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From QED to QCD interactions: 3-gluon vertex

Particles carry non-Abelian charge “color”: they transform under a nontrivial 

representation      of a non-Abelian group G (=SU(3) for quarks!) 

The standard currents operator transforms as               : the only representation 
that belongs to this product for any      is the adjoint representation of group G 

Mµ ⌘ Mµ⌫✏⌫
2 is in fact the current that couples to the photon k1. Charge conservation requires

@µMµ = 0:

@µMµ = 0 )
d

dt

Z

M0d3x =
Z

@0M
0 d3x

=
Z

~r · ~M d3x =
Z

S!1
~M · d~⌃ = 0 (9)

In momentum space, this means
kµ

1 Mµ = 0 . (10)

Another way of saying this is that the theory is invariant if ✏µ(k) ! ✏µ(k) + f(k) kµ. This is the
standard Abelian gauge invariance associated to the vector potential transformations:

Aµ(x) ! Aµ(x) + @µf(x) (11)

Let us verify that M� is indeed gauge invariant. Using q/u(q) = v̄(q̄)q̄/ = 0 from the Dirac
equation, we can rewrite kµ

1 Mµ as:

kµ

1 ✏⌫

2Mµ⌫ = v̄(q̄)✏/2
1

q/ � k/1

(k/1 � q/)u(q) + v̄(q̄)(k/1 � q̄)
1

k1 � q̄
✏/2u(q)

= �v̄(q̄)✏/2u(q) + v̄(q̄)✏/2u(q) = 0 (12)

Notice that the two diagrams are not individually gauge invariant, only the sum is. Notice also
that the cancellation takes place independently of the choice of ✏2. The amplitude is therefore
gauge invariant even in the case of emission of non-transverse photons.

Let us try now to generalize our QED example to a theory where the “electrons” carry a
non-Abelian charge, i.e., they transform under a non-trivial representation R of a non-Abelian
group G (which, for the sake of simplicity, we shall always assume to be of the SU(N) type.
Likewise, we shall refer to the non-abelian charge as “colour”). The standard current operator
belongs to the product R ⌦ R̄. The only representation that belongs to R ⌦ R̄ for any R is the
adjoint representation. Therefore the field that couples to the colour current must transform as
the adjoint representation of the group G. So the only generalization of the photon field to the
case of a non-Abelian symmetry is a set of vector fields transforming under the adjoint of G,
and the simplest generalization of the coupling to fermions takes the form:

= ig�a

ki �µ

mn (13)

where the matrices �a represent the algebra of the group on the representation R. By definition,
they satisfy the algebra:

[�a,�b] = ifabc�c (14)

for a fixed set of structure constants fabc, which uniquely characterize the algebra. We shall
call quarks (q) the fermion fields in R and gluons (g) the vector fields which coule to the quark
colour current.

The non-abelian generalization of the e+e� ! �� process if the qq̄ ! gg annihilation. Its
amplitude can be evaluated by including the � matrices in Eq. (6):

i

e2
M� !

i

g2
Mg ⌘ (�b�a)ij D1 + (�a�b)ij D2 (15)
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The field that couples to the current must transforms under adjoint rep of G!

Fabio MaltoniFabio MaltoniGGI Florence - 2017

So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 

28
Fabio MaltoniFabio MaltoniGGI Florence - 2017

So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 

28

Fabio MaltoniFabio MaltoniGGI Florence - 2017

So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 

28

Mµ ⌘ Mµ⌫✏⌫
2 is in fact the current that couples to the photon k1. Charge conservation requires

@µMµ = 0:

@µMµ = 0 )
d

dt

Z

M0d3x =
Z

@0M
0 d3x

=
Z

~r · ~M d3x =
Z

S!1
~M · d~⌃ = 0 (9)

In momentum space, this means
kµ

1 Mµ = 0 . (10)

Another way of saying this is that the theory is invariant if ✏µ(k) ! ✏µ(k) + f(k) kµ. This is the
standard Abelian gauge invariance associated to the vector potential transformations:

Aµ(x) ! Aµ(x) + @µf(x) (11)

Let us verify that M� is indeed gauge invariant. Using q/u(q) = v̄(q̄)q̄/ = 0 from the Dirac
equation, we can rewrite kµ

1 Mµ as:

kµ

1 ✏⌫

2Mµ⌫ = v̄(q̄)✏/2
1

q/ � k/1

(k/1 � q/)u(q) + v̄(q̄)(k/1 � q̄)
1

k1 � q̄
✏/2u(q)

= �v̄(q̄)✏/2u(q) + v̄(q̄)✏/2u(q) = 0 (12)

Notice that the two diagrams are not individually gauge invariant, only the sum is. Notice also
that the cancellation takes place independently of the choice of ✏2. The amplitude is therefore
gauge invariant even in the case of emission of non-transverse photons.

Let us try now to generalize our QED example to a theory where the “electrons” carry a
non-Abelian charge, i.e., they transform under a non-trivial representation R of a non-Abelian
group G (which, for the sake of simplicity, we shall always assume to be of the SU(N) type.
Likewise, we shall refer to the non-abelian charge as “colour”). The standard current operator
belongs to the product R ⌦ R̄. The only representation that belongs to R ⌦ R̄ for any R is the
adjoint representation. Therefore the field that couples to the colour current must transform as
the adjoint representation of the group G. So the only generalization of the photon field to the
case of a non-Abelian symmetry is a set of vector fields transforming under the adjoint of G,
and the simplest generalization of the coupling to fermions takes the form:

= ig�a

ki �µ

mn (13)

where the matrices �a represent the algebra of the group on the representation R. By definition,
they satisfy the algebra:

[�a,�b] = ifabc�c (14)

for a fixed set of structure constants fabc, which uniquely characterize the algebra. We shall
call quarks (q) the fermion fields in R and gluons (g) the vector fields which coule to the quark
colour current.

The non-abelian generalization of the e+e� ! �� process if the qq̄ ! gg annihilation. Its
amplitude can be evaluated by including the � matrices in Eq. (6):

i

e2
M� !

i

g2
Mg ⌘ (�b�a)ij D1 + (�a�b)ij D2 (15)

55 Fabio MaltoniFabio MaltoniGGI Florence - 2017

So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 

28

Fabio MaltoniFabio MaltoniGGI Florence - 2017

So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 

28

The gauge invariance must still work:

Fabio MaltoniFabio MaltoniGGI Florence - 2017

But in this case one piece is left out

k1µMµ
g = i(−gsf

abcεµ
2
)(−igst

c
ij v̄i(q̄)γµui(q))

k1µMµ
g = −g2

sfabctcij v̄i(q̄)"ε2ui(q)

To satisfy gauge invariance we still need: 

k
µ

1
ε2

ν
M

µ,ν

g = k
ν

2 ε
µ

1
M

µ,ν

g = 0.

−gsf
abcVµ1µ2µ3

(p1, p2, p3)

We indeed see that we interpret as the normal vertex 
times a new 3 gluon vertex:

From QED to QCD
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From QED to QCD interactions: 3-gluon vertex
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How do we write down the Lorentz part for this new interaction? We can impose 
1. Lorentz invariance : only structure of the type gµν pρ are allowed 
2. fully anti-symmetry : only structure of the type remain gµ1µ2  (k1)µ3 are allowed... 
3. dimensional analysis : only one power of the momentum. 
that uniquely constrain the form of the vertex:
Vµ1µ2µ3

(p1, p2, p3) = V0 [(p1 − p2)µ3
gµ1µ2

+ (p2 − p3)µ1
gµ2µ3

+ (p3 − p1)µ2
gµ3µ1

]

−ig2

sD3 =
(

−igst
a
ij v̄i(q̄)γ

µuj(q)
)

×

(

−i

p2

)

×

(

−gfabcVµνρ(−p, k1, k2)ε
ν
1(k1)ε

ρ
2
(k2)

)

k1 · D3 = g2fabctcV0

[

v̄(q̄)!ε2u(q) −
k2 · ε2
2k1 · k2

v̄(q̄)!k1u(q)

]

The first term cancels the gauge variation of D1+ D2 if V0=1, the 
second term is zero IFF the other gluon is physical!!

One can derive the form of the four-gluon vertex using the same heuristic method.

With the above expression we obtain a contribution to the gauge variation:

From QED to QCD
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How do we write the Lorentz structure of such a new interaction?

❖    Lorentz invariance:  built out of the terms of the form 

❖    Bose symmetry: V is fully anti-symmetric w.r.t. permutations 

❖    Dimensional analysis: only one power of momentum! 

❖    Up to an overall factor:

with (a, b) colour labels (i.e. group indices) of gluons 1 and 2, (i, j) colour labels of q̄, q, respec-
tively. Using Eq. (14), we can rewrite (15) as:

Mg = (�a�b)ij M� � g2 fabc�c

ij D1 . (16)

If we want the charge associated with the group G to be conserved, we still need to demand

kµ

1 ✏⌫

2 Mµ⌫

g = ✏µ

1k⌫

2 Mµ⌫

g = 0 . (17)

Substituting ✏µ

1 ! kµ

1 in (16) we get instead, using (12):

k1 µMµ

g
= �g2fabc �c

ij
v̄i(q̄) ✏/2ui(q) (18)

The gauge cancellation taking place in QED between the two diagrams is spoiled by the non-
Abelian nature of the coupling of quarks to gluons (i.e., �a and �b do not commute, and fabc

6= 0).

The only possible way to solve this problem is to include additional diagrams. That
new interactions should exist is by itself a reasonable fact, since gluons are charged (i.e., they
transform under the symmetry group) and might want to interact among themselves. If we
rewrite (18) as follows:

k1 µMµ

g = i
⇣

fabc g ✏µ

2

⌘

⇥

⇣

i g �c

ij v̄(q̄) �µ u(q)
⌘

(19)

we can recognize in the second factor the structure of the qq̄g vertex. The first factor has the
appropriate colour structure to describe a triple-gluon vertex, with a, b, c the colour labels of the
three gluons:

= g fabc Vµ1µ2µ3(k1, k2, k3) (20)

Equation (19) therefore suggests the existence of a coupling like (20), with a Lorentz structure
Vµ1µ2µ3 to be specified, giving rise to the following contribution to qq̄ ! gg:

= �i g2 D3 = (ig �a

ij)v̄(q̄)i �µ u(q)j
✓
�i

p2

◆

g fabc Vµ⌫⇢(�p, k1, k2) ✏⌫

1(k1) ✏⇢

2(k2) (21)

We now need to find Vµ1µ2µ3(p1, p2, p3) and to verify that the contribution of the new diagram to
k1 ·Mg cancels that of the first two diagrams. We will now show that the constraints of Lorentz
invariance, Bose symmetry and dimensional analysis uniquely fix V , up to an overall constant
factor.

Dimensional analysis fixes the coupling to be linear in the gluon momenta. This is because
each vector field carries dimension 1, there are three of them, and the interaction must have
total dimension equal to 4. So at most one derivative (i.e. one power of momentum) can appear
at the vertex. In priciple, if some mass parameter were available, higher derivatives could be
included, with the appropriate powers of the mass parameter appearing in the denominator.
This is however not the case. It is important to remark that the absence of interactions with
higher number of derivatives is also crucial for the renormalizability of the interaction.

Lorentz invariance requires then that V be built out of terms of the form gµ1µ2pµ3 . Bose
symmetry requires V to be fully antisymmetric under the exchange of any pair (µi, pi) $ (µj , pj)
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with (a, b) colour labels (i.e. group indices) of gluons 1 and 2, (i, j) colour labels of q̄, q, respec-
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We now need to find Vµ1µ2µ3(p1, p2, p3) and to verify that the contribution of the new diagram to
k1 ·Mg cancels that of the first two diagrams. We will now show that the constraints of Lorentz
invariance, Bose symmetry and dimensional analysis uniquely fix V , up to an overall constant
factor.

Dimensional analysis fixes the coupling to be linear in the gluon momenta. This is because
each vector field carries dimension 1, there are three of them, and the interaction must have
total dimension equal to 4. So at most one derivative (i.e. one power of momentum) can appear
at the vertex. In priciple, if some mass parameter were available, higher derivatives could be
included, with the appropriate powers of the mass parameter appearing in the denominator.
This is however not the case. It is important to remark that the absence of interactions with
higher number of derivatives is also crucial for the renormalizability of the interaction.

Lorentz invariance requires then that V be built out of terms of the form gµ1µ2pµ3 . Bose
symmetry requires V to be fully antisymmetric under the exchange of any pair (µi, pi) $ (µj , pj)
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Fabio MaltoniFabio MaltoniGGI Florence - 2017

How do we write down the Lorentz part for this new interaction? We can impose 
1. Lorentz invariance : only structure of the type gµν pρ are allowed 
2. fully anti-symmetry : only structure of the type remain gµ1µ2  (k1)µ3 are allowed... 
3. dimensional analysis : only one power of the momentum. 
that uniquely constrain the form of the vertex:
Vµ1µ2µ3

(p1, p2, p3) = V0 [(p1 − p2)µ3
gµ1µ2

+ (p2 − p3)µ1
gµ2µ3

+ (p3 − p1)µ2
gµ3µ1

]

−ig2

sD3 =
(

−igst
a
ij v̄i(q̄)γ

µuj(q)
)

×

(

−i

p2

)

×

(

−gfabcVµνρ(−p, k1, k2)ε
ν
1(k1)ε

ρ
2
(k2)

)

k1 · D3 = g2fabctcV0

[

v̄(q̄)!ε2u(q) −
k2 · ε2
2k1 · k2

v̄(q̄)!k1u(q)

]

The first term cancels the gauge variation of D1+ D2 if V0=1, the 
second term is zero IFF the other gluon is physical!!

One can derive the form of the four-gluon vertex using the same heuristic method.

With the above expression we obtain a contribution to the gauge variation:

From QED to QCD
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since the colour structure fabc is totally antisymmetric. As a result, for example, a term like
gµ1µ2p

µ3
3 vanishes under antisymmetrization, while gµ1µ2p

µ3
1 doesn’t. Starting from this last

term, we can easily add the pieces required to obtain the full antisymmetry in all three indices.
The result is unique, up to an overall factor:

Vµ1µ2µ3 = V0 [(k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ1µ3 ] (22)

To test the gauge variation of the contribution D3, we set µ3 = µ, ✏1 = k1 and k3 = �(k1 + k2)
in eq. (21), and we get:

kµ1
1 ✏µ2

2 Vµ1µ2µ(k1, k2, k3) = V0 {�(k1 + k2)µ(k1 · ✏2) + 2(k1 · k2)✏
µ

2 � (k2 · ✏2)k
µ

1 } . (23)

The gauge variation is therefore:

k1 · D3 = g2fabc�cV0



v̄(q̄)✏/2u(q) �
k2 · ✏2

2k1k2
v̄(q̄)k/1u(q)

�

(24)

The first term cancels the gauge variation of D1 +D2 provided V0 = 1, the second term vanishes
for a physical gluon k2, since in this case k2 · ✏2 = 0. D1 + D2 + D3 is therefore gauge invariant
but, contrary to the case of QED, only for physical external on-shell gluons.

Having introduced a three-gluon coupling, we can induce processes involving only gluons,
such as gg ! gg:

(25)

Once more it is necessary to verify the gauge invariance of this amplitude. It turns out that one
more diagram is required, induced by a four-gluon vertex. Lorentz invariance, Bose symmetry
and dimensional analysis uniquely determine once again the structure of this vertex. The overall
factor is fixed by gauge invariance. The resulting Feynman rule for the 4-gluon vertex is given
in fig. 1.

You van verify that the 3- and 4-gluon vertices we introduced above are exactly those
which arise from the Yang-Mills Lagrangian:

LY M = �
1
4
X

a

F a

µ⌫
F aµ⌫ with F a

µ⌫
= @[µAa

⌫] � g fabcAb

[µAc

⌫] (26)

It can be shown that the 3 and 4-gluon vertices we generated are all is needed to guarantee
gauge invariance even for processes more complicated than those studied in the previous simple
examples. In other words, no extra 5- or more gluon vertices have to be introduced to achieve
the gauge invariance of higher-order amplitudes. At the tree level this is the consequence of
dimensional analysis and of the locality of the couplings (no inverse powers of the momenta
can appear in the Lagrangian). At the loop level, these conditions are supplemented by the
renormalizability of the theory [3,7].

Before one can start calculating cross-sections, a technical subtlety that arises in QCD
when squaring the amplitudes and summing over the polarization of external states needs to be
discussed. Let us again start from the QED example. Let us focus, for example, on the sum
over polarizations of photon k1:

X

✏1

|M |
2 =

 

X

✏1

✏µ

1✏⌫⇤
1

!

MµM⇤
⌫

(27)
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Gauge invariance is satisfied for 
physical external gluons:

since the colour structure fabc is totally antisymmetric. As a result, for example, a term like
gµ1µ2p

µ3
3 vanishes under antisymmetrization, while gµ1µ2p

µ3
1 doesn’t. Starting from this last

term, we can easily add the pieces required to obtain the full antisymmetry in all three indices.
The result is unique, up to an overall factor:

Vµ1µ2µ3 = V0 [(k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ1µ3 ] (22)

To test the gauge variation of the contribution D3, we set µ3 = µ, ✏1 = k1 and k3 = �(k1 + k2)
in eq. (21), and we get:
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µ

1 } . (23)
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�

(24)

The first term cancels the gauge variation of D1 +D2 provided V0 = 1, the second term vanishes
for a physical gluon k2, since in this case k2 · ✏2 = 0. D1 + D2 + D3 is therefore gauge invariant
but, contrary to the case of QED, only for physical external on-shell gluons.

Having introduced a three-gluon coupling, we can induce processes involving only gluons,
such as gg ! gg:

(25)

Once more it is necessary to verify the gauge invariance of this amplitude. It turns out that one
more diagram is required, induced by a four-gluon vertex. Lorentz invariance, Bose symmetry
and dimensional analysis uniquely determine once again the structure of this vertex. The overall
factor is fixed by gauge invariance. The resulting Feynman rule for the 4-gluon vertex is given
in fig. 1.

You van verify that the 3- and 4-gluon vertices we introduced above are exactly those
which arise from the Yang-Mills Lagrangian:
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µ⌫
F aµ⌫ with F a

µ⌫
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It can be shown that the 3 and 4-gluon vertices we generated are all is needed to guarantee
gauge invariance even for processes more complicated than those studied in the previous simple
examples. In other words, no extra 5- or more gluon vertices have to be introduced to achieve
the gauge invariance of higher-order amplitudes. At the tree level this is the consequence of
dimensional analysis and of the locality of the couplings (no inverse powers of the momenta
can appear in the Lagrangian). At the loop level, these conditions are supplemented by the
renormalizability of the theory [3,7].

Before one can start calculating cross-sections, a technical subtlety that arises in QCD
when squaring the amplitudes and summing over the polarization of external states needs to be
discussed. Let us again start from the QED example. Let us focus, for example, on the sum
over polarizations of photon k1:
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4-gluon vertex

❖    Similarly to the 3-gluon vertex, the gauge invariance of the gluon scattering 

since the colour structure fabc is totally antisymmetric. As a result, for example, a term like
gµ1µ2p

µ3
3 vanishes under antisymmetrization, while gµ1µ2p

µ3
1 doesn’t. Starting from this last

term, we can easily add the pieces required to obtain the full antisymmetry in all three indices.
The result is unique, up to an overall factor:

Vµ1µ2µ3 = V0 [(k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ1µ3 ] (22)

To test the gauge variation of the contribution D3, we set µ3 = µ, ✏1 = k1 and k3 = �(k1 + k2)
in eq. (21), and we get:

kµ1
1 ✏µ2

2 Vµ1µ2µ(k1, k2, k3) = V0 {�(k1 + k2)µ(k1 · ✏2) + 2(k1 · k2)✏
µ

2 � (k2 · ✏2)k
µ

1 } . (23)

The gauge variation is therefore:
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v̄(q̄)✏/2u(q) �
k2 · ✏2

2k1k2
v̄(q̄)k/1u(q)

�

(24)

The first term cancels the gauge variation of D1 +D2 provided V0 = 1, the second term vanishes
for a physical gluon k2, since in this case k2 · ✏2 = 0. D1 + D2 + D3 is therefore gauge invariant
but, contrary to the case of QED, only for physical external on-shell gluons.

Having introduced a three-gluon coupling, we can induce processes involving only gluons,
such as gg ! gg:

(25)

Once more it is necessary to verify the gauge invariance of this amplitude. It turns out that one
more diagram is required, induced by a four-gluon vertex. Lorentz invariance, Bose symmetry
and dimensional analysis uniquely determine once again the structure of this vertex. The overall
factor is fixed by gauge invariance. The resulting Feynman rule for the 4-gluon vertex is given
in fig. 1.

You van verify that the 3- and 4-gluon vertices we introduced above are exactly those
which arise from the Yang-Mills Lagrangian:
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µ⌫
F aµ⌫ with F a
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It can be shown that the 3 and 4-gluon vertices we generated are all is needed to guarantee
gauge invariance even for processes more complicated than those studied in the previous simple
examples. In other words, no extra 5- or more gluon vertices have to be introduced to achieve
the gauge invariance of higher-order amplitudes. At the tree level this is the consequence of
dimensional analysis and of the locality of the couplings (no inverse powers of the momenta
can appear in the Lagrangian). At the loop level, these conditions are supplemented by the
renormalizability of the theory [3,7].

Before one can start calculating cross-sections, a technical subtlety that arises in QCD
when squaring the amplitudes and summing over the polarization of external states needs to be
discussed. Let us again start from the QED example. Let us focus, for example, on the sum
over polarizations of photon k1:
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since the colour structure fabc is totally antisymmetric. As a result, for example, a term like
gµ1µ2p

µ3
3 vanishes under antisymmetrization, while gµ1µ2p

µ3
1 doesn’t. Starting from this last

term, we can easily add the pieces required to obtain the full antisymmetry in all three indices.
The result is unique, up to an overall factor:

Vµ1µ2µ3 = V0 [(k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ1µ3 ] (22)

To test the gauge variation of the contribution D3, we set µ3 = µ, ✏1 = k1 and k3 = �(k1 + k2)
in eq. (21), and we get:

kµ1
1 ✏µ2

2 Vµ1µ2µ(k1, k2, k3) = V0 {�(k1 + k2)µ(k1 · ✏2) + 2(k1 · k2)✏
µ

2 � (k2 · ✏2)k
µ

1 } . (23)

The gauge variation is therefore:

k1 · D3 = g2fabc�cV0



v̄(q̄)✏/2u(q) �
k2 · ✏2

2k1k2
v̄(q̄)k/1u(q)

�

(24)

The first term cancels the gauge variation of D1 +D2 provided V0 = 1, the second term vanishes
for a physical gluon k2, since in this case k2 · ✏2 = 0. D1 + D2 + D3 is therefore gauge invariant
but, contrary to the case of QED, only for physical external on-shell gluons.

Having introduced a three-gluon coupling, we can induce processes involving only gluons,
such as gg ! gg:

(25)

Once more it is necessary to verify the gauge invariance of this amplitude. It turns out that one
more diagram is required, induced by a four-gluon vertex. Lorentz invariance, Bose symmetry
and dimensional analysis uniquely determine once again the structure of this vertex. The overall
factor is fixed by gauge invariance. The resulting Feynman rule for the 4-gluon vertex is given
in fig. 1.

You van verify that the 3- and 4-gluon vertices we introduced above are exactly those
which arise from the Yang-Mills Lagrangian:

LY M = �
1
4
X

a

F a

µ⌫
F aµ⌫ with F a

µ⌫
= @[µAa

⌫] � g fabcAb

[µAc

⌫] (26)

It can be shown that the 3 and 4-gluon vertices we generated are all is needed to guarantee
gauge invariance even for processes more complicated than those studied in the previous simple
examples. In other words, no extra 5- or more gluon vertices have to be introduced to achieve
the gauge invariance of higher-order amplitudes. At the tree level this is the consequence of
dimensional analysis and of the locality of the couplings (no inverse powers of the momenta
can appear in the Lagrangian). At the loop level, these conditions are supplemented by the
renormalizability of the theory [3,7].

Before one can start calculating cross-sections, a technical subtlety that arises in QCD
when squaring the amplitudes and summing over the polarization of external states needs to be
discussed. Let us again start from the QED example. Let us focus, for example, on the sum
over polarizations of photon k1:

X

✏1

|M |
2 =

 

X

✏1

✏µ

1✏⌫⇤
1

!

MµM⇤
⌫

(27)
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requires the presence of an additional contribution given by the 4-gluon vertex:

= �ab
�i g↵�

p2 + i✏
(Feynman gauge)

= �ab
i

p2 + i✏

= �ik
i

/p � m + i✏

�
�
�
�
mn

= gfabc
h

g↵�(p � q)� + g��(q � r)↵ + g�↵(r � p)�
i

= �ig2fxacfxbd

⇣

g↵�g��
� g↵�g��

⌘

�ig2fxadfxbc

⇣

g↵�g��
� g↵�g��

⌘

�ig2fxabfxcd
⇣

g↵�g��
� g↵�g��

⌘

= �gfabc q↵

= ig �a

ki
�↵

mn

Fig. 1: Feynman rules for QCD. The solid lines represent the femions, the curly lines the gluons, and the dotted

lines represent the ghosts.
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No extra vertices have to be introduced — all QCD amplitudes are automatically 
gauge-invariant with this set of Feynman rules!

4



Physical states of  QCD

❖    For Abelian symmetries (such as in QED) 
 
 
 
 
 

❖    Sum over physical polarisations: 
 
 
 
 
 
 
 
 
 

❖    NOT true in non-Abelian theories such as QCD!!!

since the colour structure fabc is totally antisymmetric. As a result, for example, a term like
gµ1µ2p

µ3
3 vanishes under antisymmetrization, while gµ1µ2p

µ3
1 doesn’t. Starting from this last

term, we can easily add the pieces required to obtain the full antisymmetry in all three indices.
The result is unique, up to an overall factor:

Vµ1µ2µ3 = V0 [(k1 � k2)µ3gµ1µ2 + (k2 � k3)µ1gµ2µ3 + (k3 � k1)µ2gµ1µ3 ] (22)

To test the gauge variation of the contribution D3, we set µ3 = µ, ✏1 = k1 and k3 = �(k1 + k2)
in eq. (21), and we get:
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1 ✏µ2

2 Vµ1µ2µ(k1, k2, k3) = V0 {�(k1 + k2)µ(k1 · ✏2) + 2(k1 · k2)✏
µ
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µ
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The gauge variation is therefore:
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2k1k2
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(24)

The first term cancels the gauge variation of D1 +D2 provided V0 = 1, the second term vanishes
for a physical gluon k2, since in this case k2 · ✏2 = 0. D1 + D2 + D3 is therefore gauge invariant
but, contrary to the case of QED, only for physical external on-shell gluons.

Having introduced a three-gluon coupling, we can induce processes involving only gluons,
such as gg ! gg:

(25)

Once more it is necessary to verify the gauge invariance of this amplitude. It turns out that one
more diagram is required, induced by a four-gluon vertex. Lorentz invariance, Bose symmetry
and dimensional analysis uniquely determine once again the structure of this vertex. The overall
factor is fixed by gauge invariance. The resulting Feynman rule for the 4-gluon vertex is given
in fig. 1.

You van verify that the 3- and 4-gluon vertices we introduced above are exactly those
which arise from the Yang-Mills Lagrangian:
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1
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µ⌫
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⌫] � g fabcAb
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⌫] (26)

It can be shown that the 3 and 4-gluon vertices we generated are all is needed to guarantee
gauge invariance even for processes more complicated than those studied in the previous simple
examples. In other words, no extra 5- or more gluon vertices have to be introduced to achieve
the gauge invariance of higher-order amplitudes. At the tree level this is the consequence of
dimensional analysis and of the locality of the couplings (no inverse powers of the momenta
can appear in the Lagrangian). At the loop level, these conditions are supplemented by the
renormalizability of the theory [3,7].

Before one can start calculating cross-sections, a technical subtlety that arises in QCD
when squaring the amplitudes and summing over the polarization of external states needs to be
discussed. Let us again start from the QED example. Let us focus, for example, on the sum
over polarizations of photon k1:

X

✏1

|M |
2 =

 

X

✏1
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1

!

MµM⇤
⌫

(27)
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ALL polarisations!

Two independent physical

polarisations:The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are

given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):

X
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i
✏⌫⇤
i ⌘
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B
B
@

0 ~0
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~0 0 1 0
0 0 0

1

C
C
A

= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
� |M0|

2
⌘ �gµ⌫ MµM⇤

⌫
(29)

Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
X
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2

(31)

In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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, (32)
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
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2
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
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2
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(29)

Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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non�physical
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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i
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We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|
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2 + |M3|

2
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2
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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non�physical

|✏µ

1 ✏⌫

2Mµ⌫ |
2 =

�
�
�
�
i g2 fabc�c

1
2k1k2

v̄(q̄)k1/ u(q)
�
�
�
�

2

(31)

In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:
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2 = |M1|
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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In QED: can be 
safely dropped!

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
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= �1 = ✏R · ✏⇤
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We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/
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2. They satisfy the standard normalization properties:
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We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
X

non�physical

|✏µ
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2Mµ⌫ |
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(31)

In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):

X
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i
✏⌫⇤
i ⌘

0

B
B
@

0 ~0
1 0 0

~0 0 1 0
0 0 0

1

C
C
A

= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
� |M0|

2
⌘ �gµ⌫ MµM⇤

⌫
(29)

Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
X

non�physical

|✏µ
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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Production of space-like and longitudinal photons cancel out:  
only physical states are produced!

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):

X

i=L,R

✏µ

i
✏⌫⇤
i ⌘

0
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@

0 ~0
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0 0 0

1
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= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
� |M0|

2
⌘ �gµ⌫ MµM⇤

⌫
(29)

Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
X

non�physical

|✏µ

1 ✏⌫
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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Vanishes ONLY for physical      !!!

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):

X

i=L,R
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i
✏⌫⇤
i ⌘
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B
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1
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= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|

2 + |M2|
2 + |M3|

2
� |M0|

2
⌘ �gµ⌫ MµM⇤

⌫
(29)

Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
X

non�physical
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact

= �

�
�
�
�
i g2 fabc�c

1
2k1k2

v̄(q̄)k1/ u(q)
�
�
�
�

2

, (32)

59

Production of a pair of unphysical 

gluons is allowed in QCD!

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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i
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i ⌘
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= �gµ⌫ +
kµk̄⌫ + k⌫ k̄µ

k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
2 = |M1|

2 + |M2|
2 = |M1|
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2 + |M3|

2
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2
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact

= �

�
�
�
�
i g2 fabc�c

1
2k1k2

v̄(q̄)k1/ u(q)
�
�
�
�

2

, (32)

59

5



The role of  ghosts

❖    The choice of physical gauges: remove ALL unphysical d.o.f. from the final states  
       (and off-shell propagators they are coupled to) explicitly imposing 
 
 
 

❖     Alternatively, gauge fixing in non-physical gauges (e.g. covariant gauge):  
        appearance of two colour octet scalar d.o.f. only coupling to gluons  
        (their loop comes with -1 as if they obey Fermi statistics!) which are  
        pair-produced and exist in loops 
 

❖     Due to violation of the spin-statistics theorem, the ghosts lead to negative 
        probability contributions necessary to cancel unphysical gluons’ effect! 
 
 
 
 
 
 
 

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:

✏L · ✏⇤
L

= �1 = ✏R · ✏⇤
R

✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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k · k̄
(28)

We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:

X

i=L,R

|✏i · M |
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2
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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Unitarity is imposed!

The two independent physical polarizations of a photon with momentum k = (k0; 0, 0, k0) are
given by ✏µ

L,R
= (0; 1,±i, 0)/

p
2. They satisfy the standard normalization properties:
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✏L · ✏⇤
R

= 0

We can write the sum over physical polarizations in a convenient form by introducing the vector
k̄ = (k0; 0, 0,�k0):
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We could have written the sum over physical polarizations using any other momentum `µ,
provided k · ` 6= 0. This would be equivalent to a gauge transformation (prove it as an exercise).
In QED the second term in eq. (28) can be safely dropped, since kµMµ = 0. As a cross check,
notice that kµMµ = 0 implies M0 = M3, and therefore:
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Therefore, the production of the longitudinal and time-like components of the photon cancel
each other. This is true regardless of whether additional external photons are physical or not,
since the gauge invariance k1 ·M = 0 shown in Eq. (12) holds regardless of the choice for ✏2, as
already remarked. In particular,

kµ1
1 kµ2

2 Mµ1µ2 = 0 (30)

(for n photons, kµ1
1 kµ2

2 . . . kµn
n

Mµ1...µn = 0) and the production of any number of unphysical
photons vanishes. The situation in the case of gluon emission is di↵erent, since k1 ·M / ✏2 · k2,
which vanishes only for a physical ✏2. This implies that the production of one physical and one
non-physical gluons is equal to 0, but the production of a pair of non-physical gluons is allowed!
If ✏2 · k2 6= 0, then M0 is not equal to M3, and eq. (28) is not equivalent to

P

✏µ✏⇤⌫ = �gµ⌫ .

Exercise: show that
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In the case of non-Abelian theories, it is therefore important to restrict the sum over polarizations
and (because of unitarity) the o↵-shell propagators to physical degrees of freedom with the choice
of physical gauges. Alternatively, one has to undertake a study of the implications of gauge-fixing
in non-physical gauges for the quantization of the theory (see refs. [3,7]). The outcome of this
analysis is the appearance of two colour-octet scalar degrees of freedom (called ghosts) whose
rôle is to enforce unitarity in non-physical gauges. They will appear in internal closed loops,
or will be pair-produced in final states. They only couple to gluons. Their Feynman rules are
supplemented by the prescription that each closed loop should come with a �1 sign, as if they
obeyed Fermi statistics. Being scalars, this prescription breaks the spin-statistics relation, and
leads as a result to the possibility that production probabilities be negative. This is precisely
what is required to cancel the contributions of non-transverse degrees of freedom appearing in
non-physical gauges. Adding the ghosts contribution to qq̄ ! gg decays (using the Feynman
rules from fig. 1) gives in fact
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exactly cancels the unphysical gluon term!

Unitarity is restored!
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QCD Feynman rules
in order to define the gluon
propagator Æ fix the gauge!
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Color factors calculus: �ǀŝƚĂŶŽǀŝđ algorithm

Example 1: number of gluons Example 2: Casimir operator in the fundamental rep.

Example 3: Casimir operator in the adjoint rep.
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b) = TRδ

ab = TR * 

Tr(ta) = 0 = 0
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a)ij = CF δij = CF * 
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The color algebra
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More color algebra
There are some useful graphical tricks (which I learned from P. Nason, ref. [9]) which can

be used to evaluate complicated expressions. The starting point is the following representation
for the quark and gluon propagators, and for the qq̄g and ggg interaction vertices:

fermion (38)

gluon (39)

1
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B
B
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Fermion-Gluon Vertex (ta) (40)
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B
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1

C
A 3-Gluon Vertex (fabc) (41)

Contraction over colour indices is obtained by connecting the respective colour (or anticolour)
lines. A closed loop of a colour line gives rise to a factor N , since the closed loop is equivalent to
the trace of the unit matrix. So the above representation of the qq̄g vertex embodies the idea of
“colour conservation”, whereby the colour-anticolour quantum numbers carried by the qq̄ pair
are transferred to the gluon. The piece proportional to 1/N in the qq̄g vertex appears only when
the colour of the quark and of the antiquark are the same. It ensures that �a is traceless, as
it should. This can be easily checked as an exercise. The factor 1/

p
2 is related to the chosen

normalization of TF .

As a first example of applications, let us reevaluate CF :
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As an exercise, you can calculate the colour factor for qq̄ ! qq̄ scattering, and show that:
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This result can be used to evaluate the one-loop colour factors for the interaction vertex with a
photon:
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Generators in the adjoint 
representation satisfy:

In the large N-limit 
gluons behaves 

as a quark-antiquark 
pair!

Many algorithms and codes 
work in the large-N limit 

(e.g. parton showers)9



Even more color algebra

❖   The gluon exchange between the quark and anti-quark in the color-singlet state: 
 
 
 
 
 
 

      has positive sign, so the interaction is attractive! 

❖   The gluon exchange between the quark and anti-quark in the color-octet state: 
 
 

For the interaction with a gluon we have instead:
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Notice that in the case of the coupling to the photon the qq̄ pair is in a colour-singlet state.
The gluon exchange e↵ect in this case has a positive sign () attraction). In the case of the
coupling to the gluon the qq̄ pair is in a colour-octet state, and the gluon-exchange correction
has a negative sign relative to the Born interaction. The force between a qq̄ pair is therefore
attractive if the pair is in a colour-singlet, while it is repulsive if it is in a colour-octet state! This
gives a qualitative argument for why no colour-octet qq̄ bound state exists.

The remaining important relation that one needs is the following:
X

a,b

fabcfabd = CA�cd with CA = N . (46)

You can easily prove it by using the graphical representation given in eq. (41), or by using
eq. (43) and fabc = �2i tr([�a,�b]�c).

3 Renormalization, or: “THEORISTS ARE NOT AFRAID OF INFINITIES!”

QCD calculations are extremely demanding. Although perturbative, the size of the coupling con-
stant even at rather large values of the exchanged momentum, Q2, is such that the convergence
of the perturbative expansion is slow. Several orders of perturbation theory (PT) are required
in order to obtain a good accuracy. The complexity of the calculations grows dramatically with
the order of the approximation. As an additional complication, the evaluation of a large class
of higher-order diagrams gives rise to results which are a priori ill-defined, namely to infinities.
A typical example of what is known as an ultraviolet divergence, appears when considering the
corrections to the quark self-energy. Using the Feynman rules presented in the previous lecture,
one can obtain:
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⌘ip/⌃(p) , (47)
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As an exercise, you can calculate the colour factor for qq̄ ! qq̄ scattering, and show that:
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This result can be used to evaluate the one-loop colour factors for the interaction vertex with a
photon:
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Bound states are formed, 
with attractive potential
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Very sharp peaks => small widths (~ 100 KeV) compared to hadronic resonances (100 MeV) => 
very long lived states.  QCD is “weak” at scales >> ΛQCD (asymptotic freedom),  non-relativistic 
bound  states are formed like positronium!

The QCD-Coulomb attractive potential is like:

Quarkonium states

V (r) ! −CF

αS(1/r)

r

39
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Soft gluon emission off a singlet quark-antiquark pair

❖    Emission of soft (=long wavelength) gluons plays a fundamental role in evolution  
       of the final state (e.g. it defines final-state multiplicity of hadrons)  

❖    Soft gluons are insensitive to the spin of the partons and cannot distinguish features  
      of the interactions taking place at time scales shorter than their wavelengths  
      (phenomenon of QCD factorisation)

4.1 Soft Gluon Emission

Emission of soft gluons plays a fundamental rôle in the evolution of the final state [6,15]. Soft
gluons are emitted with large probability, since the emission spectrum behaves like dE/E, typical
of bremstrahlung even in QED. They provide the seed for the bulk of the final-state multiplicity
of hadrons. The study of soft-gluon emission is simplified by the simplicity of their couplings.
Being soft (i.e., long wavelength) they are insensitive to the details of the very-short-distance
dynamics: they cannot distinguish features of the interactions which take place on time scales
shorter than their wavelength. They are also insensitive to the spin of the partons: the only
feature they are sensitive to is the colour charge. To prove this let us consider soft-gluon emission
in the qq̄ decay of an o↵-shell photon:

(103)

Asoft = ū(p)✏(k)(ig)
�i

p/ + k/
�µ v(p̄) �a

ij
+ ū(p)�µ

i
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(ig)✏(k) v(p̄) �a

ij

=


g

2p · k
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g

2p̄ · k
ū(p)�µ (p̄/ + k/)✏(k) v(p̄)

�

�a

ij

I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:

Asoft = g�a

ij

✓
p · ✏

p · k
�

p̄✏

p̄ · k

◆

ABorn (104)

We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:

= g �a

ij
2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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Asoft = ū(p)✏(k)(ig)
�i

p/ + k/
�µ v(p̄) �a

ij
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in the qq̄ decay of an o↵-shell photon:
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I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:
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We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:

= g �a

ij
2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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❖    Using the Dirac equation

4.1 Soft Gluon Emission

Emission of soft gluons plays a fundamental rôle in the evolution of the final state [6,15]. Soft
gluons are emitted with large probability, since the emission spectrum behaves like dE/E, typical
of bremstrahlung even in QED. They provide the seed for the bulk of the final-state multiplicity
of hadrons. The study of soft-gluon emission is simplified by the simplicity of their couplings.
Being soft (i.e., long wavelength) they are insensitive to the details of the very-short-distance
dynamics: they cannot distinguish features of the interactions which take place on time scales
shorter than their wavelength. They are also insensitive to the spin of the partons: the only
feature they are sensitive to is the colour charge. To prove this let us consider soft-gluon emission
in the qq̄ decay of an o↵-shell photon:

(103)
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I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:
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We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:

= g �a

ij
2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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Factorises!

❖    The Feynman rule for the soft photon radiation

4.1 Soft Gluon Emission

Emission of soft gluons plays a fundamental rôle in the evolution of the final state [6,15]. Soft
gluons are emitted with large probability, since the emission spectrum behaves like dE/E, typical
of bremstrahlung even in QED. They provide the seed for the bulk of the final-state multiplicity
of hadrons. The study of soft-gluon emission is simplified by the simplicity of their couplings.
Being soft (i.e., long wavelength) they are insensitive to the details of the very-short-distance
dynamics: they cannot distinguish features of the interactions which take place on time scales
shorter than their wavelength. They are also insensitive to the spin of the partons: the only
feature they are sensitive to is the colour charge. To prove this let us consider soft-gluon emission
in the qq̄ decay of an o↵-shell photon:

(103)
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I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:
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We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:

= g �a

ij
2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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❖    Analogically

4.1 Soft Gluon Emission

Emission of soft gluons plays a fundamental rôle in the evolution of the final state [6,15]. Soft
gluons are emitted with large probability, since the emission spectrum behaves like dE/E, typical
of bremstrahlung even in QED. They provide the seed for the bulk of the final-state multiplicity
of hadrons. The study of soft-gluon emission is simplified by the simplicity of their couplings.
Being soft (i.e., long wavelength) they are insensitive to the details of the very-short-distance
dynamics: they cannot distinguish features of the interactions which take place on time scales
shorter than their wavelength. They are also insensitive to the spin of the partons: the only
feature they are sensitive to is the colour charge. To prove this let us consider soft-gluon emission
in the qq̄ decay of an o↵-shell photon:
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I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:
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We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:

= g �a

ij
2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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Soft gluon emission off an octet quark-antiquark pairis not in a colour-singlet state anymore makes things a bit more interesting:

(107)
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The two factors correspond to the two possible ways colour can flow in this process:

(109)

In the first case the antiquark (colour label j) is colour connected to the soft gluon (colour label
b), and the quark (colour label i) is connected to the decaying gluon (colour label a). In the
second case, the order is reversed. The two emission factors correspond to the emission of the
soft gluon from the antiquark, and from the quark line, respectively. When squaring the total
amplitude, and summing over initial and final-state colours, the interference between the two
pieces is suppressed by 1/N2 relative to the individual squares:
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As a result, the emission of a soft gluon can be described, to the leading order in 1/N2, as the
incoherent sum of the emission form the two colour currents.

4.2 Angular ordering for soft-gluon emission

The results presented above have important consequences for the perturbative evolution of the
quarks. A key property of the soft-gluon emission is the so-called angular ordering. This
phenomenon consists in the continuous reduction of the opening angle at which successive soft
gluons are emitted by the evolving quark. As a result, this radiation is confined within smaller
and smaller cones around the quark direction, and the final state will look like a collimated
jet of partons. In addition, the structure of the colour flow during the jet evolution forces the
qq̄ pairs which are in a colour-singlet state to be close in phase-space, thereby achieving the
pre-confinement of colour-singlet clusters alluded to at the beginning of the lecture.
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The two factors correspond to the two possible ways colour can flow in this process:
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In the first case the antiquark (colour label j) is colour connected to the soft gluon (colour label
b), and the quark (colour label i) is connected to the decaying gluon (colour label a). In the
second case, the order is reversed. The two emission factors correspond to the emission of the
soft gluon from the antiquark, and from the quark line, respectively. When squaring the total
amplitude, and summing over initial and final-state colours, the interference between the two
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As a result, the emission of a soft gluon can be described, to the leading order in 1/N2, as the
incoherent sum of the emission form the two colour currents.

4.2 Angular ordering for soft-gluon emission

The results presented above have important consequences for the perturbative evolution of the
quarks. A key property of the soft-gluon emission is the so-called angular ordering. This
phenomenon consists in the continuous reduction of the opening angle at which successive soft
gluons are emitted by the evolving quark. As a result, this radiation is confined within smaller
and smaller cones around the quark direction, and the final state will look like a collimated
jet of partons. In addition, the structure of the colour flow during the jet evolution forces the
qq̄ pairs which are in a colour-singlet state to be close in phase-space, thereby achieving the
pre-confinement of colour-singlet clusters alluded to at the beginning of the lecture.
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The two factors correspond to the two possible ways colour can flow in this process:
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In the first case the antiquark (colour label j) is colour connected to the soft gluon (colour label
b), and the quark (colour label i) is connected to the decaying gluon (colour label a). In the
second case, the order is reversed. The two emission factors correspond to the emission of the
soft gluon from the antiquark, and from the quark line, respectively. When squaring the total
amplitude, and summing over initial and final-state colours, the interference between the two
pieces is suppressed by 1/N2 relative to the individual squares:

X

a,b,i,j

|(�a�b)ij |2 =
X

a,b

tr
⇣

�a�b�b�a

⌘

=
N2

� 1
2

CF = O(N3) (110)

X

a,b,i,j

(�a�b)ij [(�b�a)ij ]⇤ =
X

a,b

tr(�a�b�a�b) =
N2

� 1
2

(CF �
CA

2
)

| {z }

� 1
2N

= O(N) (111)

As a result, the emission of a soft gluon can be described, to the leading order in 1/N2, as the
incoherent sum of the emission form the two colour currents.

4.2 Angular ordering for soft-gluon emission

The results presented above have important consequences for the perturbative evolution of the
quarks. A key property of the soft-gluon emission is the so-called angular ordering. This
phenomenon consists in the continuous reduction of the opening angle at which successive soft
gluons are emitted by the evolving quark. As a result, this radiation is confined within smaller
and smaller cones around the quark direction, and the final state will look like a collimated
jet of partons. In addition, the structure of the colour flow during the jet evolution forces the
qq̄ pairs which are in a colour-singlet state to be close in phase-space, thereby achieving the
pre-confinement of colour-singlet clusters alluded to at the beginning of the lecture.
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The two factors correspond to the two possible ways colour can flow in this process:

(109)

In the first case the antiquark (colour label j) is colour connected to the soft gluon (colour label
b), and the quark (colour label i) is connected to the decaying gluon (colour label a). In the
second case, the order is reversed. The two emission factors correspond to the emission of the
soft gluon from the antiquark, and from the quark line, respectively. When squaring the total
amplitude, and summing over initial and final-state colours, the interference between the two
pieces is suppressed by 1/N2 relative to the individual squares:

X

a,b,i,j

|(�a�b)ij |2 =
X

a,b

tr
⇣

�a�b�b�a

⌘

=
N2

� 1
2

CF = O(N3) (110)

X

a,b,i,j

(�a�b)ij [(�b�a)ij ]⇤ =
X

a,b

tr(�a�b�a�b) =
N2

� 1
2

(CF �
CA

2
)

| {z }

� 1
2N

= O(N) (111)

As a result, the emission of a soft gluon can be described, to the leading order in 1/N2, as the
incoherent sum of the emission form the two colour currents.

4.2 Angular ordering for soft-gluon emission

The results presented above have important consequences for the perturbative evolution of the
quarks. A key property of the soft-gluon emission is the so-called angular ordering. This
phenomenon consists in the continuous reduction of the opening angle at which successive soft
gluons are emitted by the evolving quark. As a result, this radiation is confined within smaller
and smaller cones around the quark direction, and the final state will look like a collimated
jet of partons. In addition, the structure of the colour flow during the jet evolution forces the
qq̄ pairs which are in a colour-singlet state to be close in phase-space, thereby achieving the
pre-confinement of colour-singlet clusters alluded to at the beginning of the lecture.
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Color flow:

In the emission probability, the interference terms are color-suppressed:

is not in a colour-singlet state anymore makes things a bit more interesting:
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The two factors correspond to the two possible ways colour can flow in this process:

(109)

In the first case the antiquark (colour label j) is colour connected to the soft gluon (colour label
b), and the quark (colour label i) is connected to the decaying gluon (colour label a). In the
second case, the order is reversed. The two emission factors correspond to the emission of the
soft gluon from the antiquark, and from the quark line, respectively. When squaring the total
amplitude, and summing over initial and final-state colours, the interference between the two
pieces is suppressed by 1/N2 relative to the individual squares:
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As a result, the emission of a soft gluon can be described, to the leading order in 1/N2, as the
incoherent sum of the emission form the two colour currents.

4.2 Angular ordering for soft-gluon emission

The results presented above have important consequences for the perturbative evolution of the
quarks. A key property of the soft-gluon emission is the so-called angular ordering. This
phenomenon consists in the continuous reduction of the opening angle at which successive soft
gluons are emitted by the evolving quark. As a result, this radiation is confined within smaller
and smaller cones around the quark direction, and the final state will look like a collimated
jet of partons. In addition, the structure of the colour flow during the jet evolution forces the
qq̄ pairs which are in a colour-singlet state to be close in phase-space, thereby achieving the
pre-confinement of colour-singlet clusters alluded to at the beginning of the lecture.
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Angular ordering

4.1 Soft Gluon Emission

Emission of soft gluons plays a fundamental rôle in the evolution of the final state [6,15]. Soft
gluons are emitted with large probability, since the emission spectrum behaves like dE/E, typical
of bremstrahlung even in QED. They provide the seed for the bulk of the final-state multiplicity
of hadrons. The study of soft-gluon emission is simplified by the simplicity of their couplings.
Being soft (i.e., long wavelength) they are insensitive to the details of the very-short-distance
dynamics: they cannot distinguish features of the interactions which take place on time scales
shorter than their wavelength. They are also insensitive to the spin of the partons: the only
feature they are sensitive to is the colour charge. To prove this let us consider soft-gluon emission
in the qq̄ decay of an o↵-shell photon:

(103)
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I used the generic symbol �µ to describe the interaction vertex with the photon to stress the
fact that the following manipulations are independent of the specific form of �µ. In particular,
�µ can represent an arbitrarily complicated vertex form factor. Neglecting the factors of k/ in
the numerators (since k ⌧ p, p̄, by definition of soft) and using the Dirac equations, we get:
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We then conclude that soft-gluon emission factorizes into the product of an emission factor,
times the Born-level amplitude. From this exercise, one can extract general Feynman rules for
soft-gluon emission:
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2pµ (105)

Exercise: Derive the g ! gg soft-emission rules:

= igfabc 2pµ g⌫⇢ (106)

Example: Consider the “decay” of a virtual gluon into a quark pair. One more diagram should
be added to those considered in the case of the electroweak decay. The fact that the quark pair
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Let us start first by proving the property of colour ordering. Consider the qq̄ pair produced
by the decay of a rapidly moving virtual photon. The amplitude for the emission of a soft gluon
was given in eq. (104). Squaring, summing over colours and including the gluon phase-space we
get the following result:
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where ✓↵� = ✓↵ � ✓�, and i, j, k refer to the q, q̄ and gluon directions, respectively. We can
write the following identity:
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(113)
We would like to interpret the two functions W(i) and W(j) as radiation probabilities from the
quark and antiquark lines. Each of them is in fact only singular in the limit of gluon emission
parallel to the respective quark:

W(i) ! finite if k k j (cos ✓jk ! 1) (114)
W(j) ! finite if k k i (cos ✓ik ! 1) (115)

The intepretation as probabilities is however limited by the fact that neither W(i) nor W(j) are
positive definite. However, you can easily prove that
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(116)

where the integral is the azimuthal average around the q direction. A similar result holds for
W(j):
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(117)

As a result, the emission of soft gluons outside the two cones obtained by rotating the antiquark
direction around the quark’s, and viceversa, averages to 0. Inside the two cones, one can
consider the radiation from the emitters as being uncorrelated. In other words, the two colour
lines defined by the quark and antiquark currents act as independent emitters, and the quantum
coherence (i.e. the e↵ects of interference between the two graphs contributing to the gluon-
emission amplitude) is accounted for by constraining the emission to take place within those
fixed cones.

If one repeats now the exercise for emission of one additional gluon, one will find the same
angular constraint, but this time applied to the colour lines defined by the previously established
antenna. As shown in the previous subsection, the qq̄g state can be decomposed at the leading
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The radiation probabilities from the quark and antiquark lines

Azimuthal average around q-direction

Let us start first by proving the property of colour ordering. Consider the qq̄ pair produced
by the decay of a rapidly moving virtual photon. The amplitude for the emission of a soft gluon
was given in eq. (104). Squaring, summing over colours and including the gluon phase-space we
get the following result:

d�g =
X

|Asoft|
2 d3k

(2⇡)32k0

X

|A0|
2 �2pµp̄⌫

(pk)(p̄k)
g2

X

✏µ✏⇤⌫
d3k

(2⇡)32k0

= d�0
2(pp̄)

(pk)(p̄k)
g2 Cf

✓
d�

2⇡

◆
k0dk0

8⇡2
d cos ✓

= d�0
↵sCF

⇡

dk0

k0

d�

2⇡
1 � cos ✓ij

(1 � cos ✓ik)(1 � cos ✓jk)
d cos ✓ (112)

where ✓↵� = ✓↵ � ✓�, and i, j, k refer to the q, q̄ and gluon directions, respectively. We can
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We would like to interpret the two functions W(i) and W(j) as radiation probabilities from the
quark and antiquark lines. Each of them is in fact only singular in the limit of gluon emission
parallel to the respective quark:

W(i) ! finite if k k j (cos ✓jk ! 1) (114)
W(j) ! finite if k k i (cos ✓ik ! 1) (115)

The intepretation as probabilities is however limited by the fact that neither W(i) nor W(j) are
positive definite. However, you can easily prove that
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where the integral is the azimuthal average around the q direction. A similar result holds for
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As a result, the emission of soft gluons outside the two cones obtained by rotating the antiquark
direction around the quark’s, and viceversa, averages to 0. Inside the two cones, one can
consider the radiation from the emitters as being uncorrelated. In other words, the two colour
lines defined by the quark and antiquark currents act as independent emitters, and the quantum
coherence (i.e. the e↵ects of interference between the two graphs contributing to the gluon-
emission amplitude) is accounted for by constraining the emission to take place within those
fixed cones.
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(i)   No emission outside the two cones obtained

       by rotating the antiquark direction around the 
       quark one, and vice versa (quantum coherence) 
 

(ii)   Uncorrelated emission inside the cones!

…are singular in the limit of parallel emission 
off the respective (anti)quark!
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Angular ordering

“Antenna”

❖    Color always flows directly from the emitting parton to the emitted one 

❖    The radiation gets softer at later stages of the evolution 

❖    Partons forming the color-singlet clusters appear to be close in phase space 

❖    Hadronisation happens locally inside the jet: only pairs of nearby partons are involved!



Soft and collinear divergences
kinematics

Æ

Collinear divergences Soft divergence
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❖   Correction to the                    cross section due to soft one-gluon emission 

way, the emission angle will be smaller than the angle of the first gluon emission. This leads
to the concept of angular ordering, with successive emission of soft gluons taking place within
cones which get smaller and smaller.

The fact that colour always flows directly from the emitting parton to the emitted one,
the collimation of the jet, and the softening of the radiation emitted at later stages, ensure that
partons forming a colour-singlet cluster are close in phase-space. As a result, hadronization (the
non-perturbative process that will bind together colour-singlet parton pairs) takes place locally
inside the jet and is not a collective process: only pairs of nearby partons are involved. The
inclusive properties of jets (e.g. the particle multiplicity, jet mass, jet broadening, etc.) are
independent of the hadronization model, up to corrections of order (⇤/

p
s)n (for some integer

power n, which depends on the observable), with ⇤ <
⇠ 1 GeV.

4.3 Jet rates

We now present explicit calculations of interesting observables. For simplicity, we will work
with the soft-gluon approximation for the matrix elements and the phase-space. As a result, the
correction to the di↵erential e+e� ! qq̄ cross-section from one-gluon emission becomes:
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d cos ✓

1 � cos2 ✓
, with �0 = Born amplitude. (118)

In this equation we used the fact that in the soft-g limit the q and q̄ are back-to-back, and

q · q̄ = 2q0q̄0 , q · k = q0k0(1 � cos ✓), q̄k = q̄0k0(1 + cos ✓) (119)

Notice the presence in d�g of soft and collinear singularities. They will have to cancel in the
total cross-section which, as we saw in the previous lecture, is finite. They do indeed cancel
against the contribution to the total cross-section coming from the virtual correction diagram,
where a gluon is exchanged between the two quarks. In the total cross-section (and for other
su�ciently inclusive observables) the final states produced by the virtual diagrams and by the
real emission diagrams in the soft or collinear limit are the same, and both contribute. In order
for the total cross-section to be finite, the virtual contribution will need to take the following
form:
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plus finite corrections. In this way:
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With the form of the virtual corrections available (at least in this simplified soft-gluon-dominated
approximation) we can proceed and calculate other quantities.

Jets are usually defined as clusters of particles close-by in phase-space. A typical jet
definition distributes particles in sets of invariant mass smaller than a given parameter M ,
requiring that one particle only belongs to one jet, and that no other particles (or jets) can
be added to a given jet without its mass exceeding M . In the case of a three-particle final
state, such as the one we are studying, we get three-jet events if (q + k)2, (q̄ + k)2 and (q + q̄)2

are all larger than M2. We will have two-jet events when at least one of these quantities
gets smaller than M2. For example emission of a gluon near the direction of the quark, with
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soft div. collinear div.

Cancelation of soft/collinear divergences

❖   Since the total cross section is finite, the soft and collinear divergences must cancel!

❖   Such cancellation indeed happens when summed together with the virtual contribution 
      which is the soft gluon limit has the form
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su�ciently inclusive observables) the final states produced by the virtual diagrams and by the
real emission diagrams in the soft or collinear limit are the same, and both contribute. In order
for the total cross-section to be finite, the virtual contribution will need to take the following
form:

d2�v

dk0d cos ✓
= ��0

2↵s

⇡
CF

Z
p

s/2

0

dk0
0

k0
0

Z 1

�1

d cos ✓0

(1 � cos2 ✓0
⇥

1
2
�(k0) [�(1 � cos ✓) + �(1 + cos ✓)]

(120)
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With the form of the virtual corrections available (at least in this simplified soft-gluon-dominated
approximation) we can proceed and calculate other quantities.

Jets are usually defined as clusters of particles close-by in phase-space. A typical jet
definition distributes particles in sets of invariant mass smaller than a given parameter M ,
requiring that one particle only belongs to one jet, and that no other particles (or jets) can
be added to a given jet without its mass exceeding M . In the case of a three-particle final
state, such as the one we are studying, we get three-jet events if (q + k)2, (q̄ + k)2 and (q + q̄)2

are all larger than M2. We will have two-jet events when at least one of these quantities
gets smaller than M2. For example emission of a gluon near the direction of the quark, with
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such that

way, the emission angle will be smaller than the angle of the first gluon emission. This leads
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p
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4.3 Jet rates
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be added to a given jet without its mass exceeding M . In the case of a three-particle final
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…plus finite terms



Jets in electron-positron annihilation

Æ

first observation of gluons!

�

�
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What is the fundamental role of the vacuum polarisation?
Screening of electric charge in QED

Long range EM interactions

At larger distances EM interaction becomes weaker!
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Why we do not see quarks?

Short range strong interactions

Asymptotic freedom

Running QCD coupling
Color charge 

anti-screening Confinement

Nobel Prize 2004:
Gross, Wilczek; Politzer

basis for hadronisation ŵŽĚĞůƐ͙͘͘

Free quarks are 
not observed 

due to confinement
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