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Next: jets

Where do jets enter ?  Essentially everywhere at colliders!

Jets are an essential tool for a variety of studies:

top reconstruction 

mass measurements

most Higgs and NP searches 

instrumental for QCD studies, e.g. inclusive-jet measurements 
⇒ important input for PDF determinations 

general tool to attribute structure to an event

2



Jets

Jets provide a way of projecting away the multiparticle dynamics of an 
event ⇒ leave a simple quasi-partonic picture of the hard scattering

The projection is fundamentally ambiguous ⇒ jet physics is a rich subject
Phenomenology: lecture 4 (75/101)

Understanding jets Understanding jets

Previous lecture

Divergent matrix element for
emission of soft and collinear
gluons.

‘Good’ observables are
insensitive to this — infrared
and collinear safe.

But complex event structure is
still present (and must be
understood for many practical
uses of QCD).

This lecture

Try to see how event structure builds up.

See when that information is relevant

Phenomenology: lecture 4 (75/101)

Understanding jets Understanding jets

Previous lecture

Divergent matrix element for
emission of soft and collinear
gluons.

‘Good’ observables are
insensitive to this — infrared
and collinear safe.

But complex event structure is
still present (and must be
understood for many practical
uses of QCD).

This lecture

Try to see how event structure builds up.

See when that information is relevantAmbiguities: 
1) Which particles should belong to a same jet ?
2) How does recombine the particle momenta to give the jet-momentum? 
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Jet developments

Jet progress, G. Salam (p. 3)

Introduction Jet Definition History

! Periodic key developments in jet definitions spurred by
ever-increasing experimental sophistication.

! Approach of LHC provides motivation for taking a new,
fresh, systematic look at jets.

! This talk: some of the discoveries along the way

 1975  1980  1985  1990  1995  2000  2005

Tev Run II wkshp
(midpoint cone)Sterman

Weinberg

UA1+2 cones

Jade, seq. rec.
Snowmass (cone)

kt
Cambridge

Aachen

Definitions shown are those with widest exptl. impact

NB: also ARCLUS, OJF, . . .

fast-kt, SISCone, anti-kt, 
jet-areas, jet-flavour, non-

perturbative effects, 
quality measures, jet-

substructure, grooming ... 
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Two broad classes of jet algorithms

Cone type
(UA1,JetCLU, Midpoint, 

SISCone..)

Sequential
 (kt-type, Jade, Cambridge/

Aachen...)

top down approach:
cluster particles according to 
distance in coordinate-space
Idea: put cones along dominant 
direction of energy flow 

bottom up approach: cluster 
particles according to distance 
in momentum-space
Idea: undo branchings occurred 
in the PT evolution

Jet algorithms

Today many extensions of the original Sterman-Weinberg jets. 
Modern jet-algorithms divided into two broad classes
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Inclusive kt/Durham-algorithm
Catani et. al ’92-’93; Ellis&Soper ’93

diB = k2
ti

2. For each particle i define a distance with respect to the beam 

1. For any pair of final state particles i,j define the distance 

dij =
�y2

ij + ��2
ij

R2
min{k2

ti, k
2
tj}

Inclusive algorithm:
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3. Find the smallest distance. If it is a dij recombine i and j into a new 
particle (⇒ recombination scheme); if it is diB declare i to be a jet and 
remove it from the list of particles 

NB: if                                    then partons (ij) are 
always recombined, so R sets the minimal interjet angle   

�Rij � �y2
ij + ��2

ij < R

4. repeat the procedure until no particles are left 



Exclusive kt/Durham-algorithm

7

Exclusive version:  run the inclusive algorithm but stop when either 

• all dij, diB > dcut or 

• when reaching the desired number of jets n

Inclusive algorithm gives a variable number of jets per event, according to 
the specific event topology  



 kt/Durham-algorithm in e+e-

kt originally designed in e+e- , most 
widely used algorithm in e+e- (LEP)

Théorie des jets (p. 14)

Mainstream jet algorithms

Sequential recombination
kt/Durham algorithm features

! Gives hierarchy to event and jets
Event can be specified

by y23, y34, y45.

! Resolution parameter related to
minimal transverse momentum
between jets

Most widely-used jet algorithm in e+e−

! Collinear safe: collinear particles recombined early on

! Infrared safe: soft particles have no impact on rest of clustering seq.

• can classify events using y23, y34, 
y45, y56 ...

• resolution parameter related to 
minimum transverse momentum 
between jets

yij = 2min{E2
i , E2

j }
�
1� cos �2

ij

⇥

1. Collinear safe: collinear particles recombine early on 
2. Infrared safe: soft particles do not influence the clustering sequence

⇒	collinear + infrared safety important: it means that cross-sections can be 
computed at higher order in pQCD (no divergences)! 

Satisfies fundamental requirements:  
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The CA and the anti-kt algorithm

The Cambridge/Aachen: sequential algorithm like kt, but uses only 

angular properties to define the distance parameters 

�R2
ij = (�i � �j)2 + (yi � yj)2dij =

�R2
ij

R2
diB = 1

Dotshitzer et. al ’97; Wobisch &Wengler ’99

The anti-kt algorithm: designed not to recombine soft particles together 

dij = min{1/k2
ti, 1/k2

tj}�R2
ij/R2 diB = 1/k2

ti

Cacciari, Salam, Soyez ’08
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Cone algorithms 

�̄C ⇥
�

i�C �i · pT,i�
i�C pT,i

øyC !

!
i ! C yi ápT ,i!

i ! C pT ,i

2. Define

1. A particle i at rapidity and azimuthal angle (yi, ! i) !  cone C iff 
!

(yi ! yC )2 + (! i ! ! C )2 " Rcone

3. If weighted and geometrical averages coincide                                                          
a stable cone (⇒ jet) is found, otherwise set                           & iterate 

(yC , ! C ) = (øyC , ø! C )

(yC , ! C ) = (øyC , ø! C )

4. Stable cones can overlap. Run a split-merge on overlapping jets: merge 
jets if they share more than an energy fraction f, else split them and 
assign the shared particles to the cone whose axis they are closer to.
Remark: too small f (<0.5) creates very large jets, not recommended 

Th«eorie des jets (p. 23)
Mainstream jet algorithms

Cone
Cone basics

Modern cone algs have two main steps:
! Find some/ all stable cones

! cone pointing in same direction as the momentum of its contents
! Resolve cases of overlapping stable cones

By running a ÔsplitÐmergeÕprocedure
[Blazey et al. Õ00 (Run II jet physics)]
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Cone algorithms 

• The question is where does one start looking for stable cone ? 

• The direction of these trial cones are called seeds 

• Ideally, place seeds everywhere, so as not to miss any stable cone

• Practically, this is unfeasible. Speed of recombination grows fast with the 
number of seeds. So place only some seeds, e.g. at the (y, ! )-location of 
particles. 

Seeds make cone algorithms infrared unsafe 
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Jets: infrared unsafety of cones

3 hard ⇒ 2 stable cones 3 hard + 1 soft  ⇒ 3 stable cones

 Soft emission changes the hard jets ⇒ algorithm is IR unsafe

!(a)

-1 0 1 2 3
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!
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(b)

-1 0 1 2 3
0

100
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300
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!
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2 3

Figure 1: Stable cones found by the midpoint algorithm for a 3-part icle event (left ) and for
the same event with an addit ional inÞnitely soft gluon (right).

SI SCone as a replacement for t he midpoint algor i t hm. Let us consider the
3-part icle event displayed in Fig. 1(a). When clustered with the midpoint algorithm, 2
stable cones are found, leading to two jets: one with part icles 1 and 2 and a second one with
part icle 3. If one adds to that hard event an inÞnitely soft gluon as shown in Fig. 1(b),
a third stable cone is found and the three hard part icles are clustered in a single jet . This
change in the jet st ructure upon addit ion of soft part icles, a phenomenon which happens
with inÞnite probability in perturbat ive QCD, gives rise to divergences in the perturbat ive
expansion and proves that the midpoint algorithm is infrared unsafe.

This problem arises from the fact that the seeded approach misses stable cones Ñ here
the one containing part icles 2 and 3 in Fig. 1(a). The workaround to restore IR safety
is thus to Þnd a seedless method that provably ident iÞes all the stable cones. This is
notoriously complex: a naive approach test ing the stability of all subsets of part icles [4] has
a complexity of order N 2N for N part icles which is much slower than the O(N 3) complexity
of the midpoint algorithm, making this solut ion unusable for experimental purposes.
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Figure 2: Clustering t ime for SIS-
Cone compared to typical implemen-
tat ions of the midpoint algorithm
and the ant i-kt algorithm [5].

The solut ion [6] is to use the geometrical obser-
vat ion that any enclosure in the y ! ! plane can be
moved without changing its contents unt il it touches
two points. Browsing all pairs of part iclesallows thus
to enumerateall possibleconesand to check their sta-
bility at an overall cost of O(N 3). Addit ional e! orts
can even bring the Þnal complexity to O(N 2 log(N ))
i.e. faster than the midpoint algorithm. This is il-
lust rated on Fig. 2 where we observe that in pract ice
SISConerunsfaster than thetypical implementat ions
of the midpoint algorithm without a seed threshold
and at least as fast as when a 1 GeV seed threshold
is used.

This has been implemented [6, 7, 5] in a C++ code
named SISCone (Seedless Infrared Safe Cone) which
is the Þrst conealgorithm to sat isfy the SNOWMASS
requirements, that is to be at the same t ime IR and
collinear safe, and to be fast enough to be used in
experimental analysis.

DIS2008

Seed!

Midpoint algorithm: take as seed position of emissions and midpoint 
between two emissions (postpones the infrared satefy problem)
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Seedless cones

Blazey ’00

The problem: 
clustering time growth as N2N. So for an event with 100 particles need 
1017 years to cluster the event  ⇒ prohibitive beyond fixed order (N=4,5)

Solution: 
use a seedless algorithm, i.e. consider all possible combinations of 
particles as candidate cones, so find all stable cones [⇒ jets] 

Better solution: 
SISCone recasts the problem as a computational geometry problem, the 
identification of all distinct circular enclosures for points in 2D and finds a 
solution to that  ⇒ N2 ln N time IR safe algorithm  
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(a) (b) (c) (d)

Figure 3: (a) Some init ial circular enclosure; (b) moving the circle in a random direct ion
unt il some enclosed or external point touches the edge of the circle; (c) pivot ing the circle
around the edge point unt il a second point touches the edge; (d) all circles deÞned by pairs
of edge points leading to the same circular enclosure.

4.2 T he two-dimensional case

4.2.1 General approach

The solut ion to the full problem can be seen as a 2-dimensional generalisat ion of the
above procedure.6 The key idea is again that of t rying to ident ify all dist inct circular
enclosures, which we also call dist inct cones (by Ôdist inctÕwe mean having a di! erent point
content), and test ing the stability of each one. In the one-dimensional example there was a
single degree of freedom in specifying the posit ion of the segment and all dist inct segment
enclosures could be obtained by considering all segments with an extremity deÞned by a
point in theset . In 2 dimensions thereare two degrees of freedom in specifying the posit ion
of a circle, and as we shall see, the solut ion to Þnding all dist inct circular enclosures will
be to examine all circles whose circumference lies on a pair of points from the set .

To see in detail how one reaches this conclusion, it is useful to examine Þg. 3. Box (a)
shows a circle enclosing two points, the (red) crosses. Suppose, in analogy with Þg. 2 that
one wishes to slide the circle unt il its point content changes. One might choose a direct ion
at random and after moving a certain distance, the circleÕs edge will hit some point in the
plane, box (b), signalling that the point content is about to change. In the 1-dimensional
case a single point , together with a binary orientat ion (taking it to be the left or right-hand
point) were su" cient to characterise the segment enclosure. However in the 2-dimensional
case one may orient the circle in an inÞnite number of ways. We can therefore pivot the
circle around the boundary point . As one does this, at some point a second point will then
touch the boundary of the circle, box (c).

The importance of Þg. 3 is that it illustrates that for each and every enclosure, one
can always move the corresponding circle (without changing the enclosure contents) into
a posit ion where two points lie on its boundary.7 Conversely, if one considers each circle

6We illust rate the planar problem rather than the cylindrical one since for R < ! / 2 the lat ter is a
t rivial generalisat ion of the former.

7There are two minor except ions to this: (a) for any point separated from all others by more than 2R,
the circle containing it can never have more than that one point on its edge Ñ any such point forms a

10

Salam, Soyez ’07
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Jet substructure: Z/W+ H (! bb) 

272 Chapter 10. Standar d Model Higgs Bosons

The dir ect search in the LEP2experiments via the processe+ e! ! Z H yields a lower bound
of 114.4GeV/ c2 on the Higgs mass [61]. After LEP2 the search for the SM Higgs particle is
continued at the Tevatron for Higgs massesup to " 130GeV/ c2 [381] and the LHC for Higgs
massesup to the theoretical upper limit [382,383].

The Higgs decaymodes canbedivided into two dif ferent massranges. For M H ! 135GeV/ c2

the Higgs boson mainly decays into bøb and ! + ! ! pairs with branching ratios of about 85%
and 8% respectively (seeFig. 10.1, right plot). The decay modes into cøc and gluon pairs,
with the latter mediated by top and bottom quark loops, accumulate a branching ratio of
up to about 10%, but do not play a relevant role at the LHC. The QCD corrections to the
Higgs decays into quarks are known up to three-loop order [384Ð390]and the electroweak
corrections up to NLO [391Ð394].The latter are also valid for leptonic decay modes. One
of the most important Higgs decays in this massrange at the LHC is the decay into photon
pairs, which is mediated by W , top and bottom quark loops. It reachesa branching fraction
of up to 2# 10! 3. The NLO QCD [395Ð401]and electroweak [402Ð404]correctionsareknown.
They are small in the Higgs massrange relevant for the LHC.

For Higgs massesabove 135GeV/ c2 the main decay modes are those into WW and Z Z pairs,
where one of the vector bosons is off-shell below the corresponding kinematical threshold.
Thesedecay modes dominate over the decay into tøt pairs, the branching ratio of which does
not exceed" 20%as can be inferr ed from Fig. 10.1(right plot). The electroweak corrections
to the W W, Z Z decays are of moderate size [391, 392, 405, 406]. The total decay width of
the Higgs boson, shown in Fig. 10.1 (left plot), does not exceedabout 1GeV/ c2 below the
WW threshold. For very large Higgs massesthe total decay width grows up to the order of
the Higgs mass itself so that the interpr etation of the Higgs boson as a resonancebecomes
questionable. This Higgs massrange coincides with the upper bound of the Higgs massfrom
triviality .
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Figure 10.1:Left plot: total decay width (in GeV/ c2) of the SM Higgs boson as a function of
its mass.Right plot: Branching ratios of the dominant decay modes of the SM Higgs particle.
All relevant higher-order corrections are taken into account

The dominant Higgs production mechanism at the LHC will be the gluon-fusion process

Jets, G. Salam, LPTHE (p. 2)
Intro

Low-mass Higgs search @ LHC:
complex because dominant decay
channel, H ! bb, often swamped by
backgrounds.

Various production processes
! gg ! H (! ! ! ) feasible

! WW ! H ! . . . feasible

! gg ! tøt H v. hard

! qøq ! WH, ZH
small; but gives access to

WH and ZH couplings
Currently considered impossible

⇒	Light Higgs hard: promising channel associated production with 
mainly produced in association with Z/W, with decay H! bb is dominant, 
but overwhelmed by QCD backgrounds
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Z/W+ H (! bb) 

Recall why searching for pp ! WH(bb) is hard: 

⇒ signal extraction very difficult 

! !

! ! "#" $ %"&"%"#" ''

! ( ) *+,,"- . / "0) +1*. 234"561"77"# "$ %8' ' 9""20"". +1:

! ; 877"#" $ %8' ' 99"<"5) - "7' "=""; 877"#" $ ">>9"""<"5) - "?"@ABC"7' "

! ; 877"#" $ ' ' 9"""<"5) - ""7' """"""; 877"# "DD9"<"EAA""7' =""; 877"#" ' D9"<"CAA""7'

! F243+,") ?D1+*D263"20"* ,) +1,/ "G) 1/" : 2552*H,DI"J . ) "KH) 0D263"20"*+3"63) ": 6"
0243252*+3D,/ "' ) DD) 1I"J . ) "124. D"7+3) ,"0. 6- 0"D. +D"2D"20"76002' ,)

LJMLF"JN(

OHDD)1- 61D.="N+G2:063="( H'23="F+,+P

Conclusion [ATLAS TDR]: 
The extraction of a signal from H !  bb 
decays in the WH channel will be very 
difficult at the LHC even under the most 
optimistic assumptions [...]

! (pp ! WH (bb)) " few pb

! (pp ! W j j ) " few 104pb

! (pp ! W bb) " few pb

! (pp ! tt ) " 800pb ! (pp ! bb) " 400pb
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Z/W+ H (! bb) rescued 

But ingenious suggestions open up to window of opportunity

Central idea: require high-pT W and Higgs boson in the event

- leads to back-to-back events where two b-quarks are contained 
within the same jet

- high pT reduces the signal but reduces the background much more
- improve acceptance and kinematic resolution 

! !

! ! "#" "$ %"&' ( "%"#" ) )
! %* +* "&+* ",- +* * ". &/' "/( * &0

! +* 12/+* ""- /3- 45
6
"$ ") 707' "&' ( ",- * "%/330") 707' "/' ",- * "* 8* ' ,

" "9* &( 0",7") &: ; 4,74) &: ; "* 8* ' ,0"< - * +* ",< 7") 412&+; 0"&+* ": 7' ,&/' * ( "
< /,- /' ",- * "0&. * "=* ,">"

" - /3- 45
6"
"( 7* 0"( * : +* &0* ",- * "0/3' &9"?@6"/,"+* ( 2: * 0"",- * ") &: ; 3+72' ( "

* 8* ' "0,+7' 3* +"A* >3>"; /990"",,"5+7( 2: ,/7' B"""""
" /. 5+78* 0"&: : * 5,&' :/ * 0"&' ( "; /' * . &,/:" +* 0792,/7' """"""""""""""""""""""""""""""""""

"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
""

! !

! ! "#" "$ %"&' ( "%"#" ) )
! %* +* "&+* ",- +* * ". &/' "/( * &0

! +* 12/+* ""- /3- 45
6
"$ ") 707' "&' ( ",- * "%/330") 707' "/' ",- * "* 8* ' ,

" "9* &( 0",7") &: ; 4,74) &: ; "* 8* ' ,0"< - * +* ",< 7") 412&+; 0"&+* ": 7' ,&/' * ( "
< /,- /' ",- * "0&. * "=* ,">"

" - /3- 45
6"
"( 7* 0"( * : +* &0* ",- * "0/3' &9"?@6"/,"+* ( 2: * 0"",- * ") &: ; 3+72' ( "

* 8* ' "0,+7' 3* +"A* >3>"; /990"",,"5+7( 2: ,/7' B"""""
" /. 5+78* 0"&: : * 5,&' :/ * 0"&' ( "; /' * . &,/:" +* 0792,/7' """"""""""""""""""""""""""""""""""

"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
""
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Z/W+ H (! bb) rescued ?

Then use a jet-algorithm geared to exploit the specific pattern of H !  bb 
versus g !  gg, q !  gg  

- QCD partons prefer soft emissions (hard !  hard + soft)
- Higgs decay prefers symmetric splitting
- try to beat down contamination from underlying event
- try to capture most of the perturbative QCD radiation Jets, G. Salam, LPTHE (p. 8)

The method # 3: jet Þltering

Rfilt

filter

Rbb

Rbb

mass drop

b

g

b

R

UE

At moderate pt , Rbb is quite large; UE & pileup degrade mass resolution
! M ! R4! UE

pt
M [Dasgupta, Magnea & GPS Õ07]

Filt er the jet

! Reconsider region of interest at smaller RÞlt = min(0.3, Rbøb/ 2)
! Take 3 hardest subjets b, øb and leading order gluon radiation

1.  cluster the event 
with e.g. CA algo 
and large-ish R

2.  undo last recomb: 
large mass drop + 
symmetric + b tags

3.filter away the UE: 
take only the 3 
hardest sub-jets
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Jets, G. Salam, LPTHE (p. 11)
Results combine HZ and HW, pt > 200 GeV

3 channels combined Common cuts
! ptV , ptH > 200 GeV
! |! H | < 2.5
! [pt ,! > 30 GeV, |! ! | < 2.5]
! No extra ", bÕs with |! | < 2.5
! Real/ fake b-tag rates: 0.7/ 0.01

! S/
!

B from 16 GeV window

3 channels combined
Note excellent VZ, Z " bøb

peak for calibration

NB: qøq is mostly tøt

At 5.9# for 30 fb! 1 this looks like a possible new channel for light
Higgs discovery. Deserves serious exp. study!

Z/W+ H (! bb) rescued ?

This and other works opened a new field of jet-substructure… 
(would be a whole new lecture) 

" with common & channel 
specific cuts: 
ptV, ptH > 200GeV ,  ...

" NB: very neat peak for 
WZ (Z ! bb)
Important for calibration 

" real/fake b-tag rate: 0.7/0.01

Butterworth, Davison, Rubin, Salam ’08

Mass of the three hardest sub-jets:
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Recap on jets

Two major jet classes: sequential (kt, CA, ...) and cones (UA1, midpoint, ...)

Jet algo is fully specified by: clustering + recombination + split merge or 
removal procedure + all parameters

Standard/old cones based on seeds are IR unsafe

SISCone is a infrared safe cone algorithm (no seeds) 

anti-kt the default sequential algorithm used in LHC analyses 

using IR unsafe algorithms you can not use perturbative QCD calculations 

Very active novel field of jet substructure [example of ZH(bb)]
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LHC kinematics

20

Next, we want to review the application of perturbative QCD in high-
energy LHC collisions 

Before discussing calculations, it is important to understand the kinematics 
in proton-proton collisions 

The total longitudinal momentum of the colliding system is unknown (one 
can measure missing transverse momentum, but not missing longitudinal one)

(E, px , py , pz ) = (
!

!p2 + m2, |!p| sin" cos#, |!p| sin" sin#, |!p| cos" )



LHC kinematics
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A more common parametrisation relies on rapidity and transverse mass 

Exercise: check that the two parametrisations are equivalent 

(E, px , py , pz ) = ( mT coshy, |pT | cos! , |pT | sin ! , mY sinhy)

y =
1
2

ln
E + pz

E ! pz
mT =

!
p2

T + m2pT =
!

p2
x + p2

y

With

Exercise: check that the rapidity transform linearly under a longitudinal 
boost 

Exercise: given two particles, can you easily construct a boost-invariant 
quantity? 



LHC kinematics

22

For particles with negligible mass the rapidity coincides with the pseudo-
rapidity 

y = ! !
1
2

log
1 + cos"
1 " cos"

= " log tan
"
2

The pseudo-rapidity can then be easily translated to the detector 
geometric acceptance as used in experimental measurements 

! 10-4 10-3 10-2 0.1 0.5 1 𝜋 /2

Y 9.9 7.6 5.3 3 1.36 0.6 0

(The other hemisphere has same but negative numbers) 



Rapidity coverage of LHC detectors 
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• For ATLAS and CMS: muons can be detected only in the central regions, 
while for jets and hadrons, hadronic calorimetry extends up to 4.5-5 
(essential for processes like vector boson fusion Higgs production)

• LHCb covers better the forward region, but only forward one
• Studies are ongoing to determine the required/possible rapidity coverage 

of future detectors    

The achieved maximum rapidity coverage is important in LHC detectors 



LHC kinematics
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Rapidity is also interesting from a theoretical point of view, as the single 
particle phase space is uniform in rapidity 

d3p
2E(2! )3 =

1
2(2! )3 d2pT dy

Exercise: derive the above expression (change variables and include the 
Jacobian of the transformation)  

The above relation has already deep implications: for instance incoherent 
radiation (e.g. soft underlying event) is to a large extend uniform in rapidity 



Dijet production
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Before discussing higher-order corrections, let’s discuss go through the 
leading order calculation of one of the main LHC process: di-jet production 

Sample diagrams (all must be included) Many partonic subprocesses contribute 

p1

p2

p3

p4

Mandelstam variables: ös = ( p1 + p2)2 öt = ( p1 + p3)2 öu = ( p1 + p4)2



Dijet production
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The hadronic cross-section PDFs for initial state partons

Matrix elements Measurement function 

Phase space

We have seen that in the LAB frame p3 = ( pT coshy3, pT cos! , pT sin ! , pT sinhy3)

p4 = ( pT coshy4, ! pT cos! , ! pT sin ! , pT sinhy4)

Exercise: show that the rapidities are related to the Bjorken-x variables by 

x1 =
pT!

s
(ey3 + ey4 ) x2 =

pT!
s

!
e! y3 + e! y4

"

d! dijet =
!

ijkl

1
1 + "kl

"
dx1dx2f i (x1, µ2)f j (x2, µ2)

dö! ij ! kl

d! 2
d! 2" cuts

Symmetry factor



Dijet production
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Exercise: show that the rapidities in the partonic centre-of-mass frame are given by 

öy3 =
1
2

(y3 ! y4) = ! öy4

Exercise: show that the scattering angle in the partonic frame is given by  

cosö! = tanh öy3 = tanh
!

y3 ! y4

2

"

this relation shows that the difference in rapidities between the jets gives direct access to the 
dynamics in the partonic frame  

d3! dijet

dy1dy2dp2
T

=
1

16" s

!

ijkl

1
1 + #kl

"
dx1

x1

dx2

x2
f i (x1, µ2)f j (x2, µ2)

dö! ij ! kl

d! 2

Exercise: show that in terms of rapidities the cross-section becomes  

The above expression can be integrated numerically and provides a leading order estimate of 
the cross section 



Dijet production
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Inclusive and dijet production are extensively studies at the LHC, both for SM measurements 
and in searches for New physics 

Direct determination of gluon PDF, constraints of other PDFS, measurement of 𝛼 s, probe of 
QCD running at TeV scales … 



Dijet production
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Inclusive and dijet production are extensively studies at the LHC, both for SM measurements 
and in searches for New physics 

Search for excited quarks Search for gluions



Dijet production
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Inclusive and dijet production are extensively studies at the LHC, both for SM measurements 
and in searches for New physics 

Explore substructure of quarks

It is clear that the smaller the 
uncertainties, the more one can 
exclude exotic scenarios. 
Above we sketched a leading order 
calculation, in the following we’ll 
discuss higher-order corrections in 
a more generic case  



Perturbative calculations
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• Perturbative calculations are possible because the coupling is small at 
high energy 

• In QCD (or in a generic QFT) the coupling depends on the energy 
(renormalization scale)

• So changing scale the result changes. By how much? What does this 
dependence mean? 

• In the following will discuss these issues through examples

Perturbative calculations rely on the idea of an order-by-order expansion 
in the small coupling

! ! A + B" s + C" 2
s + D" 3

s + . . .

LO NLO NNLO NNNLO



Hard cross section 
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Born level cross section straightforward in principle 

! LO =
!

m
d! m |M (0) ({ pi } )|2S({ pi } )

m-particle phase space 
(e.g. Vegas)

Matrix element measurement function 
(constraint on phase space)  



Leading order with Feynman diagrams

1. draw all Feynman diagrams

2. put in the explicit Feynman rules and get the amplitude

3. do some algebra, simplifications

4. square the amplitude

5. integrate over phase space + flux factor + sum/average over outgoing/

incoming states 

Get any LO cross-section from the Lagrangian

Bottlenecks  

a) number of Feynman diagrams diverges factorially

b) algebra becomes more cumbersome with more particles

But given enough computer power everything can be computed at LO

Automated tools for (1-3): FeynArts/Qgraf, Mathematica/Form etc. 
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Diagrams for gluon amplitudes 
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Number of diagrams for gg !  n gluons 

¥number of diagrams grows very fast

¥complexity of each diagrams grows with n 

Alternative methods? 



Techniques beyond Feynman diagrams 

# Berends-Giele relations: compute 
helicity amplitudes recursively 
using off-shell currents

Berends, Giele ’88

# CSW relations: compute helicity 
amplitudes by sewing together 
MHV amplitudes [- - + + ... + ]

Cachazo, Svrcek, Witten ’04

-
+

+
+

+- +

-

-

-
-

+ -
+ -

# BCF relations: compute helicity 
amplitudes via on-shell recursions 
(use complex momentum shifts)

Britto, Cachazo, Feng ’04

= " +"-
+

+
-

× = +× ×" "
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Is it necessary to go beyond LO? 
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Very early observation: 

at least NLO corrections are needed to describe data 

Drell Yan production is one of the first processes for which NLO 

corrections have been computed



Leading order n-jet cross-section

• Consider the cross-section to produce n jets.  The leading order result at 
scale µ result will be

! LO
njets (µ) = " s(µ)n A(pi , #i , . . .)

! LO
njets (µ)

! LO
njets (µ!)

=
!

" s(µ)
" s(µ!)

" n

• Notice that at Leading Order the normalization is not under control:
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• Instead, choosing a scale µÕ one gets 

So the change of scale is an NLO effect (! ! s), but this becomes more 
important when the number of jets increases (! n) 

! LO
njets (µ!) = " s(µ!)n A(pi , #i , . . .) = " s(µ)n

!
1 + n b0 " s(µ) ln

µ2

µ!2 + . . .
"

A(pi , #i , . . .)



NLO n-jet cross-section

Now consider n-jet cross-section at NLO.  At scale µ the result reads 

• So the NLO result compensates the LO scale dependence. The residual 
dependence is NNLO.

• Notice also that a good scale choice automatically resums large 
logarithms to all orders, while a bad one spuriously introduces large logs 
and ruins the PT expansion 

• Scale dependence and normalization start being under control only 
at NLO, since compensation mechanism kicks in  

• Scale variation is conventionally used to estimate theory uncertainty, but 
the validity of this procedure should not be overrated (see later) 
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! NLO
njets (µ) = " s(µ)n A(pi , #i , . . . ) + " s(µ)n +1

!
B (pi , #i , . . . ) ! nb0 ln

µ2

Q2
0

"
+ . . .



NLO calculations
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NLO accuracy requires to dress a process with one real or one 
virtual parton 

Sample diagrams shown. All diagrams must be included.

virtual 

real 

LO

NLO

requires loop 
integration over 

We won’t have time to do detailed NLO calculations, but let’s 
look a bit more in detail at the issue of divergences/subtraction



Regularization procedures in QCD

Regularization: a way to make intermediate divergent quantities meaningful 

• In QCD dimensional regularization is today the standard procedure, 
based on the fact that d-dimensional integrals are more convergent if 
one reduces the number of dimensions.

• Divergences show up as intermediate poles 1/"

• This procedure works both for UV divergences and IR divergences

Alternative regularization schemes: photon mass (EW), cut-offs, Pauli-Villard ... 
Compared to those methods, dimensional regularizatiom has the big virtue that it leaves 
the regularized theory Lorentz invariant, gauge invariant, unitary etc. 

!
d4l

(2! )4 ! µ2!
!

ddl
(2! )d , d = 4 " 2" < 4

• N.B. to preserve the correct dimensions a mass scale µ is needed
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! 1

0

dx
x

!
! 1

0

dx
x1! ! =

1
!



Subtraction and slicing methods

• Consider e.g. an n-jet cross-section with some arbitrary infrared safe jet 
definition.  At NLO, two divergent integrals, but the sum is finite 

• Since one integrates over a different number of particles in the final 
state, real and virtual need to be evaluated first, and combined then 

• This means that one needs to find a way of removing divergences before 
evaluating the phase space integrals

• Two main techniques to do this
- phase space slicing "  obsolete because of practical/numerical issues

- subtraction method "  most used in recent applications

! J
NLO =

!

n +1
d! J

R +
!

n
d! J

V

41



Subtraction method

• The real cross-section can be written schematically as 

where FJ is the arbitrary jet-definition 

• The matrix element has a non-integrable divergence 

|M n +1 |2 =
1
x

M (x)

where x vanishes in the soft/collinear divergent region  

2 Re{M V á M!
0} =

1
!

V

• IR divergences in the loop integration regularized by taking D=4-2!  
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d! J
R = d" n +1 |M n +1 |2F J

n +1 (p1, . . . , pn +1 )



• The n-jet cross-section becomes 

Subtraction method
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! J
NLO =

! 1

0

dx
x1+ ! M (x)F J

n +1 (x) +
1
"

VF J
n

• Infrared safety of the jet definition implies 

lim
x ! 0

F J
n +1 (x) = F J

n

• One can then add and subtract the analytically computed divergent part 

! J
NLO =

! 1

0

dx
x1+ ! M (x)F J

n +1 (x) !
! 1

0

dx
x1+ ! VF J

n +
! 1

0

dx
x1+ ! VF J

n +
1
"

VF J
n

• KLN cancelation guarantees that 

lim
x ! 0

M (x) = V



Subtraction method

• This can be rewritten exactly as 

" Now both terms are finite and can be evaluated numerically

• Subtracted cross-section must be calculated separately for each process 
(but mostly automated now). It must be valid everywhere in phase space 

• Systematised in the seminal papers of Catani-Seymour (dipole 
subtraction, ’96) and Frixione-Kunszt-Signer (FKS method, ’96) 

• Subtraction used in all recent NLO applications and public codes (Event2, 
Disent, MCFM, NLOjet++, Madgraph4@aMC@NLO, POWHEG ... ) 
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! J
NLO =

! 1

0

dx
x1+ !

"
M (x)F J

n +1 ! VF J
n

#
+ O(1)VF J

n



Ingredients at NLO

set of subtraction terms  

tree graph rates with N+1 partons 
"  soft/collinear divergences 
tree graph rates with N+1 partons 
"  soft/collinear divergences 

set of subtraction terms  

A full N-particle NLO calculation requires:

virtual correction to N-leg process 
"  divergence from loop integration,
    use e.g.  dimensional regularization 

bottleneck 
for a very 
long time 
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Britto, Cachazo, Feng ’04

1) “... we show how to use generalized unitarity to read off the (box) 
coefficients. The generalized cuts we use are quadrupole cuts ...”

NB: non-zero 
because cut gives 
complex momenta

Aim: NLO loop integral without doing the integration

Virtual one-loop: two breakthrough ideas

Quadrupole cuts:  4 on-shell conditions on 4 dimensional loop 
momentum) freezes the integration. But rational part of the amplitude, 
coming from D=4-2" not 4, computed separately

46



Aim: NLO loop integral without doing the integration

Ossola, Pittau, Papadopolous ’06

2) The OPP method: “We show how to extract the coefficients of 4-, 3-, 2- and 
1-point one-loop scalar integrals....”

Cont ent s

! gµ! + kµk!

k2 ! m2 "
!

! ! (k)! µ (k)" (k2 ! m2) (1)

A N = +
!

[i 1 |i 4 ]

"
di 1 i 2 i 3 i 4 I (D )

i 1 i 2 i 3 i 4

#

+
!

[i 1 |i 3 ]

"
ci 1 i 2 i 3 I (D )

i 1 i 2 i 3

#
+

!

[i 1 |i 2 ]

"
bi 1 i 2 I (D )

i 1 i 2

#
+ R (2)

A N =
!

[i 1 |i 4 ]

"
di 1 i 2 i 3 i 4 I (D )

i 1 i 2 i 3 i 4

#
+

!

[i 1 |i 3 ]

"
ci 1 i 2 i 3 I (D )

i 1 i 2 i 3

#
+

!

[i 1 |i 2 ]

"
bi 1 i 2 I (D )

i 1 i 2

#
+ R (3)

R =
!

[i 1 |i 4 ]

!
d(4,0)

i 1 i 2 i 3 i 4

6
+

!

[i 1 |i 3 ]

+
c(2,0)

i 1 i 2 i 3

2
+

!

[i 1 |i 2 ]

!
b(2,0)

i 1 i 2

6
q2

i 1,i 2 (4)

1. I nt roduct ion

The current TEVATRON collider and the upcoming Large Hadron Collider need a good
understanding of the standard model signals to carry out a successful search for the Higgs
part icle and physics beyond the standard model. At these hadron colliders QCD plays an
essent ial role. From the lessons learned at theTEVATRON weneed Þxed order calculat ions
matched with parton shower Monte CarloÕs and hadronizat ion models for a successful
understanding of the observed collisions.

For successful implementat ion of numerical algorithms for evaluat ing the Þxed order
amplitudes one needs to take into account the so-called complexity of the algorithm. That
is, how does the evaluat ion t ime grows with the number of external part icles. An algo-
rithm of polynomial complexity is highly desirable. Furthermore algebraic methods can be
successfully implemented in e! cient and reliable numerical procedures. This can lead to
rather di" erent methods from what one would develop and use in analyt ic calculat ion.

The leading order parton level generators are well understood. Generators have been
constructed using algebraic manipulat ion programsto calculate thetreeamplitudesdirect ly
from Feynman diagrams. However, such a direct approach leads to an algorithm of double
factorial complexity. Techniques such as helicity amplitudes, color ordering and recursion

Ð1 Ð

Coefficients can be determined by solving system of equations: no 
loops, no twistors, just algebra!
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One-loop: two breakthrough ideas



Virtual (one-loop) amplitude
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• connection between NLO amplitudes 
and LO ones 

• input from supersymmetry/string 
theory

• sophisticated algebraic methods
• connections with formal theory and  

pure mathematics …   

the problem of computing NLO QCD corrections is now solved

Bottleneck for a long time…  but thanks to these and 
other theoretical breakthrough ideas



Automated NLO (aka NLO revolution)
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Example: single Higgs production processes (similar results available for 
all SM processes of similar complexity, backgrounds to Higgs studies) 

# A solved problem



What lead to this remarkable progress? 

The fact that 

1. leading order can be computed automatically and efficiently (e.g. via 
recursion relations) 

2.one can reduce the one-loop to product of tree-level amplitudes
3. it was well understood how to subtract singularities 
4. the basis of master integrals was known 

NLO revolution? 
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But for item 2. everything was there since the time of Passarino-Veltman 
(even item 2. was understood, but no efficient/practical method exited). 
We will later on compare this to the current status of NNLO 



NLO status
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Various public tools developed: Blackhat+Sherpa, GoSam+Sherpa, Helac-NLO, 
Madgraph5_aMC@NLO, NJet+Sherpa, OpenLoops+Sherpa, Samurai, Recola ...

• Practical limitation: high-multiplicity processes still difficult because of 
numerical instabilities, need long run-time on clusters to obtain stable 
results (edge: around 6 particles in the final state, depending on the 
process)

• Today focus on 

# automation of NLO for BSM signals 

# loop-induced processes: formally higher-order, but enhanced by 
gluon PDF

# automation of NLO electroweak corrections (necessary to match 
accuracy of NNLO)

# automation of NLO in SMEFT 

Comparison to NLO is the standard now in most LHC analyses 



Uncertainties 
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The “unpleasant” feature that cross-sections depend on the choice of 
renormalization and factorization scale can be turned into something useful, 
i.e. a way to quantify the theoretical error

Example: R-ratio (again!)
Fix both scales to the scale at which the hard process occurs (Q) and vary 
them up and down by a factor 2 

NB: 
• the factor 2 is conventional
• it is a procedure that seemed to work 

well in practice
• in complicated processes large degree of 

freedom in the choice of the scale
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" Scale variation is not a perfect procedure to assess the theory uncertainty 
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Figure 1. Scale dependence of the LO and NLO cross sections for tøt + 1-jet production at the Tevatron (left) and
theLHC (right) as taken from Ref. [34], with therenormalizationscale(µr) and thefactorizationscale(µf ) set to µ.

section contributions ! (yt
>
< 0) correspond to top-
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spectively, where incoming protons ßy into the for-
ward direction by deÞnition. Denoting the corre-
sponding NLO contributions to the cross sections by
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i.e. via a consistent expansion in #s. Note, however,
that the LO cross sections in Eq. (2) are evaluated in
the NLO setup (PDFs, #s). The results for the asym-
metry for different scale choices are shown in Fig. 2.
At LO we Þnd an asymmetry of about # 8%. The
scale dependence is rather small. This is a conse-
quenceof the fact that #s cancelsexactly between the
numerator and thedenominator. In addition theresid-
ual factorization scale dependence also cancels to a
large extent in the ratio. At NLO we Þnd a large cor-
rection compared to the LO result. The asymmetry
is almost washed out at NLO. The scale dependence
is increased in NLO which seems natural given the
small dependence in LO. To investigate the origin of
the largeNLO correctionsto theasymmetry we stud-
ied the dependence on pcut

T , the minimal pT used to
resolve the additional jet. The results are shown in
Tab. 1. A strong dependence of the cross section on
pcut

T is observed. For all pcut
T values we Þnd that the

NLO corrections to the cross section are of moderate
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Figure 2. Scale dependence of the LO and NLO
forwardÐbackward charge asymmetry of the top-
quark in pøp" tøt+ jet+ X at theTevatron astaken from
Ref. [34] with µ = µf = µr .
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1. LHC example of NLO: tt+1jet

" Scale variation for ratios (asymmetries etc.) underestimates the uncertainty 

Cross-section Asymmetry 

" Ambiguities in the central scale choice (more so for more complicated 
processes) 
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Scale choice: example of W+3 jets (problem more severe with more jets)

... large logarithms can appear in some distributions, invalidating even an NLO prediction.

Bern et al. ’09

2. LHC example of NLO: W+3jets



Is NNLO needed? 
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LHC data clearly already requires NNLO
Same conclusion in all measurements examined so far

 With more data NLO likely to be insufficient

NLO

NNLO



Why is NNLO difficult

56

calculation of two-loop 
master integrals (when many 
scales are involved)

methods to cancel 
(overlapping) divergences 
before integration

!
d! n d! 2|M tree |2n +2

!
d! n d! 12Re|M one! loop

n +1 M tree
n +1 |

!
d! n 2Re|M 2! loop M tree |

!
d! n

"#
a4

1
! 4 + a3

1
! 3 + . . . + a0

$
!

#
a4

1
! 4 + a3

1
! 3 + . . . + b0)

$%

Cancelation manifest after phase space integration, but to have fully 
differential results must achieve cancelation before integration



Ingredients for NNLO 

57

At NNLO the situation is very different from NLO

1. leading order of very limited importance  
2. no procedure to reduce two-loop to tree-level (unitarity approaches 

still face many outstanding issues)
3. subtraction of singularities far from trivial 
4. basis set of master integrals not known, integrals not all/always 

known analytically
And all this even for simple processes (no full result exists for any 2 !  3 
scattering process) 

What changed in the last years (and is undergoing more changes) 

1. technology to compute integrals
2. extension of systematic subtraction to NNLO 



NNLO: status 
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NNLO uncertainty? 
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NNLO scale  uncertainty bands of  1-2%.  !
Is the theory  uncertainty indeed 1-2%?  
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t

Gluon fusion Higgs 
production (in the large m t 

eff ective theory)

Vector boson fusion Higgs 
production (in the structure 
function approximation, i.e. 

double DIS process)

P1

P2

f q(x1)

f q(x2)
x2P2

x1P1

! ! , Z

l !

l+

N3LO: only 3 LHC process known so far 

Drell Yan (W and Z bosons 
to leptons)  



Higgs production at N3LO
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#O(100000) interference diagrams (1000 at NNLO)!

#68273802 loop and phase space integrals (47000 at NNLO)!

#about 1000 master integrals (26 at NNLO) !



Higgs production at N3LO
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Anastasiou et al 1602.00695

#N3LO finally stabilizes the perturbative expansion !

#also matched to resummed calculation (essentially no impact on 
central value at preferred scale mH/2 )



Error budget: one example
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Gluon-fusion Higgs productions (known to N 3LO fully diff erential)

Error budget as of 2018 More data; lattice 
determination 𝛼 s;!

progress in 𝛼 s fits

Removed by !
Czakon et al Õ21

can be removed

Reduced by factor 2 
through mixed EW-
QCD calculations

Missing N3LO PDFs!

Missing N4LO 

Dulat, Lazopoulos, Mistlberger Õ18 



Summary of perturbative calculations

• LO: fully automated. Edge: 10-12 particles in the final state

• NNLO: the new frontier. Lots of new 2 !  2 processes in recent years.  
First 2 !  3 calculations for the LHC

• NLO: also automated. Edge: 4-6 particles in the final state

• NNNLO: fully inclusive Higgs production via gluon fusion (large mt 
effective theory), vector boson fusion (factorised approximation) and 
Drell Yan production 
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