J. A. MacLachlan, Differential Equations for Longitudinal Motion in a Synchrotron

C. Bovet, R. Gouiran, I. Gumowski, K. H. Reich, A selection of formulae and data useful
for the design of A.G. synchrotrons

BOOKS

A. A. Kolomensky, A. N. Lebedev, Theory of Cyclic Accelerators
H. Bruck, Accelerateurs Circulaires De Particules

S.Y. Lee, Accelerator Physics

S. Humphries, Principles of Charged Particle Acceleration

T. P. Wangler, RF Linear Accelerators

H. Wiedemann, Particle Accelerator Physics

e M. Reiser, Theory and Design of Charged Particle Beams
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SCHEDULE

COURSE CONTENT

e 1Introductory session
e 10 Teaching modules including

m | ecture

= Derivations

= Computational exercises

m Quizz

= |nterleaving exercises with lecture. The last slot of each afternoon dedicated to
tutorials/questions.

e Exam preparation

e PyHEADTAIL workshop
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SCHEDULE

WEEK 1

(COURSE 1)

juas

WEEK #1

9 Jan.
Monday

10 Jan.
Tuesday

11 Jan.
Wednesday

12 Jan.
Thursday

13 Jan.
Friday

MORNING

(From 9:00 to 12:00)

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

OFFICIAL OPENING: Presentation of

JUAS & Introduction of students
E. Metral, B. Holland, S. Vandergooten

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

Transverse Beam Dynamics
B. Holzer

AFTERNOON

(From 13:30 onwards)

Special relativity, electromagnetism,

classical and quantum mechanics: What

to remember for particle accelerators
E. Metral

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Particle Accelerators in the 21st century
Seminar

CHECK-IN AT THE RESIDENCE &
SHOPPING FOR GROCERIES

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Longitudinal Beam Dynamics
A. Lasheen

Uas
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Introduction to CERN &
its Accelerator Complex
Seminar
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SCHEDULE

WEEK 2

(COURSE 1)

WEEK #2

°
U a s 16 Jan. 17 Jan. 18 Jan. 19 Jan. 20 Jan.
Monday Tuesday Wednesday Thursday Friday
= mees
Introduction to MAD-X Introduction to PyHeadTail PyHeadTail workshop Linacs Linacs
N. Fuster Martinez B. Salvant B. Salvant D. Alesini D. Alesini
0 R N l N G T Be i Longitudinal Beam amics
ra"‘;“em‘ am Dt‘f"a]m'“ 3: ! 5""] ! PyHeadTail workshop Linacs Linacs
s A e S B. Salvant D. Alesini D. Alesini
B. Holzer A. Lasheen
(From 9:00 to 12:00)
T Be: i Longitudinal Beam amics
'“"EZ';': '::'r;‘:::]m'“ ‘:E“'m . mﬂ:’;] ! PyHeadTail workshop Linacs Linacs
e Lot B. Salvant D. Alesini D. Alesini
B. Holzer A. Lasheen
MADX workshop MADX workshop Linacs Transverse linear imperfections Transverse linear imperfections
N. Fuster Martinez N. Fuster Martinez D. Alesini D. Gamba D. Gamba
MADX workshop MADX workshop Linacs Transverse linear imperfections Transverse linear imperfections
N. Fuster Martinez N. Fuster Martinez D. Alesini

(From 13:30 onwards)

D. Gamba

D. Gamba

MADX workshop
N. Fuster Martinez

MADX workshop
N. Fuster Martinez

Transverse linear imperfections
D. Gamba

Transverse linear imperfections
D. Gamba

Transverse linear imperfections
D. Gamba

juas,

Transverse linear imperfections
D. Gamba
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SCHEDULE

WEEK 3

(COURSE 1)

WEEK #3

]
U a S 23 Jan. 24 Jan. 25 Jan. 26 Jan. 27 Jan.
Monday Tuesday Wednesday Thursday Friday
—— . &
Cyclotrons & FFAs Synchrotron Radiation Synchrotron Radiation Synchrotron Radiation
e 8. Jocquot R. Ischebeck R. Ischebeck R. ischebeck
Transverse beam dynamics
MORNING
Cyclotrons & FFAs Synchrotron Radiation Synchrotron Radiation Synchrotron Radiation
B. Jacquot R. Ischebeck R. [schebeck R. lschebeck
(From 9:00 to 12:00) WRITTEN ATION
Synchrotron Radiation
Longitudinal beam dynamics Cyclotrons & FFAs Synchrotron Radiation Synchrotron Radiation el
B. Jacquot R. Ischebeck R. Ischebeck R T
) Synchrotron Radiation Synchrotran Radiation e
Trip to CERN s & bock (exam preparation)
: R. Ischebeck
Dedi d session on COLLIDERS
Visit of the CERN LEIR accelerator 1) LHC & HL-LHC (0. Briining) Cyclotrons & FFAs Transverse nonlinear effects Transverse nonlinear effects
N. Biancocci 2) Nuelear collisions at the LHC (1. B. focquot H. Bartosik H. Bartosik
Jowett)
3) FCC-hh (M. Gi
Drink at CERN e rhposl;r;:;l;;ulal coliders (£ Cyclotrons & FFAs Transverse nonlinear effects Transverse nonlinear effects
AFTERNOON nin 8. Jaeguot H. Bartosik H. Bartosik
- . 5) The US Electron-lon Collider (T. m "
Visit to ALICE experiment at the CERN r e mar
fFI'O m 13:30 OI’]W'E:FUS:I . '(TH:: Satogata) Cyclotrons & FFAs Transverse nonlinear effects -
1 Jowett S1EuGRE highsenergylincorcolliders (24 B. Jacquot H. Bartosik

Intro on Colliders (for tomorrow’s
afternoon session on Collider)
Seminar

Dinner at CERN
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SLIDES

e Theslides are provided in html and pdf formats.

e The html file includes animations and features such as the menu and chalkboard.
Keep the img and menu. css files in the same directory as the html to fully profit from
these features.

e The hotkeys are

m Esc/o: Overview of the slides = x: Change color
= m: Menu m Right click:Erase
m b/c: Chalkboard / Notes m Backspace: Erase all notes

e The drawings are kept in the html file after closure. | advise nonetheless to keep a
separate trace of the notes you estimate important!

e You can navigate Left/Right but also Up/Down for details on mathematical
derivations.

[
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COURSE LAYOUT

INTRODUCTORY SESSION

e Whatis longitudinal beam dynamics?
e How does this lecture relates to the others?

LESSON 1 - FUNDAMENTALS OF PARTICLE ACCELERATION

e Fields, forces
e Accelerator designs
e Relativistic relationships
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COURSE LAYOUT

LESSON 2 - SYNCHROTRON DESIGN

e Equations for the synchronous particle
e One word on betatronic acceleration, synchrotron radiation, self induced fields
e Momentum compaction, differential relationships

LESSON 3 - LONGITUDINAL EQUATIONS OF MOTION

e Equations for non synchronous particles
e Introduction to tracking
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COURSE LAYOUT

LESSON 4 - SYNCHROTRON MOTION

e Linearized synchrotron motion

e Phase stability and synchrotron frequency/tune

e Non-linear synchrotron motion

RF bucket, longitudinal emittance, non-linear synchrotron frequency

LESSON 5 - REAL LIFE APPLICATIONS

e Longitudinal bunch profile measurements
e Examples of RF operation
e Introduction to RF manipulations ("gymnastics")
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TEACHING AGREEMENT
WHAT YOU SHOULD KNOW AT THE END OF THE COURSE

e Understand how a beam is effectively accelerated in a particle accelerator.

e Understand fundamental concepts of longitudinal beam dynamics (i.e. synchrotron
motion, the RF bucket and its parameters).

e How main equations/formulas are derived and underlying assumptions.

WHAT YOU SHOULD BE ABLE TO DO AT THE END OF THE COURSE

e Compute RF parameters and basic design parameters of a synchrotron.
e Interpret the longitudinal motion of a measured bunch of particles.
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KEY ASPECTS OF LONGITUDINAL BEAM
DYNAMICS

— Particle acceleration

— Focusing of particles in the longitudinal direction (bunching)

— Synchrotron motion

[
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LAYOUT OF A REAL ACCELERATOR

THE LOW ENERGY ION RING (LEIR) AT CERN

= @ i chli . ip
= GREE— ] s S v

1. Injection
2. Acceleration
3. Extraction

Bending
magnets

e Virtual walk around LEIR... (visit with Nicolo on 23/01!)
e To see other accelerators at CERN...
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https://panoramas-outreach.cern.ch/viewer?id=36262111
https://panoramas-outreach.cern.ch/index.html

COORDINATE SYSTEM(S)

Accelerator seen from above...

Accelerating RF cavities
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

Uas
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e The black line represents the (ideal) design

trajectory of the beam around which a
particle oscillate (blue).

The accelerator layout can be described in
fixed cartesian coordinates (X, Z, Y)

where the Y direction is the vertical
direction.

However, this coordinate system is not
suited to describe particle motion in
circular accelerators.
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COORDINATE SYSTEM(S)

FRENET-SERRET COORDINATE SYSTEM

? e A particle trajectory follows a curved path, which
@ Yy — can be described in the Frenet-Serret coordinate
ez system.

e The particle coordinates are given as offsets with
respect to the design trajectory with

x Horizontal

y Vertical

z Longitudinal

e The curvature of the trajectory has a local
bending radius p.
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

e We use the Frenet-Serret coordinate system

T, Z, y) as reference to describe the
motion of particles.

e We introduce the mean radius

rR=Y
2T

where C'is the path circumference and the
generalized azimuth

6 < |0, 2]
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

e Foracircular accelerator, this coordinate
system is comparable to the cylindrical

coordinate system (ﬁ, 5, ﬁ)

e A particle orbit and horzitonal positions are
equivalent, as well as the longitudinal
position and azimuth.

e Beware, definitions can be interchanged!
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

e |tisalsoimportant to disembiguate p
which is the bending radius and R which is

the particle orbit including straight
sections of total length L. We have

C=2rR =L+ 27mp
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PARTICLE ACCELERATION

e The primary purpose of a particle accelerator is to produce a beam of particles with a
precise energy .

e The energy can be provided to the particles applying the Lorentz force to charged
particles

dﬁ — — —
 =F=q(&+7xB)
dt !
where
e P = M is the particle momentum e Fisaforce
* qisthe particle charge o & isan electric field
e m is the particle (relativistic) mass e Bisa magnetic field

e 9 is the particle velocity

[
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PARTICLE ACCELERATION
ELECTRIC FIELD CONTRIBUTION
ﬁg — q g

e An electric field can effectively accelerate (or decelerate) particles.
e Electric fields can also be used to deflect particles if applied transversally to the particle
trajectory.

MAGNETIC FIELD CONTRIBUTION
ﬁB —(q (27 X g)

e The force applied by a magnetic field is always orthogonal to the particle trajectory and
therefore cannot accelerate the beam.
e Magnetic fields are used to steer the beam.

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



PARTICLE TRAJECTORIES

ACCELERATION ALONG THE LONGITUDINAL DIRECTION

e The acceleration is done by applying an electric
field tangential to the beam trajectory with

g:gze_;

e Except at extremely low energies (e.g. particle
sources), the momentum of a particle is almost
exclusively directed towards the longitudinal

direction z with small angles in the transverse @

and y directions.

e Assumptions:p, > p,, andp ~ p,
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PARTICLE TRAJECTORIES
STEERING THE DESIGN TRAJECTORY

e The beam trajectory is steered horizontally by
applying a vertical magnetic field with

—

B = B,e,

e The applied force depends on the particle
velocity v, . For particles with different

momenta, the steering and trajectories will be
different than the design one.

e This effect is called dispersion and will be
covered in both transverse and longitudinal
beam dynamics lectures.
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PARTICLE TRAJECTORIES

EVOLUTION OF RELATIVE PARTICLE POSITIONS

e In the longitudinal direction, a particle can bein
front (in advance), or behind (late) with respect
to the ideal particle (on time).

e The relative distance between particles can
change

m Because a particle can also have a
smaller/larger velocity v, (and momentum

D2).
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PARTICLE TRAJECTORIES

EVOLUTION OF RELATIVE PARTICLE POSITIONS

e Inthe longitudinal direction, a particle can bein
front (in advance), or behind (late) with respect
to the ideal particle (on time).

e The relative distance between particles can
change

Red is faster but at larger orbit, while

blue is slower but inner orbit. = Because a particle can also have a

How do we accelerate all three smaller/larger velocity v, (and momentum

particles evenly? How do we keep p2).

these particles together?
= Because of a shorter/longer path length in a

bending (i.e. smaller/larger orbit), which
depends on the particle momentum.
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LONGITUDINAL PHASE SPACE

s
e
@) Y

24

==

JUAS 2023 -

We will introduce the notion of longitudinal phase space.

The particle motion can be described in the (z, pz)

phase space, relative to the ideal particle following the
design orbit and energy.

As described before other particles can be
= |n front, orin advance in time (right)
= |nthe back, or delayed in time (left)
= Have higher momentum/velocity (top)
= Have lower momentum/velocity (bottom)

The motion of the particles in the longitudinal phase
space is called synchrotron motion.
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SYNCHROTRON OSCILLATIONS

WITH A FEW PARTICLES

» 0:01/0:16

In a bunch, particles rotate around the ideal particle in black used a reference.

These are called synchrotron oscillations.
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SYNCHROTRON OSCILLATIONS

WITH MANY PARTICLES

e Abunchis usually composed of a very
large number of particles, typically
O (10" — 10'%) at CERN.

¢ |n areal machine, the coherent motion
of a bunch can be measured and
analyzed from the longitudinal bunch

density (top line, projection along the
P, axis, instantaneous beam current).

e You can notice the non-linear

synchrotron motion in phase space at
> 0:01/0:06 ra : large amplitude.
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TEMPORAL DEFINITION OF A BEAM

\J

z (-t)

Uas
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e Controlling the synchrotron motion allows to

define the temporal structure of a pulse of
particles.

The beam current is

_ 9@

[ =%
dt

where d() is the charge passing in a time dt.

Depending on the destination (experiment or
next machine in a chain), parameters defining
the synchrotron motion can be adjusted to
deliver a continuous or bunched beam.
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WHAT IS LONGITUDINAL BEAM DYNAMICS?

e Longitudinal beam dynamics is the description of the acceleration and motion of
particles along the forward path of the beam.

e Since the orbit of a particle also plays a role, we will see that the horizontal/radial
position of a particle is an important parameter.

e We will derive the equations to describe synchrotron oscillations in longitudinal phase
space.
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RELATIONSHIP WITH OTHER COURSES

JUAS COURSE 1

e How do we focus the beam in the horizontal and vertical directions, how do we
transport the beam to a target?

— Transverse Beam Dynamics

e Can we use the beam in another way than colliding on a target, what is the principle
behind light sources ?

— Synchrotron radiation

e Do charged particles interact with each other, can we accelerate an infinite amount of
particles?

— Collective Effects - Space Charge and Instabilities

[
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RELATIONSHIP WITH OTHER COURSES

JUAS COURSE 1

e This course is devoted to describe fundamentals of longitudinal beam dynamics with
specifities linked to the design of Synchrotrons.

e Dedicated courses are devoted to the specificities of Linacs and Cyclotrons.

e You will find similar concepts between the courses. Nonetheless, beware of
definitions, conventions and assumptions used to derive formulas!
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RELATIONSHIP WITH OTHER COURSES

JUAS COURSE 2

e What systems do we use to provide the beam with an electric field, how are they
designed ?

— RF Engineering and Superconducting RF Cavities

e How do we measure a bunch, specificially in the longitudinal plane ?

— Beam Instrumentation
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TAKE AWAY MESSAGE

e [orentzforce

g to accelerate and
—:ﬁ:q(§+q‘}xl§) deflect
[é to bend trajectories

e Definition of coordinates

Z horizontal position p local bending radius
Yy vertical position R mean radius / orbit
z longitudinal position 0 azimuth

e Assumptionsmadesofar: p, > pryandp = p,
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LESSON 1: FUNDAMENTALS
OF PARTICLE ACCELERATION



MODULE 1: FIELDS AND FORCES

— Acceleration in electric fields

— Electrostatic, induction, and RF acceleration

— Circular accelerators and magnetic rigidity
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MAXWELL EQUATIONS

DIFFERENTIAL EQUATIONS IN VACUUM

%
\Y% ? = % Gauss’ law
0
%
V-B=0 Flux/Thomson’s law
= 8?
V X ? Faraday’s law
= — 8?
V X E 140 ( + €0—=— 5 ) Ampere’s law

€g Vacuum permittivity , 4o Vacuum permeability

—
Pq Charge density, 7 Current density
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MAXWELL EQUATIONS

INTEGRAL FORM EQUATIONS IN VACUUM

#?ﬁz ;///pqdv Gauss’ law
S 0

# B ﬁ =0 Flux/Thomson’s law
S
%?@:_i//Bﬁ Faraday’s law

C dt JJs

]{E-@:u()//?-ﬁ%—uoe()//a?-ﬁ Ampere’s law
e s s Ot

dz Line element, d.S Surface element, dV Volume element
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ACCELERATION IN ELECTROSTATIC FIELDS (DC)

The simplest form of acceleration can be obtained using electrostatic fields along the
longitudinal direction

g
dp dE c -+ -~
dt  de 1%
giving an increment in energy
£
oF = /qé’zdz =q&,9 =4V} P
————— ———0—>———————>Z
where the scalar potential V' is defined as
oV
? ?V — &, =
0z
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DEFINITIONS OF ENERGY AND POWER

PARTICLE ENERGY

The energy of particles in accelerators is expressed in electronvolts eV corresponding to
the energy gain by a particle with elementary charge e in a potential V; = 1V

1eV =1.602176634 x 1071 J

POWER TRANSFERRED TO THE BEAM

The average power transferred to the beam in W is defined as the total accelerated beam
energy INp Fyec (IVp being the number of particles and Ey. expressed in J) delivered in

an acceleration time T },..

P — NpEacc
< b> T T
acc
[
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EXERCISES ON THE EV

e An accelerator has a potential of 20 MV, what is the corresponding energy gain of a
particle in Joules?

e What is the total energy of the beam stored in the LHC? (The beam is composed of
2808 bunches of 1.15 x 10! protons each at 7 TeV)

e What is the equivalent speed of a high speed train? (Assume a 400 tons (200 m long)
TGV train)

e What is the beam power delivered to the LHC beam? (Consider an acceleration from
450 GeV to 7 TeV in 30 minutes)

[
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EXERCISE ON THE EV

CORRECTION

e An accelerator has a potential of 20 MV, what is the corresponding energy gain of
the beam in Joules?

= 20-109-1.609-107Y =3.2.10712J

What is the total energy of the beam stored in the LHC
= 2808 - 1.15- 10 - 7-10'* - 1.609 - 10~ = 364 MJ

What is the equivalent speed of a high speed train (ELac = Fkin train)

" Vgrain = v/ 2ELHC/Mirain = 4/2 - 364 - 106/ (400 - 10%) = 154 km /h

What is the power delivered to the LHC beam (1800 s)

= 2808 -1.15- 10! - (7 — 0.450) - 102 - 1.609 - 1019 /1800 = 189 kW

[
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EXAMPLES OF ELECTROSTATIC ACCELERATORS

+ + +

Anode Capacitor

Deflecting coils

lon
Charge Source
collector

Control Grid

J [K / J Fluorescent screen
/
Heater !

Cathode  Electron

beam . .
Focusing coil

+ + + + + 4+ 4
Charging belt

e Various designs exist for extraction from a particle source,
high field DC acceleration (e.g. Cockroft-Walton, Van de .

Power
Graaf, Tandem). Suoply Ground

* Various applications exist such as cathode ray tudes for O Tl
. . . o t
(old) TVs, industrial/medical applications... oo

e See CAS - Electrostatic accelerators for more details.
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https://cds.cern.ch/record/1005042/

LIMITATIONS OF ELECTROSTATIC
ACCELERATORS

e Maximum electric field limited to the MV
range due to discharge/arcs.

10°;

10°F

e The maximum voltage reached depends on
the gas nature and pressure and follows the
Paschen law.

VB [volts]
8&
T

10°k

e Moreover from Faraday's law for static fields
implies

102 ; L1 5 I L L1 ; I I L1 2 11 s
10° 10 10 10 10
pd [Torr cm]

]{C?-Tz:()

e Single pass accelerator only, cannot reach higher energies than the tens of MeV level
(high energy hadron colliders ~TeV!).
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INDUCTION ACCELERATION

An electric field can be obtained with a ramping magnetic field. Again from Faraday's law

fea-t 5.3

This is the principle behind the betatron accelerator design sketched below, with B (p)
in blue.

forinduction

Side view ' Top view
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INDUCTION ACCELERATION

BETATRON CONDITION, 2:1 RULE

Assuming azimuthal symmetry, vertical magnetic field B — —B, (p,t) ey ata

constant orbit pg, we get

1®s, 1

B, (o) = 9 7T,0% ~ 9 <By>5,p0

— If the particles move in a circular path of orbit p, the averaged magnetic field

(flux) in the surface enclosed in the orbit py should be twice the magnetic field on
the particle trajectory. This is also stated as the 2:1 rule.

Side view

Vacuum > >

N RN

> [><]
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INDUCTION ACCELERATION

DERIVATION OF THE BETATRON CONDITION

Assuming azimuthal symmetry, vertical magnetic field B — —B, (p,t) ey ata
constant orbit pg, can you derive an equation for £y and the corresponding dpg/dt ?

We will introduce the magetic flux ®s ,, and an averaged magnetic field in the betatron

core (By) ¢

»P0

Po

Bsp =21 | By (p)pdp=mp;(By)g
0

What is the equilibrium condition for a constant py if

_m_p

Byp
Y g q
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INDUCTION ACCELERATION

DERIVATION OF THE BETATRON CONDITION

Assuming azimuthal symmetry, vertical magnetic field B — —B, (p,t) ey ata

constant orbit pg, Faraday's law for induction give

27 d 27 £0
| apa=5 [ [ Bietpdpds
0 dt 0 0

ddg
— 2mp&p = —F
TPoCH dt
1 do
—— 59 — 5,0
2mpo  dt

where @ ,, is the magnetic flux in the contour enclosed in the orbit pg
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INDUCTION ACCELERATION
DERIVATION OF THE BETATRON CONDITION

The obtained acceleration is

dpg q d®s
_— = qge p— PO
dt 27Tp0 dt
q
— o —@

Using the magnetic rigidity pg = qu (po) Po (derivation here), we obtain
q

B p— @
1 dg
— B — 10
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INDUCTION ACCELERATION
DERIVATION OF THE BETATRON CONDITION

We introduce an averaged magnetic field in the betatron core <l5’y>5

00
PO X
D5 =2m | By(p)pdp=mpy(By)g ,
0
we finally get
_ 1 ¢57p0 . ]‘
B, (po) = 9 7T,0(2) D) <By>5,p0
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LIMITATIONS OF INDUCTION ACCELERATION

e The accelerator is covered by large magnets

® |Limited size of the accelerator
= Saturation of the iron yoke

e The maximum energy reached is about 300 MeV with electrons (high energy lepton
synchrotrons ~100s GeV!)

Side view Top view

Vacuum >

s Ponmny™S

blll!'ﬂl;&‘

><
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ELECTROMAGNETIC WAVE ACCELERATION

Combining Maxwell's equation in vacuum (no charge, no current)

%
V- ? 0 Gauss’ law
V.B =0 Flux/Thomson’s law

vaz- 08

Faraday’s law

a?
v g MOED (=

V X 5

Ampere’s law

an electric field can be obtained in the form of a wave

1 0°€ 1
A€ - 5w 0 ’(C: m)

[
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ELECTROMAGNETIC WAVE ACCELERATION

DERIVATION OF THE ELECTRIC WAVE

S 7 aﬁ
s ()
— V (V. ) 32? ?

P E
:A? ,LL()G()82 =0 ,(C:\/m)

A similar equation can be obtained for E, ? and E propagate together.
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RF SYSTEMS

Low power R source Ay glectromagnetic wave can be confined

Side view High power amplifier in a cavity, with an opening to let the
RE coupler beam pass through the oscillating electric
- field with
RF cavity
pe o
_¢ = E. (p, z) cos (w,t) €,
P >, wherew, = 27 f, is the (angular)
. frequency of the field and depends on the
geometry of the cavity.
5 e Alow power RF signal is amplified and
coupled to the cavity. The amplitude and
g

phase of the wave with respect to the
beam can be controlled.

[
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RF SYSTEMS

1
lon pumps | o
1
i
1
|
1
I 1 1
|\ 1
N
, Vacuum
' joint
Electric

tuner i
: 1

% — «

=/ |
Mechanical i :
short-circuit ; | Grooves for
‘_|::' water cooling
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https://panoramas-outreach.cern.ch/viewer?fov=90&id=43087505&lat=-0.72&lon=36.00
https://link.springer.com/chapter/10.1007%2F978-3-030-34245-6_8#Sec23
https://panoramas-outreach.cern.ch/viewer?fov=90&id=43087505&lat=-0.72&lon=36.00

RF ACCELERATION

Low power RF source

Side view High power amplifier
RF coupler
RF cavity
Pe -
- g
U
o o———

Uas

r (X1}
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e Theincrementin energy of a particle

passing through an RF cavity gap is

OF s = /qSZ (p,2,t)dz

— QV}f (p7 T)

where V¢ is the total accelerating

potential of a particle arriving ata time 7

in the cavity (we will derive a relevant
expression of V¢ during the next lesson!).

Unlike electrostatic fields, cavities can be
installed consecutively to accelerate the
particles.

A. Lasheen



LINEAR ACCELERATORS (LINACS)

V) —\ / \ A T
o= )| I T

C1 Cc2 C3 |C4

G@-SUD( V(t)

The basic principle of linear accelerators is a single pass in many RF systems to
accumulate energy.

e The distance between two accelerating gaps depends on the particle velocity
(synchronism condition for Linacs).

e The maximum energy reach scales with the length of the linac and the RF accelerating
gradient.

Dedicated JUAS Lecture on Linacs and walk along LINACA4.
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https://indico.cern.ch/event/1210739/search?q=linacs
https://panoramas-outreach.cern.ch/viewer?id=42845458&lat=-9.24&lon=22.68

BREAKDOWN AND RF

1000

5001
I Wang & Loew,

| SLAC-PUB-768 T=TT
00l C-PUB-7684,1997

Ecrit [MV/ m

Kilpatrick1957, , ,.

12467 /f=E e *

finGHz, E_;, in MV/m |

0.01 0.1 f[GlHZ] 10 100
e The maximum accelerating gradient in RF cavities is limited by breakdown.
e The observed frequency dependence was formulated empirically by Kilpatrick.
e Breakdown is dependent on the cavity surface quality and conditioning. Present cavities
go beyond the Kilpatrick criterion (ratio expressed in "Kilpatrick" unit).
e Typical range for RF cavities ~ O (1-100 MV /m)

[
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https://cas.web.cern.ch/sites/default/files/lectures/darmstadt-2009/jensen.pdf

CIRCULAR ACCELERATORS

For circular accelerators the principle is to steer the beam back to the RF cavity and
passing multiple time. We need to introduce the concept of magnetic rigidity.
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MAGNETIC RIGIDITY

The applied force in bending magnets to shape a circular accelerator is
ﬁ[g —(q (?7 X g)

which gives the vertical magnetic field required to keep particles with a given
momentum on a given orbit

b
B,p= =
g

This relationship is called the magnetic rigidity or more trivially the "B p".
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MAGNETIC RIGIDITY

DERIVATION

The force from a magnetic field is always orthogonal to the particle direction, in
cylindrical coordinates and with a constant v = vy (implyingp = pg, m = 0),and a

magnetic field ﬁ = —B,e,.

Demonstrate that
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MAGNETIC RIGIDITY

COORDINATE SYSTEM REMINDER

e Reminder, in cylindrical coordinates

vV, = p
vgzpézpw
vy =Y

andifrm = 0
pp =m (P — Péz)
o = m (pé + 2p9’)

(overdot is derivative with time d/dt) py =my
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MAGNETIC RIGIDITY

DERIVATION

The force from a magnetic field is always orthogonal to the particle direction, in
cylindrical coordinates and with a constant v = vy (implyingp = pg, m = 0),and a

magnetic field ﬁ = —B,e,.

Demonstrate that
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MAGNETIC RIGIDITY

DERIVATION

The force from a magnetic field is always orthogonal to the particle direction, in
cylindrical coordinates and with a constant v = vy (implyingp = pg, m = 0),and a

magnetic field ﬁ = —B,e,, we get

@:ﬁg q(@’xg)

dit

ine, — m(j-pf?) = —quB, ,(5=0)

’02 .
— m-2 = queB, (vg = ,09)
P
— py = qByp
q q
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STRATEGY FOR CIRCULAR ACCELERATORS

Two possibilities to reach high energies with

p
q
o Increase I3, at fixed p — Synchrotron
o Increase p at fixed By — Cyclotron (dedicated JUAS Lecture)

e In the next lessons, we will focus on the synchrotron design.

e The maximum energy of a circular accelerator is in principle limited by the maximum
B, in the bending magnets or the radial size of the accelerator (e.g. FCC 100km!). The
typical range for bending magnetic field is ~ O (1-10 T').

e |In presence of synchrotron radiation (for lepton machines), the maximum energy is
limited by RF power.
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https://indico.cern.ch/event/1210739/search?q=cyclotrons
https://indico.cern.ch/event/1210739/search?q=Synchrotron%20Radiation

VERY HIGH GRADIENT ACCELERATION

e How do we go beyond the limits fixed by present accelerator technologies? Can we
have more compact accelerators? Can we reach GV/m accelerating gradient using
fields provided by lasers and plasmas?

— Follow the JUAS Seminar on Novel High Gradient Particle Accelerators

— In the context of this lecture, we will concentrate on conventional RF acceleration.
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https://indico.cern.ch/event/1210739/contributions/5092696/

MODULE 2: RELATIVISTIC KINEMATICS

— Recap on relativistic parameters

— Useful differential relationships

[
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DEFINITION OF PARAMETERS

Reminder: we now assume that the momentum of the particleisp ~ p,

Particle energy and momentum

EZEkin+Eo=\/P2+E§

2

where F total energy, Eg = myc” rest energy (particle rest mass my),p = P/cisthe

momentum

Relativistic parameters

v P

g_v_ 1 E
"¢ E T A-@p  E

where [ relativistic velocity, 7y Lorentz factor and p = mv = Bymyc

[
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UNITS

e Theenergies F/, Bin, Elg and P can be expressed ineV
e The momentum p can be expressedineV /c
e The mass m can be expressed in eV/(:2

e (3 and -y are unitless

Practical magnetic rigidity formula

We will demonstrate that
p|GeV/c|~ 0.3 Z B, |T] p m]

where Z is the number of elementary charges e (Z = +1 for protonsand Z = —1 for
electrons).

[
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RELATIVISTIC PARAMETERS AND PARTICLE
REST MASS

1.0 4 — Electron 107 —— Electron
Proton E Proton
—— Lead ion —— Lead ion
106 .
0.8+
105 .
0.6 -
104 .
Q >
0.4 - 103 .
102 .
0.2+
101 .
0.0 4 100
1 1 1 1 1 1 1 1 1 1
10% 10° 108 1010 1012 104 10° 108 10%° 102
Eyin [eV] Ein [eV]

e Electrons can be considered with v /& ¢ at moderate kinetic energy, but not heavier
particles.

e The evolution of the particle velocity during acceleration has an important influence on
the design of an accelerator.
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USEFUL RELATIONSHIPS

Practical relationships that will be used in further derivations.

2
ﬁ —I—? 1
Differential forms
dFE
ap "
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EXERCISES

e Show that

p|GeV/c]~ 0.3 Z B, |[T]p

m]

e Compute the relativistic parameters for the following CERN machines

Machine Ey[MeV] FEiin [GeV] E[GeV] v B plGevicl Byp[Tm]
PSB inj (p+) 0.160

PSB ext (p+) 2

sps (208Ph®T) 86.4

LHC (p+) 7000

LEP (e+/e-) 100

m, = 1.6726 x 107" kg, m, = 9.1094 x 10! kg, u = 1.661 x 10~%" kg

e Derive the differential relationships from the previous slide

JUAS 2023 - Longitudinal Beam Dynamics

juas,
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EXERCISES

BENDING RADIUS PRACTICAL EQUATION

The magnitude of a variable (unitless) is noted in ||

p [Ns|

P

p [Ns]

c|m/s|

= €

— C

C| Z By [T] p [m]

m/s|e[C] Z By [T] p|m]

Nm| = c[m/s|e[C] Z B, [T] p[m]

P [Nm|/|e| = 1[C|c|m/s| Z By [T] p[m|

PleV]/(1[m/s]) = |c[1[C] Z B, [T] p [m]

p|GeV/c| =~ 0.3 Z B, [T] p [m]

[
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EXERCISES

MACHINE PARAMETERS

Machine E, FEiyin E v 15, P B,p
[MeV] [GeV] [GeV] [GeV/c] [Tm]
PSB inj (p+) 938 0.160 1.098 1.17 0.52 0.57 1.90
PSB ext (p+) 938 2 2.938 3.13 0.95 2.78 9.30
SPS ( 193751 1940.50 2134.25 11.0 0.996 212544 86.4
208 Pb82+)
LHC (p+) 938 6999 7000 7460 0.999.. 6999.99.. 23333
LEP (e+/e-) 0.511 99.99 100 195695 0.999.. 99.99.. 333.33
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
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EXERCISES

DEMONSTRATION OF DIFFERENTIAL RELATIONSHIPS
E? = P’ + Ej§
— d(E?) =d(P?) +d(E})
— 2FEdE = 2PdP = 2pdpc’

_ 4B _pc
dp E
dE

— —:/BC:’U
dp
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EXERCISES

DEMONSTRATION OF DIFFERENTIAL RELATIONSHIPS

EdE = pdpc?

dE 2 d
— %~ (%) f

dE d
— f:y?p
_dp_1dB_1d
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EXERCISES

DEMONSTRATION OF DIFFERENTIAL RELATIONSHIPS

dp 1 dp
_ — —2 S
B vop
[
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TAKE AWAY MESSAGE

e Acceleration in an RF gap:

ok = /qu (P, 2y t) dz = qVis (P, T)
e Magnetic rigidity:

B,p = g . p[GeV/c] ~ 0.3 Z B, [T] pm]

e Relativistic relationships (P = p ¢):

v 1 E
E =B+ B = \/P*+ B}, B=" il

T A5 B

P
- E
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TAKE AWAY MESSAGE

e Relativistic relationships:

1
8% + i 1
e Relativistic differential relationships:
dE
ap T
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LESSON 2: SYNCHROTRON
DESIGN

[
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MODULE 3: ACCELERATION IN A
SYNCHROTRON

— Fundamental mode in a pillbox cavity
— Energy gain
— Transit time factor

— Other sources of energy gain/loss

[
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

e We start by describing the acceleration of a
particle in the RF cavity.

e Inthe previous lesson we found the

expression of the energy gain in the cavity
for a single pass

OF. s = /qu (p,2,t)dz

— qV;f (:07 T)

e We will find a common expression of &, for
a simple form of RF cavity.
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

Low power RF source

e A convenient modelis the so-called

Side vie ‘ ' . . :
v High power amplifier "pillbox cavity", where the fields of the
RF coupler
fundamental mode are
RF cavity P
De — E, (p, t) = & Jy (XO) COS (wrt)
—_— & pC
7 &o .
—————————————— e By (pyt) = ——J1 | xo— | sin (w,t)
C
z-direction
N view Q
J,, Bessel function
g
Wr — XOC/pc
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

— e The maximum electric field &
achievable in a cavity depends
on many parameters including
the

2 = Cavity material

= Power amplification

¢ = Coupling in transmission
’ lines and reflections
e The frequency of a pillbox

cavity depends on the radial
size, not on the length!

== e Dedicated courses in the JUAS
Course 2: Introduction and RF

Animation: E. Jensen Engineering lectures.
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https://indico.cern.ch/event/977332/timetable/#7-introduction-to-rf
https://indico.cern.ch/event/977332/timetable/#10-rf-engineering
https://cas.web.cern.ch/sites/default/files/lectures/darmstadt-2009/jensen.pdf

FUNDAMENTAL MODE OF A PILLBOX CAVITY

DERIVATION

From the wave equation

N 1 6°€

= —0
c? Ot?

Two conditions on the fields on the boundaries of the cavity (conductor material)

e The electric field is orthogonal to the surface.
e The magnetic field is parallel to the surface.

We neglect the aperture due to the beam pipe and the power coupler.

A large number of modes of oscillation can exist in the cavity, we are interested only in

the fundamental mode for which ? = &,e, and E = Byey.
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

DERIVATION

We will assume a solution of the form £, = & (p) cos (w;t)

Reminder: In cylindrical coordinates

0%E, 10E, 0%,
A?— 5,2 —|—;8p + 5p?

Reminder: The Bessel differential equation

5> 9 ?
a:2—y—|—a;—y—|—(£—n> y=20

Ox? Ox 0
£
L0
[
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

DERIVATION
The wave equation in cylindrical coordinates becomes

0°E, 10E, 0%E, 1 9%,

- _ - —0
022 i p Op i 0p> ¢ Ot?

Assuming a solution of theform &, = &, , (p) cos (w,t) lead to

10¢,, 0%, , 1 92 cos (w,t) B
> op cos (wrt) + 52 cos (wrt) — . 52 E.p =0
0%, , 10¢,, Wy \ 2
— 957 ? cos (wyt) + p (’9,0 ? cos (wyt) + (?) E.pcos(wyt) =0
, 0°E, , 0 » pwy \ 2
ad 0 p? "+ dp +(c)gz’p_0

[
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

DERIVATION

The differential equation

0%E o0& PW;\ 2
2 2,0 2,0 r o
P O p? TP dp +(c) Eap =0

is the Bessel differential equation which has a solution for Sz,p
w
gZ7p — gOJO (pcr)

where & is the amplitude of the field at p = 0.
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

DERIVATION

The boundary condition for electrical fields implies that £, (p = p.) = 0. We
reformulate the electric field

gz,p — gOJO (XOp)

Pc
where xo = p.w,/c = 2.405 is the first zero of the Bessel function Jj.

Finally

E. (p,t) = EJy (Xop) cos (w;t)

Pe

with w, = xoc/p. ~ 2.405 ¢/ p..
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ENERGY GAIN IN AN RF CAVITY

We express the energy gain of a particle passing through a cavity

9/2
S = /qu (p, 2,t)dz = q/ Eo (p, 2) cos (wyrt) dz

—g/2

For a particle passing through the center of the cavity (p = 0), the energy gain becomes

dE¢ (1) = qVi¢ 0T} cos (w,T) Linac convention

SEs (1) = qVisoT: sin (w,7) Synchrotron convention

The maximum potential ‘/;-f,() (denominator below) and the transit time factor are

fgg/280 0,2 cos( )dz
fg/ dZ

1 =

J U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
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ENERGY GAIN IN AN RF CAVITY

DERIVATION
Starting from

9/2
0E.: = q &o (p, 2) cos (w,t) dz
—9/2

The longitudinal position of the particle with respect to the cavity is

z(t):/ B(t)cdt ~ Be(t— )

Assumption: the change in velocity of the particle is neglected here. This is not valid
for high gradient cavities with non-relativistic particles!

Derive the energy gain and the expression of the transit time factor.

[
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ENERGY GAIN IN AN RF CAVITY

DERIVATION

Starting from

g/2

2z
OF, = q &o (p, 2) cos [wr (%) — wTT] dz

—g/2

Using the trigonometric relationship

9/2 Wy 2
SE s = q/ &o (p, 2) cos (T) cos (w,T) dz+
—g/2 56

Wy 2
sin [ —— | sin (w,7) dz
Bc
The sin function is odd and cancels in the integral.
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ENERGY GAIN IN AN RF CAVITY

DERIVATION
We get

y
g/ W2

6 (p,2) cos (7 )

C

dE.;: = qcos (w,T) /

—g/2

We define the maximum possible accelerating potential (no variation with time during
particle passage) as

g/2
Vio= [ &(p2)dz
—g/2
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ENERGY GAIN IN AN RF CAVITY

DERIVATION

We define the transit time factor as the ratio between the accelerating potential
including the time variation of the field and the maximum potential

fgg/2 cos( )dz

V}f,o

1 =

The energy gain in the gap finally becomes

dEys (1) = qVis 0T} cos (wrT) = qVit cos (w,T)

The cos which can be interchanged with sin depending on the convention used (linac
vs. synchrotrons).

J U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



TRANSIT TIME FACTOR

fgg/2 & (p, z) cos (“”‘c"’)dz
fgg/ggo P <

1: =

The transit time factor is the ratio between the effective accelerating potential including
the time variation of the field (top term) and the maximum potential if a particle would
pass instantaneously in the cavity (bottom term, Vit o).

The transit time factoris T3 < 1 and depends on principle on the particle transverse
position. For a pillbox cavity, the transit time factor becomes

. Xo0g
S1n
( 2ﬁpc )

Xo9
( 20pc )

J U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
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TRANSIT TIME FACTOR

1.0 1

| sin (2’%)
0.8-: 1—;5 _ Pec

I X09
0.6-: ( 28p¢ )

= 0'4'; e The electric field oscillates
0 2_3 while the particle goes
) through the RF cavity

0.0 /\\/

f \/ e Ifthe gap is too long, the

—0-27 acceleration potential is

0 2 4 6 8 10 effectively reduced.

e A compromise in the design of a cavity is needed to maximize the accelerating
potential.
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TRANSIT TIME FACTOR FOR A PILLBOX CAVITY

DERIVATION

Derive the transit time factor for a pillbox cavity using the expression of the electric field

EoJo (p) cos (%j)
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TRANSIT TIME FACTOR FOR A PILLBOX CAVITY

DERIVATION

Including the expression of the pillbox cavity field in the transit time factor

fgg/2 ) cos ( ) dz
fg//2€0 (p,2)dz

EoJo (p) f_g;/z CcoS (“gcz) dz
EoJo (p) f;q/22 dz

1 [9/2 W
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TRANSIT TIME FACTOR FOR A PILLBOX CAVITY

DERIVATION

Including the expression of the pillbox cavity field in the transit time factor
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ENERGY GAIN IN AN RF CAVITY

SYNCHROTRON CONVENTION

For the rest of the course we will use

0Ey (1) = qVigsin (w,m) —  0Ey (¢p) = qViesin(¢)

where the transit time factor is included in the definition of V¢ (this parameter is often

noted ‘Z-f in the litterature) and ¢ is the phase of arrival in the cavity.

Assumption: The transit time factor depends on the particle radial position and 3.
These dependencies will be neglected in the coming derivations.
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INDUCTION FORCE IN SYNCHROTRONS

"BETATRONIC" ACCELERATION

During acceleration in a synchrotron the magnetic field is ramped to keep the beam on a
constant orbit with

p=qByp

With the same principle as in the betatron, an azimuthal electric field is induced. This
leads to the energy gain (assuming p constant)

2T P OB, (0. 0,t
o Jo t

Assumption: this force is usually negligible in large synchrotrons, although it may
not be overlooked to derive precisely longitudinal equations of motion.

0 Ey, (p)ZQ]{

C
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SYNCHROTRON RADIATION

ENERGY LOSS IN BENDING MAGNETS

The power of the light emitted by a particle in a curved trajectory is

¢c ()"

PSI'_ 2

 6mey p

The energy loss over a turn, by multiplying by the time spent in the bending magnet T},

2 3 4
q" B°E 2mp
E. (E, — o\ Ly = ——

Note the important dependence on Ef)l. Synchrotron radiation is usually neglected for
hadron synchrotrons and is predominant for lepton machines.

— Dedicated JUAS course on Synchrotron radiation
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SELF INDUCED FIELDS ALONG THE RING

A real accelerator is composed of many equipment, which can lead for example to
discontinuities in the beam pipe aperture.

Bunch

profile
G ® 0 % e 0

Induced
Voltage

A single particle passing through a cavity-like gap will induce a wakefield VW (7‘) A
bunch with a longitudinal charge density A (7) (number of particles Np) will induce a
voltage Vind (7‘), as a convolution product of all the particles single wakes

0Eing (7) = qVind (7) = —qNp (A * W)

— Dedicated JUAS course on Collective effects
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

EXERCISES

e Compute the expected radius of the 80 MHz cavity shown in lesson 1, assuming it's a
pillbox cavity.

1.0 P['ofile no 0

0.8+

0.0 20 40 60 80 100

Time [ns]

e The animation is a measured bunch profile modulation by a 1.4 GHz wakefield, what is
the size of the device responsible for wakefields?
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FUNDAMENTAL MODE OF A PILLBOX CAVITY

EXERCISES

e Compute the expected radius of the 80 MHz cavity shown in lesson 1, assuming it's a
pillbox cavity (Slide 11)

= po =2.405-3-10°/ (2 80-10°) = 1.4 m

e The animation is a measured bunch profile modulation by a 1.4 GHz wakefield, what is
the size of the device responsible for wakefields?

= po =2.405-3-10%/ (27 1.4-10°) = 8.2 cm
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MODULE 4: THE SYNCHRONOUS PARTICLE

— Synchronism condition in synchrotrons
— Acceleration rate

— Magnetic and RF frequency programs
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

e The revolution period of an arbitrary
particle in a circular machine is

C 27R

TO = —

v Bc

e The corresponding revolution (angular)
frequency is

2T &

e We will derive the relationships for the
synchronous particle (subscript s).
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SYNCHRONISM CONDITION

Accelerator seen from above, along the vertical Y axis...

e Aparticleis synchronous to the RF if

Bsc

r:h s:h
W Wo, Rs

where h is the RF harmonic number
(integer number).

e There are h different synchronous particles

in a synchrotron (and effectively up to h
bunches).

e The synchronous particle is fictitious, it is
in reality an ideal reference point.
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SYNCHRONISM CONDITION

Accelerator seen from above, along the vertical Y axis...

e The total energy variation over one turn is

5ES — 5Erf,s —+ 5Eb,s
+ 5Esr,s =+ 5Eind,s

e Forthe following derivations we will only
consider the RF contribution, the energy
gain per turn of the synchronous particle is

OE; = qVyesin (hwo s7s)
— qu sin (¢s)

where @, is the synchronous phase.
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ACCELERATION RATE

Assumption: The acceleration rate with time of the synchronous particle is assumed
to be a smooth function with time. The energy gain per turn is usually small (not in
Rapid Cycling Synchrotrons!).

The acceleration rate is

B B =)

E, ~
TO,s TO S

The bending field must be increased synchronously, keeping a constant orbit pg, R

- ps
B ps —_ —
’ q
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ACCELERATION RATE

Using the differential relationship

dE

— =Bc — E=28cp
dp

and assuming that ps = 0, we get

. B
0E; = 2mqpsR;B, and ¢, = arcsin 27rp3R3V—y
rf

Reminder: This equation is not related to the induction acceleration. In this case, the
acceleration is obtained from the electric field in the RF cavity. The magnetic field in
bending magnets is increased so that the synchronous particle keeps fulfilling the
synchronism condition.
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ACCELERATION RATE
DERIVATION

Derive the acceleration per turn and the synchronous phase assuming ps = 0

. B
0E; = 2mqps R;B, and ¢, = arcsin (27TpsRsVy>
rf
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ACCELERATION RATE

DERIVATION
& (Bp) =2
—> Byps + Byps = q?:c
Assuming ps = 0
— Byps = 583;0 - sin (¢s) = 27‘333 sin (¢s)

— 2mqRspsBy = qViesin (¢s) = 6 E;
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RF FREQUENCY SWEEP

To preserve the synchronism condition, the RF frequency must also be adjusted to follow
the evolution of 85 during acceleration

hc
wr (t) = — B (t
()= 5 B (1
The RF frequency program is linked to the magnetic field
~ he B: (t)
- 27R 2
“\ B (1) + ()

The principle of the synchrotron acceleration is to ramp the bending field and the RF
frequency synchronously, providing constant R and the synchronous phase ¢;.

fr (t)
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RF FREQUENCY SWEEP

DERIVATION

From
h
wr (t) = 3-Bs (1

Express 35 () as a function of By, () using the definition of the magnetic rigidity with
constant p, (and R).

Obtain
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RF FREQUENCY SWEEP
DERIVATION

Expression of 3,

c c
Bs (1) = — = pz
\/ (pe)” + E3
_ B, psqc
V Bupaae)’ + (moc?)
B,
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RF FREQUENCY SWEEP

DERIVATION

Expression of 3,

Leading to

juas._

wy (t) hc
() = = s (
fr () 27 27rRsﬂ (t)
ke B: (t)
 27R, moc ) 2
\ B0+ (5)
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EXAMPLE PROGRAMS IN THE SPS

EXERCISES

Compute the following parameters for protons in the SPS at injection and extraction
energies (momentum 26 GeV/c — 450 GeV/c)

e Revolution period/frequency of the SPS (pg = 741.25m, Cy = 6911.50 m)
e RF frequency of the SPS (h = 4620)
e Energy gain per turnin the SPS (By = 0.77T/s)

e Smallest RF voltage to accelerate the synchronous particle
e Compute the same parameters with Lead ions 208 pp32+
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EXAMPLE PROGRAMS IN THE SPS

EXERCISES

Compute the following parameters for protons in the SPS at injection and extraction
energies (momentum 26 GeV/c — 450 GeV/c)

Machine SPSinj.p+ SPSext.p+ SPSinj.Pb SPSext.Pb
p[GeV/c] 26 450 2132 36900

E [Gev] 26.0169 450.001 2140.786 36900.509

15 0.99935 0.999... 0.9959 0.999..

To [ns]  23.0693 23.0543 23.1493 23.0546

fr [MHz]  200.266 200.396 199.574 200.394
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EXAMPLE PROGRAMS IN THE SPS

EXERCISES

e Energy gain perturnin the SPS (By = 0.7T/s)

= 6911.50 - 741.35-1-0.7 = 3.59 MeV for p+
= 6911.50 - 741.35 - 82 - 0.7 = 294 MeV for Pb

e Smallest RF voltage to accelerate the synchronous particle

» 3.59 MV forp+and Pb (§ E.¢/q)
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EXAMPLE PROGRAMS IN THE SPS

2.00 4 200.4 4
e ] L 400 /
150- 200.2 1
- 300 —
1.25 1 S
— > N
= 8 g 200.0 4
>~ 1.00 4
Q N
0.75 1 <
199.8 1
0.50 1 - 100
p=741.25m — p+
0.25 - 199.6 1 C=6911.50m 208pp82 +
h=4620
1 1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
Time [s] Time [s]

e The magnetic (and expected momentum) program together with the RF frequency
program.

e Due to their larger mass the lead ions have a lower 35 and hence fr for the same

B, ps

Uas

r (X1}
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EXAMPLE PROGRAMS IN THE SPS

0.7- _35 70-
0.6 -3.0 °0
0.5 1 o5 50
= 3 o
[%2] -
2 0.4 L20= 840
= N T,
Q 3 [ < 301
0.3 154
0.2 1 L 1.0 20 4
0.1 1 - 0.5 10+
0.0 - 0.0 0 1
1 1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
Time [s] Time [s]

e The energy gain per turn defines the minimal RF voltage required to accelerate the
synchronous particle (95 < 71'/4, NB: independent of the charge Z!). Increasing Vi¢
allows to design a shorter cycle in time.

e We will see that there is in reality more considerations to design a V¢ program!
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MODULE 5: DIFFERENTIAL RELATIONSHIPS IN
A SYNCHROTRON

— Momentum compaction factor
— Phase slip factor, transition gamma

— Derivation of differential relationships

[
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COORDINATE SYSTEM(S)

Accelerator seen from above, along the vertical Y axis...

¢ Inthe previous module we assumed

P=Pe acceleration with a constant p;.
P<Po
e Nonetheless, like in cyclotrons, a particle
can also be accelerated at fixed magnetic
D, #0 field with
dps = q (dByps + Bydp;)
= ¢B,dp;

K / e The synchronism condition w, = h&)(),s
D=0 : :
> remains valid, and the RF frequency can be
adjusted to accelerate the beam.
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ORBIT AND DISPERSION

Accelerator seen from above, along the vertical Y axis...

¢ Insynchrotrons, the small beam pipe
P=Po aperture only allows for small orbit
changes.

P<Po

e Nonetheless, this is used to steer the beam
radially or to do very fine adjustments of
the beam energy.

D #0

e The radial/horizontal offset is given by the
transverse dispersion function

K D=0 / LD (z) =D, (z)@
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MOMENTUM COMPACTION AND PHASE SLIP
FACTOR

Accelerator seen from above, along the vertical Y axis...

e The relative elongation of the mean radius

P=Po due to a momentum relative offset is called
P<Pq the "momentum compaction factor"
dR/R
A, —
p
D,#0 dp/p

e This parameter is linked to the relative
change in revolution frequency, the phase

slip factor

dp/p dp/p
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MOMENTUM COMPACTION AND PHASE SLIP
FACTOR

P>Po

P<Po

D,#0 e Isthe blue particle arriving before or after
the red one after a turn?

B dwo / Wy
N % ! dp/p
D,=0

e The phase slip factor is fundamental to
longitudinal beam dynamics!
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MOMENTUM COMPACTION FACTOR

DEFINITION

The momentum is a function of (p, BB, ), and consequently of (R, BB, ). It can be
differentiated as

dp ([ Op

P (c‘?R)Byp R
dp 1dR dB,

> — S
D apR+By

RdR (0 8,5,
0B, ), p By

The momentum compaction factor assumes a constant 3, and is defined as
ap — —_— — = —_— —
OR)z R \0p /g R
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REMINDER DIFFERENTIATION

Differentiating a function f (z, y)

if (z,y) = (gi) dz + (ggj) dy
y x

partial derivatives are taken with all other parameters constant.

Under certain considerations (continuous injective functions), we have

of (dxz\
ot
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MOMENTUM COMPACTION FACTOR
DERIVATION OF GENERAL DEFINITION
Let's remind that p = 5, pq, therefore

Op ) B, B,
S —2 = — 2 = ]_
(88?1 R P = D
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MOMENTUM COMPACTION FACTOR

COMPUTATION FROM DISPERSION FUNCTION

The horizontal (i.e. radial) offset of a particle closed orbit is obtained from the machine
optics (see JUAS Transverse Beam Dynamics Course 3)

The momentum compaction factor can be computed from

_i 27TRD96(Z) Z_<D“’>p
= /0 p(z)d R

2T R
where <Dw>p is an averaged dispersion value in the bending magnets (NB: p — 00 in
2

straight sections, and oy, = 0 in linacs). For azimuthally symmetric fields, o, = 1/623j
(which is a reasonable scaling law in general).
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MOMENTUM COMPACTION FACTOR

DERIVATION FROM DISPERSION

The total path length increase due to dispersion is

2T
dC = 2ndR = / zp (z)do
0

Reminder: x p is a horizontal and i.e. radial offset.

Give an equation to o, as a function of Dy.
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MOMENTUM COMPACTION FACTOR

DERIVATION FROM DISPERSION

The total path length increase due to dispersion is

2T
dC = 2wdR = / zp (2)do
0

1 2R
— dR = — D, (z) dp _dz
21 Jo p p(2)
dR 2mR .
__4dRp _ 1 D (2)
R dp 2wRJ, p(z)

1 2R Da: (Z)
2R Jo p(2)

, (dz = p(z) df)

dz

— Qap = dz
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MOMENTUM COMPACTION FACTOR

REALISTIC SCENARIO, LEIR (CERN OPTICS REPOSITORY)

D, =0 [ P>Po 25 120
20}
P<Po |
15
— 10}
D,#0 £
;s
Q.
of {0
_5- __5
_10_
- - - - - - i-10
0 10 20 30 40 50 60 70

s [m]

e Dispersion is 0 in two straight sections and large in the other two straight sections.

e NB: Dispersion is displayed as negative but should be taken as positive. Due to
convention, integrating from 2w R — 0.
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MOMENTUM COMPACTION FACTOR

REALISTIC SCENARIO, LEIR (CERN OPTICS REPOSITORY)

" D=0 . P>po 25 120
201
P<Po 115
15
10
— 101 —
D,#0 £ £
e -5 e
2 5F 8
5 Q
Or 10
—5t \_s
—-10F}
s - - - - . i-10
0 10 20 30 40 50 60 70

s [m]

e What is the local radial offset for a particle with % — 1073 at large dispersion?
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MOMENTUM COMPACTION FACTOR

REALISTIC SCENARIO, LEIR (CERN OPTICS REPOSITORY)

© Dy=0 [ P>Po
P<Po

D, #0

B, [m]

25

201

15

10}

10 20 30 40 50 60 70

s [m]

e Whatis the local radial offset for a particle with p — 1073 at large dispersion?

e rp ~ 1cm.

J

Uas

r (X1}
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PHASE SLIP FACTOR

The momentum compaction factor expresses the orbit variation due to a momentum
offset. The revolution period/frequency of the particle (and RF frequency via the
synchronism condition) is also changed.

Differentiating the revolution frequency

_ pe dwy dB dR ( dT())

“=R 7 @ B R

we obtain the phase slip factor

o dT()/To o _dwo/wo o 1

n= — — «
dp/p dp/p P2

Note: The phase slip is sometimes defined with an opposite sign in the litterature, beware
of the used conventions!

[
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TRANSITION ENERGY

_ - —»  * Tworegimes
— @& - - =

1
v n>0 if a>—, Y>n
/ g Y
~s
/ 1
'0 ‘s n<0 if ap<?, v < VYt

We introduced the transition gamma~y; = 1/, /.

In the two different regimes, which particle is circulating faster/slower in the
machine? What happens for very large 7y?
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TRANSITION ENERGY

_ - —»  * Tworegimes
— @& - - =

1
$ n>0 if a>—, Y>n
/ N Y
~~
/ 1
P ~~ n<0 if ap<?, v < YVt

We introduced the transition gamma ;.

e Forvy < 7 (below transition), the particles with increasing orbit/momentum

arrives earlier as the velocity gain is more important than the increased path
length. This happens in particular in low energy synchrotrons.

e For7y > -y (above transition), the particles with increasing orbit/momentum

arrives later as the velocity gain is less important than the increased path length.
This happens in particular in high energy synchrotrons.

[
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TRANSITION ENERGY

_ - —p» * Special regime
— & - — — 1

~~~ n=0 if ozp:?, v = Y

e At transition energy, all particles circulate with the same revolution period.

e This change or regime during acceleration requires a special treatment which
requires further derivations.

e To avoid transition crossing, special optics with <Dm> <0— a, < 0 can be
made, leading mathematically to an imaginary ;.
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USUAL APPROXIMATIONS

e The momentum compaction factor is computed in synchrotrons with respect to the
design orbit Ry (subscript for design synchrotron parameters ). Note that the
synchronous particle can be offset in orbit with respect to the design trajectory.

e The momentum compaction factor can be expanded in series around pg and

coefficients computed from the non-linear dispersion function (JUAS Lecture on
Transverse Non Linearities)

A Ap\’
Ay, zao—l—al—p—l—az (_p) + ...
Do Do

Assumption: we will assume linear dispersion, momentum compaction factor

ayg = (AR/Ry) / (Ap/po), phasesslip factor ng = — (Awy/wo o) / (Ap/po)

for the rest of the course.

[
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AVERAGE MAGNETIC FIELD INDEX

The magnetic rigidity formula can also be written

p=qByp = Q<By>R

where we define the average magnetic field along a particle path

1 2R

We define the average magnetic field index

d(By)/ (By) _ 1
W ESTRR L o

These definitions are found in litterature for derivations.
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AVERAGE MAGNETIC FIELD INDEX
DERIVATION

Show that the definition of the average magnetic field leads to
p=gByp=q(By)R

By differentiating the formula above, demonstrate the relationship between (n) and Qy
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AVERAGE MAGNETIC FIELD INDEX

DERIVATION

Starting from

1 2R
B, = —= B,d
< y> 27 R 0 Yy <
1 2R
= —— P,
2R Jo  qp
2rRq Jy p(2)
1 p2mp . . .
= — p — 00 1n straigt sections
2rRq p
(By) R = g otherwise constant
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AVERAGE MAGNETIC FIELD INDEX

DERIVATION

Differentiating

p=q(By) R
=5 T R
— = —(n) +1
— <Z>: —Ofp

[
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SYNCHROTRON DIFFERENTIAL EQUATIONS

dp ,dR dB,
1) By,p, R ?—’th‘FB—y

2) fo,p, R ?Zv—Jrv—

(3) B ’ 9 Y — _|_
Yy fO p By f)/t f() ,72 D
(4) B’yafovR By =7 fO + (7 ’Yt) R
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SYNCHROTRON DIFFERENTIAL EQUATIONS

OTHER USEFUL RELATIONSHIPS

d d dB,
dp _ _P . 4B,
D B,
dp _ d (By)
p (By)
@_i@
R o, p
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EXERCISES

PARAMETER COMPUTATION
e Fill the table for the SPS (Cy = 6911.50 m) with «; = 18 for a proton beam

Machine SPSinjection SPS extraction
Momentum [GeV/c] 14 450

E [GeV]

Y

To [ps]

a, [1077]
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EXERCISES

PARAMETER COMPUTATION
e Fill the table for the SPS (Cy = 6911.50 m) with «; = 18 for a proton beam

Machine SPSinjection SPS extraction
Momentum [GeV/c] 14 450

E [GeV] 14.03 450

vy 14.95 479.6

To [us] 23.11 23.05

a, [1077] 3.086 3.086

FE; [GeV] 16.89 16.89
n[1073] -1.385 3.082
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EXERCISES

PARAMETER COMPUTATION

e |stransition crossed in the SPS during acceleration?

e What is the mean radial offset A R of a particle with Ap/pg = —10"* with a

constant B,,?

e What is the corresponding change in the revolution period AT? Is the particle
delayed or in advance after a turn, with respect to the reference?
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EXERCISES

PARAMETER COMPUTATION

e |stransition crossed in the SPS during acceleration?

= Transition is crossed since 1) changes sign

e What is the mean radial offset A R of a particle with Ap/py = —10"* with a
constant B,,?

= AR =3.086-10"°-6911.50/(2-3.14) - (—10~*) =-0.34mm

e What is the corresponding change in the revolution period AT{? Is the particle
delayed or in advance after a turn, with respect to the reference?

» Low EB: ATy = —1.385-103-23.11-107% . (—10*) =3.2ps (late)
= High E: ATy = 3.082-1072-23.05-107% - (—=10*) =-7.1ps (early)

[
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EXERCISES

e Demonstrate the differential equations (1), (2), (3), (4)
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EXERCISES

DERIVATION

(1) Definition in the lecture

(2) Combining

dp  ,df ds  df;, dR
— =~v"— and — = —-
p B B fo R
(3) Substituting % from (1) in (2)
(4) Substituting % from (1) in (2)
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

e 156 /298



TAKE AWAY MESSAGE

ENERGY GAIN

e RF energy gain

O0E (T7) = qVie o1y sin (w,7) — 0Eys (¢) = qVissin (@)

e Transit time factor

fgg/250 p, 2) COS (“’cz) dz
fgg/QSO P, <

T: (p, B) =

e Assumptions:

» 3 isnot changing in the computation of T}
= The (p, B) dependence of T} will be neglected
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TAKE AWAY MESSAGE

PILLBOX CAVITY (FUNDAMENTAL MODE)

e Pillbox cavity properties

E, (p,t) = &y (X0p> cos (w;t)

Pe

Jp, Bessel function, x¢ ~ 2.405, w, = xoc¢/p.

e Transit time factor of pillbox cavity
. X09
on (32)

()
28pc

T, =
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TAKE AWAY MESSAGE

OTHER ENERGY GAIN/LOSS IN A RING

e Induction acceleration (small in large synchrotrons)
TP 0B, (¢, 0,t
S (p) =q/ / y(gt )p’ dp’ do
0 0

e Synchrotron radiation (relevant for lepton accelerators)

2 13 14
q° B°E
5ESI' (E7p) — 360 pE(Z)l

e Selfinduced field

0Eing (T) = qVina (7) = —qNp (A x W)
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TAKE AWAY MESSAGE

SYNCHRONISM IN SYNCHROTRON

e Therevolution period and frequency

C 2R
T = — =
0 v /BC )

e Synchronism condition with RF frequency

2T c

Bsc
R,

wr:hWO,SZh
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TAKE AWAY MESSAGE

ACCELERATION

e Acceleration rate (subscript s for synchronous particle)

. B
0E; = 2mqpsRsB, — ¢s = arcsin (27rp3R3Vy)
rf
e RF frequency program
he B; (1)
S 2 mgcC
\ B ) + ()

e Assumptions: Acceleration with constant R and p;
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TAKE AWAY MESSAGE
RADIAL DISPLACEMENT

e Momentum compaction factor (subscript O for design orbit/momentum, transition
gamma i)

_drR/R (D:z), 1 AR/Ry _ARJR,

ap —

— R

dp/p R 2 Ap/py  Ap/ps

e Phase slip factor

_dwo/wo B dT()/T() B 1 N _AWO,O/CUO,O N _AWO,S/WO,S

— = — 0y — 5~ ~
1 dp/p dp/p Poy2 Ap/po Ap/p;

e Assumptions: Radial displacement with constant By
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TAKE AWAY MESSAGE, DIFFERENTIAL EQS.

dp ,dR dB,
1) By,p, R ?—’th‘FB—y

2) fo,p, R ?Zv—Jrv—

(3) B ’ 9 Y — _|_
Yy fO p By f)/t f() ,72 D
(4) B’yafovR By =7 fO + (7 ’Yt) R
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LESSON 3: LONGITUDINAL
EQUATIONS OF MOTION



MODULE 6: THE NON-SYNCHRONOUS
PARTICLES

— Energy gain equation of motion

— Phase slippage equation of motion

[
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NON-SYNCHRONOUS PARTICLE

Accelerator seen from above, along the vertical Y axis...

¢ Inthe last module we considered only the
idealized synchronous particle with

subscript s.

e We will consider from now on the
equations for a non-synchronous particle

with
E=F,+AF
wp = wp,s + Awp
0 =0, + Af

p(z) = ps(z) + zp (z) (Dispersion)
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EQUATIONS OF MOTION

Accelerator seen from above, along the vertical Y axis...

. [ oo, e We will describe the evolution of the energy
’ gain of an arbitrary particle arriving at a phase
m @ in the cavity, compared to the synchronous
particle.
D,#0 D,#0 d (AE)
= 1(®)
e We will then derive the evolution of the phase
K / of an arbitrary particle with different energy
P20 A FE with respect to the synchronous particle.
f and g arbitrary mathematical
functions 4(¢) =g (AFE)

dt

[
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

In the previous lesson we derived the acceleration rate of the synchronous particle. The
acceleration rate is first approximated to consider only the RF contribution (no
induction force, synchrotron radiation, wakefields...). For the synchronous particle

. JE, . g
E, ~ qVie

TO,S TO,s 2

The difference in acceleration rate is

E Es L qvvrf

W Wo,s 2T

sin (¢) — sin ()]

[
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

ALL FORCES EXCEPT RF NEGLECTED

From

E Es L Q‘/;f

sin (¢) — sin (¢;)]

W Wo,s 2T

Re-organizing the term on the left hand side provides us with the following equation of
motion

d (AE B,s (AE Vie . . :
it (o) oo () = o W00 —sm(6)

Wo,s Wo,s

The second term on the left hand side can be obtained after thourough derivations.

Including the induction forces, the equation of motion can actually be made
simpler!

[
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

DERIVATION

Demonstrate we can write

E F, d(AE) AE B,
+ o

— 1z p
wo Wo,s dt Wo,s Wo,s By,s

NB: Remember that wy and wy s are functions of time.
Hint: It may easier to handle Ty than wyq for the initial derivations.

Hint 2: Keep linear orders in /.
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

DERIVATION
Starting from
ETy-E, Ty, =F, Ty, + AE Ty, + E, AT + AE AT — E, Ty,
— AE Tos + E, AT + 2nd order

replacing T by wg and removing second order terms we get
E E, AE 1 .
= + —E, AT
W wg,s Wo.s 2T

Y
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ENERGY GAIN FOR AN ARBITRARY PARTICLE
DERIVATION

Including wy s inside the derivative with time

AE 1 . AE 1 1 .
TT

Wo,s 2 dt Wo,s dt Wo,s 2T
d (AE\ AEdg, 1 .
— —|_ ’ —|_ —Es AT
dit W, s Wo,s Wo,s 2T

= (1) +(2) +(3)

Expressing (2), usingdEl = v dp = wR dp and differentiatingw = B¢/ R

AE CZJO S Bs Rs
’ — SA e e
Wo,s Wo,s A Y (53 Rs)
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

DERIVATION
Expressing (3), usingdE = v dp = wR dp and
n=oap—7°=(dT/T)/(dp/p)

1 1 Ap

—Es AT = —wp, s R psn—Ts
27T 2w DPs
1\ Ds
= R;Ap (ap — 732) 0.

Summing (2) + (3) and with dﬂ/ﬂ = V_de/p

(2) + (3) = RuAp <a§ - f;)
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

DERIVATION

Using the synchrotron differential equation (1) from Module 5

s R, B,
R,Ap (app — ) = R,Apa, "

Ps R By,s

From the relativistic differential relationship dEE = Bedp, B = P/ E and the
definition of the angular revolution frequency w = ﬁc/R

. _AE B,

.. — Iig ,BSC Op By,s
_ (AE\ By,
B Wo,s O By,s
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ENERGY GAIN FOR AN ARBITRARY PARTICLE

DERIVATION

Finally

E E, d(AE B,s (AE
_ — + oy ’
wWo Wo,s dt Wo,s By,s Wo,s

The first equation of motion with only the RF contribution is

d (AE) + o B (AE) — L [in (¢) — sin (@)

dt (U(),s By,s (U()’S 27T
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CONTRIBUTION OF INDUCTION FORCES

WHEN THE BETATRON MEETS THE SYNCHROTRON

e Induction forces were presumed to be negligible in the previous lesson.

e The acceleration of the synchronous particle thanks to induction is indeed very small
compared to the acceleration obtained from the RF cavity.

e The difference in acceleration for an arbitrary particle with respect to synchronous
particle to express A E is relevant!
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CONTRIBUTION OF INDUCTION FORCES

We add the induction contribution on the previous equation of motion to the right hand
side

d (AE) _ 9V sin (6) — sin (¢5)] (1)

dt Wo,s 2T
B,s ( AE
_ ) 2
o By.s (WO,S ) (2)
2T
q 0B, s
- ’ S de 3

It can be demonstrated that (3) is equal to (2) to the first order!

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



CONTRIBUTION OF INDUCTION FORCES

DERIVATION

Taking into account the induction force, the acceleration rate for the synchronous
particle is

5Erf,s + 5Eb,s
TO S

E, ~

27 Ps
[qV}f sin (@,) + ¢ / 3al3y o dp’ dH]

wOs

E, =
2

The acceleration rate for an arbitary particle is

21
: 0B
E = ;}O [qV}f sin (¢) + q/ / yp' dp’ d@]

J U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



CONTRIBUTION OF INDUCTION FORCES

DERIVATION

The difference in the magnetic flux in the surface between the paths of an arbitrary
particle and the synchronous one is

27 27 P
/ / 95, —2 o dp' df ~ / Bys / o dp' db
0 ot J,

2T .
:/ OBys " — P54
0

ot 2
_ /27T OBy,s (ps + ch)z — p;
— do
. ot 2

21 6By,
ot

(2nd order in p neglected) ~ / ps Tp db
0
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CONTRIBUTION OF INDUCTION FORCES

DERIVATION

The difference in acceleration rate between an arbitrary and the synchronous particle
becomes to the first order

E Es L qV;'f

wWo Wo,s 2T

2
. . q 0B, s
sin (¢) — sin ()] + - / U papdd

We now demonstrate that the induction term on the right hand side is equal to

g [ 0B, " B,, (AE
— rpadl = «
27-‘- O 0t ps p By,s CUO,S
and hence compensate with the term (2) here.
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



CONTRIBUTION OF INDUCTION FORCES

DERIVATION

Using the definition of the momentum compaction factor (from dispersion)

2T 27T
q 88@/ S q . Ap
— = p;xpdl = —B, P4 D,—d6f
2m /0 ot P on WP 0 P
. A
= 213%3/)5 2R, ozp—p
T Ds

= qy %By,sRs Ap

S

B, . AE
*r BLRS Bsc
Y,S s

—a, e (BE) ()
B Wo
y,S S
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FIRST LONGITUDINAL EQUATION OF MOTION
EVOLUTION OF THE RELATIVE ENERGY OF AN ARBITRARY PARTICLE

We obtain finally

[Sin (¢) — sin (¢s)]

d (AE\ qVi
dt Wo,s B 2T
This is the first fundamental longitudinal equation of motion

Note that wy s is inside of the time derivative!
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PHASE SLIPPAGE

In the previous lesson, we considered the synchronous particle which is by definition
always synchronous to the RF and arrives at the phase ;.

The evolution of the azimuth of an arbitrary particle with time is
0(t) = / wodt
The phase of an arbitrary particle with respect to the RF at all time is

b (t) = / wdt — ho (t) = —h / Awdt

Remember that w, = hwj o. Notice the — sign, a particle in front in azimuth (higher 6)

will arrive earlier in the cavity (lower ¢)

[
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FIRST LONGITUDINAL EQUATION OF MOTION

EVOLUTION OF THE PHASE WITH RESPECT TO THE RF OF AN ARBITRARY
PARTICLE

By differentiating with time and including the phase slip factorn

@ — —hAwo

dt
A
— hnwo,s b

Using the differential relationshipdE / E = B2dp/p

dp  hnwi, (AE
dt - BEES (,U(),S

This is the second fundamental longitudinal equation of motion
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LONGITUDINAL EQUATIONS OF MOTION

\ Pz or AE[wyg, s

» 0:01/0:06

® Energy

d (AFE
dt Wo,s

e From now on we will describe the motion in the longitudinal phase space

(qb, %) ,instead of (z, p,)

Uas

r (X1}
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MODULE 7: INTRODUCTION TO PARTICLE
TRACKING

— Defining the accelerator

— Implementing and iterating the equations of motion

— Examples

[
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SYNCHROTRON DEFINITION

Simplest configuration, starting with a single RF system and assuming no longitudinal
energy gain/loss in the rest of the ring

¢ |n this part we implement numerically the
equations of motion.

RF system

e The synchrotron motion can be complex to
grasp, a tracking code can help to visualize easily
the longitudinal motion in phase space.

Drift space
(magnetic
elements)

e Arather simple tracking code can allow to do
very accurate simulations, in a rather small
number of code lines!

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



SYNCHROTRON DEFINITION

Simplest configuration, starting with a single RF system and assuming no longitudinal
energy gain/loss in the rest of the ring

e Definition of "design" energy (momentum)

RF system

Ppa = qB,p4

e Definition of "design" revolution period

| 27 C
Drift space B, pa — Ty — _Ca
(magnetic wod  Pac
elements) e Definition of RF parameters
wr = hwo 4
Uas JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
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SYNCHROTRON DEFINITION

Simplest configuration, starting with a single RF system and assuming no longitudinal
energy gain/loss in the rest of the ring

e In the context of the tracking code, we will use

RF system the (¢, AF) coordinate system

e Relative energy of an arbitrary particle
| AE = E — E;

Drift space
(magnetic
elements)

Phase of the particle relative to the RF

¢

NB: (¢, AE) are not canonical variables,
(1, AE) or (¢, AE /wy s) are canonical.
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ENERGY GAIN IN RF CAVITY

e The longitudinal equation of motion (continuous in £) is commonly called the "kick"
equation (NB: we neglect wy 4 for simplicity)

d (AE\ qVit . , _AE™!' - AE"
i (50) = 0 fin () —sin (60)] ~

Wo,d wo,a10 4

e The equation of motion is actually discrete by nature, the relative energy gain every
turn 1 4 is

AE"! = AE" + qV sin (¢) — §E7 "]

e The acceleration perturnis

Bn+1 — B”
5EC?Z7,—>TL+1 _ 27qude Y TOd Y

Y

[
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ENERGY GAIN IN RF CAVITY

1.5 1

1.0-
0.5 l [
0.0- s \

— o 00 0 0 , ® 0 0 0
> I / \ 1
Q I’ \\
E _0-5 7] \ III \‘\ |
UN] ‘\\ \ Il
< -1.04 \
¥ J 3 ' 1
_1.5_ \ ! \\
\ Y  / /
—-2. O ] \\\ ,'I \‘\\ /
Y\\\ " ‘\"\ ,y
—2.5+ V- ¥
1 1 1 1 1
-2 0 2 4 6
¢ [rad]

e Example for protons passing in RF system with V' = 2MV, f. = 200MHz,
0F; = 0.5MeV
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DRIFT

e The phase slip equation is commonly called the "drift" equation, neglectic any source
of change in A F along the magnetic elements

dp hnws, (AE\ ¢ —¢"
dt B /BEES Wo,s B TOd

Y

e Driftin time of an arbitrary particle with respect to the design particle after 1 4

¢n—|—1 _ ¢n+ (27Th770) AE
d

B*E
with
11 1
Md= 3 — 5 =00 — —5
S 2

[
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DRIFT

o g
[
4 4 °
[
® il
[ ——— el
2 o—
— o
> *—=
(O] P
= 04 <
Ly el
< ‘—.
—2 4 -
—ee @
®
o ®
—4 o ®
o
<z ®

I I I I I I I I I
—-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
¢ [rad] x1072

e Example for protons passing along a ring with Cy = 6911.50m, E; = 26GeV,
Ytr — 18
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TRACKING

The two equations of motion are sufficient to build a simple (yet very useful) tracking
code

e The tracking can be coded as

RF system

n turns:
n particles:

dE += rf kick(phi)
phi += drift (dE)

_ e Where
Drift space

(magnetic
elements)

rf kick(phi) :
g*Vrf*sin(phi) - g*Vrf*sin(phi s)

drift (dE) :

2¥pl*h*eta 0 / (beta*v2 * B) * dE
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TRACKING

A REALISTIC WORKING CODE IN PYTHON

The present example is using Python, but any language could be used following the
pseudo-code layout from the previous slide.

e We import useful libraries

numpy np
matplotlib.pyplot plt

scipy.constants mp, c, e
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TRACKING

A REALISTIC WORKING CODE IN PYTHON

e Define our machine parameters e Print the parameters of the machine

Ekin = 26e9 # eV print ("Beta: " +

str (beta))
charge = print ("Gamma: " +
EO =mp * c**2. / e str (gamma) )
circumference = 6911.5 ¢ print ("Revolution period: " +
energy = Ekin + EO str(t rev * le6) + " mus")
momentum = np.sgrt (energy**2. - EQ0**2.) print ("RF frequency: " +
beta = momentum / energy str(f rf / le6) + " MHz")
gamma = energy / EO print ("RF period: " +

str(t rf * 1e9) + " ns")

= circumference / (beta * c) print ("Momentum compaction factor: " +
1/ t rev str (alpha c))

Phase slippage factor: " +

(eta))

"
Str

harmonic = 4620
voltage = 4.5e6
f rf = harmonic
t rf =1/ f rf

gamma t = 18
alpha ¢ = 1 / gamma t**2.
eta = alpha ¢ - 1 / gamma**2.
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TRACKING

A REALISTIC WORKING CODE IN PYTHON (AND NUMPY)

e Define our machine parameters e Define your tracking functions

Ekin = 26e9 drift (dE, harmonic, eta, beta, energy):

2 * np.pi * harmonic * \

eta * dE / (beta**2 * energy)

charge = 1
EO = m p * c**2. / e

circumference = 6911.5 # m

energy = Ekin + EO

momentum = np.sgrt (energy**2. - EQ0**2.)
beta = momentum / energy

gamma = energy / EO

rf kick(phi, charge, voltage, phi s=0):

charge * voltage * (
np.sin(phi) - np.sin(phi s))

t rev circumference / (beta * c)

frev =1/ t_rev e Define your initial particle positions (test
harmonic = 4620 - example)

voltage = 4.5e6

f rf = harmonic

t rf 3 n particles = 10

phase coordinates = np.linspace (
0, 2 * np.pi, n particles)

gamma_t
alpha c 1 / gamma t**2.
eta = alpha ¢ - 1 / gamma**2.

dE coordinates = np.zeros(n particles)

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



TRACKING

A REALISTIC WORKING CODE IN PYTHON (AND NUMPY)

e Track!!!
idx turn range (n_turns) :
dE coordinates += rf kick(
phase coordinates, charge, voltage)
phase coordinates += drift (
dE coordinates, harmonic, eta, beta, energy)
[
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



TRACKING

A REALISTIC WORKING CODE IN PYTHON (AND NUMPY)

e The particle coordinates can then be monitored at each turn during the tracking.

n_turns = 25

saved positions phi = np.zeros((n particles, n turns))
saved positions dE = np.zeros((n particles, n_ turns))

idx turn range (n_turns) :
dE coordinates += rf kick(
phase coordinates, charge, voltage)

phase coordinates += drift(

dE coordinates, harmonic, eta, beta, energy)
saved positions dE[:, idx turn] = dE coordinates
saved positions phi[:, idx turn] = phase coordinates

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

r (X1}



TRACKING

A REALISTIC WORKING CODE IN PYTHON (AND NUMPY)

e The trajectory of the particles can be visualized

le7

space')

0.0 A
plt.ylabel ('Energy [eV]')

clf () 7.5 1
idx particle range (n_particles) :
plt.plot ( 5.0 1
saved positions phi[idx particle, :],
saved positions dE[idx particle, :], 2.5
!_Ol)
plt.xlabel ('Phase [rad]') . l

Energy [eV]

—2.5 1

—5.0 1
—7.5 A
0 1 2 3 2
Phase [rad]
e The final scriptis less than 100 lines long!
<
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EXAMPLES

DRIFT ONLY
%107 Turn: 2
o

7.5

5.0 1 [e]
E 2.5 .
Léi 0.0 ]
o
[ L]
§ -25

—5.0 )

0:03/0:10

Only with the drift equation of motion, no RF.

Particles get distant from each other.
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EXAMPLES

RF KICK ONLY

%107 Turn: 2

Energy AE [eV]
o
o
o
@

0:03/0:10

Only RF, no drift.

Particles all get accelerated/decelerated with respect to the synchronous particle.
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EXAMPLES

RF KICK AND DRIFT

%107 Turn: 19
7.5 4 & @
5.0 1 =
L
= 2.5 1
>
&2 o
= 0.0 4 [ ]
2
e
w =25
=5.0
—-7.5 ° [ ]

0:01/0:10

Combining RF kick and drift, particles start to oscillate around the synchronous particle.

Linear close to the synchronous particle, non-linear at large amplitude.
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EXAMPLES

AROUND OTHER SYNCHRONOUS PARTICLES

%107 Turn: 17
B fee O:Xl%
> s}
i @
5.0 - e © %%
® ]
H . 9
_ @ H @
@ o ] @
— ® ®
4 . 4
0.0 e *
= o ®
= - 5]
@ ® @ ®
D —2.5 5] L e
] 8 [
% o &
@ ] e
=5.0 @ e »
: Oo &‘ ]
% o @
—-7.5 \%

» 0:01/0:20

Particles oscillate around one of the h possible synchronous particles.
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EXAMPLES

VERY LARGE AMPLITUDES

x108 Turn: 18

1.0 A
0.5 A

0.0 L T
L )

Energy AF [eV]
o

=0.5 4

—1.0 1

0:01/0:10

If particles have very different energies than the synchronous particle, they don't
oscillate around a stable point anymore.
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EXAMPLES

LIMIT OF PHASE STABILITY

x107 Turn: 29

Energy AF [eV]
[=)
o

0:01/0:06

A contour of the limit of phase stability is easily obtained with tracking.

It is called the RF bucket.
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EXAMPLES
REALISTIC BUNCH IN THE RF BUCKET

e The only measurable in reality is
the line density (top line),

corresponding to the histogram in

&,

x107 Turn: 29

7.5 1

5.0 4

e Tracking is an essential tool to
compare computations with
measurements!

2.5 1

0.0 4

Energy AE [eV]

=2.5-

» 0:01/0:06
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TAKE AWAY MESSAGE

LONGITUDINAL EQUATIONS OF MOTION

e Energy

i (50) = 5 fin (@)~ sin (o)

Wo,s

e Phase

dp hnwis (AE
dt - B?Es wo,s
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LESSON 4: SYNCHROTRON
MOTION

[
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MODULE 8: LINEAR SYNCHROTRON MOTION

— Combined linear equations of motion
— Linear synchrotron frequency, tune
— Phase stability, transition crossing

— Emittance, adiabaticity
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LONGITUDINAL EQUATIONS OF MOTION

4

\ Pz or AE[wyg, s

» 0:00/0:06

® Energy

d (AFE
dt Wo,s

e The longitudinal equations of motion describe the evolution of the phase ¢ and

energy A FE of an arbitrary particle compared to the synchronous particle.

Uas

r (X1}
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COMBINING THE EQUATIONS OF MOTION

The two equations of motion are inter-dependant and can be combined (note that we
replaced wo s by Wy / h, which is equivalent and will become relevant later)

d (AE) = () — sin (6))] (1)

dt \ w, | 2nh

2
do _ N AE (2)
dt B2E; \ w,

By incorporating (2) in (1), we get

d (do B2E, Vie . . :
it (it ) = oo () —sin (00
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COMBINING THE EQUATIONS OF MOTION

We will first make two important approximations:

e The machine and beam parameters s are changing slowly with time (only ¢ and AFE
are functions of time) .

e We consider small phase oscillations A¢ = ¢ — @5 (reminder: 5, = 0 by
definition)

The sin functions on the right hand side are linearized

sin (¢) — sin (¢s) = sin (¢ + A¢) — sin (¢s)
= sin ¢ cos A¢ + cos ¢ sin A¢p — sin ¢
~~ coS Ps A
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COMBINING THE EQUATIONS OF MOTION

The approximations lead to

d*A¢p  qVienw?

— A
i~ anh@lE, SO PeR¢
2r¢

— dt2 + w80A¢ = O

where the linear synchrotron (angular) frequency is defined as (beware wgg # Wwo,s)

g [ aVistneoso,
Weo = 27 fs, = 4/ —
*0 %0 2hB2E,

The motion of the particles in the longitudinal phase space (synchrotron motion) is a
harmonic oscillator for small A, under the condition that ) cos ¢ps < O.
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PHASE STABILITY

EXAMPLE FOR POSITIVELY CHARGED PARTICLES

e The phase stability condition

S 1 cos ¢ < 0
B i i imposes that the synchronous

| i > phase is
5 | | TT
P\ i <06 |5y
3 m™ 3w

| | 0— —y

n<o n>0 (e ¢SE[2’ 2]

¢ A non-synchronous particle rotates around the synchronous particle only if the phase
stability condition is fulfilled.

[
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PHASE STABILITY
EXAMPLE FOR POSITIVELY CHARGED PARTICLES, INTUITIVELY

o

Sy
Sy

» 0:00/0:03 N La : » 0:00/0:03

e Below transition 7 < 0, early particles should lose energy (velocity) and be delayed.

e Above transition7 > 0, early particles should gain energy to travel a longer orbit and
be delayed.
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TRANSITION CROSSING

During acceleration, transition energy is crossed and 1) changes sign. As a reminder,
2
n(t) = op — 1/ (t).

1
Vrf A : — <0

! — n>0-¢Jump
i
:
1
:
I
I
I
I
I

In that occurence, the phase of the RF phase after transition must be rapidly shifted by
T — 2¢, to preserve the phase stability.
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LINEAR SYNCHROTRON TUNE

Turn: 16 e The linear synchrotron tune is defined
A AE/w, :
as the ratio of the synchrotron
frequency to the revolution frequency

. 0., = Wso _qufhncosgbs
< ) 0w orB2E,

Y

e Theinverse of the synchrotron tune
gives the number of machine turns
needed to perform one full period in
longitudinal phase space.

e The synchrotron tune (longitudinal, O (10_3 — 10_2)) is usually much smaller than
the betatron tune (transverse, O (1 — 102)).
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AMPLITUDE OF OSCILLATIONS

The solutions for the evolution of the parameters of the non-synchronous particle are

A (t) = Ay sin (wiot)
() 0= (5) oo

where the maximum amplitudes of oscillations in phase and energy are noted with the
subscript m. The synchrotron angle is noted 1) = wyot.

The ratio in the amplitudes of oscillation is

(AE/w,)  B*E, B2E,
— ws —
A w2 T 0] h2w,

QSO

[
J U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
i 1]



AMPLITUDE OF OSCILLATIONS

DERIVATION

Demonstrate the ratio of maximum amplitudes in phase/energy

(AE/wT)m L BEES B2Es

S

Adm  In[w2® " K, O

Hint: Include the solution for A¢ in the equation of motion as a start.
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AMPLITUDE OF OSCILLATIONS

DERIVATION

Starting from

A¢ (t) = Ay, sin (wsot)
— Ad = A, wsp COS (wsot)

2 (AFE
— nglgs ( o )m COS (wsot) = Aquwso COS (wsot)
We obtain
(AE/w:),,  BE, B Es
— 2 wSO — 2 QSO
A¢m ’77‘ Wi |77| h wO,s

We took ]77\ to obtain positive phase/energy maximum amplitudes.
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LINEAR LONGITUDINAL EMITTANCE

A DE/wy

e The trajectory of the particles in phase
space is an ellipse of the form

Ag \° L AB/w T
A¢m [AE/wr]m B
e The surface of the ellipse corresponds

to the longitudinal emittance of a
particle. A linear approximation is

EL0 = wlAEmAqsm — 1AE, AT,

e The longitudinal emittance is expressed in the [eV - ] unit and is constant for a particle
as long as machine parameters are changed slowly (adiabatically).

Uas
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LINEAR LONGITUDINAL EMITTANCE

EXPRESSION

We note the bunch length 7; = 2AT,,, corresponding to the diameter of the particle

with the largest amplitude.

The linear longitudinal emittance becomes

o WB,?ES 2

— A-Em_ — S
€1,0 T 9 A ‘7]’ Ws0T]
mn| 1 2
— AFE
53E3 Ws0 "

In practice, the longitudinal emittance of a bunch is estimated from the measured bunch
length together with the machine parameters.

The bunch momentum spread is , = 2Ap,, /ps = 2AE,,/ (532E5)
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LINEAR LONGITUDINAL EMITTANCE

DERIVATION

Demonstrate that

SZ,O — WAEm Ws0 T,
2 n|
m(n| 1 2
AE
/BEES Ws0 m

Hint: replace the phase or energy deviation with the one obtained from the energy/phase
amplitude ratios.
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LINEAR LONGITUDINAL EMITTANCE

DERIVATION
Replacing A E,,, and using A¢,,, = w,7;/2

2 2
T) B:Es T wrt BeEs T
g0 =TAE, - = Tw,App ———=wso = =T We0 —
2 nfwi 2 2 |njw. 72
mB:E;,
EL0 = Ws0 T
4ln|

4|n) 2whB2E,

w2 B2E,
— le\/— ;2 O’Sis qVish cos ¢,

L W/BEES\/ qufwf,%nCOS ¢s 2
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LINEAR LONGITUDINAL EMITTANCE

DERIVATION
Replacing Ad,,
T T 1 |n|w? (AE
= —AF,Ad,, = —AFE,, 4
"0 Wy QS Wy Ws0 /BEES ( Wr ) o,
min| 1 2
= AFE
81’0 /BEES Ws0 "
/BEES qu“fwf:%’r] COS ¢S "
M 1
= AE., | 273
m\/ " w82 Es qVith cos ¢,
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ADIABATICITY

e The longitudinal emittance of a bunch is preserved as long as the machine parameters
are changed "adiabatically". The relative variation of the synchrotron frequency with
time should be small compared to the synchrotron frequency

wsO
‘ < Ws0

Ws0

e The adiabaticity parameter is then

1 dwso
Oad — 2

1
wiy dt <

e |ntuitively, the parameters of the machine (e.g. energy, RF voltage, RF phase...) must
be done changed slower than the synchrotron motion for the bunch to adapt to its
new trajectory in phase space.

[
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SCALING LAWS

The following scaling laws allow to evaluate the change in bunch length and energy
spread from relative variations in emittance and machine parameters (NB: I/ and 77 are
interdependent).

BUNCH LENGTH
1/2 1,-1/4 ; ~1/4 -1/4  1/4
T Ocez,{) Vi R B g
ENERGY DEVIATION

AB o« 2 VA RS B

e During acceleration, with all parameters constants except F/,, the bunch length
reduces with 77 X Es_l/4. This is adiabatic "damping" of phase oscillations.

. . 1/4 .
e Theenergy spread scales inversely with A F,,, Es/ , €1,0 Is constant.

[
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EXERCISES

e Compute the linear synchrotron frequency and tune in the SPS at p = 14 GeV/c and

p = 450 GeV/c, with an RF harmonic h = 4620 and voltage V¢ = 4.5 MV (find the
other SPS parameters obtained in the exercises from Module 5). The beam is not
accelerated.

e Compute the approximate emittance and momentum spread at p = 14 GeV/c for a
bunch length 7 = 3 ns.

e What would be the bunch length at p = 450 GeV/c if the emittance is preserved?

e What would be the bunch length and energy spread at transition energy?

e Evaluate required increase in rf voltage to shorten the bunch length by a factor 2.

[
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EXERCISES

e Linear synchrotron frequency and tune

= | ow energy:

o= 1 1-4.5-10°-(4620-2-3.14/23.11-106)2-1.385- 103
07 9.3.14 2-3.14-4620 - (14/14.03)? - 14.03 - 10°
~ 784 Hz

Qu = 784-23.11-10 6 ~ 1.81- 102
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EXERCISES

e Linear synchrotron frequency and tune

= High energy:

1 \/1 .4.5-106 - (4620 -2 - 3.14/23.05 - 106)2 - 3.082 - 103
- 2.3.14 2.3.14-4620-1 - 450 - 109
~ 206 Hz

Qs = 206-23.05-10 % ~ 4.76-10°

st
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EXERCISES

e Linear emittance

3.14 - (14/14.03)% - 14.03 - 10°

L0 = 4-1.385-10-3

e Energy spread

AE,,
5y = 2 Sy ——
/BEES 7TTZ/BEE'S
~ 1.06 x 1072

e Adiabatic damping

2-3.14-784-(3-1077)? =~ 0.35eVs

4-0.35

T 3.14-3-109(14/14.03)2 - 14.03 - 10°

_1/4 _1/4
450
=3 | —— ~ 1.26
) (14.03) ho
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EXERCISES

e Transition

The bunch length would tend to zero while the energy spread diverge to infinity! Non-
adiabatic theory needed to better evaluate bunch parameters at transition crossing.

e Adiabatic bunch shortening

_1/4
- - ( Vhigh )
[,high — Tllow \ T,
Viow

4
— Vhigh = Viow (Tl’hlgh) = Viow X 16

Tl low

The required voltage increase is a factor 16! Not very efficient shortening.

[
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MODULE 9: NON-LINEAR SYNCHROTRON
MOTION

— Combined non-linear equations of motion (Hamiltonian)
— RF bucket parameters and bunch emittance
— Non-linear synchrotron frequency

— Matching
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LONGITUDINAL EQUATIONS OF MOTION

e Energy
A Pz or AEfwg, s d AE
. dt \ w;
, Vie | .
. = o [sin(¢) — sin ()]
e Phase
» 0:00/0:06 0 - : @ L nw,,% AE
dt 5§E3 Wr

e Starting from the same equations of motion as in Module 8.
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COMBINING THE EQUATIONS OF MOTION

Starting over from the same combined equation of motion

d (d¢ BiEs\ _ qVi
dt \ dt nw? | 2nh

(sin ¢ — sin ¢;)

We assume again that the change of machine parameters with time is negligible
(adiabaticity), hence
d*¢ Wiy

de2 * COS ¢y

(sing — sin¢s) = 0

We can solve for qﬁ By multiplying by qﬁ and integrating with time, we get

Nz ~ cos @ + ¢sin ¢, _

2w, oS @,
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COMBINING THE EQUATIONS OF MOTION
DERIVATION

For the first term, we use the differential identity

. 11d(¢)
2\ __ _ _
d(.’B ) =2xdxr — ¢¢p= 5 7t di?
For the second term, we integrate
2
W . ol @
r—y / (sin ¢ — sin ¢;) pr dt
w2
— 50 [/sin¢ dqb—/singbsdgb]
COS @
— — w5 (cos ¢ + ¢sin @)
~ cos o, ’
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COMBINING THE EQUATIONS OF MOTION

The integration constant H can be offset so that its value is zero for the synchronous
particle. Since g5 = 0, we get

Y — (b_z ~ cosp — cos s + (¢ — @) sin s

2w, COS s

Replacing (b using the phase differential equation definition and wyg, we finally obtain

 nqw? (AE 2+quf
- 2B2E; \ w, 2mh

) [cos ¢ — cos ¢s + (¢ — ¢s) sin ]

Linearized for small A ¢, the equation describes the same ellipse as obtained in the
previous module.

[
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HAMILTONIAN OF SYNCHROTRON MOTION

The same result can be obtained from the expression of the Hamiltonian using

do B OH d(AE/w,) B 8_?-[
— and = — 96

dt O0(AE/w,) dt

In the previous equations, 7 effectively represents the Hamiltonian of a particle in our
system, corresponding to the energy of synchrotron oscillations (beware: this is not

the actual particle energy!)

The Hamiltonian is composed of two parts

AFE

Wr

n=7(50) +u@

where T is the "kinetic" energy of synchrotron oscillations and I/ the "potential"

energy.

[
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HAMILTONIAN MECHANICS

APARTE

The Hamiltonian of a particle can be obtained from the canonical Hamilton equations

dg OH dp  OH

@ op P wmT e

where p and q are the conjugate momentum and coordinate.

A time invariant Hamiltonian is then expressed

OH OH

A time invariant H is a constant of motion.
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HAMILTONIAN OF SYNCHROTRON MOTION

STATIONNARY BUNCH, 5 =0

x1072

300
2501
200
= 150
100 -

50 1

e The Hamiltonian gives the trajectory of the particle in phase space (ellipse at low A ).

e Aparticle oscillates in phase space and performs a bounded motion if its energy H is
lower than the maximum of the potential well.
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HAMILTONIAN OF SYNCHROTRON MOTION

ACCELERATION 9g

x1072
7.5 1 500
400 +
§ ‘ S 300 ~
W -V
< y
=] ‘ 200 -
.0- __ 1004 =
— ¢y=n—@s
~7.51 —
O— Om—>Hy
T T T T T T T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6
¢ ¢

e During acceleration, the potential well is modified with ¢.
e The stable fixed point (center of the RF bucket) is shifted to @, the trajectories of non-

synchronous particles are asymetric.
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MOTION OF PARTICLES IN THE RF BUCKET

» 0:00/0:10

e Example of particles rotating in longitudinal phase space, with non-linear synchrotron
motion.
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SEPARATRIX

x102

¢ The maximum contour in which the particles have a bounded motion around the
synchronous phase is the separatrix.

e The separatrix is the limit of the RF bucket, where particles can be captured in a
bunch.
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SEPARATRIX

500 A
400
S 300 A

200 4

1004 —
\/ — py=n—¢.
— H,
04 Om—>Hy
T T T T T T

e The limit of the separatrix is given by the unstable fixed point ¢,, = ™ — ¢,
(obtained from dl{ /d¢ = 0) on one side.

e Onthe other side, the phase ¢,,, corresponds to the turning point where
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SEPARATRIX

EXPRESSION

The expression for the separatrix is obtained from the Hamiltonian

- nw? (AE ?
# - 2B2E, ( Wy ) +U(9)
Ho=U (7T _ ¢S)

The maximum trajectory in energy is

282 E,
7|

A-Esep = x \/u (7T — ¢s) —-U (¢)
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RF BUCKET HEIGHT

The RF bucket height is obtained from the maximum height of the separatrix at
AEsep (¢8)

The RF bucket height in energy is (NB: this is the half size from 0 to AEsep,m, and should
be X 2 for the full bucket height)

2qv}f52E8
AEse m — ; Y S
P, \/ 7Th ‘,’7’ (¢ )

where

Y(¢s) — ‘_COS¢3 +

is the reduction of the bucket height during acceleration Y < 1.

[
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RF BUCKET HEIGHT
DERIVATION

The potential well at m — @y, using the trigonometric identity, is

U (1~ 6) = 22 [cos (m — §) — cos by + (m — 26,)sin
— g:f}i COS T €OS ¢ + sin 7 sin ¢y — cos P, + (7 — 2¢) sin ]
— AL —2cos ¢p; + (m — 2¢,) sin @]
27ch
_ qxj cosd, + (7 —22¢s) sin &,
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RF BUCKET AREA (ACCEPTANCE)

The bucket area (acceptance) is obtained by integrating within the separatrix contour

The bucket area can be reformulated as

8 \/ 2q Vit B2E,

Apk = ' (¢s)

mh |n)

where

1 Om
['(¢s) = a2 ),

\/—cos s —cosd + (T — ¢ — @) sin ¢, dop
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RF BUCKET AREA (ACCEPTANCE)

The function I’ (gbs) is the reduction of the bucket area during acceleration I' < 1 and

can be approximated to give the formula

8 [2qViB2E; 1 — sin ¢
wh|n| 1+ sin ¢,

Api ~

For the stationary RF bucket Apk = 8A Egep m /wy

xxxxx
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RF BUCKET AREA (ACCEPTANCE)

DERIVATION
282E, [
Apic = 2 > VU (1 — ¢s) — U (¢) dop
‘77’ W Jg
qV;fBEEs bm
= 2
\/ rhinw? J, Vo

... =[cos (m — @) — cos ps + (T — 2¢,) sin ¢
— [cos ¢ — cos ¢s + (¢ — Ps) sin @)
= [—2cos ¢ + (7 — 2¢,) sin @]
— [cos ¢ — cos @5 + (¢ — ¢s) sin s
= —cos¢s —cos P+ (m — ¢ — ¢s) sin ¢

[
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RF BUCKET AREA (ACCEPTANCE)

DERIVATION
8 zqvirfﬁzEs 1 /¢m
Ay = — s . d
o\ Tk v, Vo
8 |2qViBiE;
— > 55T (b,
Wy mh |n) (¢5)
where

Om
I (¢) = 4j§/¢ /= c05 s —cosp+ (1 — §— $s) sin 6, d

1 —sing,

1+ sin @,

[
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LONGITUDINAL EMITTANCE, FILLING FACTOR

e The longitudinal emittance can be
calculated accounting for the non-
linearities of the RF bucket

282 Es
€l =2
n| w7

/ U () U (6) d

» 0:00/0:10

where b, [ and b, r stands for the
left/right edge of the bunch in phase
(amplitude ¢y and full length 2¢y).

The filling factor is commonly defined in
emittance: €; / Ay orin energy: AEj 1, / A Egep m
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ACCELERATION

BELOW TRANSITION

%1072 ¢s=0.0 ¢$;=0.0

3001
250 1
2001

= 150 -
100 -

50 A

* Notice the shape of the bucket: below transition, pointing towards positive ¢.

e The bucket shrinks if @4 is too large! The acceleration should be limited or RF voltage
increased to keep a reasonable filling factor (losses otherwise).
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ACCELERATION

ABOVE TRANSITION

x10~2 ¢;=m—0.0 ¢s=n-0.0

300 -
250 1
200 1

= 150 -

AE/w,

100 A

50 A

* Notice the shape of the bucket: above transition, pointing towards negative @.

e The bucket shrinks if @4 is too large! The acceleration should be limited or RF voltage
increased to keep a reasonable filling factor (losses otherwise).
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NON-LINEAR SYNCHROTRON FREQUENCY

e The non-linear frequency is
obtained by integrating

¢b,r d
T, — / do
o) ¢

e Theintegration leads to the

relationship

Wy 7
w0 2K (sin %)

2

= ~ . —b

» 0:00/0:10 16

[
U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen

e 256 /298



MATCHING AND FILAMENTATION

» 0:00/0:10 N HH : » 0:00/0:03

e The bunch is matched if the density along a iso-Hamiltonian line is constant. If
mismatched, the bunch filaments and the statistical emittance increases.
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EXERCISES

e Compute the RF bucket area (or acceptance) using the SPS parameters from Module 5
and 8.

e Compute the bucket height.

e Compute the filling factor for 3 ns bunch at 14 GeV/c (use the linear approximation for
the emittance calculation)

The bunch length oscillations at injection indicate that the energy spread is too small
by 10%. How much should the RF voltage be reduced to improve the matching?

[
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EXERCISES

e Low energy 14 GeV/c, RF Bucket area

8
4620 - 2 - 3.14/23.11 - 106
\/2 .1-4.5-106 - (14/14.03)2 - 14.03 - 10°
3.14 - 4620 - 1.385 - 103
~ 0.50 eVs

Apk =

e RF Bucket height (half height)

AE —\/2 +1-4.5-10°-(14/14.03)% - 14.03 - 10°
e 3.14 - 4620 - 1.385 - 10
~ 79.1 MeV

[
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EXERCISES

* High energy 450 GeV/c, RF Bucket area

8
4620 - 2 - 3.14/23.05 - 106
\/2-1.4.5-106-1-450.109
3.14 - 4620 - 3.082 - 103
~ 1.91 eVs

Apk =

e RF Bucket height (half height)

N _\/2.1.4.5.106-1-450-109
sepm T\ 9 14. 4620 - 3.082 - 10-3
~ 301 MeV
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EXERCISES

e Filling factor

From the previous module exercise, the longitudinal emitatnce is 0.35 eVs. The filling

factorin areais 0.35/0.50 ~ 70 %.

e Matching

The bunch length and energy spread are fixed at injection. In orderto match the bunch,
the bucket height should be reduced by 10%. The RF voltage can be reduced to reduce

the bucket height, with a scaling v/ V;¢

AESG m .‘/;'
P2 0.9 = 4| 22

Vit = 0.9°Vie1 ~ 0.81V;
A-Esep,m,l V}f,l 2 b b

The RF voltage should be reduced by 20% (useful tip: (1 — €)" ~ 1 — ne —
(1-01)%*~1-2-0.1)

[
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TAKE AWAY MESSAGE

LINEAR SYNCHROTRON MOTION

e Linear synchrotron frequency

) qVis hw(z,,sn COS Qg
Ws) = 7Tfso — _ 27T,B§E3

e Linear synchrotron tune

Ws0 \/_ qv}f h77 COS ¢s

QSO - CU(),S - 27TB3E3

e Phase stability condition

1 cos ¢ < 0
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TAKE AWAY MESSAGE

LINEAR OSCILLATION AMPLITUDE AND EMITTANCE

e Oscillation amplitude ratio

(AE/wT)m B?Es B?Es
p— wS p—
Ay, w2 |yl 2w,

QSO

e Approximate longitudinal emittance

2
E,
€10 = WAEmE — mBs wsoTl2
2 4 |n|
min| 1

B 532Es Ws0

AE?
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TAKE AWAY MESSAGE

BUNCH PARAMETERS LINEAR SCALING LAWS
e Bunch length

o~ 511,{)2 Vf—1/4 p,1/4 ES—1/4 ,,71/4

Ir
e Energy deviation

AE,, o e}f2 V' hVt BL/A 1/

T
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TAKE AWAY MESSAGE

HAMILTONIAN

w? (AE\? qV,
"= 2ZZE ( wr ) + Gy 0058 = cOSG, & (6= §u)sinh
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TAKE AWAY MESSAGE

RF BUCKET PARAMETERS
e RF bucket height

(m —2¢s) . 12

e RF bucket area (acceptance)

8 \/ 2qVieB2E, 1 — sin ¢,
Apk ~

Wy wh|n| 1+ sin ¢,

e Forthe stationary RF bucket, the RF bucket length is 27T and Apxy = 8A Egep 1 /W,
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TAKE AWAY MESSAGE

NON-LINEAR SYNCHROTRON FREQUENCY

ws T 2
w0 2K (sin% ) 16
[
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LESSON 5: APPLICATION

[
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MODULE 10: LONGITUDINAL BEAM DYNAMICS
IN ACTION

— Beam observation
— Example RF operation (injection oscillations)
— Introduction to RF manipulations

— Beam instabilities

[
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BEAM OBSERVATION

» 0:00/0:10

e The longitudinal bunch profile is measured using Wall Current Monitor (WCM, beam
current converted in voltage).

e The WCM is connected to a digitizer or an oscilloscope, which is triggered before the
bunch passage to acquire the bunch profile.
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BEAM OBSERVATION

ﬁ

ARERATATEE TR LU
Wmm' i

’ﬂ

%

U

|

el Lo v,

—

T
1000

0 560
ns
H. Scale: ns/pt N Samples

T
1500

Ahii
Delay 1168 ns
TrYy

2000

LHC3
LHC25#72b_21 Clone

11:40:41 20 May 20...
rYyes

€ Timing 174

vy

Yy Yy
Delta turns Li}
v

Time Span: 1.97 ms

L

V. Scale: vidiv

T
0 500

H. Scale: ns/pt

1000
ns

N Samples

LHC3
LHC25#72b_21_Clone

11:40:41 20 May 20...
Yy

C Timing 174

vy

bk
Delta turns i}
¥

Time Span: 1.97 ms

2000

V. Scale: | 1 I: Vidiv

e Hereis areal example of an acquisition software. The acquisition starts 170 ms after the

beginning of the cycle (corresponding to injection).
e The acquisition lasts for 2000 ns, enough to measure the profiles of the 4 bunches in the

machine.

e The acquisition is repeated 150 times, every 6 machine turns.

Juas,
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BEAM OBSERVATION

N

LHC3 LHC3

LHC25#72b_21 Clone LHC25#72b_21 Clone
11:40:41 20 May 20... 11:40:41 20 May 20...
Addd Adhh
C Timing 174 C Timing 174
ry ry
Addd Adhh
Delta turns [ Delta turns 6
v ¥
Adh Ahh
H Traces 154 H Traces 154
ry ry

Time Span: 1.97 ms Time Span: 1.97 ms

T T
500

haumuderrasmd mltelbogpnind mwt—nw
e Rye) Qe C ——

0 560 10‘00 15‘00 2000
ns » ns
H. Scale: ns/jpt N Samples V. Scale: vidiv H. Scale: ns/jpt N Samples V. Scale: vidiv

fyvv
Delay iigﬁ ns Delay 1168 ns
TrYy Yvy

e |nthe left figure are all profiles are shown overlapped (the trigger is synchronous with
the RF).

e Theright figure shows the evolution of the profiles (horizontal, 1 trace is 2000 ns long) vs
time in the cycle (vertical, 1 line = 1 trace every 6 turns).
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BEAM OBSERVATION

ﬁ

’ﬂ

%

LHC3
LHC25#72b_21 _Cl

11:40:41 20 May 20.

LHC3
LHC25#72b_21_Clone

11:40:41 20 May 20...
Addd

C Timing 174

vy

Adkd

Delta turns a

¥

Ak

H Traces 154

vy

Time Span: 1.97 ms

el Lo v,

_21 _Clone
:40: a
Addd
C Timing 170
yy
Addd
nnnnnnnnnn ]
v
Adh
H Traces 158
ry
Time Span: 1.97 ms
| o W
i

T T T
0 500 1000 1500 2000 0 1000 1500 2000

ns [
H. Scale: ns/pt N Samples = U1y ﬁg§ e V. Scale: vidiv H. Scale: -: ns/pt N samples : pelay llﬁE V. Sca
YYYY

le: Vidiv

e Thefirst trace is empty, before beam injection.

e The bunches are well matched, no signs of oscillations.
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INJECTION OSCILLATIONS (PHASE)

LHC25#72b_Highln

17:41:03 17 Aug 2021
FyyY
C Timing 1370
vYvy
Y
Delta turns [i]
v
FyYs
H Traces 154
vy

Time Span: 1.97 ms

2000
= ns/pt N Samples

aaaaaaaaaaa vidiv
Y YYy

e Two more bunches are injected, 1370 ms after the beginning of the cycle (low energy).
e The two extra bunches are not matched, they oscillate more that the 4 first bunches.

e Whatiswrong?
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INJECTION OSCILLATIONS (PHASE)

f\

» 0:00/0:10 » 0:00/0:10

e Abunch can be mismatch because injected at wrong RF phase (left), or wrong energy
(right). The bunch phase (and energy) oscillates after injection.
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INJECTION OSCILLATIONS (PHASE)

LHC25#72b_Highin...

17:41:03 17 Aug 2021
hhdd

C Timing 1370

ey

Akkd
Delta turns Li}
¥

Time Span: 1.97 ms

il |

0 1000 1500

2000

V. Scale: Vidiv

H. Scale NSampIes 1000

: ns/pt

Dela: 1536

0 1000 1500

N Samples 1000

H.Scale: [2  [~] nsipt nlylsaﬁ

2000

LHC3
LHC25#72b 21 Clone

11:41:21 20 May 20...
Ahdak

C Timing 1370

T Yy

hdad
Delta turns ]
¥

Time Span: 1.97 ms

V. Scale: Vidiv

e Theinjection phase of the 2 extra bunches, or the energy of the circulating beam can be

adjusted.

e |nthat case, the energy of the circulating beam was adjusted by changing the RF

frequency at fixed magnetic field

juas_

JUAS 2023 - Longitudinal Beam Dynamics

A. Lasheen



INJECTION OSCILLATIONS (AM PLITUDE)

AD
AD_21
10:46:18 17 Jun 2021
Adda
C Timing 170
vy
hbhdd
nnnnnnnnnn 5
v
FYvY
H Traces 250
vy
Time Span: 2.75 ms

0 1000 1500 2000

H. Scale: = ns/pt N Samples 1000 Dela 1?04 V. Scale: Vidiv

e In another cycle, 4 new bunches are injected 170 ms after the beginning of the cycle.

e The peak amplitude of the bunches (and the bunch lengths) oscillate.

e Whatiswrong?

[
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INJECTION OSCILLATIONS (AMPLITUDE)

» 0:00/0:10 N i : » 0:00/0:03

e The bucketis too high in amplitude, the bunch is mismatched (left). After reduction of
the voltage, the bunch is matched (NB: different scale in energy!)

U a S JUAS 2023 - Longitudinal Beam Dynamics A. Lasheen
I © &



INJECTION OSCILLATIONS (AMPLITUDE)

AD
AD_21 AD_21
10:46:18 17 Jun 2021 10:42:06 17 Jun 2021
Ahdd
€ Tining 170 € Tining 170
Yy vy
hddd hbhdd
nnnnnnnnnn 5 Delta turns 5
¥ v
Add
H Traces 250 M Traces 555
AAAS vy
Time Span: 2.7S ms Time Span: 2.75 ms
2000 0 2000
N Samples N Samples

nnnnnnnnnnn V. Scale: vidiv | | H. nelayl?Bd ns . Scale: Vidiv
rYYY TYYY

e The RF voltage can be adjusted to increase/reduce the amplitude of the bucket for
matching.

e |nthat case, the RF voltage was reduced by a factor of 2 to improve the matching.
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INJECTION OSCILLATIONS

AD
AD_Z21
10:46:18 17 Jun 2021
hhkA
C Timing 170
vy
L)
Delta turns 5
v
Ak
H Traces 254
ry
Time Span: 2.75ms

MD1

LHC25#72b_Highin...
17:41:03 17 Aug 2021
hhdd
C Timing 1370
Y vy
Ahhdd
Delta turns [
v
e
H Traces 154
Yy

Time Span: 1.97 ms

0 1000 1500 2000 [0} 1000 1500 2000
H. Scale: 2 = ns/pt N Samples 1000 Dela ),1536 V. Scale: vidiv | H. Scale: ns/pt N Samples | 1000 : Dela 1704 V. Scale: vidiv
TryYy

e Adjusting injection oscillations is a concrete example of routine operation to adjust
machine parameters.

e The goalis to avoid filamentation and emittance blow-up, and fine tune the beam qualit
right from the start.
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RF MANIPULATIONS

THE PS, ONE RING TO RULE THEM ALL

Acceleration Booster

(tuning)

to SPS

Longitudinal blow-up
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RF MANIPULATIONS OVERVIEW

600 - — h=7
o h=9
= h=10
500 A h=11
h=12
— 400 - h=13
ke —— h=14
= — h=21
& 300 - — C20
§ e —— C40
N — €80
% 200 - — €200
100 A
(I) 560 10IDO 15I00 ZOIOO 25I00 30I00 35I00
C-time [ms]
Four bunches are injected from the pre-injector (PSB)
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RF MANIPULATIONS OVERVIEW

600 -
= L 25
500 -
L 20
. 400 - g
g g
= 159,
& 300 - £
g = o
o e 10 £
= 200 - S
100 - B
1 A N .
0 500 1000 1500 2000 2500 3000 3500
C-time [ms]

e Four more bunches are injected from the pre-injector (PSB)
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RF MANIPULATIONS OVERVIEW

600 7 e —— —
o - 25
500 - _..:"
20
. 400 - g
2 3
> 15 9,
& 300 - 2 . . | £
B P Y D —=- i T T "E
> 2 = Q
w 10 €
= 200 - S
100 - B
1 . N .
0 500 1000 1500 2000 2500 3000 3500
C-time [ms]

e The beam is accelerated to a plateau and undergoes many RF manipulations.
e The batch is compressed, bunches are merged, and split again
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RF MANIPULATIONS OVERVIEW

600 A

500 A

400 1

300 A

RF voltage [kV]

200 A

100 ~

: A

500 1000 1500 2000
C-time [ms]

2500

3000 3500

e The beamis accelerated, no (heavy) RF manipulation during the ramp.
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RF MANIPULATIONS OVERVIEW

600
- 25
500 A
20
. 400 - g
g 3
> 159
& 300 - £
S o
w 10 £
= 200 - S
100 - B
/ Y —
0 - n A n )
0 500 1000 1500 2000 2500
C-time [ms]

e The bunches are split again twice.
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RF MANIPULATIONS OVERVIEW

RF voltage [kV]

Uas

r (X1}

600

500 A

400 A

w
o
o

200 A

100 ~

7 F f =
n [ N \\
500 1000 1500 2000 2500 3000 3500
C-time [ms]

The bunches are compressed and extracted to the next machine, the SPS.

The RF manipulations serve one purpose, define the 25 ns bunch spacing required by
the final destination, the LHC!
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BATCH COMPRESSION, MERGING, SPLITTING

- 50 ' ' ' ]
20 = 1 /_\\\_ l
- 50 ‘=\_ ' ' ! g
Il
= BNk !
10t ﬁ 50 f_\_
= _ =0k :
é I 50
= 0f enE
= 50}
> I
<] < ,
= 50F '
—10t 1
= 50f
Il
—20 = 50f : ; ,//_ ]
I
AN AN LN ]
—1.0 —0.5 0.0 0.5 1.0 0 100 200 300 400
Time [ps) Time [ms]

Batch compression h=9 to 14, Merging h=14to 7,
Triple Splitting h=7 to 21, with intermediate 14
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BATCH COMPRESSION, MERGING, SPLITTING

=9 ]
o

. 50_ T T T T i
20} = L /—\\ |
5 T T T T i

= \_ I
10{ = 50 _\_
'?‘ :: U T T
< [l [\
‘ﬁ‘ 0 N = 1
i = 50 /_'\-
<] = | . i
2 50 T T T T i
—-101 4
1‘ 50 T T t :
I
_20 | a 50 T t T t :
" l
» 0:03/0:32 = — :

400

Eventually, 2 bunches merged and then split in 3. Emittance is preserved ideally (divided
when split, multiplied when merged).

Animation: H. Damerau
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ZOOM ON THE TRIPLE SPLITTING

Turn 1800 - RF [kV]: 31.20, 1.68, 0.67

15+

10

Energy AE [MeV]
& o

I
[
o

|

I
=
Ln

> 000009

The separatrices are reprensented in red (several inner/outer separatrices, including
intensity effects).
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ZOOM ON THE TRIPLE SPLITTING

Turn 28800 - RF [kV]: 0.31, 0.76, 39.00

10.0 1
1.57
]
5.0
254

004 ||

Energy AE [MeV]

~5.01

-754

!
~10.0 41— :

| T+
0.00 0.05 0.10 0.15 0.20 0.25 0.30
Time [us]

The separatrices are reprensented in red (several inner/outer separatrices, including
intensity effects).
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DURING THE ACCELERATION RAMP

600 - m

- 25

500 A

N
o

400 1

=
w

RF voltage [kV]
(¥%)
o
o
Momentum [GeV/c]

=
o

200 A

100 ~

1 n A

0 500 1000 1500 2000 2500 3000 3500
C-time [ms]

The acceleration ramp is the moment when the bunch is manipulated the least, the
bunches are accelerated smoothly till reaching top energy.
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DURING THE ACCELERATION RAMP

600 A

500 A

400 1

300 A

RF voltage [kV]

200 A

“ Clest trop calme... >—
L — - p S ] 1

T,

Jaime pas trop beaucoup ¢a...

100 ~

" Jpréfere quand c’est un peu
~ trop plus moins calme... -

500

2000 2500

C-time [ms]

1000 1500

3000 3500

- 25

T
N
o

'_'I
[¥)]
Momentum [GeV/c]

=
o

The acceleration ramp is the moment when the bunch is manipulated the least, the

bunches are accelerated smoothly till reaching top energy.

Or so it seems...
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COUPLED BUNCH INSTABILITIES

)
2
in 204
. E
=
5 10 1
E
Q
=
=T T T — T T | L 0 T T T T T
0.00 025 050 075 100 125 150 175 2.00 0 500 1000 1500 2000 2500
Time [ps] C-time [ms]
» 0:00/0:19 ’ S 195 2.00 2.05

Bunches start to oscillate during the ramp at very high beam intensity (wakefields and
instabilities!!)
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COUPLED BUNCH INSTABILITIES

v
®
0 20 4
=
=
S 10 -
E
o
=
L L) 0 L] L] L L] L)
0.00 0.25 050 0.75 100 125 150 175 2.00 0 500 1000 1500 2000 2500
Time [us] C-time [ms]

T T T 2 § T
1.65 1.70 115 1.80 1.85 1.90 1.95 2.00 2.05
Time [ps]

Coupling between the bunches, phase advance from one bunch to the next in phase
space.
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DIPOLE MODE OF OSCILLATIONS
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e Dipole mode of instability.

e Phase oscillations of the bunch, > 0.00/0:03
single node.
e QOscillates at 1 x fsO0.
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QUADRUPOLE MODE OF OSCILLATIONS

14
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10 A

t[ms]
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0 - T T T T
2600 2700 2800 2900 3000 3100 3200 3300

T[ns]

e Quadrupole mode of instability.

e Oscillations of the bunch length,

two node.
e QOscillates at 2 x fsO0.
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THE END
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