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»There is nothing more practical than a good theory!”,
Kurt Lewin (1890 - 1947), German-American psychologist

. J

* When dealing with electromagnetic phenomena, we have a very good
theory in form of Maxwell’s equations

« As itis a good theory, it is not just relevant for theory enthusiasts, but
Indeed it is very practical and useful to gain insight in electromagnetic
phenomena relevant for accelerators

 In this talk: Recapitulation of Maxwell's equations, conservation
principles, classes of fields, some selected solutions and their properties
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Fields

Fields describe states in space:
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Example Scalar Field

Temperature distribution T (r, t) of car (infrared image)
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Example Vector Field

Velocity field v(r,7) (sketch) of Miiggelspree in autumn
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Decomposition of Fields on Plane into Normal and Tangential Components

Fields on a plane can be split into:
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Evaluation of Normal Component

Normal component is obtained
o\ T F(r,t) by following dot product:

n-F(r,t)=F,(r 1)
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Evaluation of Tangential Component

Tangential component is obtained by
following cross products:

F.(rt)
—n xn X F(r, 1) = ( 0 ) = Fy(r,t)
F.(r,t)
-
e, ey e, F.(r,t)
0 1 0 = —n X 0
Fy(r,t) Fy,(r,t) F,(r,t) (Fw(r,t)




Maxwell's Equations in Integral Representation

#D(r,t) -dA = ///p(r,t) dVv
o2 Q
gﬁgB(r,t)-dA ~0

895 E(r,t) - ds
%H(r, t)
or

// (20t
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t)+J(r, )) .dA

James Clerk Max=well {1831-1679)

Figure: https://upload.wikimedia.org/wikipedia/commons/thumb/1/1e/James_Clerk Maxwell_big.jpg/390px-

James_Clerk_Maxwell_big.jpg
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Gauss' Law (for Electricity) in Integral Form

Electric charges @ or electric charge densities p(r,t) generate electric flux densities D(r, ) !

A

#D -dA =Q = ///

total electric flux through total electric charge enclosed
Gaussian surface in Gaussian surface

Gaussian surface 0f2
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Quick Quiz — Value of Net Flux through Surface? (1 /1)
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#D -dA = 777

total electric flux through
Gaussian surface
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Quick Quiz — Value of Net Flux through Surface? (11 /11)

#D dA—O—///

total electric flux through
Gaussian surface

« Total electric flux through the Gaussian surface equals
zero since no charges are contained in the volume!

 In other words: total amount of flux flowing into the
Gaussian surface is equal to total amount of flux flowing
out of the surface

« Absence of charges in the volume does not mean that the
electric displacement fields are zero in the volume
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Gauss' Law for Magnetism in Integral Form

Magnetic flux densities B(r,¢) do not have sources, i.e. they are closed field lines!

/
__________ >
T #B(r,t}-dA:0
o2
T T ——— > \ ~ g
0 dA total magnetic flux through
N e Gaussian surface
""" —

\ -----

0
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Faraday's Law of Induction

Time-dependent magnetic flux densities B(r,t) generate curled electric field strength E(r,t) !

0

E(I‘,t) aB(I’,t)
ds

ot
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Ampere’'s Law with Maxwell’s Extension

0
Electric current densities J(r,¢) and electric displacement currents densities aD(r,t)
generate curled magnetic field strengths H(r,t) !

H(r,t)

5£H ds—//< ) + D(rjt)) .dA
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Faraday's Law of Induction — The Minus Sign - Lenz Law

The direction of the induced electric field strength tends to produce a current that creates a magnetic flux
to oppose the change in magnetic flux through the area enclosed by the current loop!
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The minus sign in the induction law is also required for Maxwell's equations to be energy conservina

16 Figure adapted from D. Halliday, R. Resnick, J. Walker, Fundamentals of Physics, John Wiley & Sons Inc., 2014



Forces Acting on Charged Particles — Coulomb and Lorentz Force

F=g¢q|E(r,t)+v xB(r,t)] =qE(r,t) +q v x B(r, 1)
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Electric Fields in Dielectric Materials

* No free charges in ideal dielectric materials, but
bound charges only able to move at a small distances
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Electric Fields in Dielectric Materials
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* No free charges in ideal dielectric materials, but

bound charges only able to move at a small distances

- Materials can be polarized by applied electric fields E,(r)
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Electric Fields in Dielectric Materials
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* No free charges in ideal dielectric materials, but bound

charges only able to move at a small distances

 Materials can be polarized by applied electric fields E, (r)



Magnetic Fields in Matter
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« Magnetic dipoles are present in matter e.g. due to rotation

of electrons around the nucleus




Magnetic Fields in Matter

« Magnetic dipoles are present in matter e.g. due to rotation
of electrons around the nucleus

* Materials can be magnetized by applied B, (r)
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Magnetic Fields in Matter
A A A A A A A A A « Magnetic dipoles are present in matter e.g. due to rotation

AT T2T2eT2T2T2 T of electrons around the nucleus
ol | |l | | 4| 45| - Materials can be magnetized by applied B, (r)
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Conducting Materials in Electric Fields - Ohm’s Law

« Conducting materials in electric fields result in
electric currents

p(I‘, t)vd (I‘, t) :
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Continuity Constraints on Interface between two Materials
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Fields on a Perfect Electric Conductor (PEC)

« Accurate approximation for metal surfaces with high conductivity,
requiring magnetic fields to be tangential and electric fields to be normal

« Common boundary condition in calculations (equivalent to short circuit)

PEC

H(r,?)

n-E(r,t) #0 normal component of electric field unequal to zero
n x E(r,t) = 0 tangential electric field is zero
n-H(r,t) =0 normal component of magnetic field is equal to zero

n x H(r,t) = J.(r.7) tangential component of magnetic field is unequal to
26 zero, I.e. equal to surface current density



Fields on a Perfect Magnetic Conductor (PMC)

» Hypothetical material requiring magnetic fields to be normal and electric fields to be
tangential (magnetic analogue of PEC)

« Common boundary condition in calculations (equivalent to open circuit)
H(r,t)

n

PMC
E(r,t)
n-E(r,t) =0 normal component of electric field equals zero
n x E(r,t) # 0 tangential electric field unequal to zero
n-H(r,t) # 0 normal component of magnetic field is unequal to zero

n x H(r,t) = 0 tangential component of magnetic field equals zero
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Gauss' Law (for Electricity) in Integral Form for (infinitely) small Volumes

28

#D -dA = ///

%#D(r,w.dAZEM
o2
&%v#D dA—&lﬂ%—///

V-D(r,t)= le D(r,t) p(r t)

normalized electric flux through
infinitely small Gaussian surface

V -D(r,t) = p(r,1t)




Definition of Divergence in a Cartesian System - Integral Decomposition

Q= _h +E>< b +E>< _h +h
A R T R FT R f Ty

Y
A

hm—#D -dA =V -D(r,t) =divD(r,t)
Vv—oV

(z,y,2)
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Definition of Divergence in a Cartesian System - Integral Decomposition

S O L O DO RN L) VAN R OO
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1 lim V#D(r t)-dA =V - -D(r,t) = divD(r,t)
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Definition of Divergence in a Cartesian System - Integral Decomposition

S O L O DO RN L) VAN R OO
Tt T Y Ty Y T TP TR

Y
1
1 lim V#D(r t)-dA =V - -D(r,t) = divD(r,t)
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Integral Evaluation using Midpoint Rule (I / II)

Q= a:—herh X _h +h X _h +h
B P T YT YTy FTRT S

1 h
//D <x+§,y,z,t) -dA =
AF

(2,9, 2)
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Integral Evaluation using Midpoint Rule (I1 / II)

) = a:—herhx —h +h><z—hz+h
B 2t Y= ¥y 97T %

1 h
f[D (a:— §,y,z,t) -dA =
Az

(2,9, 2)
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Definition of Divergence in a Cartesian System

[ h h] [ h h] [ h h]
Q=|r——, 2+ | X|ly—=,y+=| X |z2—=, 2+ =

2 2 2 2 2 2
7 1
&13{10 v #D(r t)-dA =V - -D(r,t) = divD(r,t)
] —flbg%h?){// (aH— ,y,zt) dA+// (.:c——,y,zt)-dA
(2, y,2) S .CC+2 ,y,z,t)h2+0(h4) —D, (a:—g,y,z,t)hQ—l—O(h‘l)

// (xy+ zt) dA+//D<x’y ’t)_dA
: +gD(x,y,z+g,t).dA+![ (x,y,z_g,t).dA}
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Definition of Divergence Operator in a Cartesian System

[ h h] [ h h] [ h h]
A=|z——z+=-| X |ly—=,y+=| X |z—=,24 =

2 2 2 2 2 2
A
‘}'ILHOV#D -dA =V -D(r,t) = div D(r,t)
L ][ h h |
- %E)I%)hZ{ _DZII (SC‘I‘E,:U,Z,t)hZ_Dm ($_§Jyazﬂt>h2
+-D X +Eztbz—D x —ta hz
(:C,y,z) S 7 _ Y » Y 23 3 Y » Y 27 ’ _
h I h h
) + Dz ($,y,2+§, )M_Dz (:E Y,z 27t>% +O(h4)}
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Definition of Divergence Operator in a Cartesian System

2= b +E X _h +ﬁ X —Ez—kh

Y
A .
&lino % # D(r,t)-dA = V- D(r,t) = divD(r,?)

{mnﬂdw+%%aﬂ—D($—ﬁ%zﬂ

b—>0 h )
@Dwzz;y,z t)
(z,y,2) h
> X Dy (x,y+ 2,2,t) — Dy (z,y — 2,2,
i Do @yt 3,51) — Dy (2,y )
ff_>0 h )
%Dy(m,y,z,t)
D. (z,y,z+ %,t) — D (z,y,2 — 5.t
i D002 50) &y ) 4 1im O(h)
z h—0 h  h—0 y
l -— g

' %Dz(:r,y,z,t) 0
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Definition of Divergence Operator in a Cartesian System

Q= x—ﬁerE X _h +ﬁ X z—Eerh
- P T YT YTy 2

Y
A :
‘}'ILHO v #D +dA =V -D(r,t) = divD(r, 1)

0
(2,9, 2) +5-Dy (z,y,2,1t)

> T Oy

0
+5-D: (2,9, t)}
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Remarks on Vector Operator Divergence

(" )
: 0 0 0 g 0 0
V'D(r:*t):leD(r?t) :S(I‘,t) — %Dw (mayazat)—i_a_yDy (fB,y,Z,t)—F&Dz (xayazat)a v: [axaayaaz]
\ for Cartesian coordinate system del ornabla )

« Divergence acts on a vector field and gives back a scalar field

» Divergence indicates the source strength of the field per unit volume

(how much vectors diverge in a small neighbourhood around the point)

» Divergence of some characteristic field distributions:

V- Fsource(r) >0 V- Fsink(r) <0

RN

<
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N
/‘
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Faraday's Law of Induction in Integral Form for (infinitely) small Area

0 0 1
E(r,t) EB(r’t) %E(r,t) -ds = — // aB(r,t) -dA ‘Z
ds ar T
35 ds = —— // lim
Ot A—0

EOME@,MS —Aaﬂoz/ oo
or

- g -
v

n-[VXE(r,t)=n-[curl E(r,t)] n-[2 B(r t)]

normalized closed line integral on
boundary of infinitely small area

or 0
V x E(r,t) = —=—B(r,t)
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Definition of (x-Component) of Curl in a Cartesian System - Integral Decomposition

Q— _Q _|_E X _E _|_E X _E _|_Q
I R Y= ¥y FTRT S

Y
A

_ 1
Alirﬂo i 5}5 E(r,t)-ds=n, - [V x E(r,t)] =n, - [curl E(r, )]

OAL

(z,y,2)
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Integral Evaluation using Midpoint Rule (I / II)

R TR X T et
Q=lz—getg| X |y—g¥tg|x|2-5213

2 2
Y
A

2 2

(2,9, 2)
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Integral Evaluation using Midpoint Rule (I1 / II)

[ h h] [ h h,] [ h h]
A=|r——,z+ - | X |y— =, y+=-| X |z2—=,2+ =

2 2 2 2 2 2
Y
A h h
/E($—|—§,y,z— §’t) -ds =
by
(z,y,2) m g
@ v,

2 -
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Definition of (x-Component) of Curl in a Cartesian System

Q= _h +h>< _h +h>< _h +h
A R T R FTRT S

>

_ 1
Alirgo i ¢E(r,t) -ds =n, - [V x E(r,t)] =n, - [curl E(r,?)]
oT
= li ! +
_ ~ o0 h2
(z,y,2) O > 7 —Ey(a:—i—%,y,z:%,t) h+O(h3)
A

43
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Definition of (x-Component) of Curl in a Cartesian System

[ h h] [ h h] [ h h]
A=|r——,z+ - | X |y— =, y+=-| X |z2—=,2+ =

2 2 2 2 2 2
£ 1
Ahrgo i SgE(r, t)-ds =mn, - [V xE(r,t)] =n, - [curl E(r,t)]
or

1 h h
| | R (337
|
(m,y,Z) _ _
> T

A + O(hz)}

2 -
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Definition of (x-Component) of Curl in a Cartesian System

[ h h] [ h h] [ h h]
A=|z——z+=-| X |ly—=,y+=| X |z—=,24 =

2 2 2 2 2 2
1 1
Alirﬁo i 56 E(r,t)-ds=n, - |V x E(r,t)] =n, - [curl E(r,?)]
or
h h h h
_ ~ m Ey(a:+§,y,z—|—§,t)—Ey(x+§,y?z—§’t)
_ h—0 h J
iE i:;—’y,z,t)
Oz Y
(7,9, 2) m > T _ Ez(a:—l—%,y—}—%,z,t)—Ez(a:—}—%, —%,z,t)
+ lim
h U h=0 h ,
| 1 %Ez(m,y,z,t)
+ lim O(h) }
h—0
<
- 0 Leibniz
| r @Eﬁ:ﬂ‘;‘a“"
h Institut



Definition of (x-Component) of Curl in a Cartesian System

[ h h] [ h h,] [ h h]
A=|r——,z+ - | X |y— =, y+=-| X |z2—=,2+ =

2 2 2 2 2 2
A 1
Jim i Sﬁ E(r,t)-ds =n, - [V x E(r,t)] = n, - [curl E(r, )]
or
0
i {&Ey(fc,y,z,t)
0
(:anaz) m +_EZ ($7y7Z7t)}
> T dy
@ U

2 .
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Remarks on Vector Operator Curl

g )
%y (:E Y,z ) - %Fy(m,y,z,t) 5 8 o
VXF(I',t) - CUI‘IF(I‘,t) — C(I‘,t) — %ZF (maya 2 ) o ng(.ﬂC,y;Z,t) ) V = [833’ 0 / 8Z]
F (mvyazat)_a_yFm(ﬂj,y,Z,t) « g Y )
\§ for Cartesian coordinate system del or nabla P

« Acts on a vector field and gives back a vector field!
* Measures the rotation (direction and magnitude) of a vector field in a point

 Curl of some characteristic field distributions:

V X Fsource(r) =0 V X Fsink(r) =0 V X Fcurl(r) 7£ 0 V x Fhomo(r) =0

A A A A A A A
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Directions of Fields Resulting from Curl
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Imagine Curl Operator as a Paddle Wheel
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Gradient Operator

4 %Gﬁ(fca Y, 2,t) A
vcb(r)t) — gradqﬁ(r,t) — Fé(mvyazat)
. Eqb(m:yazat) J
\_ for Cartesian cggrdinate system y

« Application to scalar fields, result is a vector field

« Direction points in the direction of largest increase
from the scalar field at the point

.. * Magnitude is the slope towards the maximum
Hos change at the point
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Laplace Operator

-

\_

| )
For scalar fields:
_ 0? 02 0?
AQb(I‘, t) — V[ng(r, t)] = div gradqb(ra t) — @ (337 Y, <, t) + a—yg (‘CE: Y, =, t) + @ (CC, Y, =, t)
for Cartesian coordinate system j
\

For vector fields:
AF(r,t) = V[V -F(r,t)] -V x V x F(r,t) = graddivF(r,t) — curl curl F(r, t)

2 2 2
%Fm(ﬂﬁ,y, th) + 88—y2F$($73/vzv t) + %Fx(x’y’z’t)

82 82 62
- WFy(af;,y,z,t)-F3_y2Fy(zU,y,z,t)—|—WFy(ﬂgayazat)

82 82 62
WFz(wvyazat) + WFZ(ZE)yaZJt) + WFZ(ZE’y’Z’t)

N >
—~

for Cartesian coordinate system

51
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Important Properties of Differential Operators

Differential operators are linear:

V [Fo(r)] = FVe(r) V[o(r) +9(r)] = Vo(r) + Vi(r)
V- [lF(r)] =iV -F(r) V- -[F(r)+G(r)] =V -F(r)+ V- G(r)
Vx[lF(r]—AVXF() V x|

F(r)+ G(r)] =V x F(r)+ V x G(r)
Alkp(r)] = FAg(r) Alg(r) +9(r)] = Ag(r) + Ay(r)




Maxwell’'s Equations in Integral and Differential Representation

Integral Form Differential Form
1
D(r A= im — ... V- -D(r,t) = p(r,t
5@5 d /// lim T (x.1) = plr. 1)
#B(rt)-dA—O I 1 —
; = A V- -B(r,t) =0
o
55 - ds = f/ li ! — V x E(r,t) = —QB(I' t)
ot Aso AT BT
¢H ds—/]< (,t))-dA lim ! L= V x H(r t):QD(r t)+ J(r,t)
ot A0 A ’ ot ’ ’
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Divergence Theorem — Connection between a Volume and Surface Integral

dA €+—

LY UL L N T B I 2N 2N S SR SN N S S S S SR N N S R
= % K & &k X £ & & 2 3 4 4 4+ 4+ &+t F P L PP LA
L T S O O T TR . A BN A BN O B N S N B B N

L™ T S Y
E R R R R L s
R R

= ol = = = = =

WO S YA R R R

- ettt EYNERNE AT >

W T T T T Ty Wy
Ealaih oI B SR SR S R

P N A N A4

AV S SN BN B IR B S R R T TR TR R
w o v o Fd Fd b 3R E YRR YW N YN ww
COE S SN S A A A A R 2 T 2 T T T T TR T R T T W
w & o o F Y Y YR Y Y Y uw

Volume Integral

source strength
per unit volume

—
/{[ V- D(r) dIigéSD(r)-dA

J

Surface Integral

' VO

total net flux out
of volume

total net source
strength in volume

— dA

54
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Kelvin—Stokes’ Theorem

E(r) ds
fff}‘}fﬁﬂxan-r-v-r-r-—»w S wm omoM oW oW Y Y
ffffﬂﬂ#l###-—’-h-&-ﬁ--; M M W M X Y ¥
$ 2 A S AR T e b U " R VR PR ¥
ff’&A{‘””"""""""“ w % % % %Wy Y
11“I‘®ffrf:ﬂr»x-~~'~ IR EE R,
Yy ﬁ(%‘f LR S R R R N I(fl‘“‘
pAds A R R R R RN R et XYY
KRkkﬂﬁhﬁhhhkﬁﬁrﬁﬁfﬁﬁﬁ#fﬁ%
% RO W, et e N

55

F 7 % W W o W W o et et e e e e 47 & & )

Surface Integral Path Integral

curl per unit area

// ¥ % B(r)-dA — 515 E(r) - s

r or

7

—

total net curl of area  closed path integral

on boundary of area
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Conservation of Charges (in a Point)

V x H(r,t) = %D(r,t) + J(r,t) ‘V-

exchange of derivates

V-V xH(rt)] =V [gD(r,t)] + V- J(r,t)

N — > Ot (Schwarz’s theorem)
0
0 exploiting Gauss’
0= ot [V D(r,t)] + V- J(r,1) V-D(r,t) = p(r,t) oy of electricity
Conservation of L 0
[ charges in a point; 0= ap(r, t)+ V- J(r,1) ]

Leibniz

Ferdinand

Braun

Institut
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Conservation of Charges (in a Volume)

57

///Odv ///a

0=2p( t)+ V- J(r,1)

///Odv—a/// dV+///VJ

0= 2 Qult [/v

9
0= £ Qualt) + #J(r,t) A

o2

[

Conservation of

charges in volume:

Qtot( ) + Liot,out (t) ]

'éf/...dv
t)dv+£[/v-J(r t)dv

exchange of integration
and derivation

replace volume integral
over charge density

apply divergence theorem

replace surface integral over

current densities
@ Leibniz
Ferdinand
Braun
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Example: Charged Cube and Test Volume

/ 3D Sketch \ / Cutaway View \

test volume €2

unit cube with

unit cube Wlth charge density test volume ©
charge density p=1As/m’

p= 1 As_/ m® moving with

moving with velocity v

velocity v

: b

\_ AN /

58




Case 1. Charged Cube is Moving Outside the Test Volume

59

ﬁnit cube with

charge density
p=1As/m’
moving with
velocity v

\_

test volume (2

Qtot( ) +1 Ltot,out (1)

-

Vo

g

~

/

Bt

Leibniz
Ferdinand
Braun
Institut



Case 2: Charged Cube is Moving Into the Test Volume

Qtot( ) — PV
= pAd
= pAvt

Itot,out (t) = —AJ
= —Apv

60

ﬁnit cube with

charge density
p=1As/m’
moving with
velocity v

test volume (2

Fa

\_

Qtot( ) +1 Ltot,out ()

v

Vo

g

~

/

(8t
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Case 3. Charged Cube is Moving out of the Test Volume

61

ﬁnit cube with

charge density
p=1As/m’
moving with
velocity v

\_

test volume (2

Qtot( ) +1 Ltot,out ()

v

Vo

g

~

/

Bt
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Case 4. Charged Cube is Moving outside the Test Volume

62

ﬁnit cube with

charge density
p=1As/m’
moving with
velocity v

\_

test volume (2

Qtot( ) +1 Ltot,out (1)

-

Vo

g

~

/

Bt

Leibniz
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Results from Conservation of Charges

Conservation of B 0
charges in a point: 0= ap(l‘, t) + V- J(ra t)

Conservation of L 0
charges in volume: 0= aQtOt (t) + Itot,out (t)

 If charge in a volume changes, exactly this amount of charge has to be transported
through the surface of the volume, leading to a current

« Charges are conserved, they neither can be created nor destroyed, but result from
separation requiring flow of charges, (again leading to currents)

Braun
Institut

* ,Switching on and off” charges (like a light bulb) violates Maxwell's equations @mm
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Conservation of Energy or Poynting* Theorem (in a Point)

0
— V x E(r,t) = —aB(r,t) H(r,t)
0
V x H(r,t) = ED(r,t) + J(r,t) E(r,t) -
0
—> H(r,t) -V x E(r,t) = —H(r,t) - 8tB( t) E—
0 «—
E(I’, t) -V X H(I‘, t) — E(I‘,t) ) a (I’, t) + E(I’, t) ) J(I‘, t)
0 0
H(r,t)-V x E(r,t) — E(r,t) -V x H(r,t) = —H(r, ) - 8tB( t) — E(r,t) - &D(r,t) — E(r,t) - J(r,t)
Conservation of 0 0 A
energy in a point: V- \[E(I‘, t) X H(I’, t)l - H(I‘, t) ) EB(ra t) - E(I‘, ) 8tD( ) P(ra t) ) J(I‘, tl
S(I',t) %wm;n(r’t) éat Welec (I‘ t) pdis-s (:‘[',t)
energy flow per unit area change of energy stored in change of energy stored in power Q'SS'Fated per
\ (Poynting* vector) magnetic fields per unit volume electric fields per unit volume unit volume

o *John Henry Poynting, engl. physicist, 1852 — 1914




Conservation of Energy or Poynting* Theorem (in a Volume)

0

V . S(I',t) = —a

wmagn (I', t) o

0

a pdlSS

welec(ra t)

o

exchange of

// V- S dV = /// wmagn dV // welec dV ///pdlss integration
ot ot and derivation
Q
// V- S(I‘, ///wmagn dV__ ///welec dV [[/pdlss apply
divergence
{2 , theorem

Wtot magn(t) Wtot ,elec (t)

Ptot ,diss (t)

Conservation of
energy in volume:
519

#S(r,t} dA

9
ot

__9
ot

Wtot,magn (t) T

Wtot,elec (t)

~

~

7

change of energy stored in change of energy stored in
magnetic fields in volume electric fields in volume

g

Ptot,out (t)

total energy flow out of volume

— \_Ptot,diss (t)J

N

power dissipated
in volume

~

J

65

*John Henry Poynting, engl. physicist, 1852 — 1914



Interpretation of Equations

0 0

Conservation of _ . _ v @
energy in a point: V S(I‘, t) =+ pdlss(ra t) — ot wmagn(ra t) ot welec(ra t)
Conservationof  p () + Prot diss(t) = —QW (t) — QW (1)
energy in volume: tot,out tot,diss ot tot,magn ot tot,elec

« Equations balancing change of energy per time (i.e. power)

« Sum of total power propagating out of the volume and power dissipating in the
volume is equal to loss of energy stored in fields, i.e. energy is conserved

 If no power propagates out of the volume and no power is dissipated in the
volume, total energy stored in fields is constant (derivative w.r.t. time is zero), but
field energy may be converted from electric to magnetic fields and vice versa @g;;;m

Braun
Institut
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Classification of Electromagnetic Fields*

67

Source Fields Curl Fields
- Stationary : : : General Propagation
Electrostatics -
Currents Magnetostatics Quasi-stationary of Waves
V-D=p VxE=0 | VxH=J VxH=0cE V:-D=p
0
VXE=0 V.-J=0 V-B=0 VxE:—EB V-B=0
_ 0
J=0cE vV.-D=0 VxE=—-—B
ot
0
V-B=0 VxH=—D+J
ot
*Klaus W. Kark, Antennen und Strahlungsfelder - Elektromagnetische Wellen auf Leitungen, @
im Freiraum und ihre Abstrahlung, 3., erweiterte Auflage, Vieweg + Teubner, 2010

Leibniz
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Electrostatics — Simplifications of Maxwell’'s Equations

4 )
VxE(r)=- SBE) ¥
0
D(r) = p(r
\V (r) = p(r) y

Electric field strength is curl-free, so it can be expressed gradient of a
scalar potential

E(r) = —Vo(r)

With this approach, we can ensure that induction law is fulfilled (and search for just
one rather than for three function required):

VXE([r)=Vx|[-Vo¢(r) =0

Leibniz

Ferdinand

Braun

Institut
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Electrostatics — Derivation of Poisson's equation

Starting with Gauss’ law for electric fields:
V- D(r) = p(r)

Employing the material equation E(r) = D(r) (assuming homogeneous material):

V- [eE(r)] =p(r) + V-E(r)= px)

€

Expressing electric fields by scalar potential ( E(r) = —V¢(r)) delivers
Poisson equation for electric potential:

[v [~ V)] = ~Ao(r) = AT ]

€

Leibniz

Ferdinand

Braun

Institut
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Electrostatics — A simple example: Capacitor

Depicted with CST Studio Suite® A capacitor is free of charges between its plates:
v | | ov Ag(z,y,2) =0

v
10
9.09;
8.18 —
7.27 -

6.36 —
5,45 —

4 .55 J

3.6¢ —

2,73 —

Yy B
1.82
0,909
]
4> >z
“0 d
71




Electrostatics — Solution Poisson’s equation for a Spherical Charge

P("“) 7356237 r<R
AR =T =0 SR

Potential Electric Field

e
...........................
,,,,,,,,,,,,,,,,,,,,,,,,,,
...........................
.............................
............................
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
\\\\\\\\\\\\\\\\\\\\\\\\\\\\
...........

,,,,,,,,,,,

,,,,,,,,,,,

\\\\\\\\\\\

\\\\\\\\\\

-

Tt o 4 El
LN A *
5 vyt ob #
[y L )
» LI B I A #
LRI B B
® A
- A= =P
- o A ' 2" o e
- Fv R
IR
[N B
L I 1
+
+
+

\\\\\\\\\\\
,,,,,,,,,,,,,,,
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
.............................
...........................

.........................

Depicted with CST Studio Suite® s s .. Depicted with CST Studio Suite®

o(r) = _8W§R3 re + 87ST§R7 r< R
< r> R
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Magnetostatics




Magnetostatics — Maxwell Simplifications

4 9 )
V xH(r) = aD(r,t) +J(r, 1)
o

. >

V-B(r):O/

- J

The magnetic flux density is divergence-free so that it can be expressed
as curl of a (Coulomb gauged) vector potential

B(r)=V xA(r), V-A(r)=0

With this approach, we can ensure that Gauss’ law for magnetism holds:
V-B(r)=V-(VxA(r)) =0

Leibniz

Ferdinand

Braun

Institut
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Magnetostatics — Derivation of Poisson's equation

Starting with Ampere's law for the static case:
V x H(r) = J(r)
Employing the material equation ¢ H(r) = B(r) (assuming homogeneous material):

V X [%B(r)] =J(r) < VxB(r)=pJ(r)

Expressing magnetic flux density by vector potential (B(r) =V x A(r)):

VxVxAlr)=V(V-A(r)) — AA(r) = pJ(r)

0
Gives Poisson equation for magnetic vector potential

[ ~AA(r) = pI(r) ] @

Institut
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Magnetostatics — Example: Double Loop Structure*

Contourplot |B(x = 0,

0.14
: v.s/m~2
s 0.00125
Vl . ) 0.0011
Lo 0.001 0.12
- 0.0009
. 0.0008
o 0.0007
.- ! 0.0006 0.1
o 0.0005
o] 0.0004
i W 0.0003
e 0.0002 0.08
S 0.0001 :
P )
B 0.06
0.04
3 0.02
B-Field a . ‘
Cross section A 9
Cutplane at X -3.660 mm &
Maximum on Plane (Ploy 00031541 V.s/m*2
Maximum (Solver) 000528205 V.s/m*2 .
g -0.6 -0.4 -0.2 0 0.2 0.4 0.6
z[mm]

Simulated with CST Studio Suite® Evaluated with analytical solution

Leibniz
Ferdinand
Braun
Institut

76 *B. Jian and W. van Wijngaarden, "Double-loop microtrap for ultracold atoms," J. Opt. Soc. Am. B 30, 238-243 (2013)



Electromagnetic Waves




Wave Equation arising from Maxwell's Equations

s,
V x E(r,t) = —EB(r, t) ‘VX taking the curl on both sides
s, . . .
VxV xE(r,t) =V x (_EB(r’tO | exchanging curl and time derivative
V xV xE(r,t) = —% (V x B(r,t)) ‘ applying the material law
0
VXV xE(r,t) = —= (V> pH(r, 1)) ‘ assuming constant permeability
0
V xV x E(r,t) = —HaV X H(r,?) ‘ using Ampére’s law
0 (0
V xV x E(r,t) = ~l (8tD(r,t) + J(r,t)> | deriving expression in brackets
0? s,

_MatzD( t) J( 7t)

= v
8t Leibniz
Ferdlnand
[ t t t
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Wave Equation arising from Maxwell’'s Equations (cont.)

02 s,
V xV xE(,t) = —u8t2D( 1) — ,uatJ( r,t) | applying the material law
0? 0
= —EI«L@E(PJ) /«LEJ(IH t)
V xV xE(r,t)+ 8—2E(rt)—— 2J(rt) l-curl ti
r, Etmz B(r,t) = —poJ(r, curl-curl equation
0? s,
V(V-E(r,t)) — AE(r,t) + ep s B(r,t) =~z J(r,t) | for charge-free case
p(:‘;t)
0? s, . . L
AE(r,t) — ep atQE( ) = atJ (r,t) wave equation (with excitation)

Leibniz

Ferdinand

Braun

Institut
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Properties of Solution of Wave Equation

Wave equation with excitation

0? 0
AE(r,t) — ENEE(I'J) = uaJ(r,t)

far from the sources, excitation vanishes

2 1
AE(r,t) — su%E(r, t) = 0 with speed of light ¢ = NG
Assume that E has only one component (e.g. x), and the axis of propagation is z:
0? 1 02
@Em(zat) C_QatQEx(zat) 0

the general solution reads

Ey(z,t) = f(z — ct) + g(z + ct)
w
something traveling something traveling o
in +z direction in -z direction with speed c @ At

Institut
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Waves in Free Space — Plane Wave propagating in +z-Direction

x|
Z
E
d
C
RE Hy
y
All fields satisfy Maxwell's equations and
material equations in particular they satisfy:
62
AE(I', t) — 5M@E(r, t) =0
62
) L AH(I',t) — SN@H(I’, t) =0

E(r,t) = e, Eycos(wt — kz)
H(r,t) = e, Hycos(wt — kz)
S(r,t) = E(r,t) x H(r,t) = e,Sy cos® (wt — kz),

where
», 27
k= — = — wave number
Co A
Hy= —+ =2 amplitude of magnetic field
toco 2o

Zo = /@ ~ 377 free space impedance
€0

2

ZO amplitude of power density
0

Leibniz
Ferdinand
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Waves in Free Space — Plane Wave propagating in +z-Direction

E(r,t) = e, Eycos(wt — kz)
H(r,t) = e, Hycos(wt — kz)
S(r,t) = E(r,t) x H(r,t) = e,Sy cos® (wt — kz),

where
Component: Abs
Orientation: Qutside
S?eM:;i-.TUT [¥fm]: 1.002 s, 27.[.
e k= — = — wave number
Co A
Ly Ey . o
Hy = = — amplitude of magnetic field
toco  Zo
Zy = Ho 3770 free space impedance
€0
E2

So = Z_O amplitude of power density
0

82



Influence on Conducting Matter on Waves (1/11)

83

In conducting matter, Ohmic electric current densities will flow:
J(r,t) = cE(r,t)
Replacing the electric current density in the wave equation with the upper relation gives
02 0

AE(r,t) — Eu@E(r,t) = uaaE(r,t)

Transforming this equation into frequency domain delivers
AE(r) + epw’E(r) = jwpcE(r)
with complex phasors. Now, consider a plane wave propagation in +z-direction:
E(r) = e, Ege /%7

Plugging this into the frequency-domain representation of the wave

equation gives k? = epw? — jwpo @
A3 Ferdinand
Braun
Institut



Influence on Conducting Matter on Waves (11 / 1I)

The wave number is complex-valued
k=K —jk"

with the following real and imaginary parts

The real part describes the propagation of the wave while the imaginary part describes the
exponential decay of the field strength in the conductor

E(r) = e, Epe 7k = exEoe_jk,z oK'z
The distance which is required for the fields to drop by a factor of exp(-1) is called skin depth:

1 V2

s 1 [
o F o ~ m :;::;inand
\/—auw? + / p2w? (02 + e2w?) it
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Skin Depth / Amplitude Decay in Conducting Matter

1.0
=
= 0.5
o o
32
Al \/ 2V 3 4 5
= |

—0.5' 2/6

If frequency and/or the conductivity are “large”

2
O~/ — =0
WO

the fields do (almost) not penetrate into the metal. For copper at 1 GHz: § ~ 2 um.

Thus, power loss due to Ohmic currents is relevant only within a layer of thickness 4 .

Leibniz
Ferdinand
Braun
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Fields in Waveguides

’ Coaxial Waveguide

Magnetic Mode (TEM)
E,=H,=0,
f., =0 GHz

Transverse Electric
Mode (TE)

E,=0,
f., >0 GHz

Transverse Magnetic
Mode (TM)

H, =0,
f.o >0 GHz

€T
Z
Transverse Electric J

86




Calculation of Waveguide Modes and their Properties

y Coaxial Waveguide Rectangular Waveguide

0

Cutoff angular frequency: k¢ //ep = weo

Propagation constant: k, = \/euy/w? — w2,

87
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First Three Waveguide Modes of Considered Waveguides
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Rectangular Waveguide — TE,, Mode (Above Cutoff)

lb(ifay) - EOECOS (EQT) , kt = E fco — 2£
a

) =
s

a

CST

e-field (f=1e+9) [1]

Frequency le+0% Hz
Phase 0

h-field (f=1e+9) [1]

Frequency Te+0% Hz
Phase 0

Cross section A Cross section A

Cutplane aty 0.000 Cutplaneaty 0.000

Maximu m 179.592 V/m Maximu m 0.389072 A/m
Leibniz
Ferdinand
Braun
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Rectangular Waveguide — TE,, Mode (Below Cutoff)

... the wave decays exponentially, k is purely imaginary ...

CST

Frentalien
c ment  Abs - . -
Frequency  le=09H: ) : LEIbnlz.

Phase a= m» | [ Ferdinand
B

Q 5
Mudmium 191977 V¥ — - Braun
: _|— Institut
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Rectangular Waveguide — TE,, (Above Cutoff)

... excitation above cutoff frequency, mode can propagate, k is again real ...

e-field (f=2e+9) [1(3)]
Onentation  Outsade
Component  Abs
Frequency Ze«08 Hz
Phase 0
Maamum 183.486V/m

Leibniz
Ferdinand
Braun
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Eigenmodes — Standing Wave Solutions of the Homogeneous Wave Equation

Eigenmodes are solutions of the wave equation for the non-excited, loss-free and charge-free case:
82

— El T
Hor

AE(r,t) E(r,t) =0 assuming time-harmonic fields

AE(r) cos(wt — ) + euw?E(r) cos(wt — p) =0 division by cosine term

4 h
Helmholtz equation in 3D with PEC boundary and/or PMC boundary
AE(r) + epw? E(r) = 0 in £ n x E(r,t) =0 on 002 n-E(r,t) =0 on 0Q

——
k2
>
boundary
boundar
g i J

Leibniz
Ferdinand
Braun
Institut

Infinite number of solutions characterized by field pattern E,, (r)
and resonant frequency w, = k,/\/en ! @
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Electromagnetic Waves — Standing Wave in a Rectangular Waveguide (TE,,)

1.06e-+08
9.67-+07 3

8.7e+07 —]

7.73e+07 —
£.77e+07 —

5.Be+07 —]
4.83e+07
3.87e+07 —|

2.98+07 —

1.93e+07
9.67e+06
0

Component; Abs

Orientation: Oubside = & .
30 Maimum [Ym]: 106, 3e+06 .
Frequency: 7.070591 '
Phase: 1 .

Simulated with CST Studio Suite®

Leibniz

Ferdinand
= Braun
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Some Eigenmodes in a “Pillbox” Resonator (R =10 mm, L

94

7

TMyyq [ = 11.47 GHz
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Backup Slides




TM,, Modes

m . ) _q
r a
.mn . r —1
H, = —C]—J,:n (]mn—) cos(mp) e k==
a a
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a a
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j 2 1 r .
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7 = E nth root of mth Bessel function
uj — .anﬂl
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TE,, Modes
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Gradient Operator
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-

Vo(r,t) = grad ¢(r,t) =

N >,

for Cartesian coordinate system
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Example Divergence
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Phase and Group Velocity

Wave pulses contains more than one frequency. In general, between
frequency and wavenumber (wavelength) we have the Dispersion relation

w=w(k)
for free-space waves w = ck
we
define Phase Group
velocity, (k) 9 velocitdw (k)
Uph = Ponfer T Ve = Tk
the velocity of a wave crest [l the velocity of the wave group

https://en.wikipedia.org/wiki/Group_velocity#/media/File:Wave_group.gif

102

Bt

Leibniz
Ferdinand
Braun
Institut



Example Curl of 3D Field
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Some Remarks in Material Modelling

Often it is not sufficient to consider the material parameters as constants, because matter can be

104

iInhomogeneous er = e,(1) ty = (1)

dispersive, so that the material parameters are complex-valued and frequency-dependent:

er =€, (Jw) Hr = Er(jw)
anisotropic (directional dependent), so that the material parameters become tensors
Ea:ar,'r €azy,r 593z,r M:IJCC,T‘ lu:vy,’r ﬂ’acz,r
Er = | Cyz,r  Eyyr  Cyzr Hr = | Hyz,r  Hyyr  Hyzr
qu:,r Ezy,r CC:zz,if' uzx,'r' sz,r /vbzz,fr'

non-linear (and possibly having a hysteresis in addition), so that the material parameters
are functions on the field strength itself

87" — ET’(E) /J“'r' - /’l"?" (H) @Eﬁ{iﬂand



Lorentz Transformations and Fields
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EIII — El'
BIII = Bll

https://en.wikipedia.org/wiki/Lorentz_transformation

Ey=7EL+BxB.)=9E+BxB),,
Byy=yBL-BxE)=vB-B8xE),,
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