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Idea: 


You learned all the basics.


You are experts in …


Now we take a “piece of paper” and apply it for an actual design!


 You will split up into teams of 3-4 persons and work on a case study.→
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How to build an accelerator?

Transverse beam 
dynamics Longitudinal beam 

dynamics

Synchrotron radiation

Transverse linear 
imperfections Transverse non-linear 

effects
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E. Métral, Zoom meeting foreseen on 07/09/22, which could finally not take place => Info sent by email on Tuesday 30/08/22 
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E. Métral, Zoom meeting foreseen on 07/09/22, which could finally not take place => Info sent by email on Tuesday 30/08/22 
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Particle collider for precision measurements of the top quark mass 

• Measurements at the  pair production threshold


• Produce at least 100000  pairs per year for sufficient statistics


• The circumference of the machine must not exceed 100 km


• Synchrotron radiation power is limited to 50 MW per beam


Based on these boundary conditions… propose a collider design!
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Scope: Design a top-factory
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• Bastian Haerer (lecturer)


• Adrian Oeftiger (workshop showrunner)


• Kévin André, Carsten Mai, Bernhard Holzer (tutors)


Topics I  - Basic parameter set and general design aspects (Carsten, Adrian)


• Beam energy, cross section, luminosity


• No. of bunches, particles per bunch, β*, emittance 


• General layout, magnet technology, basic cell layout, dipole filling factor


• Synchrotron radiation power, resistive wall impedance induced by power loss
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Tutor Team
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Topic II - Synchrotron radiation emission and RF sections (Kévin, Adrian) 

• Synchrotron radiation power, critical energy, beam current


• Momentum compaction factor, transition energy, RF voltage, synchronous phase


• Number of RF cavities, length of RF section, synchrotron tune


• Damping times, equilibrium emittance, energy spread, bunch length


Topic III - Lattice design in MAD-X (Bastian, Bernhard) 

• Design a basic cell according to beam requirements, implement a MAD-X model of the cell, close the ring


• Calculate synchrotron radiation integrals with MAD-X and equilibrium beam parameters


• Include dispersion suppressors and straight sections


• Include RF cavities and calculate equilibrium beam parameters with MAD-X


Like in real life: Expert-groups should talk to each other!
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• Oral group examination in 20 min slots


• 9 min presentation + 2-3 min questions by tutors


• The rest of the time you are free to study for the 
exams.


• In the afternoon session the “best team per topic” 
gets the chance to present again for the whole 
audience.
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Boundary conditions for examination

10:00 - 10:20 Group 9
10:25 - 10:45 Group 6
10:50 - 11:10 Group 3
11:15 - 11:35 Group 8
11:40 - 12:00 Group 5

13:00 - 13:20 Group 2
13:25 - 13:45 Group 7
13:50 - 14:10 Group 4
14:15 - 14:35 Group 1

15:00 - 16:30 Summary 
session

Monday 7 February 
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• We will review key aspects of previous lectures.


• We will discuss aspects of electron and hadron storage rings.


• Different lattice types and applications.


Context of the workshop: electron-positron collider for  production


 Design of a high-energy storage ring as preparation for the workshop.
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• Somebody approaches you and describes an experiment they want to do. 

     Particle physicist, user of synchrotron radiation, accelerator colleague, …


• Based on that information you have to develop an accelerator concept 

     Decide on type of accelerator (cyclotron, synchrotron, …)


     Design lattice, study transverse and longitudinal beam dynamics, instabilities, …


     Design hardware (magnets, RF cavities, beam instrumentation, …)


     Solve engineering challenges (civil engineering, power concepts, surveying, …)


In this workshop we focus on the lattice design of a new accelerator.

→

→
→
→
→
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The starting point
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Lattice design for large rings

(Phil Bryant)

Large rings, such as the LHC, often have a basic FODO cell  
in the arcs.  

The overall ring has an n-fold symmetry containing the n-arcs and n 
straight regions in which the physics experiments are mounted.  

Between the arc and the straight region there is the so-called dispersion 
suppressor that brings the dispersion function to zero in the straight 
region in a controlled way. There are several schemes for dispersion 
suppressors. 

The straight regions contain the injection and extraction and the RF 
cavities, which, in an electron machine like LEP, can occupy hundreds of 
metres.  
A dispersion-free straight region is also needed for the low-β insertion.  



  Arc: regular (periodic) magnet structure:  
bending magnets B define the energy of the ring 
main focusing & tune control, chromaticity correction, 
multipoles for higher-order corrections 

  Straight sections:  drift spaces for injection, dispersion suppressors, 
                           low beta insertions, RF cavities, etc.... 

                   … and the high energy experiments if they cannot be avoided 

Layout of a Storage Ring
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The logical path to Accelerator Design

1.) determine particle type & energy 

2.) beam rigidity —> calculate integrated dipole field 
             
              magnet technology 
              dipole length & number  
              size of the ring 
              arrangement of the dipoles in the ring 
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The logical path to Accelerator Design

3.) determine the focusing structure of the basic cell 
— FODO, DBA — etc. etc. 

calculate the optics parameters of the basic cell 
beam dimension 
vacuum chamber 
magnet aperture & design 
tune 
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The logical path to Accelerator Design

5.) Determine the parameters for the RF system 
Frequency, overall voltage, 
space needed in the lattice  
for the cavities 

4.) Determine the radiation losses 
Energy loss per turn 
Power loss frequency 
—> electrons radiate  !! 
—> protons do not  !!



Bastian Haerer (KIT) JUAS’23 - Accelerator Design 16

The logical path to Accelerator Design

6.) Open the lattice structure to install 
straight sections for the RF system 
optimise the phase advance per cell 
connect the straight sections to the arc lattice with 
dispersion suppressors  
choose which type fits best 
add eventually a matching section 

RFRFRFRF

RFRFRFRF
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The logical path to Accelerator Design

7.) Open the lattice structure to install 
a dispersion free straight section for the mini 
beta insertion 
define independent quadrupoles (four if Dx=0) 
connect the straight sections to the arc 
lattice with mini-beta quadrupoles and 
matching quadrupoles 
match to the desired !* 
 

RF

RF

mini ! mini ! 
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  … and then you just turn the key  
and run the machine.    
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The logical path to Accelerator Design

1.) determine particle type & energy 

2.) beam rigidity —> calculate integrated dipole field 
             
              magnet technology 
              dipole length & number  
              size of the ring 
              arrangement of the dipoles in the ring 
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Hadrons 

• Heavier, easier to reach high energies


 discovery machines (“frontier of physics”)

• Don’t radiate (much)


• Collision of quarks  not all nucleon energy available in collision


                                huge background


Electrons & positrons 

• Beam dynamics driven by emission of synchrotron radiation

• Elementary particles 


• Well-defined CM energy  precision measurements

• Polarisation possible

→

→
→

→
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Choice of particle species

https://cds.cern.ch/record/2554156

mp = 938 MeV/c2

me = 0.511 MeV/c2

Event display of OPAL at LEP

E = 10 GeV → γp = 11
→ γe = 19570

Pγ ∝ γ4

ρ2
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HE particle physics:  
• Cross-section determines required CM energy

• at a certain resonance or above a specific threshold.

Synchrotron light source 
• Photon parameters and undulator design

• 1.7 GeV (BESSY II) — 8 GeV (Spring8)
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Determine beam energy
474 Page 74 of 161 Eur. Phys. J. C (2019) 79 :474

Fig. 6.1 Production cross
section of top quark pairs (left)
in the vicinity of the production
threshold, with different values
of the masses and widths
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Fig. 6.2 Statistical uncertainty
contours of a two-parameter fit
to the top threshold region
combining the mass and width
(left) or the Yukawa coupling
(right) for an integrated
luminosity of 200 fb−1

6.2.2 Precision measurement of the top electroweak couplings

In many extensions to the standard model couplings of top quark pairs to Z/γ∗ can be enhanced. These are directly probed
at FCC-ee as they represent the main production mechanism for tt̄ production at e+e− colliders. It is essential to be able to
disentangle the tt̄Z and tt̄γ processes to provide separation among different new physics models. In the case of linear e+e−

colliders this is one of the motivations to implement longitudinal polarisation of the beams. However, it has been shown [165]
that FCC-ee’s very large statistics can fully compensate for the lack of polarisation. The information needed to disentangle
the contribution from the Z boson and photon can be extracted from the polarisation of the final-state particles in the process
e+e− → tt̄, as any anomalous coupling would alter the top polarisation as well. In that case, this anomalous polarisation
would be transferred in a maximum way to the top-quark decay products via the weak decay t → Wb, leading to an observable
modification of the final kinematics. The best variables to study are the angular and energy distributions of the leptons from
the W decays. A likelihood fit of the double-differential cross section of the lepton angle cos θ and the reduced lepton energy

x = 2E"
mtop

√
1−β
1+β measured in top semi-leptonic decays at

√
s = 365 GeV with one million tt̄ events allows a precision of

0.5% (1.5%) to be obtained for the vector (axial) coupling of the top to the Z and 0.1% for the vector coupling to the photon.
The fit includes conservative assumptions on the detector performance, such as lepton identification and angular/momentum
resolution and b quark jet identification. The precision of these measurements would allow testing and characterisation of
possible new physics models that could affect the EW couplings of the top quark, see for example Fig. 6.3. These data are
also sensitive to the top-quark CP-violating form factors [165].

6.2.3 Search for FCNC in top production or decay

The flavour-changing neutral currents (FCNC) interactions of top quarks are highly suppressed in the SM, leading to branching
ratios of the order of 10−13–10−14. However, several extensions of the SM are able to relax the GIM suppression of the top
quark FCNC transitions due to additional loop diagrams mediated by new particles. Significant enhancements for the FCNC
top quark rare decays can take place, for example, in some supersymmetric two-Higgs-doublet models. Evidence of an FCNC
signal will therefore indicate the existence of new physics. CMS and ATLAS obtained the best experimental upper limits on

123
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Fig. 3.1 Top row, left: the Z line shape with the Z and γ exchange
contribution and the Z − γ interference. Top row, right: the muon pair
forward–backward asymmetry has a strong slope around the Z-pole
resulting from the Z -γ interference. Bottom row: relative statistical

accuracy of the αQED determination from the muon forward–backward
asymmetry at the FCC-ee, as a function of the centre-of-mass energy.
The integrated luminosity is assumed to be 80 ab−1 around the Z pole.
The dashed blue line shows the current uncertainty

Among the other asymmetries to be measured at the FCC-ee, the τ polarisation asymmetry in the τ → πντ decay mode
provides a similarly accurate determination of sin2 θeff

W , with a considerably reduced
√
s dependence. In addition, the scattering

angle dependence of the τ polarisation asymmetry provides an individual determination of both Ae and Aτ, which allows, in
combination with the Aµµ

FB and the three leptonic partial width measurements, the vector and axial couplings of each lepton
species to be determined. Similarly, heavy-quark forward–backward asymmetries (for b quarks, c quarks and, possibly s
quarks) together with the corresponding Z decay partial widths and the precise knowledge of Ae from the τ polarisation,
provide individual measurements of heavy-quark vector and axial couplings.

Within the same scan of the Z, cross-sections for hadronic and leptonic final states will be measured with a precision
limited by the luminosity measurement. The design of the luminometer aims for a point-to-point relative precision of 10−5

and absolute normalisation with a precision of 10−4 (limited by the projected hadronic vacuum polarization systematics in
the theoretical calculation of the Bhabha cross section), see FCC-ee CDR Section 7. Several results are expected from the
scan: the Z mass mZ and width #Z will be extracted with a statistical precisions of 5 and 8 keV respectively, and a systematic
uncertainty given by the centre-of-mass uncertainties of 100 keV; the ratio of hadronic to leptonic partial widths RZ

$ , from
which αs(mZ) will be derived with a precision better than 0.00016 – one order of magnitude better than today; the peak
cross-section σ 0

had will determine the number of light neutrino species Nν with a precision of 0.001 of a neutrino species.
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Plots from FCC Conceptual Design Report 

λn(θ) = λu
n2γ2 (1 + K2

2 + γ2θ2)
P. Goslawski, B3 & MLS2, 1st milestone September 2020, HZB, Berlin, Germany
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BESSY 3, Key para: 1st harmonic up to 1 keV

Energy Range and Period Length 
of (planar) Undulator Sources

With
● The first harmonic n = 1
● On axis radiation: θ = 0
● K-range 0.8 - 2.5 →  K2 = 2, K = 1.4142

with K2 = 2  

Eur. Phys. J. C (2019) 79 :474 Page 45 of 161 474

Fig. 4.1 The Higgs boson
production cross section as a
function of the centre-of-mass
energy in unpolarised e+e−

collisions. The blue and green
curves stand for the
Higgsstrahlung and WW fusion
processes, respectively, and the
red curve displays the total
production cross section. The
vertical dotted lines indicate the
centre-of-mass energies of
choice at the FCC-ee for the
measurement of the Higgs
boson properties

The model dependence being removed by FCC-ee, a fully complementary programme will be possible at FCC-hh and
FCC-eh, to complete the picture of Higgs boson properties. This will include, for example, the measurement to the percent
level of rare Higgs decays such as H → γγ, µµ, Zγ, the detection of invisible ones (H → 4ν), and the measurement of the
gHtt coupling with percent precision.

Indirect (at FCC-ee) and direct (at FCC-hh and FCC-eh) measurements will measure the Higgs self-coupling, probing the
nature of the Higgs potential, as will be discussed later in Sects. 10 and 11.

The synergies among all components of the FCC Higgs programme will be underscored in Sect. 8, where global fits of
Higgs and EW parameters will be performed. By way of synergy and complementarity, the FCC appears to be the most
powerful future facility for a thorough examination of the Higgs boson and EWSB.

4.2 FCC-ee

4.2.1 Model-independent coupling determination from the Higgs branching fractions

The goal of the FCC-ee programme is to achieve a model-independent percent or sub-percent accuracy determination of the
Higgs width and Higgs couplings. This precision is needed to access the 10 TeV energy scale, and maybe to exceed it, by
an analysis of a possible pattern of deviations among all couplings. Similarly, higher-order corrections to Higgs couplings
in the SM are at the level of a few %. The quantum structure of the Higgs sector can therefore be tested only if the precise
measurement of its properties is pushed to a few per mille level, or better.

An experimental sample of at least one million Higgs bosons has to be analysed to potentially reach this statistical
precision. Production at e+e− colliders proceeds mainly via the Higgsstrahlung process e+e− → HZ and WW fusion
e+e− → (WW → H)νν. The cross sections are displayed in Fig. 4.1 as a function of the centre-of-mass energy. The total
cross section presents a maximum at

√
s = 260 GeV, but the event rate per unit of time is largest at 240 GeV, as a consequence

of the specific circular-collider luminosity profile. As the cross section amounts to 200 fb at
√
s = 240 GeV, the production

of one million events requires an integrated luminosity of at least 5 ab−1. This sample, dominated by HZ events, is usefully
complemented by about 180,000 HZ events and 45,000 WW-fusion events, to be collected with 1.5 ab−1 at

√
s = 365 GeV.

At
√
s = 240 GeV, the determination of Higgs boson couplings follows the strategy described in Refs. [8,74], with an

improved analysis that exploits the superior performance of the CLD detector design (see the FCC-ee CDR, Sect. 7). The total
Higgs production cross section is determined by counting e+e− → HZ events tagged with a leptonic Z decay, Z → !+!−,
independently of the Higgs boson decay. An example of such an event is displayed in Fig. 4.2 (left). The mass mRecoil of the
system recoiling against the lepton pair is calculated with precision from the lepton momenta and the total energy-momentum
conservation: m2

Recoil = s+m2
Z −2

√
s(E!+ + E!−), so that HZ events have mRecoil equal to the Higgs boson mass and can be

easily counted from the accumulation around mH. Their number allows the HZ cross section, σHZ, to be precisely determined
in a model-independent fashion. This precision cross-section measurement alone is a powerful probe of the SM predictions
for the Higgs boson at the loop level. Under the assumption that the coupling structure is identical in form to the SM, this
cross section is proportional to the square of the Higgs boson coupling to the Z, gHZZ.
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Courtesy P. Goslawski (BESSY)
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Fixed target experiments 

• high event rate


• limited energy reach


Beam-beam collisions 

• low event rate (luminosity)


• high energy reach


22

Fixed target vs. beam-beam collisions

ATLAS event display: 

H à e+ + e- + μ+ + μ- 

fixed target event p + W à xxxxx
Elab ∝ Ebeam

Elab = Ebeam 1 + Ebeam 2
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Linear collider 

• no synchrotron radiation


• only one experiment at a time


• single use of particle bunches


Circular colliders 

• multiple experiments


• bunches can be collided multiple times


• SR radiation power increases  


Trade-off between SR power and luminosity

P ∝ γ4

23

Linear vs. circular collider
FCC-ee: The Lepton Collider 285

Fig. 2. Baseline luminosities expected to be delivered (summed over all interaction points)
as a function of the centre-of-mass energy

p
s, at each of the four worldwide e+e� collider

projects: ILC (blue square), CLIC (green upward triangles), CEPC (black downward trian-
gles), and FCC-ee (red dots), drawn with a 10% safety margin. The FCC-ee performance
data are taken from this volume, the latest incarnation of the CEPC parameters is inferred
from [20], and the linear collider luminosities are taken from [15,17].

Performance

As a result of the renewed worldwide interest for e+e� physics and the pertaining
discovery potential since the observation of the Higgs boson at the LHC, the FCC is
not alone in its quest. Today four e+e� collider designs are contemplated to study
the properties of the Higgs boson and other standard model (SM) particles with an
unprecedented precision: the International Linear Collider (ILC [13]) project with a
centre-of-mass energy of 250 GeV [14,15]; the Compact Linear Collider (CLIC [16]),
whose lowest centre-of-mass energy point was reduced from 500 to 380 GeV [17]; the
Circular Electron Positron Collider (CEPC [18–20]), in a 100 km tunnel in China,
with centre-of-mass energies from 90 to 250 GeV; and the Future e+e� Circular
Collider in a new ⇠100 km tunnel at CERN (FCC-ee, formerly called TLEP [8,21]).
The baseline luminosities expected to be delivered at the ILC, CLIC, CEPC, and
FCC-ee centre-of-mass energies are illustrated in Figure 2.

The expected integrated luminosities and operation phases at each energy are
illustrated in Figure 3. The FCC-ee delivers the highest rates in a clean, well-
defined, and precisely predictable environment, at the Z pole (91 GeV), at the
WW threshold (161GeV), as a Higgs factory (240 GeV), and around the tt̄ thresh-
old (340–365 GeV), to two interaction points. Thanks to the availability of trans-
verse polarisation up to over 80 GeV beam energy, it also provides high precision
centre-of-mass energy calibration at the 100 keV level at the Z and W energies, a
unique feature of circular colliders. The FCC-ee is, therefore, genuinely best suited
to o↵er extreme statistical precision and experimental accuracy for the measure-
ments of the standard model particle properties, it opens windows to detect new
rare processes, and it furnishes opportunities to observe tiny violations of established
symmetries.

FCC-ee Design Report: Baseline luminosities expected to be delivered for 
different e+e- collider projects
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Condition for circular orbit


• Lorentz force 


• Centripetal force


The strength of the dipole magnets and the size of the machine define the 
maximum momentum (or energy) of the particles that can be carried in the 
machine.

24

Dipole fields define geometry
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⇢

ρB
e
p
= “Beam rigidity”

h
InB 0µ=Field strength defined by       coil current


                                               gap height
  keep the beam  
     dimensions small !!!
→

CHAPTER 1

Concepts of Accelerator Physics

This chapter gives a brief overview about the basics of accelerator physics. Further details
can be found in the usual textbooks like [21] or [22]. A more comprehensive explanation
to the topics relevant for this thesis will be given at the beginning of each chapter.

1.1 Frenet-Serret Coordinate System

The trajectory in a particle accelerator taken by a particle with design energy and no
transverse momentum is called the design trajectory, or in the case of circular accelerators
the design orbit. In order to keep the mathematical description of beam dynamics as
simple as possible, the particle motion is described in reference to this design orbit in a
right-handed orthogonal coordinate system moving along with the reference particle. This
coordinate system is called the Frenet-Serret Coordinate System with the basis x̂, ŷ, and ŝ.
ŝ always points tangentially along the path of the reference orbit and is used as independent
variable. x̂ is the horizontal coordinate pointing in the same direction as the radial vector.
The vertical coordinate ŷ is orthogonal to both ŝ and x̂ as illustrated in Fig. 1.1.

observed particle

x(s)

y(s)

x̂

⇢

ŝ

ŷ

design orbit

Figure 1.1: Frenet-Serret Coordinate System used in accelerator physics. x̂, ŷ, and ŝ form
the right-handed orthogonal basis, ⇢ is the local bending radius.
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• The integrated dipole strength (along “s”) defines the momentum of the 
particle beam.


• p0 = 7 TeV/c


• N = 1232


• l = 14.3 m 

25

Bending angle and particle momentum

dθ = ds
ρ

≈ dl
ρ

= B dl
Bρ

= e
p0

B dl ⇒ ∫ B dl = 2π
p0
e

∫ B dl ≈ N l B = 2π
p0
e

B = 2π
N l

p0
e

= 8.3 T

Example: LHC 7 TeV proton storage ring
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Hadron colliders and the quest for highest dipole fields

… and we do NOT talk about  
    YBa2Cu3O7  and friends

NbTi LHC standard dipoles 
8.3 T

Nb3Sn FCC type dipole coils 
11 T – 16 T

The two key players in SC magnet technology:
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CAS,	Erice,	Italy,	25	April	-	4	May,	2013Tc	(K)

NbTi is the only ductile 
superconductor  
with Bc2 > 10T !

B
c2

 (T
)

critical field in  
NbTi and Nb3Sn

27

Upper critical fields of metallic (LTS) superconductors
… the top ten of the charts

Heat capacity of liquid helium: 
transition to superfluidity  
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The logical path to Accelerator Design

1.) determine particle type & energy 

2.) beam rigidity —> calculate integrated dipole field 
             
              magnet technology 
              dipole length & number  
              size of the ring 
              arrangement of the dipoles in the ring 

✓

✓



☕
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The logical path to Accelerator Design

3.) determine the focusing structure of the basic cell 
— FODO, DBA — etc. etc. 

calculate the optics parameters of the basic cell 
beam dimension 
vacuum chamber 
magnet aperture & design 
tune 
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Quadrupole magnets for focusing

Differential equation of harmonic oscillator   …  with spring constant K


Define in hor. plane:

       … in vert. plane:

21= −K kρ

=K k

0=+ʹ́ xKxEquation of motion:

{ }( ) ( ) cos ( )= +x s s sε β ψ φ

{ } { }( ) ( ) cos ( ) sin ( )
( )

−
ʹ ⎡ ⎤= + + +⎣ ⎦x s s s s

s
ε

α ψ φ ψ φ
β

general solution  
of Hill´s equation

Quadrupol

Das Quadrupolfeld wächst linear mit dem Abstand
von Zentrum des Magneten an:

Bx(y) = − g · y
By(x) = − g · x

Ist I der Strom in den n Windungen der Spule
und R der Abstand der Pole vom Zentrum des
Magneten hat ein perfekt geformter Pol den
Gradienten

g =
∂By

∂x
=
∂Bx

∂y
= g =

2µ0nI

R2

Definition einer normalisierten Quadrupolstärke in
Analogie zur Krümmung 1/ρ eines Dipolmagneten:

k =
e

p
g

F

B

BR

F

F

F

N

N

S

S

y

x

B

x

y

WS 2021/2022 Beschleunigerphysik – Teil III: Strahloptik & Strahldynamik Seite 6

“Hill´s equation”
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{ } { }0 0 0 0
0

( ) cos sin sin ʹ= + +s
s s s sx s x x

β
ψ α ψ β β ψ

β

( ){ } { }0
0 0 0 0

0

1
( ) cos (1 )sin cos sinʹ ʹ= − − + + −s s s s s s s

ss

x s x x
β

α α ψ α α ψ ψ α ψ
ββ β

which can be expressed ... for convenience ... in matrix form

0

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟ʹ ʹ⎝ ⎠ ⎝ ⎠s

x x
M

x x

( )

( )

0 0
0

0 0 0

0

cos sin sin

( ) cos (1 )sin
cos sin

⎛ ⎞
+⎜ ⎟

⎜ ⎟
= ⎜ ⎟

− − +⎜ ⎟−
⎜ ⎟
⎝ ⎠

s
s s s s

s s s s
s s s

s

M

s

β
ψ α ψ β β ψ

β

α α ψ α α ψ β
ψ α ψ

ββ β

• we can calculate the single particle trajectories between two locations in the ring,  
if we know the α, β, γ functions at these positions. 


• and nothing but the α β γ at these positions.      …  !

After a few transformations (see Bernhard’s lecture) we can write the solutions as

Transfer matrix as function of optics functions
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(Phil Bryant) 

There are two ways of looking at the optics functions:  

The first is to regard them as a parametric way of expressing the 
equation of motion and its solution. This interpretation makes the 
bridge from tracking single ions to the wider view of calculating 
beam envelopes.  

The second is to regard them as purely geometric parameters for 
defining ellipses and hence beam envelopes. Dropping the strict 
correspondence to individual particles can lead to some 
interesting extensions such as the inclusion of scattering.  

33

The optics functions α(s), β(s), γ(s)  

33

 — sometimes also called “Twiss” functions — 
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Phase space ellipse

general solution of 
Hill equation

))(cos()()()1( φψβε += sssx

{ }))(sin())(cos()(
)(

)()2( φψφψα
β

ε
+++−=ʹ sss

s
sx

 from (1) we get

2

1( ) ( )
2
1 ( )( )

( )

−
ʹ=

+
=

s s

ss
s

α β

α
γ

β
)(

)(
))(cos(

s
sx

s
βε

φψ =+

 from (1) we get from (1) we get from (1) we get

Insert into (2) and solve for ε

* ε is a constant of the motion  … it is independent of „s“ 
* parametric representation of an ellipse in the x x‘ space 
* shape and orientation of ellipse are given by α, β, γ

)()()()()(2)()( 22 sxssxsxssxs ʹ+ʹ+= βαγε

and we know 
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(Phil Bryant)

In the case of a ring or matched cell,  the 
periodicity imposes equality on the input and 
output α and β values.  

This means that the particle returns after each 
turn to the same ellipse but at phases μ1 = b,    
μ2 = b+2πQ,   μ3 = b+4πQ, ....., μn = b +n2πQ   
and so on.  

Phase space ellipse II
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• Parametrisation describes ellipse in 
xx’- space. 


 Each single solution (x,x’) of Hill’s 
     equation is a point on this ellipse.


 This ellipse represents all solutions/ 
     states the particle can be in at this  
     position s. 

→

→

36

Phase space ellipse - II

1. CONCEPTS OF ACCELERATOR PHYSICS

u

u’

p
✏�

�↵

r
✏

�

p
✏�

�↵

r
✏

�
r

✏

�

r
✏

�
A = ⇡✏

Figure 1.2: Ellipse representing the potential states of a particle in phase space.

elements, but its area stays constant. As immediate consequence a beam focussed to a
narrow waist has a large divergence.

Considering a Gaussian shaped beam the particle at 1� orbit offset defines the beam
size

�u =
p
✏u�u (1.9)

and its Courant-Snyder invariant is equivalent with the so-called beam emittance, which
describes the phase space volume occupied by the particles of the beam. In the case of more
general particle distributions an alternative definition of emittance is often used [23,24]:

✏rms,u =
p

hui2hu0i2 � huu0i2 (1.10)

This statistical definition is not based on a more or less arbitrarily chosen contour of the
phase space volume, but on the mean values of position and transverse momentum.

The difference of the phase functions at two points s1 and s2 in the lattice is called the
phase advance

µ =  (s2) �  (s1) =

Z
s2

s1

1

�(s)
ds. (1.11)

The phase advance of the whole accelerator lattice divided by 2⇡ gives the number of
betatron oscillations in one revolution and is called the tune

Qu =
1

2⇡

I
1

�u(s)
ds. (1.12)

10

ϵ = γ(s)x2(s) + 2α(s)x(s)x′ (s) + β(s)x′ 2(s)

x’

x



Bastian Haerer (KIT) JUAS’23 - Accelerator Design 37

Beam size and divergence

{ }( ) ( ) cos ( )= +x s s sε β ψ φparticle trajectory:

max. Amplitude: εβ=)(ˆ sx x´ at that position …?

In the middle of a quadrupole β = maximum,  
                                                  α = zero 0=ʹx … and the ellipse is flat*

* A high β-function means a large beam size and a small beam divergence. 
   … et vice versa !!! !

… put         into                                                                                     and solve for x´      )(ˆ sx

22 xx ʹ+ʹ⋅+⋅= βεβαεβγε

βεα /⋅−=ʹx

)()()()()(2)()( 22 sxssxsxssxs ʹ+ʹ+= βαγε

1. CONCEPTS OF ACCELERATOR PHYSICS

u

u’

p
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r
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p
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✏

�
r

✏

�

r
✏

�
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Figure 1.2: Ellipse representing the potential states of a particle in phase space.

elements, but its area stays constant. As immediate consequence a beam focussed to a
narrow waist has a large divergence.

Considering a Gaussian shaped beam the particle at 1� orbit offset defines the beam
size

�u =
p
✏u�u (1.9)

and its Courant-Snyder invariant is equivalent with the so-called beam emittance, which
describes the phase space volume occupied by the particles of the beam. In the case of more
general particle distributions an alternative definition of emittance is often used [23,24]:

✏rms,u =
p

hui2hu0i2 � huu0i2 (1.10)

This statistical definition is not based on a more or less arbitrarily chosen contour of the
phase space volume, but on the mean values of position and transverse momentum.

The difference of the phase functions at two points s1 and s2 in the lattice is called the
phase advance

µ =  (s2) �  (s1) =

Z
s2

s1

1

�(s)
ds. (1.11)

The phase advance of the whole accelerator lattice divided by 2⇡ gives the number of
betatron oscillations in one revolution and is called the tune

Qu =
1

2⇡

I
1

�u(s)
ds. (1.12)

10
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Evolution of phase space ellipse along the lattice

focusing quadrupole
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Single particle  particles ensemble→

x

x’

x

x’

ϵRMS = σ2
x σ2

x′ 
− σ2

xx′ 

Statistical definition:

• Optical functions are the same for all particles.

• Ellipses all have the same shape.

• Choose particle of specific amplitude as 

“representative” for the whole beam.

• The area of this particle’s phase space ellipse is 

the beam emittance.

ϵ = γx2 + 2αxx′ + βx′ 2

• Liouville’s theorem: Area    is constant as long as x- and 
y-motion are uncoupled and energy is conserved.


• Area cannot be changed by focussing properties (e.g. quadrupoles).

A = π ϵ
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(Phil Bryant)

The emittance of a beam is related to the phase-space area that it occupies  
and is therefore related to the motion invariants of the constituent particles.  
A practical definition of emittance requires a choice for the limiting ellipse 
that defines the phase-space area of the beam.  
Usually this is related to some number of standard deviations of the beam 
distribution, for example “the 1-sigma emittance is … “ .  

x’
 in

 m
ra

d

x in mm

Die Beam-Matrix

Man kann für die Teilchenverteilung im Phasenraum eine Kovarianzmatrix
C angeben. Die Elemente dieser Matrix sind gegeben durch
Cij = 〈ij〉− 〈i〉〈j〉, wobei i und j die Koordinaten repräsentieren.

Die Kovarianzmatrix ist

C =

(

Cii Cij

Cji Cjj

)

=

(

εβ −εα

−εα εγ

)

Mit
detC = ε2

(

βγ − α2
)

= ε2

ist die RMS-Emittanz
gegeben durch
ε2RMS

def
= detC = Cxx Cx′x′ − C2

xx′

Diese Definition ist gültig für
beliebige Verteilungen.

Einfache Erweiterung auf 6d
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(Phil Bryant)

Liouville states that phase space is conserved.  

Primarily, this refers to 6-dimensional phase space  
(x-x ́, y-y ́ and s-dp/p).  

When the component phase spaces are uncoupled,  
the phase space is conserved within the 2- dimensional  
and/or 4-dimensional spaces.  
   
The invariant of the motion in the uncoupled x-x ́or y-y ́ spaces  
is another way of saying the phase space is conserved.  
  
Phase space is not conserved if ions change, e.g. by stripping  
or nuclear fragmentation, or if non-Hamiltonian forces appear  
e.g. scattering or photon emission.  



Bastian Haerer (KIT) JUAS’23 - Accelerator Design

Teilchentrajektorie

Zur Veranschaulichung:
Teilchenbahn in einer regulären
FODO-Struktur

Periodizität von 4 FODO-Zellen,
also µ(s, l) = π/2

Normalisierte Darstellung:
X(s) = x(s)/

√

β(s)

s / m

x / mm

µx

xn
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Coordinate Transformation
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• Focussing of quadrupoles creates transverse oscillation around the design 
orbit (“betatron oscillation”):


• The difference of the phase functions  
is called the phase advance:


• The phase advance of one revolution  
is called the “tune” and gives the  
number of transverse oscillations per turn:

42

Phase advance and tune

{ }( ) ( ) cos ( )= +x s s sε β ψ φ

μ = ψ(s2) − ψ(s1) = ∫
s2

s1

1
β(s) ds

Q = 1
2π ∮ 1

β(s) ds

μ = 90∘ = π
2
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• Focal length of a quadrupole depends  
on the particle energy:


• As a consequence, the tune also depends on the 
particle energy:


• This so-called “chromaticity” is for a linear 
lattice:


• Chromaticity can become large and needs to be corrected, otherwise 
particles might hit resonances and get lost.

43

Chromaticity

k1 = = e
p0

dB
dy

Q′ = p0
dQ
dp

≈ ΔQ
Δp/p0

Q′ = − 1
4π ∮ ds β(s)k1(s)

�p/p > 0

�p/p < 0

�p/p = 0

Quadrupol
Brennweite

x

s

focal length
quadrupole

1.3. LINEAR TRANSVERSE DYNAMICS

m m+1
n

n+1

Qy

Qx

Figure 1.3: Tune diagram with optical resonances up to third order. The first order
resonances are depicted with black continuous lines, the second order with
red dashed lines and the third order resonances by dotted blue lines. A
possible working point is marked by the black dot.

The tunes of both transverse planes define the so-called working point of the machine and
have to be chosen very carefully. As in circular accelerators the stored particles encounter
the same magnetic structure repeatedly, perturbations in the lattice can cause optical
resonances that increase the amplitude of the betatron oscillation and hence can rapidly
lead to the loss of the particles. Optical resonances of order l occur in both planes, if the
resonance condition

lQ = p (l, p 2 Z) (1.13)

is fulfilled. If the lattice contains elements that introduce coupling between the transverse
planes, like solenoids or skew elements, also coupling resonances depending on both the
horizontal and the vertical tune arise for

mQx + nQy = p (m, n, p 2 Z). (1.14)

|m| + |n| is the order of the resonance. All resonances up to the third order are visualised
as lines in Fig. 1.3. During the lattice design process it is important to observe the working
point and keep it sufficiently far from these lines.

11

LEP:             -150 
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• … with sextupole magnets:


• Gradient (= focussing strength) 
proportional to particle amplitude:


• Tune shift including sextupoles:

44

Chromaticity correction

�p/p > 0

�p/p < 0

�p/p = 0

Quadrupol

Sextupol

Dx 6= 0

Brennweite

x

s

focal length
quadrupole

e
p0

Bx = k2 ⋅ x ⋅ y e
p0

By = 1
2 k2(x2 − y2)and 

Q′ = − 1
4π ∮ β(s)[k1(s) + D(s)k2(s)] ds

Sextupoles for chromaticity correction 
must be installed in dispersive regions!

Sextupole

Focal Length

Quadrupol

Sextupol

∆p/p = 0

∆p/p < 0

∆p/p > 0

B

o60
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SS

Die Chromatizität wird korrigiert mit Sextupolmagneten
an Stellen endlicher Dispersion.

Bx(x, y) ∼ x · y und By(x, y) ∼
1

2
(x2 − y2)

mit g ′ = 6 µ0
nI

R3

Die impulsnormierte Sextupolstärke ist wie beim
Quadrupol

m =
e g ′

p0

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 207

∂Bx

∂y
= k2 x

∂By

∂x
= k2 xand 
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The logical path to Accelerator Design

3.) determine the focusing structure of the basic cell 
— FODO, DBA — etc. etc. 

calculate the optics parameters of the basic cell 
beam dimension 
vacuum chamber 
magnet aperture & design 
tune ✓
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Hadron storage rings 

• Heavy particles require strong B fields


• Push for highest B fields up to technical limit 


• Energy limit given by maximum acceptable circumference


Electron storage rings 

• Synchrotron light dominated


• Push for small B fields thus large bending radius


46

High-energy storage rings

Pγ = ∝ γ4

ρ2

2π
p0
e

= ∫ B dl

Common feature: For high beam energies  Push for highest possible dipole filling factor→
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FODO structure
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Arc cell that has been proposed for FCC-ee

Lcell = 50 m
Lbend = 11 m

⇒ Lbend
Lcell

= 0.84
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Characteristics of the FODO structure

• Low number of quadrupoles 


• Easy to calculate analytically


• Long drift spaces


    -> lots of free space or


    -> high filling factor


Applications: 

• In transfer lines that have to cover long distances with few hardware


• In Linacs or FELs that require lots of space for RF cavities or undulators


• Storage ring colliders that require high dipole filling factor
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• Goal of this calculation: maximum and minimum value of the betafunction 
depending on cell length and phase advance


• Transport matrix s1 -> s2 based on  
optics functions:


• For the half FODO cell applies in the centre of the quadrupole:


49

Analytical calculations

Calculate the matrix for a half cell, starting in the middle of a foc. quadrupole: 

for the second half cell set f  -f 

note:    denotes the focusing strength 

          of half a quadrupole, so  

lD = L/2

f̃ = 2f focal length of a half quadrupole

M =

0

@

q
�2

�1
cosµ12 + ↵1 sinµ12

p
�1�2 sinµ12

(↵1�↵2) cosµ12�(1+↵1↵2) sinµ12p
�1�2

q
�1

�2
cosµ12 � ↵1 sinµ12

1

A

<latexit sha1_base64="fWZv41/DjM8eDxQcbCeByWw4bkA="></latexit>

α1 = α2 = 0 β1 = ̂β, β2 = β̌

Mhalfcell =

 
1� lD

f̃
lD

� lD
f̃2 1 + lD

f̃

!

<latexit sha1_base64="YFVxBh7WTYslbQs9LOa1457gZOg="></latexit>

FODO in thin lens approximation

transfer matrix from the centre of the first to the centre 
of the second quadrupole:

and
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• Solution of the system of equations:


• Multiplication and division respectively of Eqs. (1) and (2) in combination with 
some addition theorems yield:
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Analytical calculation II

⇒ sin(μ/2) = lD
f̃

= L
4f

m22

m11
=

�̂

�̌
=

1 + lD/f̃

1� lD/f̃
=

1 + sin(µ/2)

1� sin(µ/2)
<latexit sha1_base64="ha9XInKMkJK2kUnBdDeSJWaZMb8="></latexit>

m12

m21
= �̂�̌ = f̃2 =

l2D
sin2(µ/2)

<latexit sha1_base64="FFjOJsKk/XGt6k5SyxE1xfJ9PP4="></latexit>

̂β = L
1 + sin(μ/2)

sin μ
β̌ = L

1 − sin(μ/2)
sin μ

Mhalfcell =

✓
m11 m12

m21 m22

◆
=

 
1� lD

f̃
lD

� lD
f̃2

1 + lD
f̃

!
=

0

B@

q
�̌
�̂
cos(µcell/2)

q
�̂�̌ sin(µcell/2)

� 1p
�̂�̌

sin(µcell/2)
q

�̂
�̌
cos(µcell/2)

1

CA

<latexit sha1_base64="CnV7DNfFrXua5xmn3IPL3HJh6+A="></latexit>

transfer matrix 

from single matrices

transfer matrix

based on optics functions

m12m21 =

q
�̂�̌ sin(µ/2) �1p

�̂�̌
sin(µ/2) = � sin2(µ/2)

= lD ·
⇣
� lD

f̃2

⌘
= � l2D

f̃2
<latexit sha1_base64="5YJgWEOvQ2tm4lYLTMyHRcejmNw="></latexit>

(1) (2)

and

( 1
f

= KLQ)
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Betafunction in a FODO cell

Maximum and minimum values of the betafunction in an arc FODO cell designed for FCC-ee

10 20 30 40 50 60 70 80 90 100 110 120 130 140

0

50

100

150

' / °

�̂
,�̌

/
m

�̂

�̌

µ

• The minimum value of  is obtained for a phase advance of μ = 76°.


•  decreases for increasing phase advance.

̂β

β̌ -> What phase advance should we choose?
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• Beam size 

Aperture requirement: 10-20 


Protons: Remember adiabatic damping


 Choose phase advance that obtains low values of β→
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Hadron rings: choice of phase advance per cell

Example: HERA proton ring 

injection energy: 40 GeV        γ = 43 

flat top  energy: 920 GeV        γ = 980 

emittance ε (40GeV)   = 1.2 * 10 -7 

                 ε (920GeV) = 5.1 * 10 -9 

7 σ beam envelope at E = 40 GeV  

… and at E = 920 GeV  

Example: HERA proton ring 

injection energy: 40 GeV        γ = 43 

flat top  energy: 920 GeV        γ = 980 

emittance ε (40GeV)   = 1.2 * 10 -7 

                 ε (920GeV) = 5.1 * 10 -9 

7 σ beam envelope at E = 40 GeV  

… and at E = 920 GeV  

Injection energy:   40 GeV  (" =   43) Flat-top energy:   920 GeV  (" = 980)

7σ - Silhouette

y

x

y

x

ϵu ∝ 1
βγ

<latexit sha1_base64="hBwLjVsmR5lAQcycuqqsvmpquM0=">AAAB7nicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNSNWHTjsoK9QDuUTJppQzOZkGSEMtR3cONCERdufBP3bsS3Mb0stPWHwMf/n0POOaHkTBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9NJqgitkoQnqhFiTTkTtGqY4bQhFcVxyGk97F+N8vodVZol4tYMJA1i3BUsYgQba9XvW5p1Y9wuFL2SNxaaB38KxYsP91y+fbmVduGz1UlIGlNhCMdaN31PmiDDyjDC6dBtpZpKTPq4S5sWBY6pDrLxuEN0YJ0OihJlnzBo7P7uyHCs9SAObWWMTU/PZiPzv6yZmugsyJiQqaGCTD6KUo5Mgka7ow5TlBg+sICJYnZWRHpYYWLshVx7BH925XmoHZX8k9LxjVcsX8JEediDfTgEH06hDNdQgSoQ6MMDPMGzI51H58V5nZTmnGnPLvyR8/4D5b2S8Q==</latexit>�
<latexit sha1_base64="sroiLqvboUms9bmzYw8VsZcyTlc=">AAACBnicbVDLSgNBEJz1bXxFPYowKIKnsCsavQiiF48KRoVsCL2TThycnV1neoWwxIsXv8B/8CKiiFe/wIM3/8ZJ4sFXQUNR1U13V5Qqacn3P7yBwaHhkdGx8cLE5NT0THF27tgmmRFYEYlKzGkEFpXUWCFJCk9TgxBHCk+i872uf3KJxspEH1E7xVoMLS2bUgA5qV5cvAqtbMWwzUN7YSgPMbVSJTqMkKBTLy77Jb8H/pcEX2R5Z+mt/HC7AQf14nvYSEQWoyahwNpq4KdUy8GQFAo7hTCzmII4hxZWHdUQo63lvTc6fMUpDd5MjCtNvKd+n8ghtrYdR64zBjqzv72u+J9Xzai5VculTjNCLfqLmpnilPBuJrwhDQpSbUdAGOlu5eIMDAhyyRVcCMHvl/+S47VSUC6tH7o0dlkfY2yBLbFVFrBNtsP22QGrMMGu2R17ZE/ejXfvPXsv/dYB72tmnv2A9/oJeHKcyA==</latexit>

� =
p
✏�

LHC vacuum chamber and beam screen
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• For highest aperture we have to minimise the β-function in both 
planes:


• Proton beams are “round” in the sense of:
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Phase advance for highest aperture

⇒ d
dμ

( ̂β + β̌) = d
dμ

2L
sin μ

= − 2L
cos μ
sin2 μ

!= 0

⇒ r2/ϵ = βx + βyϵx ≈ ϵy

r2 = ϵxβx + ϵyβy
search for the phase advance µ that results in  

a minimum of the sum of the beta’s  
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2 )



Bastian Haerer (KIT) JUAS’23 - Accelerator Design 54

LHC FODO cell 1.1. The Large Hadron Collider
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Figure 1.10.: �-function and horizontal dispersion in an LHC arc FODO cell. The
top graph indicates the position of dipole (blue) and quadrupole (red)
magnets.

FODO cell for minimizing the beam size in both planes is 90� [35]. This defines the
product k·�s of the quadrupole strength k and distance �s between two quadrupoles.
A larger FODO cell is preferred to increase the integrated dipole field in the arc,
however the maximum length is limited by the optics stability in the presence of
field errors [36]. For the LHC a FODO cell length of 107 m has been chosen, and
each arc consists of 23 of these cells. The dispersion which is created in the arcs due
to the dipole fields needs to be reduced, as it is unwanted in the insertion regions.
A dispersion suppressor section is connecting each arc with the IRs, which uses the
missing dipole scheme together with individually powered quadrupole magnets to
correct the dispersion [35].

Experimental IRs

Four IRs in the LHC are housing experiments. The two high-luminosity experiments
are the ATLAS detector in IR1 and the Compact Muon Solenoid (CMS) in IR5.
Two medium-luminosity experiments, A Large Ion Collider Experiment (ALICE) and

17

Heavy Ions in The Large Hadron Collider

Figure 2.5.: LHC FODO-Cell, showing schematically the structure within
the arcs. The main dipoles (green) and quadrupoles (red) are equipped
with higher order correctors (sextupoles, octupoles and decapoles, or-
ange), sextupoles for chromaticity correction are shown in dark blue,
Beam Position Monitors (BPM) in light blue. For the naming convention
see Section 2.2.3. Plot taken from [40].

all possible multipole fields are present in an accelerator and higher order multipole
magnets are used for precise corrections of the particle trajectories. The main bend-
ing magnets and quadrupoles are equipped with sextupoles, octupoles and decapoles,
schematically indicted in Fig. 2.5.

2.2.3. LHC naming convention

Each element installed in the LHC tunnel has its individual identification, constructed
following a special convention. This section summarises the most relevant ideas of this
convention as used in the LHC MADX [41] sequence.

The first letter indicates the type of element (magnet, beam instrumentation device,
collimator etc.), see Table 2.1. For magnets (M) the second letter indicates its order
(bending, quadrupole, sextupole, octupole) or its duty (e.g., correction). In case of
beam instrumentation devices, the name is usually an acronym, but always starts with
the letter B. Collimators are identified by the initial letter T for “Target”.

This initial element type description is followed by a dot and the location inside
the ring, which is identified by the cell number (a cell is usually defined between two
main quardupoles) to the left (L) or right (R) of the given IP. For example, the main
quadrupole MQ.11R5, is located in the eleventh cell to the right of IP5. In case there
is more than one element of the same type within one cell, the cell number is preceded
by a counting letter (A, B, C, etc.), e.g., MB.B8L1 is second main dipole in the eighth
cell left of IP1. Even though the LHC has a two-in-one magnet design, the two beams
must be identified individually and a “.B1” or “.B2” is appended to the name.

12

Andy Langner, PhD thesis

quadrupole

D̂x = 2 m

μx = μy = 90∘

̂β ≈ 180 m, β̌ ≈ 30 m

L = 106.9 m

dipole filling factor: 80% (LBend = 14.3 m)

sextupole

Correctors: dipole, quadrupole, sextupole, octupole, decapole

for orbit correction, coupling correction, eddy currents, instabilities, …
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• Emittance is defined by beam quality delivered by injectors.


• Hadron storage rings feature round beams: 


• Emittance shrinks during acceleration:


• Aperture requirements call for smallest sum of beta functions:


 Maximum beta function defined via cell length


• Beam energy defined by integrated B field


 Highest dipole fields


 Maximum dipole filling factor

→

→
→
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Summary for hadron rings

μ = 90∘

ϵx ∝ 1
βγ

ϵx ≈ ϵy

̂β = L (1 + 1
2 )

∫ B dl = 2π
p0
e



☕
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…. are different! Electrons radiate!!!


• Beam current and thus luminosity are limited by 
maximum acceptable synchrotron radiation power 

Example: FCC-ee:       Pmax = 50 MW 

• Beam dynamics determined by emission of 
synchrotron radiation.


• The synchrotron radiation power ist determined by 
the lattice.


 Lattice design allows to tailor beam  
     parameters!!!
⇒

57

Electron storage rings

Energy 
(GeV) # bunches # particles per 

bunch (1011)
Luminosity 
(1034/cm2s)

45.6 16640 1.7 460

80.0 2000 1.5 56

120.0 328 1.8 17

182.5 48 2.3 3.1
FCC-ee: The Lepton Collider 285

Fig. 2. Baseline luminosities expected to be delivered (summed over all interaction points)
as a function of the centre-of-mass energy

p
s, at each of the four worldwide e+e� collider

projects: ILC (blue square), CLIC (green upward triangles), CEPC (black downward trian-
gles), and FCC-ee (red dots), drawn with a 10% safety margin. The FCC-ee performance
data are taken from this volume, the latest incarnation of the CEPC parameters is inferred
from [20], and the linear collider luminosities are taken from [15,17].

Performance

As a result of the renewed worldwide interest for e+e� physics and the pertaining
discovery potential since the observation of the Higgs boson at the LHC, the FCC is
not alone in its quest. Today four e+e� collider designs are contemplated to study
the properties of the Higgs boson and other standard model (SM) particles with an
unprecedented precision: the International Linear Collider (ILC [13]) project with a
centre-of-mass energy of 250 GeV [14,15]; the Compact Linear Collider (CLIC [16]),
whose lowest centre-of-mass energy point was reduced from 500 to 380 GeV [17]; the
Circular Electron Positron Collider (CEPC [18–20]), in a 100 km tunnel in China,
with centre-of-mass energies from 90 to 250 GeV; and the Future e+e� Circular
Collider in a new ⇠100 km tunnel at CERN (FCC-ee, formerly called TLEP [8,21]).
The baseline luminosities expected to be delivered at the ILC, CLIC, CEPC, and
FCC-ee centre-of-mass energies are illustrated in Figure 2.

The expected integrated luminosities and operation phases at each energy are
illustrated in Figure 3. The FCC-ee delivers the highest rates in a clean, well-
defined, and precisely predictable environment, at the Z pole (91 GeV), at the
WW threshold (161GeV), as a Higgs factory (240 GeV), and around the tt̄ thresh-
old (340–365 GeV), to two interaction points. Thanks to the availability of trans-
verse polarisation up to over 80 GeV beam energy, it also provides high precision
centre-of-mass energy calibration at the 100 keV level at the Z and W energies, a
unique feature of circular colliders. The FCC-ee is, therefore, genuinely best suited
to o↵er extreme statistical precision and experimental accuracy for the measure-
ments of the standard model particle properties, it opens windows to detect new
rare processes, and it furnishes opportunities to observe tiny violations of established
symmetries.

THz-Strahlung an KARA

WS 2019/2020 Beschleunigerphysik – Teil VII: Performance-Grenzen Seite 222
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Radiation effects in electron storage rings
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radiation damping
1.4. SYNCHROTRON RADIATION

particle

�

dispersion orbit

design orbit

Figure 1.6: Transverse momentum and thus emittance increase by quantum excitation.

where Cq is a constant, that for electrons is given by Cq = 55
32

p
3

~c
m0c2

= 3.832 ⇥ 10�13 m.

I5u =

I
1

|⇢u|3
Hu ds (1.38)

is the fifth synchrotron radiation integral [27].

In a perfectly aligned planar lepton storage ring the vertical dispersion is equal to zero
and the H function in I5y vanishes. As a consequence the vertical emittance is dominated
by radiation damping. The fundamental lower limit is determined by the vertical opening
angle of the synchrotron radiation, which still excites small vertical oscillations, so that
the equilibrium beam emittance does not reach zero.

In practice, magnet alignment errors create vertical dispersion and in addition coupling
between the transverse planes transfers momentum to the vertical plane. Most storage
rings therefore operate with a vertical emittance in the order of 1 % of the horizontal emit-
tance [27]. With specifically designed low emittance lattices and state-of-the-art alignment
techniques today’s lightsources even reach the per mille range [18,19].

In the longitudinal plane quantum excitation and radiation damping lead to the equilib-
rium energy spread in the beam, given by

�
2
E

E2
= Cq�

2 I3

JsI2
= Cq�

2 I3

2I2 + I4x + I4y

, (1.39)

which, because of the factor �
2, increases with the beam energy squared. The longitudinal

damping partition number can also be substituted from Eq. (1.33c) yielding an expression
only dependent on the synchrotron radiation integrals I2, I3 and I4. The third synchrotron
radiation integral is defined as [27]

I3 =

I
1

|⇢3|
ds. (1.40)
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quantum excitation

• Transverse oscillation of electron around design 
orbit


• Photon emission creates energy loss

• Electron starts oscillations around dispersion orbit


        Increase of transverse momentum

• Photon emission in current direction of movement

• Loss of both transverse and longitudinal 

momentum

• Energy gain in cavities in longitudinal direction only


        Decrease of transverse momentum
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• After a few damping times an equilibrium of radiation damping and quantum 
excitation is established.


• Five characteristic integrals that depend on the lattice:  
“Synchrotron radiation integrals“

59

Equilibrium beam parameters

1. CONCEPTS OF ACCELERATOR PHYSICS

The energy spread directly leads to the equilibrium bunch length, which also depends
on the phase slip factor ⌘c and the synchrotron oscillation frequency !s. It can also be
expressed using the revolution frequency !0, the momentum compaction factor ↵c and the
RF voltage VRF [22]:

�s =
c|⌘c|

!s

⇣
�E
E

⌘
=

p
2⇡c

!0

s
↵cE

heVRF cos �s

⇣
�E
E

⌘
(1.41)

1.4.4 Summary of synchrotron radiation integrals and related parameters

To summarise the discussions in the previous sections, the beam parameters in lepton stor-
age rings are modified by the emission of synchrotron radiation. Assuming an uncoupled
machine they can be expressed using the so-called synchrotron radiation integrals [27]

I1 =

I
D(s)

⇢
ds

I2 =

I
1

⇢2
ds

I3 =

I
1
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I
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✓
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⇢2
u

+ 2k1

◆
ds

I5u =

I
1

|⇢u|3
Hu ds

where u either stands for the transverse coordinate x or y and the H function is given by

Hu(s) = �uD
02
u + 2↵uDuD

0
u + �uD

2
u.

The first synchrotron radiation integral is related to the momentum compaction factor

↵c =
I1

C
.

C is the machine circumference. The second integral determines the energy loss per turn

U0 =
C�

2⇡
E

4
I2

and in combination with the third synchrotron radiation integral the equilibrium energy
spread

�
2
E

E2
= Cq�

2 I3

JsI2
.
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The energy spread directly leads to the equilibrium bunch length, which also depends
on the phase slip factor ⌘c and the synchrotron oscillation frequency !s. It can also be
expressed using the revolution frequency !0, the momentum compaction factor ↵c and the
RF voltage VRF [22]:

�s =
c|⌘c|

!s

⇣
�E
E

⌘
=

p
2⇡c

!0

s
↵cE

heVRF cos �s

⇣
�E
E

⌘
(1.41)

1.4.4 Summary of synchrotron radiation integrals and related parameters

To summarise the discussions in the previous sections, the beam parameters in lepton stor-
age rings are modified by the emission of synchrotron radiation. Assuming an uncoupled
machine they can be expressed using the so-called synchrotron radiation integrals [27]

I1 =

I
D(s)

⇢
ds

I2 =

I
1

⇢2
ds

I3 =

I
1

|⇢3|
ds

I4u =

I
Du

⇢u

✓
1

⇢2
u

+ 2k1

◆
ds

I5u =

I
1

|⇢u|3
Hu ds

where u either stands for the transverse coordinate x or y and the H function is given by

Hu(s) = �uD
02
u + 2↵uDuD

0
u + �uD

2
u.

The first synchrotron radiation integral is related to the momentum compaction factor

↵c =
I1

C
.

C is the machine circumference. The second integral determines the energy loss per turn

U0 =
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2⇡
E

4
I2

and in combination with the third synchrotron radiation integral the equilibrium energy
spread
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Energy loss per turn: 

1.5. PARAMETERS AND EFFECTS RELEVANT IN COLLIDER STORAGE RINGS

For electrons or positrons the constants Cq and C� have the values Cq = 3.832 ⇥ 10�13 m
and C� = 8.8460 ⇥ 10�5 m

GeV3 . The damping partition numbers

Jx = 1 �
I4x

I2
, Jy = 1 �

I4y

I2
and Js = 2 +

I4x + I4y

I2

can be expressed using the second and forth integral and finally the equilibrium emittance
is defined by the ratio of the fifth and second integral

✏u = Cq
�

2

Ju

I5u

I2
.

1.5 Parameters and effects relevant in collider storage rings

1.5.1 Luminosity

The production rate of a certain physics event is determined by the product of the event’s
cross section ⌃p and the collider’s luminosity L:

dNp

dt
= L ⌃p (1.42)

The cross section is a measure of the probability for the occurrence of the event. The
luminosity basically describes the density of the particle bunches at the collision point
times the number of bunches and repetition rate. Since the cross section is constant, the
luminosity has to be increased for a higher production rate. Especially for the observation
of rare decay events with very small cross sections high luminosity is required to gain
sufficient amount of statistics.

For head-on collision and Gaussian shaped bunches the luminosity is

L =
N1N2fnb
4⇡�⇤

x�⇤
y

, (1.43)

where N1 and N2 are the numbers of particles in the colliding bunches, f is the revolution
frequency and nb is the number of bunches per beam. �

⇤
x and �

⇤
y are the transverse beam

sizes of the colliding bunches at the interaction point. To obtain highest luminosity both
the number of bunches and the bunch population must be as high as possible. To further
increase the luminosity the beam size at the collision point must be reduced either by
smaller beam emittances or stronger focussing of the beam in the interaction region.
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Equilibrium beam emittance:

Cq = 55
32 3

ℏc
m0c2 = 3.832 × 10−13 m

Cγ = e2

3ϵ0

1
(mec2)4 = 8.8460 × 10−5 m

GeV3
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• Quantum excitation only in deflection plane


• Equilibrium emittance in vertical plane determined by coupling (imperfections, 
sextupoles, …)


• Electron beams in storage rings feature  
“flat” beams


 Only optimise βx:→

60

Choice of phase advance per cell

→ ϵy ≈ 0.1 − 1 % ϵx
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<latexit sha1_base64="9REEXRkzhsrTPLpdxsamG/Mzu00="></latexit>

µ = 90� ) 2⇥ µ = ⇡

µ = 60� ) 3⇥ µ = ⇡

Advanced level: Sextupole scheme 

• Sextupoles are non-linear elements 

 disturb harmonic transverse oscillation


• Geometric aberrations can be canceled, if sextupoles are

installed at positions with 


 Multiples of the phase advance should give 180°

→

→
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Choice of phase advance per cell - II
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�µ = ⇡

1. CONCEPTS OF ACCELERATOR PHYSICS

In a FODO lattice (see Sec. 2.2) the value of the chromaticity equals approximately the
negative value of the betatron tune. In collider storage rings the largest contribution to the
chromaticity budget comes from the final focus quadrupoles. Their very large strengths
drove up to 50 % of the chromaticity in past machines [4, 25].

Linear chromaticity correction with sextupoles

As explained in the previous section, non-zero chromaticity leads to tune shifts for particles
with momentum offset. Those particles might encounter optical resonances, where their
motion gets unstable and the particles might get lost. Since, especially in the case of a
lepton beam with synchrotron radiation, a certain energy spread of the beam cannot be
avoided, the chromaticity needs to be corrected.

For chromaticity correction the quadrupoles’ focusing strength has to be re-established.
As the focusing errors depend on the particle energy, the correction has to be energy-
dependent as well. Such an energy-dependent focusing strength is provided by sextupole
magnets in dispersive regions (Dx 6= 0). The sextupole field gradient is proportional to the
transverse position of the particle.

e

p
Bx = k2 x y )

@Bx

@y
= k2 x (1.25a)

e

p
By =

1

2
k2 (x2

� y
2) )

@By

@x
= k2 x (1.25b)

So in dispersive regions, where the transverse position of particles with energy deviation
is determined by the dispersion orbit x� = Dx�, they provide an additional focusing pro-
portional to the energy deviation:

k1,sext = k2 Dx � (1.26)

Particles with design momentum are not affected by the sextupoles, since their field gradi-
ent is zero on the reference orbit. For off-momentum particles the additional focusing
restores the focal length of the quadrupole as illustrated in Fig. 1.4 and generates a second
term in the chromaticity formula counteracting or increasing the chromatic perturbations:

Q
0 = �

1

4⇡

Z h
k2(s)Dx(s) + k1(s)

i
�(s) ds (1.27)

Eq. (1.27) directly indicates good positions for the sextupoles for effective chromaticity cor-
rection: in order to reduce the sextupole strength a large value of the dispersion function
is favored. Since sextupoles affect the optics of both transverse planes, the beta functions
should be well-separated to avoid chromaticity increase in the secondary plane. Therefore
the sextupoles are usually placed as close to the quadrupoles as possible, where the differ-

14

“-I transformation”
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-I transformation
4.3. PLANNING THE CHROMATICITY CORRECTION SCHEME FOR FCC-EE

S1 S20 1 2 3

�I

Figure 4.5: Sextupole layout used to prove the cancellation of geometric aberrations. The
sextupoles are considered as thin lenses separated by a �I transformation.

In thin lens approximation where the sextupoles create single kicks the cancellation
of geometric aberrations can be calculated quickly. Assuming a layout as illustrated in
Fig. 4.5 the particle arrives at the sextupole S1 at the coordinates (x0,y0). Its direction of
motion is given by (x0

0,y0
0). The kicks induced by the sextupoles are then

�x
0 =

1

2
(k2LS) (x2

� y
2) (4.16a)

�y
0 = (k2LS) x y. (4.16b)

So after traversing the sextupole the particle motion is defined by
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After the �I transformation the particle arrives at the second sextupole with

x2 = �x1 = �x0 y2 = �y1 = �y0
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Because of x2 = �x0 and y2 = �y0 the second sextupole applies a kick of equal strength,
which cancels the additional transverse momentum created by the first one:

x3 = x2 = �x0 y3 = y2 = �y0

x
0
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(x2
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In summary, to cancel the geometric aberrations sextupoles should be installed in pairs
separated by a �I transformation, which corresponds to a phase advance of µ = ⇡ or 180°.
As a matter of fact, it can be shown in a similar calculation that geometric aberrations
are also canceled for a +I transformation in the vertical plane as long there still is a �I
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Figure 4.5: Sextupole layout used to prove the cancellation of geometric aberrations. The
sextupoles are considered as thin lenses separated by a �I transformation.

In thin lens approximation where the sextupoles create single kicks the cancellation
of geometric aberrations can be calculated quickly. Assuming a layout as illustrated in
Fig. 4.5 the particle arrives at the sextupole S1 at the coordinates (x0,y0). Its direction of
motion is given by (x0
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Because of x2 = �x0 and y2 = �y0 the second sextupole applies a kick of equal strength,
which cancels the additional transverse momentum created by the first one:
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In summary, to cancel the geometric aberrations sextupoles should be installed in pairs
separated by a �I transformation, which corresponds to a phase advance of µ = ⇡ or 180°.
As a matter of fact, it can be shown in a similar calculation that geometric aberrations
are also canceled for a +I transformation in the vertical plane as long there still is a �I
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Kicks applied by the sextupole:
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Figure 4.5: Sextupole layout used to prove the cancellation of geometric aberrations. The
sextupoles are considered as thin lenses separated by a �I transformation.

In thin lens approximation where the sextupoles create single kicks the cancellation
of geometric aberrations can be calculated quickly. Assuming a layout as illustrated in
Fig. 4.5 the particle arrives at the sextupole S1 at the coordinates (x0,y0). Its direction of
motion is given by (x0

0,y0
0). The kicks induced by the sextupoles are then
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After the �I transformation the particle arrives at the second sextupole with

x2 = �x1 = �x0 y2 = �y1 = �y0

x
0
2 = �x

0
0 = �x

0
0 +

k2LS
2

(x2
0 � y

2
0) y

0
2 = �y

0
1 = �y

0
0 + k2LS x0 y0

Because of x2 = �x0 and y2 = �y0 the second sextupole applies a kick of equal strength,
which cancels the additional transverse momentum created by the first one:
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In summary, to cancel the geometric aberrations sextupoles should be installed in pairs
separated by a �I transformation, which corresponds to a phase advance of µ = ⇡ or 180°.
As a matter of fact, it can be shown in a similar calculation that geometric aberrations
are also canceled for a +I transformation in the vertical plane as long there still is a �I
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1) Position x and angle x’ at behind the first sextupole:
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Figure 4.5: Sextupole layout used to prove the cancellation of geometric aberrations. The
sextupoles are considered as thin lenses separated by a �I transformation.

In thin lens approximation where the sextupoles create single kicks the cancellation
of geometric aberrations can be calculated quickly. Assuming a layout as illustrated in
Fig. 4.5 the particle arrives at the sextupole S1 at the coordinates (x0,y0). Its direction of
motion is given by (x0
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0). The kicks induced by the sextupoles are then
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After the �I transformation the particle arrives at the second sextupole with

x2 = �x1 = �x0 y2 = �y1 = �y0

x
0
2 = �x

0
0 = �x

0
0 +

k2LS
2

(x2
0 � y

2
0) y

0
2 = �y

0
1 = �y

0
0 + k2LS x0 y0

Because of x2 = �x0 and y2 = �y0 the second sextupole applies a kick of equal strength,
which cancels the additional transverse momentum created by the first one:
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In summary, to cancel the geometric aberrations sextupoles should be installed in pairs
separated by a �I transformation, which corresponds to a phase advance of µ = ⇡ or 180°.
As a matter of fact, it can be shown in a similar calculation that geometric aberrations
are also canceled for a +I transformation in the vertical plane as long there still is a �I
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3) Position x and angle x’ at behind the second sextupole:

4.3. PLANNING THE CHROMATICITY CORRECTION SCHEME FOR FCC-EE

S1 S20 1 2 3

�I

Figure 4.5: Sextupole layout used to prove the cancellation of geometric aberrations. The
sextupoles are considered as thin lenses separated by a �I transformation.

In thin lens approximation where the sextupoles create single kicks the cancellation
of geometric aberrations can be calculated quickly. Assuming a layout as illustrated in
Fig. 4.5 the particle arrives at the sextupole S1 at the coordinates (x0,y0). Its direction of
motion is given by (x0

0,y0
0). The kicks induced by the sextupoles are then
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So after traversing the sextupole the particle motion is defined by
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After the �I transformation the particle arrives at the second sextupole with
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Because of x2 = �x0 and y2 = �y0 the second sextupole applies a kick of equal strength,
which cancels the additional transverse momentum created by the first one:
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In summary, to cancel the geometric aberrations sextupoles should be installed in pairs
separated by a �I transformation, which corresponds to a phase advance of µ = ⇡ or 180°.
As a matter of fact, it can be shown in a similar calculation that geometric aberrations
are also canceled for a +I transformation in the vertical plane as long there still is a �I
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Interleaved and non-interleaved sextupole schemes

Interleaved sextupole scheme:

Non-interleaved sextupole scheme:

Table 3: Global machine parameters for the three investigated optics. The table summarises tunes Qu,
natural chromaticities ⇠u, and momentum compaction factor.

90°/60° 90°/90° 60°/60°

Qx 444.225 459.225 296.225

Qy 295.290 457.290 295.290

⇠x �496.864 �584.643 �327.141

⇠y �409.400 �582.910 �326.332

↵c /10
�6

6.5 6.7 13.8

1 2 3 4 5 6 7 8 9 10 11 12 13

SD1 SD2 SD1 SD2 SD1 SD2 SD1 SD2 SD1 SD2 SD1 SD2 SD1 SD2

SF1 SF2 SF1 SF2 SF1 SF2 SF1 SF2 SF1 SF2 SF1 SF2 SF1

'y = 90
�

'x = 90
�

Fig. 6: Schematic of an interleaved sextupole scheme for a FODO cell lattice with ' = 90
� phase

advance in both planes. After every quadrupole a sextupole magnet is installed leading to a maximum
number of sextupoles. The sextupoles that are separated by a phase advance of ⇡ form a family. In this
case there are two families per planes.

The interleaved sextupole scheme uses all available sextupoles. Sextupoles located in positions with ⇡

phase advance form families with the same strength in order to cancel geometric effects of the sextupoles.
However, the members of one family are interlaced with the ones of the other families in both planes
as illustrated for a 90�/90� FODO lattice in Fig. 6. While the interlaced sextupoles can disturb the
cancellation of the geometric effects, the big advantage of this scheme is the high number of sextupoles
and consequently a low required strength leading to low non-linear fields in the lattice.

In case of the "partially" non-interleaved sextupole scheme the sextupole pairs are non-interleaved
within each plane, but interleaved with the sextupole pairs of the other respective plane as shown in
Fig. 7. The chromatic effect of the sextupoles is scaled with the value of the beta function. Therefore, the
sextupoles are usually installed at positions where the beta functions are large in the plane where they are
focusing. As the beta function in the defocussing plane is small at this positions their effect in this plane
can be assumed to be small compared to the effect in the focusing plane, which is why the sextupole
pairs of the different planes can be interleaved.

The "completely" non-interleaved sextupole scheme features single sextupole pairs in a distance of
µx = µy = ⇡ phase advance. Obviously this requirement is only possible to meet, if the phase advance
is the same in both planes. The sextupole pairs alternately act on the two planes. Within two sextupoles
of one pair no other sextupoles are installed. This scheme features the best cancellation of the geometric
aberrations. When the number of sextupoles is large enough to distribute the non-linear fields this scheme
should provide the larges dynamic aperture. In the case of the 90°/60° optics a similar arrangement can
be found that features µx = ⇡ and µy = 2⇡, which also allows to cancel the geometric aberrations.
In addition, with the smallest number of sextupoles this sextupole scheme is the most cost-efficient one
because the least hardware is needed.
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SD1 SD1 SD2 SD2 SD1 SD1 SD2 SD2 SD1
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1st pair 2nd pair 3rd pair 4th pair
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Fig. 7: Schematic of a non-interleaved sextupole scheme for a FODO cell lattice with ' = 90
� phase

advance in both planes. In each plane sextupole pairs are installed with a distance of ⇡ phase advance.
The sextupoles are considered to only act in one plane and are interlaced with the ones of the other plane.

1 2 3 4 5 6 7 8 9 10 11 12 13

FODO cells

SD1 SD1 SD2 SD2 SD1 SD1

SF1 SF1 SF2 SF2 SF1

'y = 90
�

'x = 90
�

1st pair 3rd pair 5th pair

2nd pair 4th pair

Fig. 8: Completely non-interleaved sextupole scheme for a FODO cell lattice with ' = 90
� phase

advance in both planes. In order to optimise the cancellation of the sextupole’s geometric effect, only
linear elements are installed between two sextupoles forming a pair.

6 Dynamic, Momentum Aperture, and Frequency Map Analysis
Dynamic and momentum aperture are determined by performing single particle tracking for a certain
number of turns. If a particle survives the set number of turns without exceeding a set aperture (in our
simulations at amplitudes of 10 cm horizontally or vertically) the initial amplitudes of the individual par-
ticle are deemed stable initial conditions. Thus, a border can be obtained for which particles with higher
initial amplitudes are lost, and particles with smaller amplitudes will be stably stored in the machine.
Tracking was performed using PTC from within MAD-X for 2000 turns per particle [15, 16]. For the
highest energy of 182.5 GeV, this corresponds to 98 longitudinal damping times; for the lowest collider
energy of 45.6 GeV it corresponds to 0.64 longitudinal damping times.

For the study of frequency map analysis, we did not include radiation effects into the determination
of the dynamic aperture. However, in the following section 7, where machine imperfections are studied,
radiation effects are included showing that including radiation effects only increases the aperture. Fre-
quency map analysis allows for identification of harmful resonances within the dynamic aperture. For
each tracked particle, the diffusion rate

d = log10

r⇣
⌫

(1)
1 � ⌫

(2)
1

⌘2
+

⇣
⌫

(1)
2 � ⌫

(2)
2

⌘2
, (1)

is calculated [17]. Here, ⌫
(1/2)
1/2 are the tunes determined with high precision using numerical analysis of

fundamental frequencies (NAFF) [17] from the first / second half of the tracked turns. The fundamental
frequency of motion is determined from the particles turn by turn position and then the diffusion is
calculated based on the difference between the fundamental frequencies of first / second half of the
tracked turns. Diffusion rate is an indicator for the severity of a given resonance a particle is close to in
tune space.
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+ High number of sextupoles
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Emittance and dispersion function

1.5. PARAMETERS AND EFFECTS RELEVANT IN COLLIDER STORAGE RINGS

For electrons or positrons the constants Cq and C� have the values Cq = 3.832 ⇥ 10�13 m
and C� = 8.8460 ⇥ 10�5 m

GeV3 . The damping partition numbers

Jx = 1 �
I4x

I2
, Jy = 1 �

I4y

I2
and Js = 2 +

I4x + I4y

I2

can be expressed using the second and forth integral and finally the equilibrium emittance
is defined by the ratio of the fifth and second integral

✏u = Cq
�

2

Ju

I5u

I2
.

1.5 Parameters and effects relevant in collider storage rings

1.5.1 Luminosity

The production rate of a certain physics event is determined by the product of the event’s
cross section ⌃p and the collider’s luminosity L:

dNp

dt
= L ⌃p (1.42)

The cross section is a measure of the probability for the occurrence of the event. The
luminosity basically describes the density of the particle bunches at the collision point
times the number of bunches and repetition rate. Since the cross section is constant, the
luminosity has to be increased for a higher production rate. Especially for the observation
of rare decay events with very small cross sections high luminosity is required to gain
sufficient amount of statistics.

For head-on collision and Gaussian shaped bunches the luminosity is

L =
N1N2fnb
4⇡�⇤

x�⇤
y

, (1.43)

where N1 and N2 are the numbers of particles in the colliding bunches, f is the revolution
frequency and nb is the number of bunches per beam. �

⇤
x and �

⇤
y are the transverse beam

sizes of the colliding bunches at the interaction point. To obtain highest luminosity both
the number of bunches and the bunch population must be as high as possible. To further
increase the luminosity the beam size at the collision point must be reduced either by
smaller beam emittances or stronger focussing of the beam in the interaction region.
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1. CONCEPTS OF ACCELERATOR PHYSICS

The energy spread directly leads to the equilibrium bunch length, which also depends
on the phase slip factor ⌘c and the synchrotron oscillation frequency !s. It can also be
expressed using the revolution frequency !0, the momentum compaction factor ↵c and the
RF voltage VRF [22]:

�s =
c|⌘c|

!s

⇣
�E
E

⌘
=

p
2⇡c

!0

s
↵cE

heVRF cos �s

⇣
�E
E

⌘
(1.41)

1.4.4 Summary of synchrotron radiation integrals and related parameters

To summarise the discussions in the previous sections, the beam parameters in lepton stor-
age rings are modified by the emission of synchrotron radiation. Assuming an uncoupled
machine they can be expressed using the so-called synchrotron radiation integrals [27]

I1 =

I
D(s)

⇢
ds

I2 =

I
1

⇢2
ds

I3 =

I
1

|⇢3|
ds

I4u =

I
Du

⇢u

✓
1

⇢2
u

+ 2k1

◆
ds

I5u =

I
1

|⇢u|3
Hu ds

where u either stands for the transverse coordinate x or y and the H function is given by

Hu(s) = �uD
02
u + 2↵uDuD

0
u + �uD

2
u.

The first synchrotron radiation integral is related to the momentum compaction factor

↵c =
I1

C
.

C is the machine circumference. The second integral determines the energy loss per turn

U0 =
C�

2⇡
E

4
I2

and in combination with the third synchrotron radiation integral the equilibrium energy
spread

�
2
E

E2
= Cq�

2 I3

JsI2
.
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Maximum and minimum values of the dispersion function 
in an arc FODO cell designed for FCC-ee

• Value of D and D’ highly affect 
emittance.


• In a FODO lattice the emittance can  
be tuned via cell length, bending 
radius, and phase advance.
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• Develops form factors to calculate emittance of electron 
storage rings:


• Treats FODO as a bad example, but gives handy formula:


• Example: FODO cell with 90° phase advance needs 
dipoles with bending angle:

65

Emittance of a FODO lattice

ϵx =
Cq

Jx
γ2θ3F

<latexit sha1_base64="oVwfpd2dqRWxei/hiY6An+E2rlM="></latexit>

✏x =
Cq

Jx
�2 I5

I2

FFODO = 1
2 sin μ

5 + 3 cos μ
1 − cos μ

L
lb

μ = 90∘ : F = 2.50 L
lb

, μ = 72∘ : F = 4.51 L
lb

, μ = 60∘ : F = 7.51 L
lb

-2-

(Hopefully the double useage of e and y will not cause any confusion.) 
3 

It is not difficult to see that a for each dipole with 

length fl or 

where e = Jl/p is the bending angle of each dipole assumed identical, and 

F is a numerical factor controlled by the lattice design. 

For given energy (y) ex is reduced by reducing e or F. Reducing 

a is very effective but requires using a large number of short dipoles. 

This has two undesirable side effects. First, the cost is higher for 

larger number of shorter magnets. Second, such an arrangement tends to 

take up more circumferential space and together with the long straight 

sections desired for the special insertions, will lead to a larger ring 

which will further increase the cost. Thus, the decision on e is largely 

a social/political/economical one, and will not be further discussed here. 

Scientifically, however, one can ask the question that once a is chosen 

what type of lattice will give the lowest F. This question we will now 

address. 

B. FOOO Lattice 

TM-1269 

The FODO lattice is far from optimal, but is used here to illustrate 

the computational procedure and to provide a point for comparison. As shown 

in the diagram we shall use the thin-lens approximate values for the orbit 

and the dispersion functions at the quadrupoles. 

-2-

(Hopefully the double useage of e and y will not cause any confusion.) 
3 

It is not difficult to see that a for each dipole with 

length fl or 

where e = Jl/p is the bending angle of each dipole assumed identical, and 

F is a numerical factor controlled by the lattice design. 

For given energy (y) ex is reduced by reducing e or F. Reducing 

a is very effective but requires using a large number of short dipoles. 

This has two undesirable side effects. First, the cost is higher for 

larger number of shorter magnets. Second, such an arrangement tends to 

take up more circumferential space and together with the long straight 

sections desired for the special insertions, will lead to a larger ring 

which will further increase the cost. Thus, the decision on e is largely 

a social/political/economical one, and will not be further discussed here. 

Scientifically, however, one can ask the question that once a is chosen 

what type of lattice will give the lowest F. This question we will now 

address. 

B. FOOO Lattice 

TM-1269 

The FODO lattice is far from optimal, but is used here to illustrate 

the computational procedure and to provide a point for comparison. As shown 

in the diagram we shall use the thin-lens approximate values for the orbit 

and the dispersion functions at the quadrupoles. 

(# bending angle of half cell , $ bending radius)

-3-
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As a good approximation we shall neglect the very weak centrifugal 

focusing in the dipole. The functions in the first half of the dipole 

are then 

/3 ==Ir -P?ot,: s + rF 
ol = 
p :=: "= 

This gives 

pt == ,? 7:t + tf?o(? 1 '+I' ? JK 

TM-1269 

= ('f/F + 7;s f+ o? (olF-')/..s)r;; + + 
(}-- R I . ..t 

':: Vp ?F -r 11 °'F 7r .,.. IF ?1: = 

For a FODO cell with phase advance µwe have 

Fermilab 

Minimizing the.Emittance in Designing the 
Lattice of an Electron storage Ring 

L.C. Teng 

June 1984 

TM-1269 
0102.000 

A. Formulation 

For a synchrotron radiation facility to get high spectral 

brilliance it is desirable to have a small emittance of the electron 

beam in the storage ring. It is well known that the horizontal emittance 

(the predominant emittance) of an electron beam in a storage ring is 

given by 

where 

and 

:y_ IE 
me 

J o; == rms beam width 

..J; =horizontal partition factor / + J 7; 

= /<'r,/+.!1fx1J1'J"+f 
dl/Jdle r of/ g -=: Courant-Snyder parameters 

l '? 7j 1 = dispersion functions 

θ3 = 1
2.50

ϵxJx

Cqγ2
l
L

defined by beam energy

requirement 

dipole filling factor
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Collider 

• High dipole filling factor  FODO structure


• High energy  large circumference 


 Naturally small emittance


Synchrotron light source 

• Small footprint desired


• Low emittance beams for high brilliance

→
→

→
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e+e- colliders vs. synchrotron light sources

FROM PARASITIC USE TO DEDICATED USER FACILITY

Page 6 JUAS, 21 January 2020, ESRF operation -EBS project  Jean-Luc Revol

1981: SRS (UK) 1st dedicated  
X ray light source  
2nd generation

1947: First observation of synchrotron radiation

« Nina », first beamline at 
Daresburry in1966 
(synchrotron 6 GeV électron). 
1st generation

1994: Inauguration of the 
l¶ESRF, The first X ray light 
source of the 3rd generation

Jean-Luc Revol: ESRF - The European Synchrotron, JUAS 2020

B(λ) = F(λ)
(2π)2σxσx′ 

σyσy′ 

∝ 1
ϵxϵy

with photon flux F(λ)

ℒ = N1N2nb f
4πσ*x σ*y

N  particles per bunch

nb number of bunches

f   revolution frequency
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Brilliance

Courtesy M. Schuh

B(λ) = F(λ)
(2π)2σxσx′ 

σyσy′ 

∝ 1
ϵxϵy

low brilliance high brilliance
with photon flux F(λ)

High brilliant beams require small emittances! 
FODO not adequate because Dx ≠ 0
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Chasman-Green-Lattice 

• Achromat means: Dispersion and its derivative 
vanish at start and end of the cell


• Dispersion is created by the first dipole. The 
quadrupole switches the sign of D’ and the 
dispersion vanishes again in the second dipole.


• Long drift spaces without dispersion allow 

-> installation of insertion devices  
-> small integrated dispersion thus low values    
     of  and 


• Characteristic lattice for 3rd generation 
synchrotron light souces

ℐ5 ϵx

68

Double bend achromat lattice
Gängige Strukturen I

Chasman-Green bzw. Double Bend Achromat (DBA)
Beispiel einer Chasman-Green-Struktur

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 201
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Negative momentum compaction factor

STATUS OF OPERATION WITH NEGATIVE MOMENTUM
COMPACTION AT KARA
P. Schreiber∗, T. Boltz, M. Brosi,

B. Haerer, A. Mochihashi, A. I. Papash, M. Schuh and A.-S. Müller,
Karlsruhe Institute of Technology, Karlsruhe, Germany

Abstract
For future synchrotron light source development novel

operation modes are under investigation. At the Karlsruhe
Research Accelerator (KARA) an optics with negative mo-
mentum compaction has been proposed, which is currently
under commissioning. In this context, the collective effects
expected in this regime are studied with an initial focus on
the head-tail instability and the micro-bunching instability
resulting from CSR self-interaction. In this contribution, we
will present the proposed optics and the status of implemen-
tation for operation in the negative momentum compaction
regime as well as a preliminary discussion of expected col-
lective effects.

INTRODUCTION
Understanding collective effects and instabilities is criti-

cal to successful operation of synchrotron light sources and
therefore they are subject to ongoing investigations. Most
efforts focus on machines and optics with a positive momen-
tum compaction factor, which is defined as

αc =
1
L

∮
Dx(s)
ρ(s) ds, (1)

where L is the circumference of the ring, Dx(s) is the dis-
persion and ρ(s) the bending radius along the ring. Only a
few experiments focus on a negative value of αc (e.g. [1–3]),
however for a thorough understanding of collective effects
and instabilities, studies in this regime are also necessary.

As KARA is a synchrotron light source also used as ac-
celerator test facility, it is possible to change the optics and
implement a negative momentum compaction factor. This
allows to extend the investigations on collective effects and
instabilities into the regime of a negative value of αc.

LATTICE AND OPTICS
The injection energy into the KARA storage ring is

0.5 GeV. The storage ring itself is a ramping machine with
a variable operation energy between 0.5 GeV and 2.5 GeV
and a circumference of 110.4 m. The accelerating frequency
is 500 MHz and the harmonic number is 184.
The KARA lattice consists of a four-fold symmetry with
two double bend achromats (DBA) in each sector. The eight
resulting straight sections are filled with insertion devices,
the RF stations and the injection magnets. The double bend
achromats contain five families of quadrupole magnets, three
horizontal focusing and two defocusing.
∗ patrick.schreiber@kit.edu

Figure 1: Calculated optics used for user operation at αc =
9 × 10−3 and 0.5 GeV. The bottom depicts the magnets,
quadrupoles in red, sextupoles in green and bends in blue.

Figure 2: Calculated optics for αc = 1 × 10−4 at 0.5 GeV. In
large parts the dispersion is negative.

Figure 3: Calculated optics for a negative value of αc =
−8 × 10−3. In large parts the dispersion is negative.

At KARA, two operation modes have already been estab-
lished. Standard operation at 2.5 GeV with a moderate value
of αc ≈ 9 × 10−3 and a short bunch mode at 1.3 GeV with
a reduced value of αc ≈ 1 × 10−4 [4]. To reduce the value
of αc, the integral in Equation 1 and therefore the integrated
dispersion has to be reduced. The dispersion and the beta
functions are shown in Figure 1 for the normal operation
and in Figure 2 for the short bunch operation. For the lower
αc value the dispersion has negative parts, while for the nor-
mal operation it is strictly above zero. More information on
different operation modes at KARA can be found in [5].

The method used for establishing a negative αc injection
is described in the next chapter.
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A04 Circular Accelerators

STATUS OF OPERATION WITH NEGATIVE MOMENTUM
COMPACTION AT KARA
P. Schreiber∗, T. Boltz, M. Brosi,

B. Haerer, A. Mochihashi, A. I. Papash, M. Schuh and A.-S. Müller,
Karlsruhe Institute of Technology, Karlsruhe, Germany

Abstract
For future synchrotron light source development novel

operation modes are under investigation. At the Karlsruhe
Research Accelerator (KARA) an optics with negative mo-
mentum compaction has been proposed, which is currently
under commissioning. In this context, the collective effects
expected in this regime are studied with an initial focus on
the head-tail instability and the micro-bunching instability
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At KARA, two operation modes have already been estab-
lished. Standard operation at 2.5 GeV with a moderate value
of αc ≈ 9 × 10−3 and a short bunch mode at 1.3 GeV with
a reduced value of αc ≈ 1 × 10−4 [4]. To reduce the value
of αc, the integral in Equation 1 and therefore the integrated
dispersion has to be reduced. The dispersion and the beta
functions are shown in Figure 1 for the normal operation
and in Figure 2 for the short bunch operation. For the lower
αc value the dispersion has negative parts, while for the nor-
mal operation it is strictly above zero. More information on
different operation modes at KARA can be found in [5].

The method used for establishing a negative αc injection
is described in the next chapter.
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MC2: Photon Sources and Electron Accelerators

A04 Circular Accelerators

RF

αc > 0

RF

αc < 0

δ = 0δ > 0 δ < 0

KARA - Karlsruhe Research Accelerator

Optics with negative 
momentum compaction 
factor

αc = 1
L ∮ ds

D(s)
ρ(s)

Courtesy P. Schreiber

Optics for user operation
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Chasman-Green-Lattice 

• Achromat means: Dispersion and its derivative 
vanish at start and end of the cell


• Dispersion is created by the first dipole. The 
quadrupole switches the sign of D’ and the 
dispersion vanishes again in the second dipole.


• Long drift spaces without dispersion allow 

-> installation of insertion devices  
-> small integrated dispersion thus low values    
     of  and 


• Characteristic lattice for 3rd generation 
synchrotron light souces

ℐ5 ϵx

70

Double bend achromat lattice
Gängige Strukturen I

Chasman-Green bzw. Double Bend Achromat (DBA)
Beispiel einer Chasman-Green-Struktur

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 201
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Examples of achromat lattices

Gängige Strukturen III

Triple Bend Achromat (TBA) (Beispiel BESSY II)

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 203

BESSY II 
triple bend achromat (TBA)

Gängige Strukturen II

Double Bend Achromat (DBA) Variation (Beispiel ESRF)

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 202

ESRF (before upgrade) 
double bend achromat (DBA)

εx = 3.8 nm rad

C = 844 m

εx = ~5 nm rad

C = 240 m
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Emittance depending on circumference

R. Bartolini: Diamond Upgrade, Advances Optics Workshop, CERN, 2015
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• Emittance of a DBA structure  
 beam energy  
 dipole bending angle


• Emittance reduces for larger number of  
bending magnets  

 Multi bend achromat lattices

→
→

→
73

Emittance of achromat structuresEmittanz und DBA-Struktur

Emittanz in einer DBA Struktur hängt ab von der Strahlenergie und dem
Ablenkwinkel pro Dipol (gültig für kleine Winkel und “isomagnetischen
Ring”)

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 204

ϵDBA =
Cq

4 15
γ2θ3

ϵDBA[mrad] = 5.036 × 10−13E2[GeV2]θ3[deg3]

(ϵFODO > Cqγ2θ3)
Gängige Strukturen I

Chasman-Green bzw. Double Bend Achromat (DBA)
Beispiel einer Chasman-Green-Struktur

SS 2014 Physik der Teilchenbeschleuniger – Teil III: Strahloptik & Strahldynamik Seite 201
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Multi bend achromat lattice
STANDARD'CELL'

Main%features:%
!  2%regions%with%large%dispersion%

for%efficient%chromaDcity%
correcDon%

!  Rough%sextupole%compensaDon%
by%having%a%≈π%phase%advance%
between%the%2%secDons%

Performance:%
!  Natural%equilibrium%emiSance:%

εx0$=$134$pm$
!  EmiSances%with%5%pm%coupled%

into%the%verDcal%plane%and%0.5%
MV%radiaDon%losses%from%IDs:%
εx$=$107$pm$
εz$=$5$pm$
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7 Bend Achromat, ESRF-EBS 
L. Farvacque 2015

Energy E 6 GeV
Circumference C 844 m
Emittance εx 133 pm rad

• High number of short magnets

• Special magnet technology


 Combined function magnets


 Permanent-/Hybridmagnets


 Modular magnets

• Full-energy injection, “top-up”, no ramping

• Highly specialised lattice with less 

flexibility

• Goal: Operation 24/7 with smallest 

possible emittance

→
→
→
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Modular magnets 

The modules feature different B field. The bending radius is reduced at 
locations of high dispersion and large at locations of small dispersion.

75

Magnet technology for MBA lattices

Beam Tests and Commissioning of Low Emittance Storage Rings, Karlsruhe Uni. 18-20/2/2019 Emanuel Karantzoulis

Longitudinal gradient bends

ESRF-EBS longitudinal 
bends in matching cells

SLS II longitudinal bends 
in TME cells

• Emittance reduction below TME of uniform dipole
• Total bend angle is kept constant
• Make the dipole field strongest where the dispersion is at a minimum
• Have the benefit of producing hard x-rays where B-field is large

20

Courtesy R. Bartolini

Beam Tests and Commissioning of Low Emittance Storage Rings, Karlsruhe Uni. 18-20/2/2019 Emanuel Karantzoulis

Longitudinal gradient bends

ESRF-EBS longitudinal 
bends in matching cells

SLS II longitudinal bends 
in TME cells

• Emittance reduction below TME of uniform dipole
• Total bend angle is kept constant
• Make the dipole field strongest where the dispersion is at a minimum
• Have the benefit of producing hard x-rays where B-field is large

20

Courtesy R. Bartolini
MAGNETS'

DL%
0.17%�%0.67%T%
permanent%magnets,%
5%modules%

Quadrupole%
91%T∕m,%�25.4%mm%

l'ESRF'accelerator'upgrade'project'status'l'LER2015'15/09/2015'l'L'Farvacque'Page'19'

dipole magnet DL (ESRF) 
permanent magnets


5 modules with B field ranging from 0.17 T to 0.67 T

E. Karantzoulis, “From 3rd to 4th generation light sources”, 2019L. Farvacque, “ESRF Accelerator Upgrade Project Status”, 2015
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Magnet technology for MBA lattices II
MAGNETS'

DQ%
0.55%T,%37%T∕m%

Detail%of%the%pole%shape%

MagneDc%field%profile%

l'ESRF'accelerator'upgrade'project'status'l'LER2015'15/09/2015'l'L'Farvacque'Page'20'

MAGNETS'

DQ%
0.55%T,%37%T∕m%

Detail%of%the%pole%shape%

MagneDc%field%profile%

l'ESRF'accelerator'upgrade'project'status'l'LER2015'15/09/2015'l'L'Farvacque'Page'20'

MAGNETS'

DQ%
0.55%T,%37%T∕m%

Detail%of%the%pole%shape%

MagneDc%field%profile%

l'ESRF'accelerator'upgrade'project'status'l'LER2015'15/09/2015'l'L'Farvacque'Page'20'

MAX-IV 
single-yoke magnet design

ESRF-EBS 
dipol-quadrupol

0.5 T, 0.37 T/m

L. Farvacque, “ESRF Accelerator Upgrade Project Status”, 2015
P.F. Tavares, “Lessons learned from the MAX-IV 

3 GeV Ring Commissioning”, 2019
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• Equilibrium of quantum excitation and radiation damping leads to equilibrium beam parameters


• Equilibrium beam emittance increases with beam energy


• Electron beams are flat in the sense


• Lattice design allows to design equilibrium beam parameters


High energy storage rings 

• Reduce  by large circumference and  
dipole filling factor


• FODO structure

ρ

Synchrotron light sources 

• Smaller footprint and room for insertion 
devices require


• Achromat structures for ultra-low emittance

77

Summary for electron rings

<latexit sha1_base64="oVwfpd2dqRWxei/hiY6An+E2rlM="></latexit>

✏x =
Cq

Jx
�2 I5

I2
ϵy ≈ 0.1 − 1 % ϵx



Bastian Haerer (KIT) JUAS’23 - Accelerator Design 78

The logical path to Accelerator Design

3.) determine the focusing structure of the basic cell 
— FODO, DBA — etc. etc. 

calculate the optics parameters of the basic cell 
beam dimension 
vacuum chamber 
magnet aperture & design 
tune ✓

✓
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• RF sections


• Dispersion suppressor


• Matching sections


• Interaction regions and mini-beta insertions  

• Adrian: Details to groups, exercises and examination 


• Start of the workshop! :-) 
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Tomorrow:
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• J. Bryant, K. Johnson:  
The Principles of Circular Accelerators and Storage Rings 


• Proceedings of CAS Advanced Accelerator Physics: 
B. Holzer: Lattice Design in High-energy Particle Accelerators 

- 18 August 2013 - 29 August 2013, Trondheim, Norway

- 15 September 2003 - 26 September 2003, Zeuthen, Germany


Big thanks to Bernhard Holzer and Phil Bryant who gave  
this lecture before me and provided me with their slides!!!
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Recommended literature
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