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Disclaimer
When talking about PDFs one often means unpolarised collinear 
PDFs of  the proton. 

They are relevant in processes that involve unpolarised protons in the initial state 
and in which all hard scales are of  the same order and much larger than ΛQCD. 

Typical situation at the LHC. 

Many other kinds of  PDFs exist: 

collinear nuclear PDFs, 
collinear longitudinally polarised PDFs, 
collinear transversely polarised PDFs, 
transverse-momentum-dependent (TMD) PDFs, 
unintegrated PDFs 
diffractive PDFs, 
… 

All these different PDFs are appropriate in other contexts different 
from that mentioned above. 2



Everything starts from…
A collinear factorisation theorem:

d�had = W{i} ⌦ L{i} d�
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Everything starts from…
A collinear factorisation theorem:

Hard cross sections: 

process dependent, 

high-energy dominated, 

computable in perturbation theory.

Parton distribution functions (PDFs): 

universal, 

low-energy dominated, 

perturbation theory inapplicable.

How do we determine PDFs?

Currently, the most accurate and reliable way is through fits to data.

d�had = W{i} ⌦ L{i} d�
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Let us use Drell-Yan production (i.e. inclusive production of  a lepton pair 
in hadron-hadron collisions) to sketch the main steps:
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Diagrammatic power counting
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Relevant scales:

Multidimensional
 momentum space

generated by internal
 loops

soft and collinear
radiation

Hard real radiation
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Q =
p
q2 , ⇤QCD ⌧ Q

Let us use Drell-Yan production (i.e. inclusive production of  a lepton pair 
in hadron-hadron collisions) to sketch the main steps:

Diagrammatic power counting



Let us work in massless QCD and, for each single graph, identify the 
regions in the integration momentum space where the integrand is large: 

pinched propagators ⇒  Landau criterion and reduced graphs, 

soft modes (S), 

(anti)collinear modes (A and B), 

hard modes (H) (not pinched but large integration region).
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q

A

B

S H
Pinched propagators
(gluons or quarks)
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Diagrammatic power counting



pA

pB

q

A

B

S H

Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:
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[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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A

B

S H
Only one quark (or 

gluon) line connects H 
to A and B
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Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:

[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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B

S H
No connections
between H and S
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Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:

[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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pB

q

A

B

S H

Any number of soft gluons
can connect S to A and B
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Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:

[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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A

B

S H

Any number of coll. gluons with
longitudinal polarisation
can connect H to A and B.
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Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:

[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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S H
Remnant interactions

(Glauber modes) cancel
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Apply Libby-Sterman power counting to identify the asymptote in Q: 

The result (in a covariant gauge) is strikingly simple:

[G. Sterman, Phys. Rev. D 17 (1978) 2773]

Diagrammatic power counting
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= H + p.s.

Finally, factorisation is achieved by: 

using eikonal approximations for each soft/collinear gluon attachment with 
momentum k to write, for example: 

this allows one to use Ward identities and introduces Wilson lines. 

A recursive application leads to factorisation of  the amplitude:

Sµ...gµ⌫A
⌫... ⇠ (k · S...)

1

n · k
(n · A...)
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A ⇠ H · A · B · S
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[G. Grammer, D.R. Yennie, Phys.Rev.D 8 (1973) 4332-4344]

Diagrammatic power counting



Upon squaring, factorisation leads to the operator definition of: 
gauge invariant (unsubtracted) parton-distribution function (PDF): 

soft function:

k
S(0)(kT ) ∝

∫
dk+dk−

p

k
f (0)(x,kT ) ∝

∫
dk−

15
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k = (k+, k�,k)

k± =
E ± kzp

2

light-cone coordinates:

and hard function.

Diagrammatic power counting
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= H + p.s.

kT dependence of  A, B, S can be integrated out. This causes “contact” divergences 
whose removal is responsible for the DGLAP evolution. 16

If   …Q ≃ qT ≫ ΛQCD

Hard radiation required
for the recoil of q

H is a “complicated” perturbative function accounting for both real and virtual 
corrections that depends on the longitudinal momentum fractions x.

Collinear factorisation

Soft function
“unitarises”

Partonic transverse 
momentum entering the hard 

function can be neglected

Partonic transverse momentum 
in A, B, and S short-circuited and

integrated over
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= H + p.s.

As opposed to qT ⩬ Q (collinear fact.), kT dependence of  A, B, S cannot be integrated 
out. Therefore, we need to treat kT exactly: this is the essence of  TMD factorisation.

17

If   …Q ≫ qT ≫ ΛQCD

Hard radiation forbidden 

H is a “simple” perturbative function that only accounts for virtual corrections.

TMD factorisation
Partonic transverse momentum

relevant and cannot be
short-circuited.

Soft function
does not “unitarise”



Parameterisation:
functional form,
asymptotes, etc.

The general strategy
Perturbative content:

hard cross sections,
collinear evolution, etc.

Experimental data:
processes, cuts,

uncertainties, etc.

Theoretical predictions

Define a fig. of merit (χ2) 
and error propagation

Adjust free parameters to 
minimise the fig. of merit 

Determine best-fit params.

Each box requires a choice. Different choices lead to different determinations.
18



The general strategy

Theoretical predictions

Define a fig. of merit (χ2) 
and error propagation

Adjust free parameters to 
minimise the fig. of merit 

Determine best-fit params.

Parameterisation:
functional form,
asymptotes, etc.

Experimental data:
processes, cuts,

uncertainties, etc.

Perturbative content:
hard cross sections,

collinear evolution, etc.
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Experimental data 
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Impressive number of  processes and data points (O(4500)): 
ep data, i.e. DIS (one PDF involved), 
pp data (two PDFs involved), 
very wide kinematic coverage: 10-5  x  1 and 2 GeV  Q  5 TeV.≲ ≲ ≲ ≲ 20



Experimental data 
Kinematic cuts

<latexit sha1_base64="0fBB/BzCM7BXg/E6lbQF07B+x4s="></latexit>

Q2 � Q2
min (Qmin ' 2 GeV)
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W 2 � W 2
min

(W 2 = Q2(1�x)
x , Wmin ' 4 GeV)

Ensure that perturbation
theory is applicable Remove higher-twist contributions

(mostly for DIS and Fixed-target DY data)
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Experimental data 
Kinematic cuts

Usually, many more cuts are enforced…
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Experimental data 
How to read the scatter plot

Kinematic lower bound

Hard scale  factorisation scale
(i.e. scale at which PDFs are computed)

≃
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Experimental data 
How to read the scatter plot

Inclusive DIS: e(k) + p(P) → e(k′ ) + X
<latexit sha1_base64="BAtpsggbTDss9tJRi0HBd8MtrWI="></latexit>

q = k � k0 , Q =
p

�q2 , xB =
Q2

2q · P

Drell-Yan: p(P1) + p(P2) → e+(k) + e−(k′ ) + X

Mass-differential distribution:

Rapidity-differential distribution:
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q = k + k0

s = (P1 + P2)2

y = 1
2 ln

q0+q3
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p
⌧ e±y
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The general strategy

Theoretical predictions

Define a fig. of merit (χ2) 
and error propagation

Adjust free parameters to 
minimise the fig. of merit 

Determine best-fit params.

Perturbative content:
collinear evolution,

hard cross sections, etc.

Parameterisation:
functional form,
asymptotes, etc.

Experimental data:
processes, cuts,

uncertainties, etc.

26



Unpolarised space-like splitting functions fully known up to NNLO. 

Several numerical implementations: 
x-space approach: 

QCDNUM, Botje [arXiv:1602.08383] 
HOPPET, Salam [arXiv:0804.3755] 
APFEL(++), Bertone, Carrazza, Rojo [arXiv:1310.1394], Bertone [arXiv1708.00911] 

N-space approach: 
PEGASUS, Vogt [hep-ph/0408244] 
MELA, Bertone, Carrazza, Nocera [arXiv:1501.00494] 
EKO. Candido, Hekhorn, Magni [arXiv:2202.02338]

Perturbative content 
DGLAP evolution

PDFs obey a set of  coupled integro-differential equations: 
the DGLAP equations

Moch, Vermaseren, Vogt [Nucl.Phys.B 688 (2004) 101-134] [Nucl.Phys.B 691 (2004) 129-181]
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Perturbative content 
DGLAP evolution: x-space approach

The only possibility to solve the DGLAP equations as they stand is 
numerically. But the solution must be efficient enough to be used 
in a fit of  PDFs. 

28



Lagrange interpolation 
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“Moving” polynomial interpolation of  degree k:

assuming that                            :
<latexit sha1_base64="CzSfsoy5p5ToYFdBA+tYAJpZ5dE=">AAACGXicbVC7TsNAEDzzxrwClDQnYiQkpMiOhKCgQNBQgkQAKYms9WWTnHJ+cLdGiaz8AL/AT9BCR4doqWj4FhyTAgJTjWZ2tTsTJEoact0Pa2p6ZnZufmHRXlpeWV0rrW9cmTjVAmsiVrG+CcCgkhHWSJLCm0QjhIHC66B3OvKv71AbGUeXNEiwGUInkm0pgHLJLzmOY/f9BqikC/yI93lD4S3v+9m3tOcNbcfxS2W34hbgf4k3JmU2xrlf+my0YpGGGJFQYEzdcxNqZqBJCoVDu5EaTED0oIP1nEYQomlm/SLOkO+kBijmCWouFS9E/LmSQWjMIAzyyRCoaya9kfifV0+pfdjMZJSkhJEYHSKpsDhkhJZ5T8hbUiMRjF5HLiMuQAMRaslBiFxM8+LsvBBvMv5fclWtePsV96JaPj4ZV7PAttg222UeO2DH7IydsxoT7J49sif2bD1YL9ar9fY9OmWNdzbZL1jvX3nKnlQ=</latexit>

x↵ < x  x↵+1
<latexit sha1_base64="L5EoOvunJTNIUcXuMPccbQEsnDM="></latexit>

w(k)
↵ (x) =

kX

i=0,i↵

✓(x� x↵�i)✓(x↵�i+1 � x)
kY

m=0,m 6=i

x� x↵�i+m

x↵ � x↵�i+m

Lagrange polynomials

Goal: interpolating a 1D function knowing its values on a grid.

<latexit sha1_base64="Gc22M9/xcHVtT6asIV3RSLPD8/0="></latexit>

f(x) =
NxX

↵=0

w(k)
↵ (x)f(x↵) +O

✓
f (k+1)(x)

(k + 1)!
hk+1

◆
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Interpolate the function:
<latexit sha1_base64="odx34E2GgTzl9WP9C4kP6EYx1gE="></latexit>

f(x) = cos(⇡ ln(x))� 1

2
ln(x) + 2

on grid with 100 nodes logarithmically distributed between  and 1.10−3

Test different degrees of  the Lagrange interpolants from 0 to 5: 

check the accuracy against the original function.
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Interpolation test 
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Interpolation test 
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Interpolation test 



The r.h.s. of  the DGLAP equations requires computing integrals of  the 
following kind:

Using the interpolation formula for f (the PDF):

More compactly:

This allows us to compute I on each point of  the grid.

<latexit sha1_base64="kCPt3Nw+J1ConoU2t9o9pzKZGqw="></latexit>

I(x, µ) =

Z 1

x

dy

y
P (y,↵s(µ))f

✓
x

y
, µ

◆

<latexit sha1_base64="+SPDf7iq84228v76YsWn4YCq/po="></latexit>

I(x� , µ) =
NxX

↵=0

"Z 1

x�

dy

y
P (y,↵s(µ))w

(k)
↵

✓
x�

y

◆#

| {z }
��↵(µ)

f(x↵, µ)

<latexit sha1_base64="H1XNEWKoxijXn8OYxaxZeyTbyIw="></latexit>

I�(µ) =
NxX

↵=0

��↵(µ)f↵(µ)
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The  don’t depend on f and thus can be precomputed and stored.Γβα

<latexit sha1_base64="OG2vMnUJcrOIORV9dbi0DeNBowk="></latexit>

I(µ) = �(µ) · f(µ)⇒

Perturbative content 
DGLAP evolution: x-space approach



The DGLAP equations reduce to a set of  coupled linear ordinary 
differential equations (ODEs) that in vectorial notation read:

The functions to be determined are the partonic distribution f as a 
function of  µ on each node of  the grid knowing  on the grid.f(μ0)
Many algorithms to solve ODEs exist. A particularly popular choice is 
the 4th order Runge-Kutta (RK4):

<latexit sha1_base64="jE9U//jjsx6TILZa1UOTndWGArM="></latexit>

fn+1 = fn + 1
6 (k1 + 2k2 + 2k3 + k4) +O(h5)

k1 = hF(µn, fn)
k2 = hF(µn + h

2 , fn + k1
2 )

k3 = hF(µn + h
2 , fn + k2

2 )
k3 = hF(µn + h, fn + k3)

42

<latexit sha1_base64="ZlVzR/JWaALPJPPp1YgJSA0PENo="></latexit>

df(µ)

d lnµ2
= �(µ) · f(µ) ⌘ F(µ, f)

Tabulate f on a grid in µ that can successively interpolated.
Final result:  is know on a 2D grid in  and .f(x, μ) x μ

Perturbative content 
DGLAP evolution: x-space approach



Perturbative content 
DGLAP evolution: x-space approach

Problem: a logarithmic grid becomes increasingly sparse at large x: 
solution: concatenate grids with increasing density as one moves towards large x.

In principle, one needs to compute  integrals Γβα.N2
x

However, if  one uses a logarithmically distributed grid:
<latexit sha1_base64="85tTLjOjxMCTFRx+iLxbl9bW0jE=">AAACFXicbVC7TsNAEDzzxrwClDQnEiSqyEZC0CAhaCiDRAJSYkXryyacOJ+tuzVKZKXlF/gJWujoEC01Dd+CbVLwmmo0s6vdmTBR0pLnvTtT0zOzc/MLi+7S8srqWmV9o2Xj1AhsiljF5ioEi0pqbJIkhVeJQYhChZfhzWnhX96isTLWFzRKMIhgoGVfCqBc6lZ4reZ2eqgI+JAf8U4UxsNMxNoSaBq7tVq3UvXqXgn+l/gTUmUTNLqVj04vFmmEmoQCa9u+l1CQgSEpFI7dTmoxAXEDA2znVEOENsiGZZQx30ktUMwTNFwqXor4fSWDyNpRFOaTEdC1/e0V4n9eO6X+YZBJnaSEWhSHSCosD1lhZN4R8p40SATF68il5gIMEKGRHITIxTQvzc0L8X/H/0tae3V/v+6d71WPTybVLLAtts12mc8O2DE7Yw3WZILdsQf2yJ6ce+fZeXFev0annMnOJvsB5+0Ts5udgw==</latexit>

�x = constant

and the Lagrange polynomials are expressed in powers of  :ln(x)
<latexit sha1_base64="KefLEJS6TAGCQHJ5d7pWYuYKzvM="></latexit>

w(k)
↵ (x) =

kX

i=0,i↵

✓(x� x↵�i)✓(x↵�i+1 � x)
kY

m=0,m 6=i

lnx� lnx↵�i+m

lnx↵ � lnx↵�i+m

<latexit sha1_base64="QxVfslerZiraS7g1vbVsSmGjprc="></latexit>

��↵ =

⇢
�0,↵�� ↵ � �
0 ↵ < �

one finds:

<latexit sha1_base64="9r248uY463f8RDiD85XGuErQnRM=">AAACD3icbVC7TsNAEDyHt3kF6KA5kSBRRXYkBGUEBZQgEUCKo2h9bJJT7mzrbo1AViR+gZ+ghY4O0fIJNHwLTnABhKlGM7vanQkTJS153odTmpqemZ2bX3AXl5ZXVstr6xc2To3ApohVbK5CsKhkhE2SpPAqMQg6VHgZDo5G/uUNGivj6JzuEmxr6EWyKwVQLnXKm9WqGxyD1tDJghAJAlBJH4ZutdopV7yaNwafJH5BKqzAaaf8GVzHItUYkVBgbcv3EmpnYEgKhUM3SC0mIAbQw1ZOI9Bo29ntOMSQ76QWKOYJGi4VH4v4cyUDbe2dDvNJDdS3f72R+J/XSql70M5klKSEkRgdIqlwfMgKI/N2kF9Lg0Qweh25jLgAA0RoJAchcjHN63LzQvy/8SfJRb3m79W8s3qlcVhUM8+22DbbZT7bZw12wk5Zkwl2zx7ZE3t2HpwX59V5+x4tOcXOBvsF5/0LggCbSA==</latexit>

��↵

The number of  integrals reduces to  and so thus the computation time.Nx

<latexit sha1_base64="dwjLL+tx+6e4k6Gfa+12G5QVAFg=">AAACIXicbVDLSgNBEJz17fqKevQymAiCEnaDqBch6MWjglEhiaF30iZDZh/M9ErCsj/hL/gTXvXmTbyJ4Le4WYP4qlNR1U13lRcpachxXq2x8YnJqemZWXtufmFxqbC8cm7CWAusiVCF+tIDg0oGWCNJCi8jjeB7Ci+83tHQv7hBbWQYnNEgwqYPnUBeSwGUSa3Cdqlk91tJA1TUhS035Qccr5JGGxUB76f8y0vtUqlVKDplJwf/S9wRKbIRTlqF90Y7FLGPAQkFxtRdJ6JmApqkUJjajdhgBKIHHaxnNAAfTTPp57FSvhEboJBHqLlUPBfx+0oCvjED38smfaCu+e0Nxf+8ekzX+81EBlFMGIjhIZIK80NGaJn1hbwtNRLB8HXkMuACNBChlhyEyMQ4K9DOCnF/x/9Lzitld7e8c1opVg9H1cywNbbONpnL9liVHbMTVmOC3bJ79sAerTvryXq2Xj5Hx6zRzir7AevtA4o3oiU=</latexit>

x↵+1 = e�xx↵
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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DGLAP evolution: x-space approach
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Computation of  on a 
x-space grid with ~250 nodes, 

interpolation degree 3

ΓβαTabulation in  
on a grid with 50 nodes, 
interpolation degree 3

μ

Remarkable speed!

Perturbative content 
DGLAP evolution: x-space approach

54



Computing the integrals Γβα: 

integrands are distributions that involve δ-functions and +-distributions. 

Addressing the problem of  inaccuracies at large x caused by a 
logarithmically-spaced grid. 

The flavour dependence of  parton distributions. 

The possible presence of  heavy-quark thresholds along the evolution. 

…

Perturbative content 
DGLAP evolution: x-space approach
“Details” that I didn’t discuss:
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Perturbative content 
DGLAP evolution: x-space approach

Independent implementations agree well below the per-mil level! 56
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Perturbative content 
DGLAP evolution: x-space approach
O(αs4) non-singlet splitting functions in the planar limit recently computed  [Moch et al., 

arXiv:1707.08315] enabling partial N3LO evolution. Approximations available for the 
Singlet.
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Perturbative content 
DGLAP evolution: N-space approach
Mellin tranform:<latexit sha1_base64="CE+3sQfXoKGCtnO3e3ypLCoQmAc="></latexit>

f(N) ⌘ M [f(x)] (N) =

Z 1

0
dx xN�1f(x)

turns a Mellin convolution:
<latexit sha1_base64="JXJmYsYIRdJS34TD8SyFpSiiEz4="></latexit>

[f⌦g](x) ⌘
Z 1

x

dy

y
f(y)g

✓
x

y

◆
=

Z 1

x

dz

z
f
⇣x
z

⌘
g(z) =

Z 1

0
dy

Z 1

0
dz�(x�yz)f(y)g(z)

into a simple product:
<latexit sha1_base64="fdQT1jnr9LxwmSS7LedGTNF5VTo=">AAACL3icbVC7TsMwFHV4lvAKMLJYNEhlqZJKPBakChYmVCT6kNKochwnteo8ZDtIVdSVr2FhgF9BLIiVP2DEbbOk5UhXPj73+HGPlzIqpGV9aiura+sbm5UtfXtnd2/fODjsiCTjmLRxwhLe85AgjMakLalkpJdygiKPka43up32u0+EC5rEj3KcEjdCYUwDipFU0sCApqk7QT+RNCIChm7t/gxew0AtoSrdNAdG1apbM8BlYhekCgq0BsZv309wFpFYYoaEcGwrlW6OuKSYkYnezwRJER6hkORCGYbEL4teVNo7isZI/c7NZ+NO4KlSfBgkXFUs4Uwt3YAiIcaRp5wRkkOx2JuK//WcTAZXbk7jNJMkxvOHgoxBmcBpdtCnnGDJxoogzKkaCOIh4ghLlbCuq6jsxWCWSadRty/q5w+NavOmCK0CjsEJqAEbXIImuAMt0AYYPIMX8AbetVftQ/vSvufWFa04cwRK0H7+AABjpd8=</latexit>

[f ⌦ g](N) = f(N)g(N)

The DGLAP in Mellin space becomes an ODE:
<latexit sha1_base64="rEgtbv4z5wGz0uHa1V3jAFRrPpM="></latexit>

df(N,µ)

d lnµ2
= P (N,↵s(µ))f(N,µ)

A fully analytic solution can be found changing the evolution variable:
<latexit sha1_base64="xtadH75yDMaQ5yJzjiP7ftu+JiM="></latexit>

d↵s(µ)

d lnµ2
= �(↵s(µ)) ⇒

<latexit sha1_base64="HEBk1q2VANrI1cXxPWRqpgo8+KY="></latexit>

df(N,µ(↵s))

d↵s
=

P (N,↵s)

�(↵s)
f(N,µ(↵s))
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Perturbative content 
DGLAP evolution: N-space approach
At LO:

so that:

<latexit sha1_base64="1kl17x4NlhuiuFiWbqLJvtv/S+Y="></latexit>

P (N,↵s) = ↵sP
(0)(N) and �(↵s) = ↵2

s�0

The solution is straightforward:
<latexit sha1_base64="Yz5ZujrBSI4tnhVnCae6xR2lf4Y="></latexit>

f(N,µ) =

✓
↵s(µ)

↵s(µ0)

◆P (0)(N)/�0

f(N,µ0)

The same analytic approach can be extended beyond LO by making 
some “perturbatively allowed” approximations.

This leads to the phenomenon of  perturbative hysteresis.                         
[Bertone et al. Phys.Rev.D 105 (2022) 9, 096003]

<latexit sha1_base64="6xsU1//8gAR/vvJtAhKWbZ150Fg="></latexit>

df(N,µ(↵s))

d↵s
=

P (0)(N)

�0

f(N,µ(↵s))

↵s
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Perturbative content 
DGLAP evolution: N-space approach
Also the computation of  some observables benefits of  this simplification 
in Mellin space.

<latexit sha1_base64="yHexkCbixqMoDrQUlp3VKOFg+iE=">AAACMHicbVBJSwMxGM3UrY7bqEcv0VaoIGWm4HIRigXx2IJdoB1KJs20oZmFJCOWoWd/jRcP+lf0JF79BR5Np3OZ1geBl/delu85IaNCmuanlltZXVvfyG/qW9s7u3vG/kFLBBHHpIkDFvCOgwRh1CdNSSUjnZAT5DmMtJ1xbea3HwkXNPAf5CQktoeGPnUpRlJJfeO4WNTvSk/njTN4A7s12Ask9YiArp2IerHYNwpm2UwAl4 mVkgJIUe8bv71BgCOP+BIzJETXMkNpx4hLihmZ6r1IkBDhMRqSWKjAiAyyouNl9l1FfaQ+ZcfJvFN4qpQBdAOuli9homZuQJ4QE89RSQ/JkVj0ZuJ/XjeS7rUdUz+MJPHx/CE3YlAGcFYeHFBOsGQTRRDmVA0E8QhxhKWqWNdVVdZiMcukVSlbl+WLRqVQvU1Ly4MjcAJKwAJXoAruQR00AQbP4AW8gXftVfvQvrTveTSnpWcOQQbazx9WraYN</latexit>

F (x,Q) = [C ⌦ f ](x,Q) ⇒
<latexit sha1_base64="00ofY+g1tQtwUTD41n1yDTNyRP8="></latexit>

F (N,Q) = C(N,↵s(Q))f(N,Q)

Inclusive DIS is a typical example:

This reduces the computation of  an observable to a simple product that 
is thus very fast to compute numerically.
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Perturbative content 
DGLAP evolution: N-space approach
Data is however delivered in x space and it is therefore needed to 
transform back from N to x-space:

<latexit sha1_base64="jbITVF/tg5rMiNohpKGaCkcQmZs="></latexit>

f(x) =
1

2⇡i

Z c+i1

c�i1
dN x�Nf(N)

where c is a real constant such that the integration contour lies to the 
right of  all the singularities of  the integrand:

the integration contour is typically deformed for numerical implementations.
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Perturbative content 
DGLAP evolution: N-space approach

Independent implementations agree extremely well! 62



Perturbative content 
DGLAP evolution: N-space approach
While being so numerically appealing, the N-space approach is affected 
by a few shortcomings: 

the PDF parameterisation needs to be analytically transformable in Mellin space: 

this drastically restricts the range of  possible parameterisations. 

The partonic cross sections need to be analytically known in N space: 

this is the case only for a small number of  inclusive process and observables (e.g. DIS, mass-
differential DY, and not much more). 

experimental cuts typically make the computation of  analytic Mellin transforms unfeasible.

As of  today, no large PDF collaboration uses the N-space approach as 
discussed above: 

NNPDF has adopted in the past and is now planning to adopt again a “hybrid” 
technology that combines the N-space approach with the x-space one. 63



Perturbative content 
Hard cross sections: inclusive DIS

A large part of  the dataset of  modern PDF fits is still made of  DIS data:

Very broad kinematic coverage: 
low values of  Q comparable with mc and mb → heavy-quark mass corrections, 

low values of  x → small-x resummation corrections. 64



Perturbative content 
Hard cross sections: inclusive DIS

The inclusive DIS cross section is a combination of  structure functions.
The inclusion of  heavy-quark mass corrections in the structure functions 
needs to be reconciled with the resummation of  collinear logarithms.
This is achieved by matching different schemes in a General-Mass scheme: 

the fixed-flavour (FF) scheme that includes mass power corrections mh/Q, valid for mh ~ Q, 
the zero-mass (ZM) scheme that resums ln(mh/Q), valid for mh ≪ Q, 
subtraction of  the double counting (DC) needed.

<latexit sha1_base64="3H24IAXgjM+6U564mSDow90SroU="></latexit>

FGM(x,Q) = FFF(x,Q) + FZM(x,Q)� FDC(x,Q)

Several implementations exist, e.g.: 
ACOT [Phys.Rev., vol. D50, pp. 3102–3118, 1994], 
FONLL [JHEP, vol. 9805, p. 007, 1998], 
RT [Phys.Rev., vol. D57, pp. 6871–6898, 1998], 
BMSN [Eur.Phys.J., vol. C1, pp. 301–320, 1998]. 

They all differ by subleading power corrections in the intermediate region. 65



Perturbative content 
Hard cross sections: inclusive DIS

This example makes evident how a GM scheme interpolates between the 
FF scheme at mh ~ Q and the ZM scheme for mh ≪ Q. 66



Perturbative content 
Hard cross sections: inclusive DIS

[arXiv:1003.1241]

A direct comparison amongst schemes show that, while for mh ≪ Q 
differences are small, they can be sizeable in the intermediated region.

FONLL vs.  ACOT FONLL vs. RT (MSTW08)
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Perturbative content 
Hard cross sections: inclusive DIS

The issue of  the NLO low-x gluon PDF going negative at low scales is greatly 
mitigated by including small-x (BFKL) resummation effects in PDF fits: 

relevant for quarkonium production at the LHC,  

Small-x resummation makes the DGLAP evolution less steep and thus allows 
for a larger small-x gluon PDF that behaves as a sea-like distribution.

[NNPDF, Eur.Phys.J.C 78 (2018) 4, 321] 
[xFitter, Eur.Phys.J.C 78 (2018) 8, 621]

[Lansberg, Ozcelik, Eur.Phys.J.C 81 (2021) 6, 497]
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69

Drell-Yan (both  and ) is a very important 
process in PDF determinations: 

• as opposite to DIS, Drell-Yan gives access to a 
larger variety of  quark PDF combinations: 

• this enables flavour/antiflavour separation. 

• very wide kinematic coverage: 

• collider data, placed at higher energies can reach 
values of  x as low as , 

• fixed-target data is placed at lower scales and probes 
quark PDFs at higher values of  x. 

•  distribution gives access to the gluon PDF.

Z W

10−4

qT

Perturbative content 
Hard cross sections: Drell-Yan
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[JHEP 12 (2019) 059]

O( )α2
s O( )α

Perturbative content 
Hard cross sections: Drell-Yan

Our current understanding of the invariant mass spectrum in Drell-Yan is very good.
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Our current understanding of the invariant mass spectrum in Drell-Yan is very good.

Perturbative content 
Hard cross sections: Drell-Yan

[JHEP 03 (2022) 116]



72NNLO corrections significantly improve the agreement with data.

[Phys.Rev.D 69 (2004) 094008]
O( )α2

s

O( )αs

O( )α0
s

Perturbative content 
Hard cross sections: Drell-Yan

Also the rapidity spectrum is particularly well know.



Perturbative content 
Hard cross sections: Drell-Yan

73

[JHEP 12 (2017) 059]

• NNLO + NLO EW predictions.  

• Very good data/theory agreement also in lower and higher invariant mass bins.

Also the rapidity spectrum is particularly well know.
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The fully differential NNLO (i.e. O( )) corrections to the cross section for  
was presented in [Phys. Rev. Lett. 117 (2016) 2, 022001] and [Phys.Rev.Lett. 116 (2016) 15, 152001]. These 
calculations allow us to compute the  spectrum of the Z to NNLO accuracy.

α3
s pp → Z+jet

qT

Perturbative content 
Hard cross sections: Drell-Yan

High qTLow qT

NNLO corrections improve the agreement with data all across the board:
• for qT ~ Q the agreement with data is now excellent,
• for qT  Q, NNLO partly captures the double-log behaviour and provides qualitative 

improvements in the description of the shape of the data: resummation still needed.
≪
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The  of the Z boson allows us to constraint the collinear gluon PDF: 

• as we have seen above, collinear factorisation is reliable for . 

• In order for the Z to have a large , it needs an object to recoil against. This is 
typically a jet. As a consequence, the  relevant process is . 

• One of the leading-order partonic cross sections contributing to this process is:

qT

qT ≃ Q

qT
pp → Z + j + X

quark PDF

gluon PDF

Z with large qT

hard jet

The impact on the gluon PDF is significant.

Perturbative content 
Hard cross sections: Drell-Yan
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Recently the SeaQuest (E906) experiment at Fermilab has released data for the 
ratio of cross sections  [Nature 590 (2021) 7847, 561-565]. 

This ratio is sensitive to the ratio of sea quark PDFs:

σpd /σpp

<latexit sha1_base64="tyeaWCufhYVCjzDS0MxPSG/pOb0="></latexit>

�pd

�pp
' 1 +

d(x)

u(x)
Being a fixed-target experiment, large values of x are probed giving us access to 
the sea quark PDFs in a region that is presently poorly known.

Significant impact on the  and  PDFs at large x. 

Currently unresolved tension with the older NuSea (E866) data.

u d

[arXiv:2109.00677]

[arXiv:2108.05786]
Before SeaQuest After SeaQuest

Perturbative content 
Hard cross sections: Drell-Yan

https://arxiv.org/abs/2108.05786


Perturbative content 
Hard cross sections: fast interfaces

Very often, a direct “on-line” computation of  physical observables is not a 
viable option when fitting PDFs: 

computing a single distribution may take days and this needs to be iterated a large 
number (thousands) of  times during a fit. 

Fast interfaces have been devised to overcome this problem. 

As of  today, different interfaces exist: 

APPLgrid Carli et al.,[Eur.Phys.J.C 66 (2010) 503-524], 

FastNLO FastNLO Collaboration [DIS 2012, 217-221], 

APFELgrid Bertone, Carrazza, Hartland [Comput.Phys.Commun. 212 (2017) 205-209], 

PineAPPL Carrazza, Nocera, Schwan, Zaro [JHEP 12 (2020) 108], 

aMCfast Bertone, Frederix, Frixione, Rojo, Sutton [JHEP 08 (2014) 166]. 

They are all based on the same idea: interpolating PDFs.
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The general strategy

Theoretical predictions

Define a fig. of merit (χ2) 
and error propagation

Adjust free parameters to 
minimise the fig. of merit 

Determine best-fit params.

Fit methodology

Perturbative content:
hard cross sections,

collinear evolution, etc.

Parameterisation:
functional form,
asymptotes, etc.

Experimental data:
processes, cuts,

uncertainties, etc.
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Distributions are parametrised by means of  the functional form:

Fit methodologies 
Parameterisation: the “standard” approach

fi(x) = Ai x
↵i(1� x)�iPi(x)

<latexit sha1_base64="L9cQgxKdN0EmCoOECMLNHr3ySWY="></latexit><latexit sha1_base64="L9cQgxKdN0EmCoOECMLNHr3ySWY="></latexit>

Pi(x) =

8
>><

>>:

1
1 + �ix
1 + �ix+ �i

p
x

. . .
<latexit sha1_base64="tYVktl/ZAbq3M+b0GtuB4AWcu74="></latexit><latexit sha1_base64="tYVktl/ZAbq3M+b0GtuB4AWcu74="></latexit>

with:

O(3-5) free parameters for each distribution. 
Asymptotic behaviour defined by the exponents αi and βi.
Typically easy to transform analytically in Mellin space. 
Easy to handle in a fit thanks to its simplicity. 
Potential source of  bias. 

79



Each NN has a large number free parameters. 

NNs are usually augmented with constraints in the extrap. regions: 

NNs are flexible and thus limit biases but are harder to handle.

Distributions are parametrised in terms of  artificial NNs:

Fit methodologies 
Parameterisation: neural networks

⇠(j)i = g

 
(j-1)th layerX

k

⇠(j�1)
k !(j)

ki � ✓(j)i

!

<latexit sha1_base64="gRWilzZm+IrSz9wCokspzJ1fUEE=">AAACE3icbVDLSsNAFJ3UV42vqEs3g63QCpakgroRim5clQr2AW0Ik+mkHTp5MDMRS+g/uPFX3LhQxK0bd/6N0zSLWj0wcO4593LnHjdiVEjT/NZyS8srq2v5dX1jc2t7x9jda4kw5pg0cchC3nGRIIwGpCmpZKQTcYJ8l5G2O7qe+u17wgUNgzs5jojto0FAPYqRVJJjHBeLuufQ0kP5MulxH9brk7SCJ3Cutsp6segYBbNipoB/iZWRAsjQcIyvXj/EsU8CiRkSomuZkbQTxCXFjEz0XixIhPAIDUhX0QD5RNhJetMEHimlD72QqxdImKrzEwnyhRj7rur0kRyKRW8q/ud1Y+ld2AkNoliSAM8WeTGDMoTTgGCfcoIlGyuCMKfqrxAPEUdYqhh1FYK1ePJf0qpWrLPK6W21ULvK4siDA3AISsAC56AGbkADNAEGj+AZvII37Ul70d61j1lrTstm9sEvaJ8/yK+aUw==</latexit>

fi(x) = NNi(x)�NNi(1)or

Activation function
(sigmoid, tanh, ReLu, …)
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fi(x) = Aix
↵i(1� x)�iNNi(x)
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A crucial aspect in the determination of  PDFs is the definition of  
the figure of  merit to be minimised/maximised. 

A popular choice is the χ2 but many variants are possible:

Fit methodologies 
Figure of  merit: the χ2 definition

No correlation, no normalisation unc.:

No correlation, with normalisation unc.:

Nuisance parameters:

Covariance matrix:

Due to the D’Agostini bias, a sound treatment of  normalisation 
uncertainties requires particular care (e.g. the t0 prescription).
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The χ2, defined as:

A set of  two experimental data points xi (with i = 1, 2) with their own 
uncorrelated uncertainties σi measuring the same quantity. 
Therefore, they can be fitted with a single constant µ. 

Two cases considered: 
1. the offset case: a fully correlated (additive) uncertainty σc is included. 

Notice that σc is the same for both x1 and x2. The covariance matrix 
reads: . 

2. the normalisation case: a fully correlated uncertainty whose 
absolute value is proportional to xi through the constant factor δf. 
(normalisation uncertainty). The covariance matrix reads: 

.

Vij = δijσ2
i + σ2

c

Vij = δijσ2
i + δ2

f xixj

       can be  minimised analytically requiring

Fit methodologies 
D’Agostini bias

<latexit sha1_base64="rlHoeCrENp6EI7qdhmy3MGgQFew="></latexit>

�2 =
2X

i,j=1

(µ� xi)V
�1
ij (µ� xj)
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Fit methodologies 
D’Agostini bias
In case 1) (offset) the best-fit value is:

As expected,  is a weighted average of  the measurements where the 
weights are the inverse of  the uncorrelated uncertainties.

μ

In case 2) (normalisation) the best-fit value is:

The term in the red box is the origin of  the D’Agostini bias: 

if  the normalisation uncertainty is large, the best-fit value  is systematically belo both 
measurements  and .

μ
x1 x2
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Let us take the following numerical example: 
x1 = 8.0 ± 2%,   x2 = 8.5 ± 2%,   10% normalisation uncertainty

µ = 7.87

6.5

7.0

7.5

8.0

8.5

9.0

9.5

10.0

x1

x2

µ

2% individual error
©

10% normalisation error

Fit methodologies 
D’Agostini bias

[Nucl.Instrum.Meth.A 346 (1994) 306-311] 84



The t0 prescription prescribes to replace the normalisation uncertainties 
with  where  is a “guess” for : 

This just modifies the normalisation uncertainties in such a way that they 
become equal in absolute value (like in the offset case) and thus solving the 
problem.

δf xi
δf t0 t0 μ

In this simple case the value of   is irrelevant in that it drops. 

In more complicated cases (more data with a more complicated physical law), 
the value(s) of  the  are iterated until convergence is reached. 

t0

t0

Fit methodologies 
The t0 method

<latexit sha1_base64="sS6WT4n54ovsWovUKR2hjJbLWCM="></latexit>
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A faithful determination implies a solid estimate of  the uncertainty 
on PDFs propagating from the experimental dataset. 

1. Hessian method: the χ2 is expanded around its minimum a0:

Fit methodologies 
Error propagation

The Hessian matrix Hij is diagonalised and an uncertainty along each 
eigenvector is defined as Δχ2 = 1 (often a larger tolerance is introduced).  

2. Monte Carlo sampling: artificial replicas of  the dataset generated as:

D(k)
i = Di + r(k)i �i ,

k = 1, . . . , Nrep

i = 1, . . . , Ndat
<latexit sha1_base64="qaMzqzwSN2GrEUoCzsfBe0StdkA="></latexit><latexit sha1_base64="qaMzqzwSN2GrEUoCzsfBe0StdkA="></latexit>
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ri(k) is a normally distributed and univariate random number. A fit is performed to 
each replica to produce Nrep sets of  distributions {fk}, such that:

hOi =
1

Nrep

NrepX

k=1

O[fk] and �O =
p

hO2i � hOi2

<latexit sha1_base64="kOEvyqtlhfE2DtxK55WZNkRQDj8="></latexit><latexit sha1_base64="kOEvyqtlhfE2DtxK55WZNkRQDj8="></latexit>
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Simple parameterisations (O(20) free parameters) are usually 
fitted using MINUIT (or similar): 

the absolute minimum of  the χ2 is found deterministically by computing 
(numerically or analytically) the first derivative and moving downhill. 

A NN parameterisation (O(200) free parameters) generates a 
complex parameter space impossible to explore with MINUIT: 

a genetic algorithm is often used to explore the parameter space, 
this avoids getting trapped into local minima of  the χ2. 
Algorithms inspired by machine-learning techniques are being explored, 
gradient-descent based algorithms are recently also being used. 

The extreme flexibility of  NNs may cause overfitting, i.e. statistical 
fluctuations of  the data sample may be unwillingly fitted: 

the cross-validation method allows one to overcome this problem.

Fit methodologies 
Minimisation and stopping
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Split the dataset into training and validation subsets. 
Minimise the training χ2 while monitoring the validation χ2. 
Stop the fit when the validation χ2 reaches its absolute minimum.

Fit methodologies 
Cross validation
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CTEQ collaboration: 

standard parameterisation (Bernstein polynomials), 

Hessian method (with dynamical tolerance) for error propagation. 

NNPDF collaboration: 

neural network parameterisation (feed forward NN with preprocessing), 

Monte Carlo method for error propagation. 

MSHT collaboration: 

standard parameterisation (Chebyshev polynomials), 

Hessian method (with dynamical tolerance) for error propagation. 

Other collaborations exist (e.g. ABMP, HERAPDF, CJ, JAM, etc.) but 
they are typically less inclusive in terms of  data.

Main PDF collaborations 
Unpolarised proton PDFs
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[CTEQ, Phys.Rev.D 103 (2021) 1, 014013]

Positivity and PDFs
PDFs have to such to guarantee the positivity of  cross sections: 

cross sections can be interpreted as probabilities  must be positive. 

Possible ways to enforce positivity are: 
1. determine PDFs enforcing that a specific set of  observables is positive: 

• does not guarantee all possible observables to be positive. 
• allows PDFs to be negative (sometimes unwanted, e.g. MC generators). 

2. Assume PDFs to be positive definite from the start: 
• does it really guarantee positivity of  the observables? 

Positivity has a strong impact of  PDFs:
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[NNPDF, JHEP 04 (2015) 040]
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Positivity and PDFs
Recently it has been proposed that PDFs in MS are positive:

[Candido, Forte, Hekhorn, JHEP 11 (2020) 129]

Define an ad hoc factorisation scheme (for DIS) 
in which PDFs are positive (POS scheme).

Find the transformation that gives MS PDFs in 
terms of  the POS ones:

The authors find that this transformation tends 
to make PDFs more positive.

If  POS PDFs are positive (by definition)   
MS are to be even more positive.

⟹
91



Positivity and PDFs
More recently though Collins, Rogers, and Sato have found an opposite result: 

by direct computation of  the PDF using its operator definition focusing on the 
removal of  the UV divergence.

[Rogers, talk at QCD Evolution 2021]

The question remains open: are MS PDFs allowed to go negative? 92



Interesting quantities are the so-called parton luminosities:
<latexit sha1_base64="zwfchhpI3xGu4dUuEOQ5TbpYiP0="></latexit>
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Relevant for invariant mass distributions of  the final state in pp 
collision processes, e.g.: 

Drell-Yan mostly sensitive to , 

Higgs and  production in gluon fusion mostly sensitive to , 

W + charm mostly sensitive to , 

…
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Parton luminosities
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A snapshot back in 2015
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A snapshot today
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A snapshot today



ℒqq ℒqq

ℒgg ℒgg

NNPDF4.0 [Eur.Phys.J.C 82 (2022) 5, 428] 97

A snapshot today



Conclusions
Fitting PDFs requires making many choices: 

data set. 

Perturbative content: 

DGLAP evolution, 

hard cross sections. 

Fitting methodology: 

PDF parameterisation, 

χ2 and error propagation, 

minimisation and stopping. 

Different choices may lead to different results: 

“Global” PDF fitters have reached a nice degree of  agreement, 

even though most recent fits present a larger departure as compared to the past.
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