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Why do we need Electromagnetic
Simulation and Numerical Methods?




Field Problems in the Context of RF for Particle Accelerators

» Electromagnetic devices and systems are key components of particle accelerators:
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T. Flisgen, H.-W. Glock, A. Tsakanian, Estimation of
Cavity geometry taken from T. Khabibouline, N. Solyak, and R. Wanzenberg, C. Potratz, H.-W. Glock and U. van Rienen, Time-Domain Field and Scattering Dielectric Losses in the Bessy VSR Warm Beam Pipe
TESLA-FEL Report No. TESLA-FEL 2003-01, 2003 Parameter Computation in Waveguide Structures by GPU-Accelerated Discontinuous- Absorbers, IPAC2018, Vancouver, BC, Canada

/ \Galerkin Method, IEEE TMTT vol. 59, no. 11, pp. 2788-2797, Nov. 2011 j \ )

« Electromagnetic phenomena are mathematically described by Maxwell’s
equations (system of coupled Partial Differential Equations), so they need to be @mn,ﬂd
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solved for understanding and optimizing the devices and systems s



(Some) Important Derived Integral Quantities in Context of RF for Accelerators

Network parameters
Cavity model courtesy of N. Eddy / FNAL

o

Wake potentials or beam
coupling impedances
Cavity model courtesy of A. Velez / HZB
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Analytical Solutions of Maxwell’'s Equations

 Analytical solutions for Maxwell’'s equations in general (and for curl-curl equation in
particular) can only be derived for very simple geometries, e.g.

Rectangular Resonator Cylindrical Resonator Spherical Resonator

« Typically, analytical solutions can solely be found if boundaries of the geometry coincide with
coordinate planes of a suitable coordinate system (Cartesian, cylindrical, spherical etc. ...)

+ If there is an analytical solution USE IT, because
* It is continuous, so its derivatives for optimization are available
» parameter studies are readily performable ...
* no errors from numerical approximations @E":&an

Institut

« almost no computational costs Braun



Numerical Solutions determined during EM Simulations

« Solutions of field distributions in real-life geometries generally require EM simulation, i.e.
application of numerical methods, because it is difficult to find coordinate systems whose planes
are parallel to e.g. following geometries
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Cavity geometry taken from T. Khabibouline, N. Solyak, and R. Wanzenberg, -0 -
TESLA-FEL Report No. TESLA-FEL 2003-01, 2003 PRI PROEv PRORVE - - uog;m T

K. Papke, F. Gerigk, and U. van Rienen, Comparison of coaxial higher order T. Flisgen, H.-W. Glock, A. Tsakanian, Estimation of

mode couplers for the CERN Superconducting Proton Linac study, Phys. Rev. Dielectric Losses in the Bessy VSR Warm Beam Pipe
Accel. Beams 20, 060401, June 2017 Absorbers, IPAC2018, Vancouver, BC, Canada, 2018

* Numerical methods have the advantage to be much more flexible, i.e. applicable to
sophisticated geometries

« Computational Electromagnetics / Computational Electromagnetism (CEM) deals with numerical
methods to solve Maxwell's equations E
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Workflow for (EM) Simulations

Initial engineering problem ]

4

|dealization and simplification of the problem

!

Preparation of the (partial) differential equations
describing the problem (in our case curl-curl equation)

v

( )
Transfer the partial differential equations to matrix-vector equations using

discretization techniques (Einite Integration Technique, Einite Element Methods, etc.)

|
Determine field solutions and derived (scalar) quantities from the matrix-vector equations
\ & J

[ Visualization, interpretation and validation (!!!) of the results }

Leibniz
Ferdinand
Braun
Institut

7




Spatial Discretization




Discretization

Discretization is required to transfer partial differential equations into matrix-vector equations
(i.e. algebraic equations)

Modern digital computers are very powerful in handling matrix-vector multiplications

E 4

* real distribution

real distribution
interpolated distribution

interpolated
distribution
& mesh triangle

Va

Discretization error; 1D and 2D

Image source: http://www.integra.co.jp/eng/whitepapers/inspirer/inspirer.htm
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Spatial Discretization of Induction Law and Ampere's Law

Induction law and Ampeére's law
0 0

;L&H(r,t) = —V x E(r, 1), €§E(r’t) = —cE(r,t)+ V x H(r,t) — J(r. 1)

can be written as a “pseudo” matrix-vector equation

e 0\ 0 (E(r,t) —o  Vx)\ [(E(r,1) 1\ .,
0 w) ot \H(r,t) ~Vx 0 H(r,t) 0
Spatial discretization allows for transferring this equation into a matrix-vector equation, where spatial

derivatives vanished (time derivative still present)

d
M&X(t) = Ax(t)+ Bi(?)
Matrices M, A result from discretization, vector x(t) contains discrete field distribution (typically electric and

magnetic field), and matrix B contains field distribution of excitation current densities, and i(t) excitation
currents

M € RV*N x(t) e RY, A e RVXN B(t) e RV*Ne j(t) e RYe,




Spatial Discretization with the
Finite Integration Technique (FIT)




i !
. : : S
Definition Primary Grid
e Points P (i, j, k)
¢ Elementary lines (edges):
Au(i)=u(i)u(i+1) with 1<i<l-1 =
av(j)=v(j)v(j+1) with 1<j<I-1
Aw(k)=w(k)w(k+1) with 1<k<K-1 reference point (i-1, j, k -1) for the cube
e Elementary areas (facets): /(\(
A (i, k)=Av(j)aw(k) with 1<j<J-1 //
1<k<K-1 v av,! P
A (i,k), A, (i, j) analogously Vi ///
P
| L Aw, "
¢ Elementary volume (cells): |
V(i k) =Au(i)av(j)aw(k) with 1<i<i-1 -
WK

1<j<d -
N, =1JK J t A,

1<k <K -1, - ” e
u, U U, o
t
12
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Lexicographic Index or Super Index

* Required to systematically sort field quantities allocated in 3D
space and indexed by i|j||k in one vector with super index n

Example Gridwith | =J =K =3

W
1|3|1 2|31 3|3|1
O @, ® v
7 9
u
1|2|1 2121 3|21
@ @ 9
v 4 6
iljlk
n
u
1)1|1 2|11 3|11
@ @ O
l 3 Leibniz
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Lexicographic Index or Super Index

* Required to systematically sort field quantities allocated in 3D
space and indexed by i|j||k in one vector with super index n

Example Gridwith | =J =K =3

W
1/3|2 2|3[2 3|3|2
O @, ® v
16 17 18
u
1|2|2 2|12|2 3]2|2
@ @ 9
v 13 14 15
iljlk
n
u
1]1[2 2112 3|1[2
@ @ O
lo 11 12 Leibniz
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Lexicographic Index or Super Index

* Required to systematically sort field quantities allocated in 3D
space and indexed by i|j||k in one vector with super index n

Example Gridwith | =J =K =3

w

1/3|3 213|3 33|3
O @, ® v
25 26 27
u
1/2|3 22|3 32|3
@ @ 9
v 22 23 24
iljlk
n
u
1|1]3 2|1|3 3|13
@ @ O
19 20 21 Leibniz
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Example Gridwith | =J =K =3

Lexicographic Index or Super Index

Required to systematically sort field quantities allocated in 3D
space and indexed by i]j||k in one vector with super index n

Relationship triple index and super index:
n=1+0@—-1)M,+(j—1)M, + (k—1)M,,
The constants are given by

M,=1, M,=1I1 M,=1J

and specify what to add to super index when moving in a
respective direction in the grid

For our example:

M,=1 M,=3, M,=9

Leibniz
Ferdinand
Braun
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Boundary Discretization

Modelling Curved Boundaries

FIT on
non-orthogonal
grids

7773
Wbtry,
87774 2

b

17 Slide courtesy of U. van Rienen / University of Rostock

FIT with staircase

[Finite-difference time-domain (FDTD),
Finite-difference frequency-domain (FDFD)]
(standard): poor convergence

FIT with diagonal filling:
better convergence
Weiland 1977

FIT with
non-equidistant step size

Conformal FIT / “Perfect Boundary
Approximation” (PBA)®:

Krietenstein, Schuhmann, Thoma, Weiland 1998

Leibniz
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Quantities on Primary Grid

primary grid

7= 7 7
S S/
S S/

~

/ b magnetic (grid) flux density at

/ midpoints of facets of primary grid

~

e electric field strength at midpoints
of edges of primary grid

AN

FIT primary cell

Leibniz
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FIT Discretization of Induction Law (lhs) Primary Grid Cell

(" )
UA
Primary Grid Facet ew(n + M,) : )
P(n+ M,
® = ® ey(n
- (n)
v [ e
ey(n + My) * * ey () P(n) N —=1U
® <= ® W J ew(n)
Pln+M,) | .y PO g
\. J

¢ E(r,t)-ds = Av(n)e,(n) + Aw(n + My)e,(n + M,) — Av(n + My )e,(n + My,) — Aw(n)ey(n)
OA,(n)

@ Leibniz
Ferdinand
Braun
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FIT Discretization of Induction Law (rhs) Primary Grid Cell

f 0 A
Primary Grid Facet
® ®
bu(n)
v =
@ U
® ® w J
o d
_ // S B(r, 1) - dA &~ A, (n) = b (n)
Ay (n)

Leibniz
Ferdinand
Braun
Institut

20 Slide closely following U. van Rienen / University of Rostock



FIT Discretization of Induction Law for all Facets of Node n  Primary Grid Cell

Leibniz
Ferdinand
Braun
Institut
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Collating Induction Law for all Facets and all Nodes — Discrete Induction Law

22

c R3NVr <

CD.,e=-Djs—b
N A dt

c R3Np

Leibniz
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Collating Induction Law for all Facets and all Nodes — Discrete Induction Law

M,, (v =u,v,w)

Dy = diag [Au(1), ..., Au(Np), Ap(1), .o Ap(Np), A (1), -, Ay (Np)] € RPN >N

-1 d
CD.e = —DA—b

l ; dt

l/. \ K\ \+l \
0 +1 _1 ~ c R3NPX3NP
N +1 \_1\
—1\\ f) +1 §
NN 0

\ ™ N J

v

Leibniz
Ferdinand

D, = diag [Au(1),...,Au(N,), Av(1),..., Av(N,), Aw(l),. .., Aw(N,)] € R3*Nex3Ne @m‘&:

23



FIT Discretization of Gauss’ Law for Magnetism

24

Primary Grid Cell

“a by(n+ M,)
At
Au(n)—1/bu(n) by (n)
1§_> ) < > |buln + M)
. = () -
s M L ()

J

— Ay(n)by(n) + Ay(n+ My)by(n+ M,) — Ay(n)b,(n) + Ay(n + M,)b,(n + M,)

— Aw(n)by(n) + Ay (n 4+ My)by(n+ My,) =0

Slide closely following U. van Rienen / University of Rostock
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Collating Gauss’ Law for all Volumes of Primary Grid — Discrete Gauss’ Law

D = diag [Ay(1), ...

oy Ay (N,)] € R3Ne X3y

by (Np)
by(1)
l B ; e RN\
|\/|u Mv Mw b’u(Np)
- - > N bw(l)
+1 +1 +1 '
1 1 e RNp 3Ny \bw(Np)/

25
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Quantities on Dual Grid

dual grid

grid d electric displacement field at
midpoints of facets of dual grid
(midpoints of edges of primary grid, where

electric field strengths e were defined)

h magnetic field strength at

midpoints of edges of dual grid

(midpoints of facets of primary grid, where
magnetic flux densities b were defined)

dual FIT cell

. @ Leibniz
Ferdinand
Braun
Institut
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Dual Grid Nodes

é={(a(i),v(j),w(k))e R G(i)z%(u(i)Jru(i +1))  1<i<lI-1
V(J):%(V(J)+v(j+1)) 1<j<d-1
1

Leibniz
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Nodes, Edges, Areas and Volumes of Dual Grid

« dual points P (i, j, k)
* dual elementary lines:
AG(i)=0a(i-1)a(i) with2<i<I -1,

WM
AT(1)=Au(1)/2 ,&____]____,
) B I ;
ATG(1)=Au(1-1)/2, P(n-M,) P(n)
AV ( j), Aw(k) analogously.
« dual elementary areas: P(n)
[ )

A (i, j, k)=A9(j)Aw(k) with 1<i<I-1
A (i, j, k), A, (i, j, k) analogously

) _ A _ - (1=6)
* dual elementary volumes: "TP‘(E)“‘TP‘(%)“‘TE@“‘IP‘@‘ IE@
V(i j.K) = A (1) 67(]) (k) P P@L PG [P} [P} [P(e)
o AG(l) AO(2)  AG(3)  Ad(4)  Ad(s) Ad(6)
" J
with 1<i<| -1, 1<j<J -1, 1<k <K -1, | -

Ferdinand
| = Braun
Institut
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K=3

=J=

Primary Grid and Dual Grid for |

| \

NS

S
T

-!; AN

|

L,
N



Grid Properties .'
Duality: "' ‘
y ) T

» For each facet of the primary grid there is only exactly one ‘
edge of the dual grid intersecting this area in just one point -

« Each primary grid point lies inside of one dual volume and

vice versa
Orthogonality:
» The primary facets and the dual edges (and vice versa) .
intersect with an angle of 90° '
Midpoint of each facet of primary grid is also a midpoint of an
edge of dual grid

Midpoint of each facet of dual grid is also a midpoint of each \<U

ol
DS,

edge of primary grid

30 Slide closely following of U. van Rienen / University of Rostock
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FIT Discretization of Ampere’s Law (lhs) Primary Grid Cell

Dual grid facet 3 R ()

P(n — M,,)

31



FIT Discretization of Ampere’s Law (rhs)

Dual grid facet

—
dt

32

]-‘-'u; (N) + ju- (TL)

Primary Grid Cell




FIT Discretization of Ampere’s Law for all Facets of Node n

/ AU \
P(n — M,
P
P(n—M,)




Collating Ampere’s Law for all Facets and all Nodes — Discrete Ampere’s Law

(1) () B

u\{Vp du (Np) .ju (*\p)
hy(1) dy(1) Ju(1)
: c R3Ne ; c R3Ny ; c R3N»
hU(Np) dU(NP) /J(A\Yp)

h (1) dw (1) Juw (1)

- (i) \d.(NV,)) (V)



Collating Ampere’s Law for all Facets and all Nodes — Discrete Ampere’s Law

~

]-)A = diag [Au(l): ce :Au(Np): Av(l) AU(NP)’ Aw(l), Cee Aw(Np)} e R3NpX3Np

T
-~ L d .
<4t'——-—""—————‘—————‘——‘——- \\ (il]t
NN N ) T
o eI s
N +1 \_1\
N HIX | = CT e RONON:
NN 0
N N )

35
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FIT Discretization of Gauss’ Law for Electricity (Ihs)

Dual Grid Volume

~ 3 A N
A dv(n)
A Ay(n — My)
—
Ay(n— M,) — P(n) | dy(n — M)
> @ > >
du(n — M,) du(n)
dw(n) -
| -~ Ay (n)
o dy(n — M)
\_ Y,

Leibniz
Ferdinand
Braun
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+ Ay(n)dy(n) — Aw(n — My)d,(n — M)
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FIT Discretization of Gauss’ Law for Electricity (rhs)

37

Dual Grid Volume

N I
‘ flw(n — My,)
e
Ay(n— M) — o(n)| A
> ¢ > >
ViN > 14
e A, (n)
w

f// p(r,t) - dA = Qy(n) =V (n)o(n)

V(n)

Slide closely following U. van Rienen / University of Rostock
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Collating Gauss’ Law for Electricity for all Volumes — Discrete Gauss’ Law f. E.

c RSNP

Leibniz
Ferdinand

un
Institut
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M,

Collating Gauss’ Law for Electricity for all Volumes — Discrete Gauss’ Law f. E.

D, = diag [}iuu)?,,_,}’i

~
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S
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u(Np)7 ?’U(l)? SRR Av(Np), JZLLU(].), R Aw(Np)j| - RSNPX’?’NP
|
Dy = diag |V (1),..., f/u(Np) c RNVpXNp
N
M w \\\\\i}\
N do T = RSNPXNP
el T
o Leibniz
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Braun
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Relationship Electric Field Strengths and Electric Flux Densities in Grid Space

D. =diag[eu(1),...,u(Np),En(1), ..., Eu(Np),Ew(1), ..., Ew(Np)] € R33Ny

gueu(n) — du(n) )
EvCu (?’L) = dy (n’) T
&:w@w(n) = dw(n) Dee d
/ N\
Primary Grid Cell
\ SN
v ( u( ) \ ( du(1)
ev(n) / ew(Np) du(Np)
dy(n) e, (1) v(1)
P(n)& €y (’” y : c R3V» : c R3N»
ew(n) du(n./_) €y (Np) dy (Np)
(1) ew(1) du (1)
\ |

40



Relationship Magnetic Field Strengths and Magnetic Flux Densities in Grid Space

D, = diag[fiu(1), ..., fu(Np), fiu(1 i (Np), i (1), -+ -, i (Np)] € R3NP X3

il
fioh
sl

.
I

N
~~
S
S—

), -
I
w(n) DM

Primary Grid Cell
4 )

.

/ CONNT
B (1)

T (n) o h (N bu(Np)

=b

S
S—
]
Sal~
c
s
S

=
I

\

u\{Vp u
u-> P(n) hy(1) by (1)
bu(n) A u : c R3N» : c R3N»
) ho(Np) by (Np)

by(n) R (1) w(1)
\_ . .

. \ (N, \bw(N,)/



Relationship Electric Currents and Electric Field Strength in Grid Space

D, = diag [5u(1); ces ,5'U(Np), 5'7)(1)3 e ,5‘1,(]\71,9)j 5"10(1)7 - a5w(Np)] c R3Npx3Np

Guey(n) = 7,(n)
Tpeyn(n) = J,(n) T :
Owew(n) = Ju(n) DO'e — J
Primary Grid Cell
e - D \
(D)) ( 3u(1)
eu(Np) » i\*p
eo(1) ijm)
: c R3N» : c R3N»
ey (Np) i :\r]_)
ol i}
\ew (N, \ju(N,))

42



Maxwell’'s Equations and Maxwell’'s Grid Equations (MGE)

43

Continuous Space Grid Space
V x E(r,t) = —EB(r,t) CD.e = —DAib

ot dt

V-B(r,t) =0 SD.b =0
V x H(r,t) = %D(r,t)—l—J(r,t) Cﬁsh:ﬁA%d+ﬁAj

V -D(r,t) = p(r,t) SDad = Dy
eE(r,t) = D(r,t) D.e=d
pH(r,t) = B(r,t) D,h=b
cE(r,t) = J(r,t) D,e =]

Bt
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Summary — Maxwell's Grid Equations (MGE)

Continuous Space

Grid Space

J

d

E(r,i)= ——B - _p,<
V x E(r,t) T (r,t) CD.e Dy dtb
V- -B(r,t) =0 SD,b=0
0 ~ = - d -
VXH(r,t):aD(r,t)-l—J(r,t) CDsh:DAEd+DAJ
V -D(r,t) = p(r,t) SDd = Dy
eE(r,t) = D(r,t) D.e=d
pwH(r,t) = B(r,t) D,h=b
cE(r,t) = J(r,t) Dye =]

a4

Discretization method provides a one-to-one mapping for
Maxwell's equations from continuous space onto the dual grid
system in the grid space

Since the integral form of Maxwell‘'s equations was directly
used on the grid cells, we also call this technique Finite-
Integration Technique, briefly FIT

The resulting linear matrix-vector equations are denoted as
Maxwell-Grid-Equations, briefly MGE

Special allocation (sampling of field components in space)
allows for application of mid-point rule for integral
approximation (second-order approximation of field quantities)

@ Leibniz
Ferdinand
Braun
Institut
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Collating Discrete Induction Law and Discrete Ampere's Law

Discrete induction law, discrete Ampeére's law and discrete Ohm’s law

d == - d ~ -
CDse:_DAab CDSh:DAad—I-DADae—I—DA
 Employing material relations yields
d ~ =~ ~ d ~ ~
—CDse:DADM&h CDSh:DADeae—FDADge—FDA

Collating both equations allows for transferring this equation into a matrix-vector equation, where spatial
derivatives vanished (time derivative still present)

]ﬁjADeS 0 i e\ —BADJ éﬁs € 4 —ﬁA
0 DuD,/dt\h) \ -CD, 0 h 0

- 7 V \ . /\,_/ . /
' s

M x(t) A x(t) Bi(t)

Matrix M is a diagonal matrix (!) and

M € RONeX0Ne (1) € ROVe | A € RONeX0Ne B(t) € RONo*Ns () € RN

45



Spatial Discretization with the
Finite Element Method (FEM)




Transferring Curl-Curl Equation into its Weak Form (Weighted and Averaged)

0? 0 0

V % [,flv x E(r,t)] +essBrt) = —=J(r,t) — o Br 1)  [Wilr):
W, (r)-Vx [u‘1V><E(r,t)} —I—s%wi(r)-E(r, t) = —%Wi(r)-.](r,t)—a%Wi(r)-E(r,t)

7

Using the identity:

B[V xA]

Wi(I‘)'VX

=—-V-BXxA|+A-[V xB]

:u—leE(r,t)} — —V-(Wi(r) x [u—lv x E(r,t)])+[u—1vXE(r,t)} - [wwi(r)}




Transferring Curl-Curl Equation into its Weak Form (Weighted and Averaged)

//V 'V x B(r
+W[2//€Wi(r)
-

dV—l—/// -1V x E(r }{VXWi(r)}dv

dV———// W,( )dV—%///aWi(r)

E(r,t)dV

Applying Gauss’ theorem:

/f V- 4V x E(r, t )DdV:—#(Wi(r)x [p_1V><E(r,t)D-ndA

o2

= # (Wi(r) : [n X 1tV x E(r,t)l) dA

o
Q(r,1)

48

function to be specified on the boundary @Jﬁ":ﬁ&
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Transferring Curl-Curl Equation into its Weak Form (Weighted and Averaged)

# (Wz(r) -[n x u 'V x E(r ) dA + /// IV x E(r )} : [V X Wi(r)]dV

Q(P,t)

n g_;/[/gwi(r). t)dV = _—// W, ( r,t)dV — %///Jwi(r)-E(r,t)dV
Q Q

Weak form of curl-curl equation, because curl-curl equation is not required to
be fulfilled in each point, but fulfilled in an weighted averaged sense!

Leibniz

Ferdlnand

[ t t t
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Field Expansion using Edge Elements on an e.g. Tetrahedral Mesh

N3(r)
N1 (I‘) NQ (I‘) 3
a N\
- - "“: .
"t} RN PR
- 5 ‘ - : '\'\\ \ ) *-n-"' - B
. LI t T . l‘,d
N (r) N5(r)
(5 g
4
t 22
\ < Source: The DefElement contributors. DefElement: an encyclopedia of finite element

Braun
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Expressing E-Field in Terms of Field Expansion

# dA+/// 'V x E(r VxW()]dV
T o ///EW 3’54/ Wi(r) - I(r, t)dV - —///aw
J'

o2

# (Wi(r) . Q(r,t)) dA + //f [M—lv x iNJ(r) zi(t )} [v x Wi(r)}dV
Q

atQ///gW dV———f/W dV——///JW t)dv




Galerkin Approach -
Weighting Functions are Expansion Functions: W;(r) = N;(r),i =1,..., N

# dA+//f Y Xi g;j(t)] . [V « N@-(r)]dV
T oe [//€N z;(t =§t/{[ N;(r) dv—_///gN

=
=
o,
<




Galerkin Approach: W;(r) = N;(r),i =1,..., N

51]% dA+/// -1y x i xj(t)] - {v x N@-(r)]dV
T 92 ///EN z;(t)dV = até/ Ni(r) - J(r,t)dV — —///UN Z z;(t)dV

4
# dA+Z[/f 1y x } - [v x Ni(r)]de-(t)

092 3‘19

+§: ffeN@-(r)- dv —a:j = // N ( Z///aqu(r)- dv %%‘(t)

M = L. .
“J (t) ki | L "_|— Inatitut




Ordinary Differential Equations from Galerkin Approach

N N 52 N
D sijri(t)+ ) my 53 %i(t) = —apz ka 57 % =1,...,N '/---dt
j=1 j=1 j=1

N N o N A
Z Sij :ffj(t) + Zmij Exj(t) — —pi(t) — Z k@'j :Cj(t), 1= 1, ce ,N
j=1 j=1 j=1
J .
ot (t) = z;(¢)
J

Leibniz
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Collating Differential Equations for All Weighting Functions

55

( N\
N N P N
Zsij i’j(t) + ZTTL?;J' a.’ﬂj(t) = —p%(t) — Z i»‘;}j £Ej(t), 1 = 1, . .,N
j=1 Jj=1 Jj=1
0 .
5Lt = 2;(t)
\_ J
/1 0 0 o0 0 0 ) n(\ [ 0 1 0 0 0 0\ (@) 0\
0 myp 0 myo 0 man ($1(t) —s11 —kiyp —s12 —kio —s1N  —kin x1(t) (pl(t)
0 0 1 0 0 0 2o(t) 0 0 0 1 0 0 2o (1) 0
0 mo1 0 mao 0 mon di xa(t) —591  —kor  —s20  —koo —Son  —hon z2(t) | + | p2(?)
0 0 0 0 10 an (1) 0 0 0 0 0 1 in (1) 0
\0 mny1 0 mpy2 0 mNN) \-TN(t)) \—Sm —kn1 —sn2  —Fkno —SNN —/f;\';\') xn(t) \PN(t))
M x(1) A x(1) Bi(t)

« Matrix-vector equation, where spatial derivatives vanished (time derivative still present)

« Coefficients are typically only unequal to zero for adjacent elements/edges!

Leibniz
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Time Domain Approaches




Transient Excitation of Ports with Gaussian Pulse

Time Signals

WA(1/2)
o
%

P ______________ __________ A _ __________________ _________________ Picture courtesy of Harald Oppitz,
iad A S S 110 11 A 1 S S S Copyright 2018, KNA GmbH, www.kna.de

L 1 W bs,1(t)

T ——. ——nal L N S —

0 Se-10 1e-09 1.5e-09 2e-09 2.5e-09 3e-09 3.5e-09 4e-09
Time /s

FET [b; 1 (t)]
FET [a:1(1)]

§?l,1(jw) =

S-Parameters [Magnitude]

=-=51,1
—52,1

dB

- i
-
-~

-
e ——
-

-
- - - -
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Determine Transient System Response

- Spatial discretization delivers: M%x(t) = Ax(t)+Bal(t)

Sorting for time derivative yields initial value problem or coupled first-order ordinary differential
vector-equation (ODE)
d —1+

ax(t) =M "Ax(t)+M 'Ba(t)
« Formal integration gives

x(t) = / t M~1A x(7) + M~ 'Ba(r) dr + x(to)

to

Vast amount of single- and multi-step methods (based on discretization in time) developed to solve

problem, such as or Euler method, Crank—Nicolson method or Runge—-Kutta methods, Adams—
Bashforth methods etc.

Scattered wave amplitudes are available by an “output equation”:

b(t) — C X(t) —+ ]:_) a(t) @ EE%E:\M



Determine Transient System Response

Spatial discretization delivers: M%x(t) = Ax(t) + Ba(t)

Sorting for time derivative yields initial value problem or coupled first-order ordinary differential

vector-equation (ODE)
%é(t) :)(_IA x(t) +X_IB a(t) @(/

SV

(

%
 Difficult to perform time-domain computations using standard Finite-Element approaches as inverse
of mass matrix is not available (large)

« Solving a large system of linear equations would be required in each time step (which is expensive)

* Finite Integration Technique on hexahedral mesh does not suffer from the problem as mass matrix
is of diagonal form, thus easy to invert

« Time-domain computation with FEM are nevertheless feasible with e.g. mass lumping or alternative

un
nstitut

formulations such as Discontinuous-Galerkin FEM E’r"é’ina..d
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Famous Explicit Update Scheme for FIT: Leap Frog

« Starting point: discrete Faraday's and Ampere's law:

d —1y—1

1 =-D,' D, CD,e

d e~

= D_'D,'CD,h - D_!j

l.e. a system of first order ordinary differential equations w.r.t. time

» Allocate one at full, the other at half time steps:

h(™ = h(t, = to + mAL), ) =ity =to+mAt), e 32) :=e(t, =to+ [m+1/2] At)

» Approximation of derivatives using central differences

d i h(m+1) _ |(m) d
—hmta) o L elm+1) o

dt At dt At
» Resulting explicit update equations

h(mD) = h(™ — AtD7'D ' CD,e(™*2)

e(mt3) = e(m 1) 4 At (DD CD™ Y - DY) @ﬂ:"

Institut

e(m+3) _ o(m+3)
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Leap Frog Update Scheme

h(m+) = hm) _ AtD 'D'CD,e(™*2)

o(m+3) _ o(m+3) | Ay (Ds—l]'jzlléf)sh(m—l—l) B D5—1j(m+1))

Explicit recursive scheme

W(m)  o(m+1/2) | (m+1) ((m+3/2) 1, (m+2)

| | | | | | |
| | | | | | > 1
>

At tm tm+1/2 Tmg1 Tma43/2 Tmgo

‘ I T @ Leibniz
Ferdinand
Braun
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Stability Condition for Leap Frog: Courant-Friedrichs-Levy Condition

« Maximal time step for stable (energy conservative) iteration with leap frog:

( VE )
At < min da ,
l
1 |1 1 1 ¢
+ -+
L\/Axiz Ay; Az}

where Ax; , Ay; , Az; are the edge lengths of the ith hexahedral mesh cell

« Smaller edge lengths (resulting in larger matrices and vectors) require smaller
discrete time steps to maintain stability of the transient iteration

« In particular a problem for solving structures with tiny but not negligible details
(such as higher-order mode couplers)

Leibniz
Ferdinand
Braun
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Frequency Domain Approaches




Transfer of State-Space Equation to Frequency Domain

* Formally transfer of spatially discretized equation (resulting from FIT or FEM)

d .
M&x(t) = Ax(t) + Bi(t)

assuming frequency-domain excitation and field distributions

i(t) = R[i(w)], i(jw) = iexp (jwt)
x(t) = R[x(jw)], x(jw)=xexp (jwi)

gives
Mjwx(jw) = Ax(jw) + Bi(jw)

« Resorting yields complex-valued system of linear equations

JjwM — A] x(jw) = Bi(jw)
G(jw)ECN XN b(jw)ECN

64
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Properties of System Linear of Equations G (jw)x(jw) = b(jw)

» Large, sparse, frequency-dependent, complex-valued and full-rank system matrix
QFEM (ij) QFIT (jWO)

«10%

— L Y™ |...: .\ . .. T 0

q'” » LN -
."'hl'q\,.w.r .. s e 7

20+
40 ¢
60 ¢

80 f+,

B
oo, *
101

120 -

: . Chll . . \ A 121
0O 20 40 60 80 100 120 0 5 4 " 8 10 12
nz = 767 nz = 392664 e 104

» Dedicated sparsity formats for matrix storage used, accounting solely for non-zero
elements and the location where they occur

Leibniz
Ferdinand
Braun
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Solving Large Sparse Systems of Linear Equations




Methods to Solve Large Sparse Linear Systems of Equations

/Direct methods such as Gaussian elimination or matrix inversion often not suitable for solving \
large, sparse linear systems of equation, since they

 scale with N3 (doubling number of unknowns leads to eight times larger solver time)

« are not robust against round-off error, i.e. it comes to accumulation of round-off errors

k « it can come to fill-in, i.e. the inverse of a sparse matrix is not required to be sparse as weII/

Iterative methods such as Conjugate gradient method, Biconjugate gradient method, Jacobi
method, Gauss—Seidel method, Successive over-relaxation method etc. often much for suitable for
solving large, sparse linear systems of equation, since they

 do not suffer from above mentioned drawbacks!

Leibniz
Ferdin
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lterative Methods to Solve Linear Systems of Equations

« Start with an initial guess K(O)

Obtain improved guess being closer to exact (K 1)
solution x*in each iteration step:

Ix* — x| > []x* — x| l /1 /1 l
o (5) e(ht1)

« Convergence after enough iterations

(k 1)— unc (k) ,G.b)

lim ||x* — X(k)” =0 -
k— 00\ e
(k)
« Convergence not always guaranteed, each
iterative method has convergence criteria v v
depending on system matrix properties x(D) 52 (4 + ()

Error based stopping criterions not feasible,
thus residuals are considered:

r(k) — b P G. X(k) E::;inand
- - T Institut
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Example Relative Residual after using Gauss-Seidel

[*)]
Ir @]

1
@ u]

logyq
3

12

14

-16
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Residual resulting from
Gaussian elimination:

G ¢ R405 X405

50

!
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|
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k-th iteration

|
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Example Relative Residual after using Gauss-Seidel (cont.)

70

G c Rio&a % 405

Residual resulting from
Gaussian elimination:

N

0 50

|
100

1:'50
k-th iteration

1
200

|
250

300

After a certain number of iterations, relative residual stays constant,

due to finite machine precision

Gauss-Seidel (iterative method) gives a better approximation to exact

solution than Gaussian elimination (direct method)

Leibniz
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Condition Number of Matrix

From theory:

Ix* — x| Ly lE®
—— < ||A[|- J[AT |- =
x| T —=— b]
v~ condition number
relative error relative residual

 Difficult to ensure small relative error, if matrix is ill-conditioned, because relative residual can
only be minimised up to a certain level due to finite numerical accuracy!

* Relative error may be still large, if (in general unknown) condition number is large

* lll-conditioned problems arise e.g. for large mesh aspect ratios

Leibniz
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Challenges in Simulation of Scattering
Parameters of Resonant Structures with Large
Quality Factors




C3H1
cavity 3 k=6

Large Quality Factors in Time Domain W

Structures with resonances having large quality factors

C3H2 C3pPC
Q o wn”stored,n k=5
n = P E. Vogel et al., in Proceedings of the International Particle Accelerator
loss,n Conference, Kyoto, Japan (ICR, Kyoto, 2010), pp. 4281-4283

(filters or resonators), do have long rise times and decay times of field energy

« Modes in resonators with copper walls may have Q = 7-104, in case of
superconducting walls even Q = 1010!

« After Q/ 2 m periods the stored energy decayed to about 37% of its initial value,
i.e. = 10* and = 10° periods respectively, P,(t) x exp (—wnt/Qx)

« Atypical discretization in time domain with 20 time steps per period, results in
10° and 10%°discrete time steps ®

Time domain approaches not well-suited for computing B
scattering matrices of structures with large quality factors! @E":&’m

Braun
Institut
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Large Quality Factors in Frequency Domain

Frequency approaches assume steady state, i.e. no issues
with long transients resulting from large quality factors ©

However, large quality factors result in sharp resonance peaks
in spectra (Af = f,/Q), requiring a sufficient number of samples
in frequency domain

Each sample of scattering matrix requires solution of a large,
sparse and complex-valued system of linear equations ®

Eigenmode computations deliver resonant frequencies (of
non-excited closed structure), but do not (directly) provide
network matrices

Straightforward frequency domain approaches
not so well-suited to compute scattering
matrices of structures with large quality factors!

74

C3H1
cavity 3 k =

C3H2 C3pPC
k=25

E. Vogel et al., in Proceedings of the International Particle Accelerator
Conference, Kyoto, Japan (ICR, Kyoto, 2010), pp. 4281-4283

== Measurement (dens sampling)
== Simulation (dens sampling)
Simulation (coarse sampling)

60 -
—80 -+
—100
—120
—140 -+
—160
—180 | I I I | |

3.68 372 376 380 384 388  3.92

f (GHz)

T. Flisgen, H.-W. Glock, P. Zhang, I. R.R. Shinton, N. Baboi, R. M. Jones, and U. van Rienen,
Scattering parameters of the 3.9 GHz accelerating module in a free-electron laser linac: A rigorous
comparison between simulations and measurements, Phys. Rev. ST Accel. Beams 17, 2014

20 log, [mse (27 f)|




Model-Order Reduction




Reduction of State-Space Model resulting from Spatial Discretization

M—x(t) = Ax(t)+Bi(t)

v(t) = Cx(t) + Di(t)

N\

—

J

\

g
W MW ixrd(t) = WH'AW x,4(t)+ W'Bi(t)
N—— dt —— ——

M,q A, q B.4
v(t) = CW x,4(t) + Di(t)
Crd

-

I\

J

State-vector: x(¢t) € RN, N ~ 10°...10%
Reduced state-vector: x,q(t) € RV, Nyg ~ 102

Orthogonal projection*: W € RY>*Nxa WTW =1, e.g. obtained by
incomplete eigendecomposition, singular-value decomposition etc.

Peter Benner, Mario Ohlberger, Albert Cohen, and Karen Willcox, Model Reduction
76 and Approximation, Society for Industrial and Applied Mathematics, 2017

(8t
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Transfer of Reduced State-Space Equation to Frequency Domain

Transfer of reduced-order equation (resulting from FEM or FIT)

d .
M.;q axrd (t) = Ard Xrd (t) + Biq l(t)

to frequency domain gives

M,qjwX,q(Jw) = Ard X9 (Jw) + Bra i(jw)

Resorting yields complex-valued (comparably small) system of linear equations
[jWMrd - Ard] er(jw) — Brd i(]w) 3 Nrd ~ 102
N / N\ /

G(jw)ECNra X Nea b(jw) ECNra

Formally sorting for state-vector gives:
X,q(jw) = [jwMra — Ara] ' Brai(jw)

v(t) = (crd jMud — Ava] " Bra + D) i(1)

\ o
"

Z(jw)

7

Combining with output equation allows for fast frequency sweeps of (in this case) impedance matrix:

(Bt
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Some Remarks




Finite Integration Technique (FIT)

79

Directly discretize Maxwell’s equations in integral form
Use field components and fluxes, respectively, on a structured grid
Requiring low storage due to simple band structures of arising matrices

Sometimes still with staircase approximation on Cartesian grids [CST Studio Suite® using FIT
with “perfect boundary approximation” (PBA)®]

Explicit formulations naturally arise for time-domain problems, since matrix acting on the
vector with time-derivates is diagonal and thus easy to invert

@ Leibniz
Ferdinand
Braun
Institut
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Finite Element Method (FEM)

80

Approach based on the weak formulation of the partial differential equation
Computational domain is divided into unstructured mesh (very flexible)
Intrinsically easier to approximate curved boundaries due to unstructured mesh

May be considerably slower than FIT for time-domain problems caused by the implicit
problems arising

Very often used for eddy-current problems and time-harmonic problems
Several further developments like the Discontinuous Galerkin FEM (DG-FEM)

Higher order approximations intrinsically easier to achieve than in FIT

@ Leibniz
Ferdinand
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Errors Sources in Numerical Simulations

e Modell Errors:

Errors arising during creation of mathematical model such as linearization and homogenization of
material properties, surface loss models or neglecting losses for good conductors etc.

« Errors in Solving the Mathematical Problem:

81

Geometry error introduced by mapping geometry to discrete mesh

L oo
‘I: \

Source: U. van Rienen / University of Rostock

Error from discretization of derivations or from approximation continuous quantities by discrete ones,

e.g. error using central differences

%f(m):f($+h/2);f(x_h/2)—I—O(h2)

Numerical errors resulting from finite accuracy of floating point operations as well as errors resulting
from stopping criteria of iterative solvers for systems of linear equations

S|gn exponent (8 blts) fraction (23 hits)
IOIOII|IIIIIIIII|||||IIIIIIIIII|||| 0.15625
31 30 23 22 (bit index)

Source: https://en.wikipedia.org/wiki/File:Float_example.svg
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Setting up Simulation of a New Problem

« Setting up simulations for problems one is (not yet) used to is sometimes not straightforward

« Nowadays packages such as CST Studio Suite® (refer to talk by Frank Demming-Janssen in the
evening) are very flexible and support various methods Finite Integration Technique, Finite Element
method, Methods of Moments etc., various meshes such as hexahedral or tetrahedral, time domain
and frequency domain methods

« For each solver, for each mesh type, for frequency and time domain methods, there is a large number of
options, whereas the default option is not always the best

« Sometimes (or often?) the meaning and the effect of the respective options is not fully clear, since the
software is a kind of black box and help files are not always informative/conclusive

« Typically and naturally, various attempts are required to figure out a reasonable setup for the simulation
for a specific problem

e BUT: How to decide whether a solution is reasonable? We do not know the solution, if we would know,
there is no need for simulation?!

Leibniz
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Validation and Critical Assessment of Results

* Never ever blindly believe in the solutions provided by numerical codes, since inappropriate
assumptions, and/or inappropriate methods and/or wrong settings for the problem under study can
lead to unreasonable results

* Use as much as possible knowledge from theory related to your problem! Despite the fact that
closed-analytical formulas are often not available, theory knowledge is very helpful to assess validity
of results (e.g. conservation of energy, reciprocity, causality etc.) — sanity check

» Use models with different accuracy (e.g. simple analytical models from theory and numerical models
with different settings) in parallel and see whether they deliver similar/comparable results

« Always read the solver log file! It provides valuable information! Carefully account for warnings, not
just for errors!

« If waveguide ports are used to excite domain with rectangular, circular or coaxial waveguides, do
compare cutoff frequencies and propagation constants with analytical values

« Use all possibilities to compare simulations with measurements (future simulations can benefit from
these comparisons)

Institut

« Ifitis not possible to obtain a reasonable agreement, problem is not well understood, carefully @;ﬁim

Braun
o evaluate how simulations and/or measurements might be improved
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Frequency Domain Solutions with FIT

87

CD.e = —DAib
q dt

CD.e = _DAD'uah ‘D;l]:);ll.

- d
D,'D,'CD,e=——h

CD;-
dt

- d ~ ~
CD,D,'D,'CD e = ——CD;h
d

. - d? 2 = d
CD,D,'D,'CDse = —Ds—5d —~DaD, —e—Dy —

-

dt dt
CD.D 'D;'CD,e = -D4D d—ze—f) D, Y D, 4
s A s© — Afsdtz Acrdt Adt
CD.D,'D;'CD,e = w’D D.e — jwDsD, e — jwD4
— i} ) )
CD,D;'D,'CD, — w?D4D. + ijADa] 6= —jwD 4
g(w)e(ggNPXSNp b(w)eC3Np
_J

(Bt

Leibniz
Ferdinand
Braun
Institut



Frequency Domain Solutions with FEM

N N 52 N
S sipag(t) + 3 my oy (1) = ot = Sk (), =1 N
Jj=1 j=1 J=1
N N
Zsijgj—wQZmij T; = —jwp, —ijkwxj, 1=1,....N
Jj=1 j=1 J=1
N
Z (SU WM —|—jwk”) = —ngi, 1=1,...,N
j=1 v SN——
gz’j(w) b;(w)

G(w)eECN XN b(w)eCX
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Frequency Domain Solutions with FEM

Example: Eigenfrequencies of a rectangular cavity

Assembly of the stiffness matrix S and mass matrix M

Stiffness Matrix Mass Matrix
O P P T T T T P ‘| T t T 0 - - T T T T T T T T
- - - 4 - -
4 - - - - -
- d - - - -
- - L4 - - -
- - - e - -
» - * * * .
.. ‘. .’ : : - .. .'
L4 -
10f "= . . E s = 10 "+ . . B
- - - e e * * .
- - - e - * * A4
- - - e L * . .
- - - - - * L A4
- » - » » . L3 *
. - * - e . L3 *
. . - e e . * *
. - - s s . - *
- - - - e . L .
20+ - . . . . . 201 . . » -
- - - - - - - -
- - - » » . - -
. - . 2 - * . .
. . . .- .- - L: L
. . - - - . * »
. . . L2 - . * .
- . . e E2 » * *
» - - . * . . .
- - - » » . » .
30+ * * * e e - 30 . . * -
» » - . . * * .
. - . e . » - L3
. - - e - = * *
. . . - - ‘K\ - *® *
» - » - - - * .
» - » I3 * .
. - s - * .
L ® ss. e ¥ %
Es
40+ - * e . 40+ . . -
- - . s * .
- . . . * .
. e e
.. sen L33
- e L33
.. san 3
e aee e
- .. .-
. .. £33 -
50| #» s e - p+4Y i
.. . san . . e
e .. see e
. % n the Inversion -
.. . - y e
.. . e 134
. e sae *ee
e . e . wee
.. - e wee
. - sae *ee
60 2 s . - p44 o
. e e e
e e san oo
e s oo . ew
. e sae oo
. e san ee
. - s P
.. . e -
s N e L34
e - e . . N LS4
70+ Ee e see ~ e -
Ees b e e
. . - £
- e [33 L3
. - ks e
. e - e
- - Ll L i dd
e e e £33
Se o A * .
-
801 e e | 80 ese
- - e
L3 e e
Lad - R 44
I 1 1 1** | | | | 1 L 1 1 1 1 1 il
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Frequency Domain Solutions with FEM

90

Example: Eigenfrequencies of a rectangular cavity

* Inversion of the mass matrix M is slow due to off-diagonal elements
* Inversion also leads to ,filling" of the matrix (destroying its sparse property)
Mass Matrix Inverted Mass Matrix (Filling)
0 = 0 ., ..l ., T o : ., T T T T T
10— .‘... &l 10—.’0 : .0 .' .0 ! .... ‘ “ - ‘ .“C '
20k " -‘. Al 20 —. K ., ..'0. k. ., ..'.‘ ...g. " £
30+ % ‘o' . - 30 [ ., * '.. * .o. & .0. k Y b '0' b
40_ .. ..'.0 7 40_ .. “ ... .. ‘. ’. ..' ‘. ‘. .’. " ‘.
sof P | 50f /
\ Inversion results in /
60 3 o
i filling in the block
ol , structure of the matrix
= .:§==s:. 1 B0
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nz =224 nz = 504

Simulation and pictures: Johann Heller

Leibniz
Ferdinand
Braun
Institut



Thermal Model of Miniaturized MOT

212 20220106_Thermal_Rebuild_Model_of Mot* [EJ

Thermal Ground Ee'r;ﬂi:anu
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Heat Sources of Thermal Model of Miniaturized MOT
0 = 5.8 x 10°S/m

Power density in loops:

1 1/ 1\° 1
—= E = — 2 = — e — I2
p=Fl=" = (hd) sah?d?

h L h=0.075mm

Loop volumes:
V=rx[r"—(r—d)’] h=n(2r — d)hd

Total heat power inner and outer loop

2 in - d
Pu = pVin = =2 —d) 210 g3
O'e|hd
2 out — d
Pout — pVout — ﬂ-( fout )I2 = 23.72 mQI2

O'e|hd
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Heat Sources of Thermal Model of Miniaturized MOT forl =1 A

93

212 20220106_Thermal_Rebuild_Model_of_Mot* ]

1 1
p:EJ:—Jzz—

O¢l O¢l

heatcurrent2
Volume heat density value 3.06513409961686e+08 W/m®

wW/m~3
3.07e+08

2.8e+08
2.6e+08
2.4e+08
2.2e+08
2e+08
1.8e+08
1.6e+08
1.4e+08
1.2e+08
le+08
8e+07
6e+07
4e+07

2e+07
0
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Thermal Model of Miniaturized MOT — Boundary and Symmetry Conditions

20220106_Thermal_Rebuild_Model_of Mot* @

Therrnal Boundary Conditions x
Boundaries  Symmetry Planes
Amax:

adiabatic (d = 0) adiabatic (dQ =0} w | [

Yrnin: Yrnas:

adiabakic (d0 = 0) adiabatic (dC = 0} w | [

Zrmin: Zmaxt

isothermal (T = const,) | .. adiabatic (dQ = 0} « | [

Open add space distance Fackor: 0.5 Appky

Reset EM Boundaries
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Analytical Thermal Model of Miniaturized MOT

AT = (Rth,top,2 + Rth,cyl,l + Rth,cyl,2 + Rth,cy|,3)(Pin + Pout) + Rth,top,l Pin

1 W

AT = —19.82 — /? )
Oth mA?2 — P,
1 Fout — d/2
S— R top.1 = |
__- L. thtop.1 27r0-t|'ltt0p n ( fin — d/2 )
-:.._____._._-_-__-_:'——' = . : < Pout
1 (rout1+nn1)/2
Rintop2 = ! LT in
th.top.2 27T0't|-| ttop n ( Nout — d/2
t
AT Rihcyl1 = !

TO0th (rgut,l - ri%,l)

15

TO0th (rgut,Z - ri%,l)

Rihcyl2 =

t3

Rtncyl3 = 5
TOth Jr-out,2
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Temperature in Inner Loop in Dependency on Current

5 [W/K/m] gcsr [KIAZ s [KIAZ

Silicon 0.14155 0.13393
AINi 321 0.06553 0.06175
Al,Oq 30 0.69066 0.66070
Sapphire 42 0.49413 0.47193
20
—Si
—AINi 2
— 15+ gl-=AT
X, Al O,
|_ —_— .
8 10 Sapphire
|_
4 5l
0 —— : | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

* | [A]



