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Lecture Il: QCD scattering theory

Physical states of QCD, Feynman rules and color algebra
Kinematics, colour structure and amplitudes of typical processes
Lorentz-invariant phase space and the parton-level cross section
Soft gluon radiation and resummation

Hadronisation and confinement



From QED to QCD interactions: 3-gluon vertex

Particles carry non-Abelian charge “color”: they transform under a nontrivial
representation /X of a non-Abelian group G (=SU(3) for quarks!)

The standard currents operator transforms as R & R : the only representation
that belongs to this product for any R is the adjoint representation of group G

3®3 °=1®8
The field that couples to the current must transforms under adjoint rep of G!
| qq9 — 99
: ?
—igst;; 7" 2 Mo = ()i D1 + (t°¢°)i5 D2
e, 0] = g fabege My = (t%")i; M, — g° f**°t5, Dy
i
The gauge invariance must still work: kibegVMg’” — kgelfMg"’/ =0

BUT! One piece has to compensated £y, M!' = i(—gsfabceg)(—igstfj@i(g)Wuui(Q))

—gsf abCVulmus (p1, 2, P3) new 3-gluon vertex!
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From QED to QCD interactions: 3-gluon vertex

ig?Da = (~igutly (@ us@) % ()
(=9 Vi (=, k1, k)€l (k1) (k2))

How do we write the Lorentz structure of such a new interaction?

Y/
%*

Lorentz invariance: built out of the terms of the form Yu. Hzp,ug

Y/
%*

Bose symmetry: V is fully anti-symmetric w.r.t. permutations (/ti, ;) < (L, D;)

Y/
%*

Dimensional analysis: only one power of momentum!

Y/
%*

Up to an overall factor:

VM1M2M3 (p17p27p3) =W [(pl _p2),u3g,ulﬁb2 T (p2 _p3),ulg,u2M3 T (pS — pl),u2g,u3ul]

Gauge invariance is satisfied for
ko - € physical external gluons:

T kQU(Q)%U(Q) ko - €9 = 0
with V=1

ki- D3 = g° f*Vy |9(q)hu(q) —



4-gluon vertex

< Similarly to the 3-gluon vertex, the gauge invariance of the gluon scattering

TR e,

requires the presence of an additional contribution given by the 4-gluon vertex:

a, o b8
— _,L'QQfxaCfxbd (gaﬁgw B go‘5957)
—jg? frad prbe (gozﬁ g0 — gv gﬂé)
— 92 fa;ab fxcd (g‘”gw B ga(gg 57)
C,7” d, o

No extra vertices have to be introduced — all QCD amplitudes are automatically
gauge-invariant with this set of Feynman rules!
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Physical states of QCD

“* For Abelian symmetries (such as in QED) Two independent physical
polarisations:
S M2 = (Z ) M, M = (051,50,0)/V/2
o “ e €, =—-l=¢cr-eg €L €gp=0
ALL polarisations!

“ Sum over physical polarisations:

0 0 - -
1 0 O k.k, + k,k
povk — | _ phv T Rvhp
k,MF =0 M= Ms; i_%:Reiei — 10 0 1 0 G T kk]
7 0O 0 O
, , , , , , , ) ) In QED: can be
> e MIP = | My + [ Ma|? = [ My + | Maf* + [M3|° — |Mo|* = —g" M, M; safely dropped!

i=L,R

Production of space-like and longitudinal photons cancel out:
only physical states are produced!

* NOT true in non-Abelian theories such as QCD!!! ki M o€ - ko

Vanishes ONLY for physical €2 !!!

- abc y ¢ . ?
€l es M, |° = [ig* f*°N ZkleU(Q)kz( u(q)

Production of a pair of unphysical Z
gluons is allowed in QCD!

non—physical
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The role of ghosts

% The choice of physical gauges: remove ALL unphysical d.o.f. from the final states
(and off-shell propagators they are coupled to) explicitly imposing

D €n€, = —Guv Unitarity is imposed!

< Alternatively, gauge fixing in non-physical gauges (e.g. covariant gauge):
appearance of two colour octet scalar d.o.f. only coupling to gluons
(their loop comes with -1 as if they obey Fermi statistics!) which are
pair-produced and exist in loops

< Due to violation of the spin-statistics theorem, the ghosts lead to negative
probability contributions necessary to cancel unphysical gluons’ effect!

2

s 1 2
= — |ig® frbexe v(q)k{ u(q) Unitarity is restored!
2k1 ko

exactly cancels the unphysical gluon term!



Free fields:
u(p,s) incoming fermion
u(p, s)
v(p, )
v(p, s)
e(p, s)
€(p,s)

outgoing fermion
incoming antifermion

outgoing antifermion

incoming vector boson

outgoing vector boson

Bare vertices:

H a

.

e P2 ay

QCD Feynman rules

Covariant gauges:

in order to define the gluon 1
propagator =2 fix the gauge!

AL = —— (9, A9 +

L4

+(023)(Dyc)

20

= t* X 190"

= i £ X igg VR (g, py. )

po VEURE3(py po.p3) = (p3 — pa)H g™ + (p1 — p3)?

popular Feynman gauge: ap = 1 ghost: scalar field

obeying Fermi statistics
Free propagators in covariant gauges:

1 :
e > ® — 1',6'0( p) 5’0 (p) — ﬁ) massless quark!
p p P
a b _ vab M0 0 L 1 - 1);1])1/
lu'\/\N\/\]/)\/\/W\.l/ e —I() Dl“/( ) D,UV( ) — ]? |Vg#,, (l — (10) 1)2
“ i 1
e = Dy = _.b — zv()"bGO(p) Go(p) = 5
p P
b
| = Z'fa.bc % IQO[)IJ
C_ 3 § A,._ _a
P

J-IJBM o (1)2 _pl)ﬁzJ#ll“

vV 3
UW b= 1()(16( Iua v j,u'f ua)

1/
5 o
C = g.fa- C gog,u.agz/,_

second order in coupling

aux111ary field

X
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Color factors calculus: Cvitanovic algorithm

Graphical representation of the color factors:  ...eliminating gluons from color diagrams!

Tr1= N, or © =N, (YA =T [Ofoj = \_O;OIA}

TI. t(l — O or A/\O — O N \/ 1 >
=1 (A
b yab - ©
Tris?' = TFO ‘ or = TF WNNVN (blark—antiquark Color singlet

Example 1: number of gluons Example 2: Casimir operator in the fundamental rep.

. N i i
1 Y ) aga Y . AT 1
= v+ :A:’f_l1 :CF > OF Tt :CF C-F:TF *‘\‘C—i\r
(t4%)i; = Croi

...eliminating 3-gluon vertices! Example 3: Casimir operator in the adjoint rep.

= i . 4/\{:&» - Cv.:l ANARIG OT ifaC(lifde s CvAdab
I'r
i B C (' — .ZT ]VC
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More color algebra

b b a a b

i1-1i-

1
Generators in the adjoint V2
representation satisfy:

[Fa,ij] _ Z'fachc

|
2|~
—=—
N— - SN—V

In the large N-limit
gluons behaves
as a quark-antiquark
pair!

fermion

gluon

Fermion-Gluon Vertex (t%)

3-Gluon Vertex (f%)

2
_ g1
N2 ON

Many algorithms and codes
work in the large-N limit
(e.g. parton showers)



Even more color algebra

R/

% The gluon exchange between the quark and anti-quark in the color-singlet state:
1 N?—1

AN
_ — 0;i = Cpb;;
m N 2 N Y 0
Bound states are formed,
with attractive potential

has positive sign, so the interaction is attractive! V(r) ~ —Cp @S(j/ r)

R/

“ The gluon exchange between the quark and anti-quark in the color-octet state:

1 Ll 1
- N "2 N has negative sign,
so the interaction

is repulsive!
Ca

% NZA (t°t"t%);; = (Cr— =)t

No colour-octet
bound states

1 H % ,
ON /2 NA QNA exist!
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Soft gluon emission off a singlet quark-antiquark pair

< Emission of soft (=long wavelength) gluons plays a fundamental role in evolution
of the final state (e.g. it defines final-state multiplicity of hadrons)

% Soft gluons are insensitive to the spin of the partons and cannot distinguish features
of the interactions taking place at time scales shorter than their wavelengths
(phenomenon of QCD factorisation)

P ] Amplitude:
re/ KPP — alp)e(k)(ig) 57 T o) Ny + a(p) T 2 (ig)elh) v(p) Y,
00 ke @ B [2pg- L u(p)e(k) (b + )T v(p) — 2_9. L (p) I (P + K)e(k) v(p)| A
ps 1
< Using the Dirac equation Asoft = gAj; (]% — ]%) ABorn Factorises!

7/

< The Feynman rule for the soft photon radiation D ] 9}/ ‘
, D, i

a [

% Analogically Cm b p = igfabc 2 gVP
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Soft gluon emission off an octet quark-antiquark pair

K. a b P P
5 R
k, a
k, a
P, 1 p 1 p 1

A R
Color flow: a% | a%
b j J-
In the emission probability, the interference terms are color-suppressed:
a%;] [(A“AD);5]2 Ztr (A"APNPA) = ol 22_ Low = oV
S MN[0, ) = 3 aeanaxty = S =1 (o - G4y o)

a,b,1,7 a,b 2 - ~ 2 —

L
2N
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Angular ordering

P p: ) Including the gluon phase space:
2
A%< k. a dog Z ’ASOft’ )32k0
k., a
290
| | —2pkp Ak
D, i p. i = Z!Ao\2 p QZGN

(pk (2m)32kY

Oap = 0o — 03 i, g, k 2(pp) (dqs) kodko
~ — d C d 0
7.4 9 TRk T \ar) e ¢
0
S 1 — 19
— doy a,Crp dk” do cos 0; T eos

T kO 21 (1 —cosfi,)(1 — cosbjk)

The radiation probabilities from the quark and antiquark lines

1 — cos 0;; 1 cos 65, — cos 0;; 1 1. ,
= _ — = W+ W,
(1 —cosBi)(1 —cosbp) 2 |(1—cosbi)(l—cosbix) i 1 — cos ;. i 2 P = J] OREME®)
Azimuthal average around g-direction ...are singular in the limit of parallel emission
: : '
» 0, <0, off the respective (anti)quark!
o V) =) 0 - (i) No emission outside the two cones obtained
‘ OYRETIRG by rotating the antiquark direction around the
/ o ( m it Oj1, < 0y quark one, and vice versa (quantum coherence)
Wi =+
2m . 0 otherwise (ii)) Uncorrelated emission inside the cones!
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Angular ordering

“Antenna”

QED :

ﬁfﬁﬁ """ ~rRu
O

0:

QCD :

\ § .
\
1 !
1 .
,
\
, .
\ y ¥
1
l .
.
‘
1
\ |
.
' , .
\ / (
|| l
1
| .

% Color always flows directly from the emitting parton to the emitted one

“ The radiation gets softer at later stages of the evolution
% Partons forming the color-singlet clusters appear to be close in phase space

% Hadronisation happens locally inside the jet: only pairs of nearby partons are involved!
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Soft and collinear divergences

kinematics D, energy fractions
q"qu =S c.m.senergysquared . _ \/@/ _ 2P g O < g £ 1
| s/2 S -
E; = p! final states energies 25 )
ZIi = = 2. Di q: D 19 = 2 — 11 — I9
; S
2
angles between final momenta collinear partons X3=0
r1T9(1 —cosbp) = 2(1 — x3) 0o —0 & 23 —1 2] 1
.,1’{_),173(1 — COS (923) — 2(1 = Il) } 923 — 0 < L1 — 1 } X3=1’
..1‘31‘1(1 — COS 031) — 2(1 - I‘_),) 031 -0 & a9 —1 1 )
ff 12> 1 d {4 3 .
‘ ' do Ol ry + x5 5 . |
Di erentla. 3 = —CFp - - ah = (47.’(1'2/5)2(.-2% Cr =4/3
cross section oy dridrs  2m " (1 — ) (1 — a9)
P ol | =
: i 2 2 & 3 collinear ¢ v :
CCollinear divergences > -  Soft divergence >
(1—21) — 0 S ——
| g r3 — 0
(1 —x9) — 0 5
soft
T ) le1
1 e _ %o J(E5.05) do ~ / F3dE3df? d«)[ Ut ] o [ 45 doubeﬁ O:g
R P L J—" . WU Es63| ) By 63, 7 Dbehavior!

15



Cancelation of soft/collinear divergences

7/

< Correction to the e"e~ — g cross section due to soft one-gluon emission

; 2004 o dky dcosb q-q=2q0q , ¢q-k=qoko(l— cosb),
Oy, =0
g O g ko 1 — cos?6

soft div. collinear div. Cjk = Cjok()(l -+ COoSs 6’)

% Since the total cross section is finite, the soft and collinear divergences must cancel!

7/

% Such cancellation indeed happens when summed together with the virtual contribution
which is the soft gluon limit has the form

d’o, 200, Vs/iZdkl 1 dcost 1
= — 2 ~5(k 1 — 1
o CF/O 5 /_1 1= cos? 9,)>< 25( 0) [0(1 —cos)+ (1 + cosB)]

dkod cos 60 T
...plus finite terms

\/s/2 1 2o 2o
h that dk d cos 0 7 - — finit
SHe 2 /o 0 /_1 co8 [dkgd cos 0 + dkod cos 0 HILE
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Jets in electron-positron annihilation

Di-jet LEP event Jet: collinear spray of hadrons!

N= 25 SusE~ 32,67 HcoaldN-Z2 SunB- 2Z.8)

N hadronisation

P T T __ “SAAAM ofquarks
T T . N //
I SV < N /
g ; _ » ’,V_:: / %
7 ; , ;:\ ‘ .“':: :V:,_ . - 8
e ) virtual photon
N S (or Z boson) %
O —— " resembles all the features of 2 22 hard h
A process (e.g. angular distribution inherent

..............................................

first observation of gluons!

£ of higher order (extra coupling factor) as compared 0
the previous case (10 % of events) 0., ~ 0.1

\* angular dependence as expected from spin-1 gluon |

1

v



What is the fundamental role of the vacuum polarisation?

Screening of electric charge in QED } Qep

o7 A1
- 128
al0) = — '
Mllhkon

Higher-order corrections to the e+e- annihilation

{-1-%% I{ 168

“Running” electric charge e°|0O” — e’
N = 0= °(1+I(Qz)]
" g , , \
I\O? )= . 10
(Q ) n'!‘ p’ 37 g(@J ) S
. UV cut-off
olo?)-— W)
al?) (o <
f 3 T\t (At larger distances EM mteractnon becomes weaker!
> — e = eql — — l — + O
increases with scale! ké e(r) 6{ N 7o (a )} )
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Why we do not see quarks?

. . Color charge
Running QCD coupling o = 47T anti- screenm k Confinement
doy, 2n
2 . , \ f s 2 1
a f a q — 11 — ) 0.4 S ; —
dﬂ»? = Blas).  Blas) d 3 ) o )= 5 /A3 0)

Nobel Prize 2004: f k
Gross, Wilczek; Politzer I 4 symptotic freedom

0(Q)

(0] oA

0.1\
3 [ , : | , ; — == QC (MZ) = 0.1189 + 0.0010

_ 1%
2 | Voep ~ ‘%as (r) +Kr. ,;?-""7"’ i \/ \mw——/
1L ’ f“‘d Soft QCD (models) Hard QCD (PT)

0| o7 satc Qpotentia i Short range strong interactions

Free quarks are
not observed
§ due to confinement

[V(n-V(rg)l rg

from G.S. Bali, Phys. Rept. 343 (2001) 1
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