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How to define/calculate
the perturbative S-matrix in QFT?



✤ Elementary particles described by fields, their 
interactions (physical forces) by Lagrangian.

✤ Example: Quantum Electrodynamics - QFT for EM
e Electron 

Photon A

strength
of interaction

 

�

We associate a picture

Lagrangian

L = q ·   A

force carrier

Quantum Field

Theory

Dirac, Feynman, Dyson, Schwinger (1926-1950s)



✤ Use QFT to predict outcomes of particle experiments

e

e

?

?

?

initial 
state

scattering process

final
state

Quantum mechanics:
all final states possible

Probabilities given by 

A(in, out)
Scattering amplitudes

Quantum Field

Theory

Dirac, Feynman, Dyson, Schwinger (1926-1950s)
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A(ee ! ee)

Function of energies 
and angles of particles

scattering process

initial 
state

Quantum Field

Theory

Dirac, Feynman, Dyson, Schwinger (1926-1950s)
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✤ Use QFT to predict outcomes of particle experiments
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Quantum Field
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Dirac, Feynman, Dyson, Schwinger (1926-1950s)
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<latexit sha1_base64="Q3E0TTksvPemCjZDUg21F9tl3uM=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g43gqiRFsBuh6MZlBfuANoTJdNIOnZmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd774lSRpX2vG9rZXVtfWOztGVv7+zu7TsHhy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HN1G8/EKloIu71OCUBRwNBY4qRNlLoHLuu3VMZDylMTV1B33bd0Cl7FW8GuEz8gpRBgUbofPX6Cc44ERozpFTX91Id5EhqihmZ2L1MkRThERqQrqECcaKCfHb9BJ4ZpQ/jRJoSGs7U3xM54kqNeWQ6OdJDtehNxf+8bqbjWpBTkWaaCDxfFGcM6gROo4B9KgnWbGwIwpKaWyEeIomwNoHZJgR/8eVl0qpW/ItK7a5arl8XcZTACTgF58AHl6AObkEDNAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AGkOkp8=</latexit>

pi ⇠ |A|2

<latexit sha1_base64="/sZeJgQytjWeT9i1pIWFRMc/Q1k=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwEVyUpgl1W3bisYB/QxjCZTtqhM0mYmQg1Lf6KGxeKuPU/3Pk3TtsstPXAhcM593LvPUHCqFSO820UVlbX1jeKm+bW9s7unrV/0JRxKjBp4JjFoh0gSRiNSENRxUg7EQTxgJFWMLye+q0HIiSNozs1SojHUT+iIcVIacm3jmzbTHwKu5JyOL4c31dM2/atklN2ZoDLxM1JCeSo+9ZXtxfjlJNIYYak7LhOorwMCUUxIxOzm0qSIDxEfdLRNEKcSC+bXT+Bp1rpwTAWuiIFZ+rviQxxKUc80J0cqYFc9Kbif14nVWHVy2iUpIpEeL4oTBlUMZxGAXtUEKzYSBOEBdW3QjxAAmGlAzN1CO7iy8ukWSm75+XqbaVUu8rjKIJjcALOgAsuQA3cgDpoAAwewTN4BW/Gk/FivBsf89aCkc8cgj8wPn8ABU6TBg==</latexit>

probability: square of amplitude

Unitarity: some of probabilities
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Big question:
What happens inside?

Quantum Field

Theory

Dirac, Feynman, Dyson, Schwinger (1926-1950s)

✤ Use QFT to predict outcomes of particle experiments



✤ Expansion of the amplitude for small   : weak coupling q

A(ee ! ee) = 1 + q2 ·A0 + q4 ·A1 + q6 ·A2 + . . .

and 
many 
others

Feynman diagrams

Z =

Z
D D DAeiS

Expansion of the path integral( )

Perturbative

QFT

Feynman, Dyson, Schwinger (1940s-1950s)



✤ Expansion of the amplitude for small   : weak coupling q

A(ee ! ee) = 1 + q2 ·A0 + q4 ·A1 + q6 ·A2 + . . .

and 
many 
others

Feynman diagrams

Z =

Z
D D DAeiS

Expansion of the path integral( )

Perturbative

QFT

Feynman, Dyson, Schwinger (1940s-1950s)

Loop expansion

tree-level
one-loop



✤ Simple diagrammatics: draw all Feynman diagrams

✤ Each diagram: contribution to amplitude gluing these
pictures

Feynman rules: prescription how to 
convert diagram into formula

Quantum Field

Theory

Feynman, Dyson, Schwinger (1940s-1950s)



QCD background and new physics

✤ Distinguish new physics from Standard model

✤ Colliders: protons at high energies

✤ Standard procedure: Feynman diagrams 

Accurate theoretical predictions of background needed

Main component is scattering of gluons



Status of the art: early 1980s

✤ Most complicated process:                  at leading order

✤ Perhaps not every question has a simple answer…..

gg ! ggg

(k1 · k4)(✏2 · k1)(✏1 · ✏3)(✏4 · ✏5)

Brute force calculation
24 pages of result



New collider

✤ 1983: Superconducting Super Collider approved

✤ Energy 40 TeV: many gluons!

        

✤ Demand for calculations, next on the list: gg ! gggg



Hidden simplicity

in scattering amplitudes
✤ Process                     

✤ 220 Feynman diagrams,     100 pages of calculations

✤ Paper with 14 pages of result

 

gg ! gggg

⇠

Parke, Taylor    (1985)
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in scattering amplitudes

 

Parke, Taylor    (1985)



Hidden simplicity

in scattering amplitudes

✤ Within a year they realized 

✤ Final result is much simpler than individual diagrams!

|A6|2 ⇠ (p1 · p2)3

(p2 · p3)(p3 · p4)(p4 · p5)(p5 · p6)(p6 · p1)

Parke, Taylor    (1985)



Change of strategy

What is the scattering amplitude?

Feynman diagrams Unique object fixed
by physical properties

(1960s)
Was not successful

Modern methods use both: Calculate the amplitude directly
Use perturbation theory



✤ New efficient methods of calculations

Life without Feynman diagrams

Bern, Dixon, Kosower (1990s)

BlackHat collaboration
QCD background for LHC

Unitarity methods

Recursion relations
Britto, Cachazo, Feng, Witten (2005)

gg ! 4g gg ! 5g gg ! 6g

Feynman diagrams
Terms in recursion

220
3

2485
6

34300
20

Build amplitude 
recursively from

simpler amplitudesCohen, Elvang, Kiermaier (2010)

Cheung, Kampf, Novotny, 
Shen, Trnka (2015)

Arkani-Hamed, Bourjaily, Cachazo, 
Caron-Huot, Trnka (2010)



How to define/calculate
the perturbative S-matrix in QFT?



New picture?

Unitarity methods
Recursion relations

Integrability
Strings, world-sheet models

Color-kinematics duality
Bootstrap approaches

……

and many applications
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New picture?

Positive geometry

In this talk:



Short story of Amplituhedron



Amplitude as a volume
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Fig. 2: Configurations contributing to the six-gluon amplitude A6(1
−, 2−, 3−, 4+, 5+, 6+).

Note that (a) and (c) are related by a flip and a conjugation. (b) vanishes for either

helicity configuration of the internal line.

This is shown in fig. 2. Note that for this helicity configuration, the middle graph

vanishes. Therefore, we are left with only two graphs to evaluate. Moreover, the two

graphs are related by a flip of indices composed with a conjugation. Therefore, only one

computation is needed.

Let us compute in detail the contribution coming from the first graph shown in

fig. 2(a). The contribution of this term is given by the product of two MHV amplitudes

times a propagator,

(
〈2 3̂〉3

〈3̂ P̂ 〉〈P̂ 2〉

)
1

t[2]2

(
〈1 P̂ 〉3

〈P̂ 4̂〉〈4̂ 5〉〈5 6〉〈6 1〉

)

. (2.6)

This formula can be simplified by noting that

λ
3̂

= λ3,

λ
4̂

= λ4 −
t[2]2

〈3 2〉[2 4]
λ3,

〈• P̂ 〉 = −
〈•|2 + 3|4]

[P̂ 4]
.

(2.7)

Using (2.7) it is straightforward to find (2.6)

〈1|2 + 3|4]3

[2 3][3 4]〈5 6〉〈6 1〉t[3]2 〈5|3 + 4|2]
. (2.8)

7

In 2009 Hodges studied recursion relations for gluon amplitudes

Hodges (2009)

He wanted to use twistor 
variables introduced by Penrose in 1970s
in his own attempt for quantum gravity

For particular six-gluon amplitude at tree-level he took the result

A6 =
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Amplitude as a volume

In 2009 Hodges studied recursion relations for gluon amplitudes

Hodges (2009)

He wanted to use twistor 
variables introduced by Penrose in 1970s

For particular six-gluon amplitude at tree-level he took the result

A6 =

<latexit sha1_base64="pu5sr7v3E5aQsm4J6Bkh40fnACA=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IU0V6EqhePFewHtKFstpt26WYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN/N/PYTlYrF4lFPEupHeChYyAjWRuo5jn3Tv0TXyHacfqnsVtw50CrxclKGHI1+6as3iEkaUaEJx0p1PTfRfoalZoTTqd1LFU0wGeMh7RoqcESVn81vnqIzowxQGEtTQqO5+nsiw5FSkygwnRHWI7XszcT/vG6qw5qfMZGkmgqyWBSmHOkYzQJAAyYp0XxiCCaSmVsRGWGJiTYx2SYEb/nlVdKqVryLSu2hWq7f5nEU4QRO4Rw8uII63EMDmkAggWd4hTcrtV6sd+tj0Vqw8plj+APr8wfPeI7y</latexit>

h1345i3

h1245ih2345ih1234ih1235i
h1356i3

h1256ih6123ih2356ih1235i

and rewrote using momentum twistor variables

And the expressions look familiar to him

�
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Amplitude as a volume
Hodges (2009)

h1345i3

h1245ih2345ih1234ih1235i
h1356i3

h1256ih6123ih2356ih1235i

They are volumes of tetrahedra in momentum twistor space!

�
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These two pieces subtract, we are triangulating polyhedron
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Amplitude is a volume of polyhedron!



Amplitude as a volume
Hodges (2009)

There is some triangulation in terms
220 pieces = Feynman diagrams

This was true for a simplest six-gluon amplitude, but did not 
seem to work for all tree-level amplitudes, neither loops.

We need “bigger space” to fit all amplitudes there.



The Amplituhedron

Hodges’ observation was not accidental

Special cases the amplitudes correspond to polyhedra, but the 
general space is the Amplituhedron

Arkani-Hamed, Trnka (2013), Arkani-Hamed, Thomas, Trnka (2017)

Higher-point amplitudes, loops
Multi-dimensional “curvy” spaces

3
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1
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5
Gluon amplitudes (in planar N=4 SYM) 

are volumes of the Amplituhedron



The Amplituhedron
Arkani-Hamed, Trnka (2013), Arkani-Hamed, Thomas, Trnka (2017)

✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

The polygon is a proxy for
the Amplituhedron

Toy example: polygon in the plane - points Z kinematical data



The Amplituhedron
Arkani-Hamed, Trnka (2013), Arkani-Hamed, Thomas, Trnka (2017)
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More formally:

The polygon is a proxy for
the Amplituhedron

Certain triangulations 
correspond to the terms in the 

recursion relations 
and on-shell diagrams

Toy example: polygon in the plane - points Z kinematical data
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Fig. 2: Configurations contributing to the six-gluon amplitude A6(1
−, 2−, 3−, 4+, 5+, 6+).

Note that (a) and (c) are related by a flip and a conjugation. (b) vanishes for either

helicity configuration of the internal line.

This is shown in fig. 2. Note that for this helicity configuration, the middle graph

vanishes. Therefore, we are left with only two graphs to evaluate. Moreover, the two

graphs are related by a flip of indices composed with a conjugation. Therefore, only one

computation is needed.

Let us compute in detail the contribution coming from the first graph shown in

fig. 2(a). The contribution of this term is given by the product of two MHV amplitudes

times a propagator,

(
〈2 3̂〉3

〈3̂ P̂ 〉〈P̂ 2〉

)
1

t[2]2

(
〈1 P̂ 〉3

〈P̂ 4̂〉〈4̂ 5〉〈5 6〉〈6 1〉

)

. (2.6)

This formula can be simplified by noting that
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✤ Consider a point inside a polygon in projective plane

Point inside the polygon

Z1

Z2

Z3
Z4

Z5

Z6

Y

Y = C · Z

Space of all points
inside convex polygon

Y = c1Z1 + c2Z2 + . . . cnZn

C =
�
c1 c2 c3 . . . cn

�
2 G+(1, n)

Z =

0

@
" " " " "
Z1 Z2 Z3 . . . Zn

# # # # #

1

A 2 M + (3, n)

More formally:

The polygon is a proxy for
the Amplituhedron

Other triangulations 
correspond to 

Feynman diagrams

Z⇤
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The reference point       is related to the gauge choiceZ⇤
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Toy example: polygon in the plane - points Z kinematical data

Invariant definition of the “amplitude”:
 area of the polygon



number of loops

The Amplituhedron
Arkani-Hamed, Trnka (2013), Arkani-Hamed, Thomas, Trnka (2017)

Full definition of the Amplituhedron:

geometric region 
specified by a set of 

inequalities
geometry labeled by n, k, `
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differential volume form on this space:
tree-level amplitudes and loop integrands
in the planar N=4 super Yang-Mills theory

n
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k
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number of particles helicity number

tree-level = QCD
loops = simpler



Planar integrand in N=4 SYM



N=4 SYM amplitudes

✤             superfield

✤ Superamplitudes: 

� = G++ ⌘̃A�A+
1

2
⌘̃A⌘̃BSAB +

1

6
✏ABCD⌘̃A⌘̃B ⌘̃C�

D
+

1

24
✏ABCD⌘̃A⌘̃B ⌘̃C ⌘̃DG�

An =
n�2X

k=2

An,k

⌘̃4kComponent amplitudes with power 

N = 4

Contain amplitudes with k negative and (n-k) 
positive helicity gluons but also many others

k is SU(4) R-charge



Loop amplitudes

✤ Tree-level amplitude: rational function of kinematics

✤ Loop amplitude

✤ We can rewrite it as:

A =
X

FD

Z
Ij d4`1 . . . d4`L

Obtain from 
Feynman rules

A =
X

k

ck

Z
Ik d4`1 . . . `L

Basis integrals
Kinematical coefficients



Planar integrand

✤ Planar (large N) limit: we can define global variables

✤ Switch integral and the sum:

x2 x2

x3
x3

x4 x4

x1

x1

y1
y1

y2

y2

k1 = (x1 � x2)

`1 = (x3 � y1)
etc

Dual variables

A =
X

k

ck

Z
Ik d4`1 . . . `L =

Z
I d4`1 . . . d

4`L

Loop integrand



Planar integrand

✤ Loop integrand is a rational function of momenta

Get the final amplitude: still want to integrate

A1�loop ⇠ Li2, log, ⇣2

AL�loop ⇠ ?

polylogs, elliptic polylogs,…
IR divergencies

AL�loop =

Z
d4`1 . . . d

4`L I

Study the integrand instead
simpler (rational) function
many variables (loop momenta)
properties of the amplitude non-trivially 
encoded in the integrand



Calculation of the integrand

✤ Laborious process 

✤ New (surpising) definition: positive geometry

Feynman diagrams: draw all diagrams, evaluate 
using Feynman rules — huge number of terms even 
for low loop order

Unitarity methods: construct basis, fix coefficients 
using cuts — better, still scales badly with L

Provides all-loop order definition, turns physics 
problem into a mathematical problem



Positive geometry



Positive geometry

✤ Geometric space defined using a set of inequalities

✤ Define the differential form on this space

Fk(xi) � 0

polynomials parametrize kinematics

⌦(xi) ⇠
dxi

xi
xi = 0near boundary

⌦(xi)

Special form: logarithmic singularities on the boundaries



Simple examples

✤ Example: 1d interval

x = 0 x = 1 x = x1 x = x2

F (x) = x > 0

F1(x) = x� x1 > 0

F2(x) = x2 � x > 0

form: ⌦ =
dx

x
⌘ dlog x

⌦ =
dx (x1 � x2)

(x� x1)(x� x2)
= dlog

✓
x� x1

x� x2

◆
normalization: singularities are unit



Simple examples

✤ Example: 2d region

✤ General positive geometry: more than just boundaries

⌦ =
dx

x

dy

y

x > 0
y > 0 1� x� y > 0

x > 0

y > 0

x = (0,1) y = (0,1) x = (0, 1� y) y = (0,1)

⌦ =
(y � 1) dx

x(x+ y � 1)
^ dy

y
=

(y � 1) dx dy

xy(x+ y � 1)



Positive Grassmannian

✤ Consider space of (2x4) matrices modulo GL(2)

✤ Positive Grassmannian 

G(2, 4)Real Grassmannian

G+(2, 4)
(ij) > 0All (2x2) minors 

✓
a1 a2 a3 a4
b1 b2 b3 b4

◆

not all of them are boundaries

(13)(24) = (12)(34) + (14)(23)Shouten identity
(

all positiveproduct positive

(13), (24) > 0 (13), (24) < 0
can not set (13)=0
unless set several 

others to zero
(12), (23), (34), (14) = 0only boundaries



Positive geometry for integrand

✤ Loop integrand in planar N=4 SYM is parameterized 
by a set of parameters

✤ All singularities are logarithmic = think about the 
integrand as the differential form

✤ Is there a positive geometry that reproduces it?
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Amplituhedron
(Arkani-Hamed, JT 2013)

(Arkani-Hamed, Thomas, JT 2017)



✤ Convenient kinematical variables: momentum twistors

✤ Fixed convex external data: 

✤ Amplituhedron: configuration space of all lines

Four-point Amplituhedron
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lines
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h1234i = ✏abcdZ
a
1Z

b
2Z

c
3Z

d
4 > 0
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(AB)j

(Hodges, 2009)



One-loop Amplituhedron

✤ One-loop Amplituhedron: configuration of all lines           
which satisfy following conditions 

✤ Convenient parametrization

<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)

<latexit sha1_base64="VnzdRjr/hoE4YBPFkjrt+PKF4PY="></latexit>

hAB12i = ✏abcdZ
a
AZ

b
BZ

c
1Z

d
2where

<latexit sha1_base64="OB7DGSWUR4DtdwebXMNnOl8Mhh8=">AAACCHicbVDLSsNAFJ3UV42vqEsXDjaCIJakKroRim5cVrAP2oYwmU7aoZMHMxOlhi7d+CtuXCji1k9w5984bbPQ1gPDPZxzL3fu8WJGhbSsby03N7+wuJRf1ldW19Y3jM2tmogSjkkVRyziDQ8JwmhIqpJKRhoxJyjwGKl7/auRX78jXNAovJWDmDgB6obUpxhJJbnGrmnqTfcSXsCmewyP4IOqJXgI71U90U3TNQpW0RoDzhI7IwWQoeIaX+1OhJOAhBIzJETLtmLppIhLihkZ6u1EkBjhPuqSlqIhCohw0vEhQ7ivlA70I65eKOFY/T2RokCIQeCpzgDJnpj2RuJ/XiuR/rmT0jBOJAnxZJGfMCgjOEoFdignWLKBIghzqv4KcQ9xhKXKTlch2NMnz5JaqWifFq2bUqFczuLIgx2wBw6ADc5AGVyDCqgCDB7BM3gFb9qT9qK9ax+T1pyWzWyDP9A+fwDiKpTK</latexit>

ZB = Z3 � zZ2 + wZ4
<latexit sha1_base64="FQag3lc1cZBRgB/1oS4zsSl1UFg=">AAACCHicbVDLSsNAFJ3UV42vqEsXDjaCIJSkKLoRKm5cVrAP2oYwmU7aoZNJmJmIJXTpxl9x40IRt36CO//GaZuFVi8M53DOvdy5J0gYlcpxvozCwuLS8kpx1Vxb39jcsrZ3GjJOBSZ1HLNYtAIkCaOc1BVVjLQSQVAUMNIMhlcTv3lHhKQxv1WjhHgR6nMaUoyUlnxr37bNtn8JL2Dbd+ExvNdY0TjSeGLatm+VnLIzLfiXuDkpgbxqvvXZ7cU4jQhXmCEpO66TKC9DQlHMyNjsppIkCA9Rn3Q05Sgi0sumh4zhoVZ6MIyFflzBqfpzIkORlKMo0J0RUgM5703E/7xOqsJzL6M8SRXheLYoTBlUMZykAntUEKzYSBOEBdV/hXiABMJKZ2fqENz5k/+SRqXsnpadm0qpWs3jKII9cACOgAvOQBVcgxqoAwwewBN4Aa/Go/FsvBnvs9aCkc/sgl9lfHwD2iWUxQ==</latexit>

ZA = Z1 + xZ2 + yZ4

the space reduces to 
<latexit sha1_base64="db92lkVQOIGRNXJaqc16+XoLCgU=">AAAB+HicbVBNS8NAEJ34WeNHox69BBvBQylJQfQkBS8eK9gPaEPZbDft0s0m7G7UtPSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCqFSu+22srW9sbm0Xdszdvf2DonV41JRxKjBp4JjFoh0gSRjlpKGoYqSdCIKigJFWMLqZ+a0HIiSN+b3KEuJHaMBpSDFSWupZRccxn8pZeVx+vHZNx+lZJbfizmGvEi8nJchR71lf3X6M04hwhRmSsuO5ifInSCiKGZma3VSSBOERGpCOphxFRPqT+eFT+0wrfTuMhS6u7Ln6e2KCIimzKNCdEVJDuezNxP+8TqrCK39CeZIqwvFiUZgyW8X2LAW7TwXBimWaICyovtXGQyQQVjorU4fgLb+8SprVindRce+qpVotj6MAJ3AK5+DBJdTgFurQAAwpPMMrvBlj48V4Nz4WrWtGPnMMf2B8/gAI4pC5</latexit>

x, y, z, w > 0



✤ Logarithmic form on this space

✤ This corresponds to the one-loop box integral

One-loop Amplituhedron

<latexit sha1_base64="yW/w/kJyDBPF5DepEjinyKQYci4="></latexit>

⌦ =
dx

x

dy

y

dz

z

dw

w
=

dµABh1234i2

hAB12ihAB23ihAB34ihAB14i

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

measure
<latexit sha1_base64="qEy8h+TOP89uU5x3+4M0bWWPepA=">AAACKXicbZBNS8MwGMfT+TbrW9Wjl+AmeJDRDkQvQjcvHie4F1jnSNNsC0vTkqTCKPs6XvwqXhQU9eoXMet60M0/BP75Pc9D8vz9mFGpbPvTKKysrq1vFDfNre2d3T1r/6Alo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX98Pau3H4iQNOJ3ahKTXoiGnA4oRkqjvuWWy2bghUk/rdWn8Ap6DPEhI7BW986C+2rNE9l9AddzbJbLfatkV+xMcNk4uSmBXI2+9eoFEU5CwhVmSMquY8eqlyKhKGZkanqJJDHCYzQkXW05ConspdmmU3iiSQAHkdCHK5jR3xMpCqWchL7uDJEaycXaDP5X6yZqcNlLKY8TRTiePzRIGFQRnMUGAyoIVmyiDcKC6r9CPEICYaXDNXUIzuLKy6ZVrTjnFfu2WnLdPI4iOALH4BQ44AK44AY0QBNg8AiewRt4N56MF+PD+Jq3Fox85hD8kfH9A6Zgo9E=</latexit>

dµAB = hAB d2AihAB d2Bi



✤ Configuration of two lines           and 

Two-loop Amplituhedron
<latexit sha1_base64="/bIKbjLTt6pfAClBVj4s/ywMIhU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqsevFYwX5gG8pmu2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsSvXN+e24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVu6i697VyvZ7HUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDvWSOVg==</latexit>

(AB)
<latexit sha1_base64="f6H3tkTBDmJ8ZBYibmQhQmQKWN4=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHos1IPHCvYD21A22027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63CxubW9k5x197bPzg8Kh2ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTBpzv/NEpWKxeNDThPoRHgkWMoK1kR4dx640bi9txxmUym7VXQCtEy8nZcjRHJS++sOYpBEVmnCsVM9zE+1nWGpGOJ3Z/VTRBJMJHtGeoQJHVPnZ4uIZujDKEIWxNCU0Wqi/JzIcKTWNAtMZYT1Wq95c/M/rpTq88TMmklRTQZaLwpQjHaP5+2jIJCWaTw3BRDJzKyJjLDHRJiTbhOCtvrxO2rWqd1V172vlej2PowhncA4V8OAa6nAHTWgBAQHP8ApvlrJerHfrY9lasPKZU/gD6/MHw4aOWg==</latexit>

(CD)

<latexit sha1_base64="xhpsjkgtD2nO0EV1v8boL6v4CJ8="></latexit>

hCD12i, hCD23i, hCD34i, hCD14i > 0, hCD13i, hCD24i < 0

each line lives in the one-loop Amplituhedron
<latexit sha1_base64="ebmEVs2nmKMtCOauKKRb1zugCcs="></latexit>

hAB12i, hAB23i, hAB34i, hAB14i > 0, hAB13i, hAB24i < 0

if nothing else is imposed: square of one-loop problem

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="Lh1UrGexZNX8I06ZZ2hk5lmf/nw=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+FevBYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btMctPXBwOO9GWbmBQlnSrvut1Xa2Nza3inv2nv7B4dHleOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDaXPhd5+oVCwWD3qWUD/CY8FCRrA2Us9x7Oat7TjDStWtuTnQOvEKUoUCrWHlazCKSRpRoQnHSvU9N9F+hqVmhNO5PUgVTTCZ4jHtGypwRJWf5ffO0YVRRiiMpSmhUa7+nshwpNQsCkxnhPVErXoL8T+vn+rwxs+YSFJNBVkuClOOdIwWz6MRk5RoPjMEE8nMrYhMsMREm4hsE4K3+vI66dRr3lXNva9XG40ijjKcwTlcggfX0IA7aEEbCHB4hld4sx6tF+vd+li2lqxi5hT+wPr8Afw3jfU=</latexit>

CD
<latexit sha1_base64="OSPHEcvgGBVmmB54McXSQBGfcIw=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseCF48VbCs0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelAmu0fO+rcrG5tb2TnXX3ts/ODyqHZ90dZoryjo0Fal6jIhmgkvWQY6CPWaKkSQSrBdNbud+74kpzVP5gNOMhQkZSR5zStBIgevaAfKEadt1B7W61/AWcNaJX5I6lGgPal/BMKV5wiRSQbTu+16GYUEUcirYzA5yzTJCJ2TE+oZKYvaExeLmmXNhlKETp8qURGeh/p4oSKL1NIlMZ0JwrFe9ufif188xvgkLLrMcmaTLRXEuHEydeQDOkCtGUUwNIVRxc6tDx0QRiiYm24Tgr768TrrNhn/V8O6b9VarjKMKZ3AOl+DDNbTgDtrQAQoZPMMrvFm59WK9Wx/L1opVzpzCH1ifP5ejkBQ=</latexit>⇥

<latexit sha1_base64="AwzZhgEd66EcDq1w2pV03AIkuKg=">AAAB+HicbVBNS8NAEN3Urxo/GvXoZbERPJWkIHoRCl68WcHWQhvKZjtpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0p73rdVWlvf2Nwqb9s7u3v7FefgsK2STFJo0YQnshMSBZzF0NJMc+ikEogIOTyE4+uZ//AIUrEkvteTFAJBhjGLGCXaSH2n4rp271bAkOArbLtu36l6NW8OvEr8glRRgWbf+eoNEpoJiDXlRKmu76U6yInUjHKY2r1MQUromAyha2hMBKggnx8+xadGGeAokaZijefq74mcCKUmIjSdguiRWvZm4n9eN9PRZZCzOM00xHSxKMo41gmepYAHTALVfGIIoZKZWzEdEUmoNlnZJgR/+eVV0q7X/POad1evNhpFHGV0jE7QGfLRBWqgG9RELURRhp7RK3qznqwX6936WLSWrGLmCP2B9fkD7eOQpw==</latexit>

⌦ =



✤ Impose mutual positivity condition

Two-loop Amplituhedron
<latexit sha1_base64="RU1gaTieOoYCSnMFprv9n3LBm7w=">AAACBnicbZDLSsNAFIZPvNZ4i7oUYbAVXJWkILqSal24rGAv0JQymU7aoZNJmJkIpXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhz/iDhTGnX/baWlldW19ZzG/bm1vbOrrO3X1dxKgmtkZjHshlgRTkTtKaZ5rSZSIqjgNNGMKhM6o0HKhWLxb0eJrQd4Z5gISNYG6vjHBUKts+x6HGKrq4rN76c8SVy7UKh4+TdojsVWgQvgzxkqnacL78bkzSiQhOOlWp5bqLbIyw1I5yObT9VNMFkgHu0ZVDgiKr2aHrGGJ0Yp4vCWJonNJq6vydGOFJqGAWmM8K6r+ZrE/O/WivV4UV7xESSairIbFGYcqRjNMkEdZmkRPOhAUwkM39FpI8lJtokZ5sQvPmTF6FeKnpnRfeulC+XszhycAjHcAoenEMZbqEKNSDwCM/wCm/Wk/VivVsfs9YlK5s5gD+yPn8Af3WV7Q==</latexit>

hABCDi > 0

<latexit sha1_base64="X57xto2VoFFruVJ+vrWhLyMp4Eg=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUpCC6koIblxXsA9oQJtNJO3QyCTMTNYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeIGFUKsf5NkpLyyura+V1c2Nza3vH2t1ryTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXU3y9h0Rksb8VmUJ8SI04DSkGClt+daBbZsPvnuaaT5q3vvupWPatm9VnKozBVwUbiEqoEDDt756/RinEeEKMyRl13US5eVIKIoZGZu9VJIE4REakK6WHEVEevn0gDE81k4fhrHQ5ApO3d8bOYqkzKJAT0ZIDeV8NjH/y7qpCi+8nPIkVYTj2UNhyqCK4aQN2KeCYMUyLRAWVP8V4iESCCvdmalLcOdPXhStWtU9qzo3tUq9XtRRBofgCJwAF5yDOrgGDdAEGIzBM3gFb8aT8WK8Gx+z0ZJR7OyDPzA+fwDDlpNJ</latexit>

x1, y1, z1, w1 > 0
<latexit sha1_base64="u+lv5iUOsUHfJM8nQYn87zk/ga0=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUJCC6koIblxXsA9oQJtNJO3QyCTMTtYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeMGVUKsf5NkpLyyura+V1c2Nza3vH2t1ryiQTmDRwwhLRDpEkjHLSUFQx0k4FQXHISCscXk3y1h0Rkib8Vo1S4seoz2lEMVLaCqwD2zYfAu90pPmoeR94l45p24FVcarOFHBRuIWogAL1wPrq9hKcxYQrzJCUHddJlZ8joShmZGx2M0lShIeoTzpachQT6efTA8bwWDs9GCVCkys4dX9v5CiWchSHejJGaiDns4n5X9bJVHTh55SnmSIczx6KMgZVAidtwB4VBCs20gJhQfVfIR4ggbDSnZm6BHf+5EXR9KruWdW58Sq1WlFHGRyCI3ACXHAOauAa1EEDYDAGz+AVvBlPxovxbnzMRktGsbMP/sD4/AHJ0pNN</latexit>

x2, y2, z2, w2 > 0

✤ Logarithmic form: two-loop integrand

<latexit sha1_base64="klpGMlYno9C/a/YUq15oRNOjOpI="></latexit>

⌦ =
x1w2 + x2w1 + y1z2 + y2z1
x1y1z1w1x2y2z2w2D12

<latexit sha1_base64="2w0aXqnPytqprbFYQ6L7TYGIFfQ="></latexit>

D12 = �(x1 � x2)(w1 � w2)� (y1 � y2)(z1 � z2) > 0

<latexit sha1_base64="sMycZFoo58vXmNgUts6+emNBD6Q=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoePFYwX5AG8pmu2mX7m7i7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OWzrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1H49uZ336iSrNEPphJSkOBh5LFjGBjpY7nuTfI9bx+ueJX/TnQKgkKUoECjX75qzdISCaoNIRjrbuBn5owx8owwunU7WWappiM8ZB2LZVYUB3m83un6NwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/ud1MxNfhzmTaWaoJItFccaRSdDseTRgihLDJ5Zgopi9FZERVpgYG5FrQwiWX14lrVo1uKz697VKvV7EUYJTOIMLCOAK6nAHDWgCAQ7P8ApvzqPz4rw7H4vWNaeYOYE/cD5/ALwLjcs=</latexit>=

<latexit sha1_base64="1evVGFMIoeQ25KfKToza0ByJph0=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfewHruf1yxW/6s+BVklQkAoUaPTLX71BQjJBpSEca90N/NSEOVaGEU6nbi/TNMVkjIe0a6nEguownx88RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T+vm5n4OsyZTDNDJVksijOOTIJm36MBU5QYPrEEE8XsrYiMsMLE2IxcG0Kw/PIqadWqwWXVv6tV6vUijhKcwhlcQABXUIdbaEATCAh4hld4c5Tz4rw7H4vWNaeYOYE/cD5/ALmPjmI=</latexit>

Z1
<latexit sha1_base64="aIYojzzqVnPjgAuYs1QiHDyfQ/U=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHgxWMF+6FtKJvtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2VHjzPfezXXM/rlyt+1Z8DrZKgIBUo0OiXv3qDhGSCSkM41rob+KkJc6wMI5xO3V6maYrJGA9p11KJBdVhPj94is6tMkBxomxJg+bq74kcC60nIrKdApuRXvZm4n9eNzPxdZgzmWaGSrJYFGccmQTNvkcDpigxfGIJJorZWxEZYYWJsRm5NoRg+eVV0qpVg8uqf1er1OtFHCU4hTO4gACuoA630IAmEBDwDK/w5ijnxXl3Phata04xcwJ/4Hz+ALsWjmM=</latexit>

Z2

<latexit sha1_base64="0BZlfTkO9nrsefnABAsgQZzaYf8=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7ydjmQ=</latexit>

Z3

<latexit sha1_base64="MXw66Rm/AQqvZLzGE5Bbk/d2yWY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8OKxgv3QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA897F34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+rlmu1PI4inMApnEMAV1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP74kjmU=</latexit>

Z4

<latexit sha1_base64="Yif18OrXukH3G8DzV2H4XQ6aNNE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9VLx4r2A9oQ9lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZqDtj4YeLw3w8y8IOFMadf9tkpr6xubW+Vte2d3b/+gcnjUVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wuZ37nScqFYvFg54m1I/wSLCQEayN1HUc+/rGdpxBperW3BxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP8ntn6MwoQxTG0pTQKFd/T2Q4UmoaBaYzwnqslr25+J/XS3V45WdMJKmmgiwWhSlHOkbz59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176Lm3terjUYRRxlO4BTOwYNLaMAdNKEFBDg8wyu8WY/Wi/VufSxaS1Yxcwx/YH3+APYZjfE=</latexit>

AB
<latexit sha1_base64="Lh1UrGexZNX8I06ZZ2hk5lmf/nw=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+FevBYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btMctPXBwOO9GWbmBQlnSrvut1Xa2Nza3inv2nv7B4dHleOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDaXPhd5+oVCwWD3qWUD/CY8FCRrA2Us9x7Oat7TjDStWtuTnQOvEKUoUCrWHlazCKSRpRoQnHSvU9N9F+hqVmhNO5PUgVTTCZ4jHtGypwRJWf5ffO0YVRRiiMpSmhUa7+nshwpNQsCkxnhPVErXoL8T+vn+rwxs+YSFJNBVkuClOOdIwWz6MRk5RoPjMEE8nMrYhMsMREm4hsE4K3+vI66dRr3lXNva9XG40ijjKcwTlcggfX0IA7aEEbCHB4hld4sx6tF+vd+li2lqxi5hT+wPr8Afw3jfU=</latexit>

CD
<latexit sha1_base64="xMOgsSnEflNtIGwQYbbiuG6TS5M=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GWwEQSlJQXRZcOOygn1AE8pkOmmHTmbCzEQMsQt/xY0LRdz6G+78G6ePhbYeuHA4517uvSdKGVXa876tpeWV1bX10oa9ubW9s+vs7TeVyCQmDSyYkO0IKcIoJw1NNSPtVBKURIy0ouH12G/dE6mo4Hc6T0mYoD6nMcVIG6nrHLqufQaDcxgkkXgocI7ZyHbdrlP2Kt4EcJH4M1IGM9S7zlfQEzhLCNeYIaU6vpfqsEBSU8zIyA4yRVKEh6hPOoZylBAVFpP7R/DEKD0YC2mKazhRf08UKFEqTyLTmSA9UPPeWPzP62Q6vgoLytNME46ni+KMQS3gOAzYo5JgzXJDEJbU3ArxAEmEtYnMNiH48y8vkma14l9UvNtquVabxVECR+AYnAIfXIIauAF10AAYPIJn8ArerCfrxXq3PqatS9Zs5gD8gfX5A3hDk9M=</latexit>

+cycl



✤ At L-loops we have configuration of L lines

L-loop Amplituhedron

✤ In our usual parametrization

<latexit sha1_base64="CCJy1X04RtJmdfBajeHdSxNJVfg=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkUPRY9eKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsbm1vVPctff2Dw6PSscnbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek7u533miUrFYPOppQv0IjwQLGcHaSH3HsSs3t5cDZjvOoFR2q+4CaJ14OSlDjuag9NUfxiSNqNCEY6V6nptoP8NSM8LpzO6niiaYTPCI9gwVOKLKzxY3z9CFUYYojKUpodFC/T2R4UipaRSYzgjrsVr15uJ/Xi/V4bWfMZGkmgqyXBSmHOkYzQNAQyYp0XxqCCaSmVsRGWOJiTYx2SYEb/XlddKuVb161X2olRuNPI4inME5VMCDK2jAPTShBQQSeIZXeLNS68V6tz6WrQUrnzmFP7A+fwA7k48y</latexit>

(AB)i

each line in the one-loop Amplituhedron
for any two lines we impose

<latexit sha1_base64="wGsUtu7HljbLvMozTE3rkIGfDeg=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIZhQgYWxSPQhNVHkuG5r6jiR7SBVVf+AhV9hYQAhVlY2/ga3yQAtR7q6R+fcK/ueMGFUKsf5NgpLyyura8V1c2Nza3vH2t1ryjgVmDRwzGLRDpEkjHLSUFQx0k4EQVHISCscXk/91gMRksb8To0S4keoz2mPYqS0FFjHtm16DPE+I7B8eXUS0KzdeyITL6Bj2nZglZyKMwNcJG5OSiBHPbC+vG6M04hwhRmSsuM6ifLHSCiKGZmYXipJgvAQ9UlHU44iIv3x7J4JPNJKF/ZioYsrOFN/b4xRJOUoCvVkhNRAzntT8T+vk6reuT+mPEkV4Th7qJcyqGI4DQd2qSBYsZEmCAuq/wrxAAmElY7Q1CG48ycvkma14p5WnNtqqVbL4yiCA3AIysAFZ6AGbkAdNAAGj+AZvII348l4Md6Nj2y0YOQ7++APjM8fnXKYlg==</latexit>

h(AB)i(AB)ji > 0

<latexit sha1_base64="utzIoKj2Au7EUHJRwjdy9ds5M3U=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwYWUpCC6koIblxXsA9oQJtNJO3QyCTMTNYZu/BU3LhRx62e482+ctllo64EDh3PuZeaeIGFUKsf5NkpLyyura+V1c2Nza3vH2t1ryTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXU3y9h0Rksb8VmUJ8SI04DSkGClt+daBbZsPPj3NNB8173166Zi27VsVp+pMAReFW4gKKNDwra9eP8ZpRLjCDEnZdZ1EeTkSimJGxmYvlSRBeIQGpKslRxGRXj49YAyPtdOHYSw0uYJT9/dGjiIpsyjQkxFSQzmfTcz/sm6qwgsvpzxJFeF49lCYMqhiOGkD9qkgWLFMC4QF1X+FeIgEwkp3ZuoS3PmTF0WrVnXPqs5NrVKvF3WUwSE4AifABeegDq5BAzQBBmPwDF7Bm/FkvBjvxsdstGQUO/vgD4zPHyDUlCk=</latexit>

xi, yi, zi, wi > 0
<latexit sha1_base64="v/beWNXKqSR4/QszwWygofMdvvQ="></latexit>

Dij = �(xi � xj)(wi � wj)� (yi � yj)(zi � zj) > 0

This is a very complicated space and captures 
the complexity of L-loop integrand

<latexit sha1_base64="AwzZhgEd66EcDq1w2pV03AIkuKg=">AAAB+HicbVBNS8NAEN3Urxo/GvXoZbERPJWkIHoRCl68WcHWQhvKZjtpl+4mYXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUpZ0p73rdVWlvf2Nwqb9s7u3v7FefgsK2STFJo0YQnshMSBZzF0NJMc+ikEogIOTyE4+uZ//AIUrEkvteTFAJBhjGLGCXaSH2n4rp271bAkOArbLtu36l6NW8OvEr8glRRgWbf+eoNEpoJiDXlRKmu76U6yInUjHKY2r1MQUromAyha2hMBKggnx8+xadGGeAokaZijefq74mcCKUmIjSdguiRWvZm4n9eN9PRZZCzOM00xHSxKMo41gmepYAHTALVfGIIoZKZWzEdEUmoNlnZJgR/+eVV0q7X/POad1evNhpFHGV0jE7QGfLRBWqgG9RELURRhp7RK3qznqwX6936WLSWrGLmCP2B9fkD7eOQpw==</latexit>

⌦ =
<latexit sha1_base64="Wg0dTY1yRbw4VCfvHt2LEmM/9Tw=">AAACBHicbVDLSgMxFM34rOOr6rKbYEcQlDJTEF0W3LisYB/QDiWTZtrQPIYkI5ahCzf+ihsXirj1I9z5N6btLLT1QOBwzrnc3BMljGrj+9/Oyura+sZmYcvd3tnd2y8eHDa1TBUmDSyZVO0IacKoIA1DDSPtRBHEI0Za0eh66rfuidJUijszTkjI0UDQmGJkrNQrljzPPeued3kkHzKOxBhKM7T5iet5vWLZr/gzwGUS5KQMctR7xa9uX+KUE2EwQ1p3Aj8xYYaUoZiRidtNNUkQHqEB6VgqECc6zGZHTOCJVfowlso+YeBM/T2RIa71mEc2yZEZ6kVvKv7ndVITX4UZFUlqiMDzRXHKoJFw2gjsU0WwYWNLEFbU/hXiIVIIG9uDa0sIFk9eJs1qJbio+LfVcq2W11EAJXAMTkEALkEN3IA6aAAMHsEzeAVvzpPz4rw7H/PoipPPHIE/cD5/ACyyloQ=</latexit>

+many others



✤ Big open problem: triangulation

✤ We can calculate certain singularities = cuts to all loop 
orders, but not amplitudes yet

✤ We focus on a simpler problem instead where we can 
solve the problem to all loops and even integrate! 
(using differential equation)

L-loop Amplituhedron

solving the problem of 4pt scattering to all loop orders
= exact amplitude

(Arkani-Hamed, JT 2013) (Arkani-Hamed, Langer, Srikant, JT 2018) (Diaz, Heslop 2021)



Logarithm of the amplitude and 

IR finiteness



BDS Ansatz

✤ Dual conformal symmetry is extremely restrictive

✤ The kinematical structure of 4pt and 5pt amplitudes 
are fixed to all loops up to constant factors

n>6: dual conformal invariant IR 
    finite remainder function

<latexit sha1_base64="u8F8Jp7mfKZYczPwnsC7mExAXME=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhuhbkpSEF24KLhxWcU+oI1hMp20QyeTMDMRS8ivuHGhiFt/xJ1/47TNQlsPXDiccy/33hMkjErlON9GaW19Y3OrvG3u7O7tH1iHlY6MU4FJG8csFr0AScIoJ21FFSO9RBAUBYx0g8n1zO8+EiFpzO/VNCFehEachhQjpSXfqti2eefzh6w2IIyd5aZt+1bVqTtzwFXiFqQKCrR862swjHEaEa4wQ1L2XSdRXoaEopiR3BykkiQIT9CI9DXlKCLSy+a35/BUK0MYxkIXV3Cu/p7IUCTlNAp0Z4TUWC57M/E/r5+q8NLLKE9SRTheLApTBlUMZ0HAIRUEKzbVBGFB9a0Qj5FAWOm4TB2Cu/zyKuk06u553bltVJtXRRxlcAxOQA244AI0wQ1ogTbA4Ak8g1fwZuTGi/FufCxaS0YxcwT+wPj8Ad8wkl4=</latexit>

R(`)
n

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)

<latexit sha1_base64="FGzmjirz7wFyU+ZfBfN7Ip+DS3c=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDaCq5IURBcuCm5cVrAPaGKZTCft0MlMmJkIJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733RCmjSnvet1VaWV1b3yhv2lvbO7t7zv5BS4lMYtLEggnZiZAijHLS1FQz0kklQUnESDsaXU/99gORigp+p8cpCRM04DSmGGkj9Zwj17WDWCKc+5M8IKmiTPD72sR23Z5T8areDHCZ+AWpgAKNnvMV9AXOEsI1Zkipru+lOsyR1BQzMrGDTJEU4REakK6hHCVEhfnshwk8NUofxkKa4hrO1N8TOUqUGieR6UyQHqpFbyr+53UzHV+GOeVppgnH80VxxqAWcBoI7FNJsGZjQxCW1NwK8RCZRLSJzTYh+IsvL5NWreqfV73bWqV+VcRRBsfgBJwBH1yAOrgBDdAEGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gDJCJZO</latexit>

1

✏2
leading      behavior

mild divergence
for logarithm

<latexit sha1_base64="GtR2uw2AvDEMJy4eI3mekSDUK0w="></latexit>

lnM =
h(g)

✏2
+O

✓
1

✏

◆
<latexit sha1_base64="osLZd6N3sXoHpo0gfG5CqeDLS88=">AAACEXicbZC7TsMwFIadcivhVmBksWiRylKSSFzGChYWUJHoBTVt5Lhua9VOgu1UqqK+AguvwsIAQqxsbLwNbpsBCr9k6dN/ztHx+f2IUaks68vILCwuLa9kV8219Y3Nrdz2Tk2GscCkikMWioaPJGE0IFVFFSONSBDEfUbq/uBiUq8PiZA0DG7VKCItjnoB7VKMlLa8XLFQMHttB7rkPqZDqNFLXMHh3dX4+qhon7gRbTuHZqHg5fJWyZoK/gU7hTxIVfFyn24nxDEngcIMSdm0rUi1EiQUxYyMTTeWJEJ4gHqkqTFAnMhWMr1oDA+004HdUOgXKDh1f04kiEs54r7u5Ej15XxtYv5Xa8aqe9ZKaBDFigR4tqgbM6hCOIkHdqggWLGRBoQF1X+FuI8EwkqHaOoQ7PmT/0LNKdnHJevGyZfP0ziyYA/sgyKwwSkog0tQAVWAwQN4Ai/g1Xg0no03433WmjHSmV3wS8bHN+qFmec=</latexit>

g2 ⌘ g2YMN/(16⇡2)
’t Hooft coupling

(Bern, Dixon, Smirnov, 2005)

<latexit sha1_base64="Rvr4XK04nyvl/zgFsxEmD1UALko="></latexit>

Mn =
1X

L=0

g2LM (L)
n (✏) = exp

" 1X

`=1

g2`
⇣
f (`)(✏)M (1)

n (`✏) + C(`) +O(✏)
⌘#



Logarithm of the amplitude

✤ Expand logarithm in terms of combinations of amplitudes

each term         divergent,
combination only         divergent

<latexit sha1_base64="DdyIGAyO+U/io/2A9DxL2gazO4Q=">AAAB+3icbVDLSsNAFL3xWeMr1qWbYCO4qknBx8JFwY3LCvYBbSyT6aQdOpkJMxOxlP6KGxeKuPVH3Pk3TtsstPXAhcM593LvPVHKqNK+/22trK6tb2wWtuztnd29feeg2FAik5jUsWBCtiKkCKOc1DXVjLRSSVASMdKMhjdTv/lIpKKC3+tRSsIE9TmNKUbaSF2n6Hl2cNYhqaJM8IcL2/O6Tskv+zO4yyTISQly1LrOV6cncJYQrjFDSrUDP9XhGElNMSMTu5MpkiI8RH3SNpSjhKhwPLt94p4YpefGQpri2p2pvyfGKFFqlESmM0F6oBa9qfif1850fBWOKU8zTTieL4oz5mrhToNwe1QSrNnIEIQlNbe6eIAkwtrEZZsQgsWXl0mjUg7Oy/5dpVS9zuMowBEcwykEcAlVuIUa1AHDEzzDK7xZE+vFerc+5q0rVj5zCH9gff4AvXySSQ==</latexit>

1/✏6
<latexit sha1_base64="FpQR63/WwksJnixg4EI9K/IdXUw=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WWwETzUpiB48FLx4rGA/oI1ls920SzebsLsRS+lf8eJBEa/+EW/+G7dtDtr6YODx3gwz88KUM6U979sqrK1vbG4Vt+2d3b39A+ew1FRJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLqZ+a1HKhVLxL0epzSI8UCwiBGsjdRzSq5r++ddmirGE/FQtV2355S9ijcHWiV+TsqQo95zvrr9hGQxFZpwrFTH91IdTLDUjHA6tbuZoikmIzygHUMFjqkKJvPbp+jUKH0UJdKU0Giu/p6Y4FipcRyazhjroVr2ZuJ/XifT0VUwYSLNNBVksSjKONIJmgWB+kxSovnYEEwkM7ciMsQSE23isk0I/vLLq6RZrfgXFe+uWq5d53EU4RhO4Ax8uIQa3EIdGkDgCZ7hFd6sqfVivVsfi9aClc8cwR9Ynz+3YJJF</latexit>

1/✏2

<latexit sha1_base64="7M/0t0yGPqa9aSOVcudyzxyMBPA=">AAAB83icbVDLSgNBEOyNr7i+oh69DGYFT2E3IHrwEPDiMYJ5QHYJs5PZZMjsg5leIYT8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hJodF1v63SxubW9k55197bPzg8qhyftHWaK8ZbLJWp6oZUcykS3kKBknczxWkcSt4Jx3dzv/PElRZp8oiTjAcxHSYiEoyikXzHsX0UMde24/QrVbfmLkDWiVeQKhRo9itf/iBlecwTZJJq3fPcDIMpVSiY5DPbzzXPKBvTIe8ZmlCzJ5gubp6RC6MMSJQqUwmShfp7YkpjrSdxaDpjiiO96s3F/7xejtFNMBVJliNP2HJRlEuCKZkHQAZCcYZyYghlSphbCRtRRRmamGwTgrf68jpp12veVc19qFcbt0UcZTiDc7gED66hAffQhBYwyOAZXuHNyq0X6936WLaWrGLmFP7A+vwBlm+QEA==</latexit>⇥

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1

<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2
<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3

<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2

<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1

<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1
<latexit sha1_base64="CDUARbYbmTSXKP/Y1JD1MqDUdIs=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9spbWxube+Ud929/YPDo8rxSVsnmSK0RRKeqG6ENeVM0pZhhtNuqigWEaedaHI39ztPVGmWyEczTWko8EiymBFsrNTxPDdwPW9Qqfo1fwG0ToKCVKFAc1D56g8TkgkqDeFY617gpybMsTKMcDpz+5mmKSYTPKI9SyUWVIf54twZurDKEMWJsiUNWqi/J3IstJ6KyHYKbMZ61ZuL/3m9zMQ3Yc5kmhkqyXJRnHFkEjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXenNR5cd6dj2VrySlmTuEPnM8fUiSNkQ==</latexit>

1
<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2
<latexit sha1_base64="YjAKM1856mjPQ2bk7AvUH5TVL38=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiB48FLx4rGA/oA1ls920SzebsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz88JUcG087xuVNja3tnfKu87e/sHhUeX4pK2TTFHWoolIVDckmgkuWctwI1g3VYzEoWCdcHI39ztPTGmeyEczTVkQk5HkEafEWKnjuk7dcd1BperVvAXwOvELUoUCzUHlqz9MaBYzaaggWvd8LzVBTpThVLCZ0880SwmdkBHrWSpJzHSQL86d4QurDHGUKFvS4IX6eyInsdbTOLSdMTFjverNxf+8XmaimyDnMs0Mk3S5KMoENgme/46HXDFqxNQSQhW3t2I6JopQYxNybAj+6svrpF2v+Vc176FebdwWcZThDM7hEny4hgbcQxNaQGECz/AKbyhFL+gdfSxbS6iYOYU/QJ8/U6uNkg==</latexit>

2

<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="KZqf/bPHRZjY+5Y88xXX4yDbFoU=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VTKNkw==</latexit>

3
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4
<latexit sha1_base64="PopDXD2bHyVLDJmteTc+3I7IpuQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6MFDwYvHCvYD2lA22027dLMbdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NIyU4Q2ieRSdSKsKWeCNg0znHZSRXEScdqOxnczv/1ElWZSPJpJSsMEDwWLGcHGSm3Pcy9dz+uXK37VnwOtkqAgFSjQ6Je/egNJsoQKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUoETqsN8fu4UnVtlgGKpbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYlvwpyJNDNUkMWiOOPISDT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNrqr+Q61Svy3iKMEpnMEFBHANdbiHBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/VrmNlA==</latexit>

4

<latexit sha1_base64="5urrXFeLEBy5ZrE+JIZ3mSbRObk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYQhJIURA8eCl48VrAf0Iay2W7apbubsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz86KUM218/9tZW9/Y3Nou7bi7e/sHh+Wj45ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0fhu5refqNIskY9mktJQ4KFkMSPYWKntee6l63n9csWv+nOgVRIUpAIFGv3yV2+QkExQaQjHWncDPzVhjpVhhNOp28s0TTEZ4yHtWiqxoDrM5+dO0blVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZia+CXMm08xQSRaL4owjk6DZ72jAFCWGTyzBRDF7KyIjrDAxNiHXhhAsv7xKWrVqcFX1H2qV+m0RRwlO4QwuIIBrqMM9NKAJBMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AUj6jYs=</latexit>

+

<latexit sha1_base64="Xpec1fi2C93uw2Jw5JLGxYsvoks=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LDaCF0tSKHrwUPDisYL9gDaWzXbTLt1swu5GKaH/w4sHRbz6X7z5b9y2OWjrg4HHezPMzAsSzpR23W+rsLa+sblV3LZ3dvf2D0qHRy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+Obmd9+pFKxWNzrSUL9CA8FCxnB2kgPjmNf9EKJiVe1HadfKrsVdw60SryclCFHo1/66g1ikkZUaMKxUl3PTbSfYakZ4XRq91JFE0zGeEi7hgocUeVn86un6MwoAxTG0pTQaK7+nshwpNQkCkxnhPVILXsz8T+vm+rwys+YSFJNBVksClOOdIxmEaABk5RoPjEEE8nMrYiMsAlBm6BsE4K3/PIqaVUrXq3i3lXL9es8jiKcwCmcgweXUIdbaEATCEh4hld4s56sF+vd+li0Fqx85hj+wPr8AfN8kC4=</latexit>

�1

2

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)
: integrand for 

cut structure encodes
mild IR divergencies

<latexit sha1_base64="ZgQV4noQYcRnarFLpLQVRuecR6k=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LDaCp5IURA8eCl4UPFSwttCGsNlu26WbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OilDOlPe/bKq2tb2xulbftnd29/QPn8OhJJZkktEkSnsh2hBXlTNCmZprTdiopjiNOW9HoZua3xlQqlohHPUlpEOOBYH1GsDZS6Diua+ddgjm6m4b3tuuGTsWrenOgVeIXpAIFGqHz1e0lJIup0IRjpTq+l+ogx1IzwunU7maKppiM8IB2DBU4pirI55dP0ZlReqifSFNCo7n6eyLHsVKTODKdMdZDtezNxP+8Tqb7V0HORJppKshiUT/jSCdoFgPqMUmJ5hNDMJHM3IrIEEtMtAnLNiH4yy+vkqda1b+oeg+1Sv26iKMMJ3AK5+DDJdThFhrQBAJjeIZXeLNy68V6tz4WrSWrmDmGP7A+fwBdSpGD</latexit>

IL
<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>

)

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit> )

<latexit sha1_base64="/GoreR3iigeT2OwgKXlT2AKA7Xc=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6LXrwIFewHtKFstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKG5tb2zvFXXtv/+DwqHR80lJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2ML6d++0JlYrF4lFPE+pHeChYyAjWRvIdx+5xge77Vdtx+qWyW3EXQOvEy0kZcjT6pa/eICZpRIUmHCvV9dxE+xmWmhFOZ3YvVTTBZIyHtGuowBFVfrY4eoYujDJAYSxNCY0W6u+JDEdKTaPAdEZYj9SqNxf/87qpDq/9jIkk1VSQ5aIw5UjHaJ4AGjBJieZTQzCRzNyKyAhLTLTJyTYheKsvr5NWteLVKu5DtVy/yeMowhmcwyV4cAV1uIMGNIHAEzzDK7xZE+vFerc+lq0FK585hT+wPn8ATcKP1g==</latexit>

lnM2

<latexit sha1_base64="OtEyHBE5bW0+mwnIke1FMrTa+WM=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI9FL16ECvYD2lA22027dLOJu5tCCf0dXjwo4tUf481/47bNQVsfDDzem2FmXpBwprTrfluFtfWNza3itr2zu7d/UDo8aqo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN3O/NaYSsVi8agnCfUjPBAsZARrI/mOY3e5QPe9C9txeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/9jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVtyHarl2k8dRhBM4hXPw4ApqcAd1aACBJ3iGV3izxtaL9W59LFoLVj5zDH9gff4AT0mP1w==</latexit>

lnM3

<latexit sha1_base64="XUaECKPqrJ3046SbMeyYk+Uubkk=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4UKtgPaEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz81tjKhWLxaOeJNSP8ECwkBGsjeQ7jt3lAt337mzH6ZXKbsWdA60SLydlyFHvlb66/ZikERWacKxUx3MT7WdYakY4ndrdVNEEkxEe0I6hAkdU+dn86Ck6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+ukOrzyMyaSVFNBFovClCMdo1kCqM8kJZpPDMFEMnMrIkMsMdEmJ9uE4C2/vEqa1Yp3UXEfquXadR5HEU7gFM7Bg0uowS3UoQEEnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDdXiP8A==</latexit>

lnML

<latexit sha1_base64="OaSeAqaoa+exbQDOJlBDvsv7Pmo="></latexit>

lnM = ln
⇣
1 + g2M (1) + g4M (2) + g6M (2) + . . .

⌘

<latexit sha1_base64="LBVKlCbnY8iQ99kyH8BXMwuDkk0="></latexit>

= g2M (1) + g4

M (2) � 1

2
(M (1))2

�
+ g6


M (3) �M (2)M (1) +

1

3
(M (1))3

�
+ . . .



✤ Property of        in collinear regions: to generate IR 
divergence need to integrate over all loop momenta

Integrating the logarithm
<latexit sha1_base64="ZgQV4noQYcRnarFLpLQVRuecR6k=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LDaCp5IURA8eCl4UPFSwttCGsNlu26WbTdjdFEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OilDOlPe/bKq2tb2xulbftnd29/QPn8OhJJZkktEkSnsh2hBXlTNCmZprTdiopjiNOW9HoZua3xlQqlohHPUlpEOOBYH1GsDZS6Diua+ddgjm6m4b3tuuGTsWrenOgVeIXpAIFGqHz1e0lJIup0IRjpTq+l+ogx1IzwunU7maKppiM8IB2DBU4pirI55dP0ZlReqifSFNCo7n6eyLHsVKTODKdMdZDtezNxP+8Tqb7V0HORJppKshiUT/jSCdoFgPqMUmJ5hNDMJHM3IrIEEtMtAnLNiH4yy+vkqda1b+oeg+1Sv26iKMMJ3AK5+DDJdThFhrQBAJjeIZXeLNy68V6tz4WrSWrmDmGP7A+fwBdSpGD</latexit>

IL

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

integrate over

integrate over

rational function

all are
IR finite

IR divergent
<latexit sha1_base64="XUaECKPqrJ3046SbMeyYk+Uubkk=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4UKtgPaEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz81tjKhWLxaOeJNSP8ECwkBGsjeQ7jt3lAt337mzH6ZXKbsWdA60SLydlyFHvlb66/ZikERWacKxUx3MT7WdYakY4ndrdVNEEkxEe0I6hAkdU+dn86Ck6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+ukOrzyMyaSVFNBFovClCMdo1kCqM8kJZpPDMFEMnMrIkMsMdEmJ9uE4C2/vEqa1Yp3UXEfquXadR5HEU7gFM7Bg0uowS3UoQEEnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDdXiP8A==</latexit>

lnML

integrate over

integrate over

<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

<latexit sha1_base64="GvVChVH4ofMyIAZ4JiDM5L3Px7M=">AAACF3icbVBNS8MwGE79nPWr6tFLcBUmjNIORI9DLwo7THAfsI2SZukWln6QpMIo/Rde/CtePCjiVW/+G7OuB918IOTJ87xvkvfxYkaFtO1vbWV1bX1js7Slb+/s7u0bB4dtESUckxaOWMS7HhKE0ZC0JJWMdGNOUOAx0vEm1zO/80C4oFF4L6cxGQRoFFKfYiSV5BqWaeppHyMGbzO3UekTxlynmm+1atofRlJk82PjTDdN1yjblp0DLhOnIGVQoOkaX+oOnAQklJghIXqOHctBirikmJFM7yeCxAhP0Ij0FA1RQMQgzefK4KlShtCPuFqhhLn6uyNFgRDTwFOVAZJjsejNxP+8XiL9y0FKwziRJMTzh/yEQRnBWUhwSDnBkk0VQZhT9VeIx4gjLFWUugrBWRx5mbRrlnNu2Xe1cv2qiKMEjsEJqAAHXIA6uAFN0AIYPIJn8AretCftRXvXPualK1rRcwT+QPv8AcjrnS8=</latexit>

IL(`1, `2, . . ., `L)

<latexit sha1_base64="tbdF4jE1wjfr4k2tJyQSgAtOTnM=">AAACHXicbVDLSgMxFM3UVx1foy7dBDtChVpmiqLLohuFLirYB7TDkEnTNjTzIMkIJcyPuPFX3LhQxIUb8W9MHwutHgg5OefeJPcECaNCOs6XkVtaXlldy6+bG5tb2zvW7l5TxCnHpIFjFvN2gARhNCINSSUj7YQTFAaMtILR1cRv3RMuaBzdyXFCvBANItqnGEkt+dapbZuqixGDN5lfK3YJY75bmm6Vkur2Yimy2VHV1EnmZsembftWwSk7U8C/xJ2TApij7lsf+iachiSSmCEhOq6TSE8hLilmJDO7qSAJwiM0IB1NIxQS4anpdBk80koP9mOuVyThVP3ZoVAoxDgMdGWI5FAsehPxP6+Tyv6Fp2iUpJJEePZQP2VQxnASFexRTrBkY00Q5lT/FeIh4ghLHaipQ3AXR/5LmpWye1Z2biuF6uU8jjw4AIegCFxwDqrgGtRBA2DwAJ7AC3g1Ho1n4814n5XmjHnPPvgF4/MbjIifuQ==</latexit>

IL(`1, `2, . . ., `L�1)

<latexit sha1_base64="PjeSPqmlXac1l1ZeLlj5viIURgg=">AAACAXicbVDLSsNAFJ34rPEVdSO4GWyEuilJQXRZdKPgooJ9QBPCZDpph04mYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcqoVI7zbSwtr6yurZc2zM2t7Z1da2+/JZNMYNLECUtEJ0SSMMpJU1HFSCcVBMUhI+1weDXx2w9ESJrwezVKiR+jPqcRxUhpKbAObdvMPYwYvBkHtxWPMBa4p6ZtB1bZqTpTwEXiFqQMCjQC68vrJTiLCVeYISm7rpMqP0dCUczI2PQySVKEh6hPuppyFBPp59MPxvBEKz0YJUIXV3Cq/p7IUSzlKA51Z4zUQM57E/E/r5up6MLPKU8zRTieLYoyBlUCJ3HAHhUEKzbSBGFB9a0QD5BAWOnQTB2CO//yImnVqu5Z1bmrleuXRRwlcASOQQW44BzUwTVogCbA4BE8g1fwZjwZL8a78TFrXTKKmQPwB8bnD3lllFM=</latexit>

IL(`1)

<latexit sha1_base64="zFRbf1JThuDXq1S9MizuL36q0sc=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiFw8eKthaaELZbCft0s0m7G6EUvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvCjjTGnP+7ZKa+sbm1vlbXtnd2//oHJ41FZpLim2aMpT2YmIQs4EtjTTHDuZRJJEHB+j0c3Mf3xCqVgqHvQ4wzAhA8FiRok2UuC6doCc9+5s1+1Vql7Nm8NZJX5BqlCg2at8Bf2U5gkKTTlRqut7mQ4nRGpGOU7tIFeYEToiA+waKkiCKpzMb546Z0bpO3EqTQntzNXfExOSKDVOItOZED1Uy95M/M/r5jq+CidMZLlGQReL4pw7OnVmATh9JpFqPjaEUMnMrQ4dEkmoNjHZJgR/+eVV0q7X/Iuad1+vNq6LOMpwAqdwDj5cQgNuoQktoJDBM7zCm5VbL9a79bFoLVnFzDH8gfX5Az9sj9w=</latexit>

`L

<latexit sha1_base64="5z/LSHphjEfzboUO1pCG19BDaVc=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhvBjSUpiC6Lbly4qGAf0IYwmd62QycPZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee4KEM6kc59sora1vbG6Vt82d3b39A+uw0pZxKii0aMxj0Q2IBM4iaCmmOHQTASQMOHSCyc3M7zyCkCyOHtQ0AS8ko4gNGSVKS75VsW2zD5z72V12nru5adu+VXVqzhx4lbgFqaICTd/66g9imoYQKcqJlD3XSZSXEaEY5ZCb/VRCQuiEjKCnaURCkF42vz3Hp1oZ4GEsdEUKz9XfExkJpZyGge4MiRrLZW8m/uf1UjW88jIWJamCiC4WDVOOVYxnQeABE0AVn2pCqGD6VkzHRBCqdFymDsFdfnmVtOs196Lm3NerjesijjI6RifoDLnoEjXQLWqiFqLoCT2jV/Rm5MaL8W58LFpLRjFzhP7A+PwBMJ2Slw==</latexit>

`L�1

<latexit sha1_base64="0jdPJ6onESiUPpriXAyS9s8XOxc=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiF48V7Ae0sWy203bpZhN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmtOd9W4W19Y3NreK2vbO7t39QOjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbjygVi8W9niQYRGQo2IBRoo304Lp2FznvZdWp7bq9UtmreHM4q8TPSRly1Hulr24/pmmEQlNOlOr4XqKDjEjNKMep3U0VJoSOyRA7hgoSoQqy+dVT58wofWcQS1NCO3P190RGIqUmUWg6I6JHatmbif95nVQProKMiSTVKOhi0SDljo6dWQROn0mkmk8MIVQyc6tDR0QSqk1QtgnBX355lTSrFf+i4t1Vy7XrPI4inMApnIMPl1CDW6hDAyhIeIZXeLOerBfr3fpYtBasfOYY/sD6/AHiP5DO</latexit>

`2

<latexit sha1_base64="IGyQvDqDQXiHzDlzrzhiZV9c1kA=">AAAB9XicbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgWcPspJMMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VJIIr7brfVmFtfWNzq7ht7+zu7R+UDo+aKk4lwwaLRSzbAVUoeIQNzbXAdiKRhoHAVjC+mfmtR5SKx9G9niToh3QY8QFnVBvpwXHsLgrRy7yp7Ti9UtmtuHOQVeLlpAw56r3SV7cfszTESDNBlep4bqL9jErNmcCp3U0VJpSN6RA7hkY0ROVn86un5MwofTKIpalIk7n6eyKjoVKTMDCdIdUjtezNxP+8TqoHV37GoyTVGLHFokEqiI7JLALS5xKZFhNDKJPc3ErYiErKtAnKNiF4yy+vkma14l1U3LtquXadx1GEEziFc/DgEmpwC3VoAAMJz/AKb9aT9WK9Wx+L1oKVzxzDH1ifP+C3kM0=</latexit>

`1

Closest we can get from 
the integrand to the amplitude 
without dealing with IR 
divergencies and regulators
(we can stay in D=4)



✤ The L-loop object is a function of a single cross-ratio

✤ Define a non-perturbative IR finite object

Defining  

<latexit sha1_base64="lRU+U5XdSyYz1EfoLXbu2ywQS+I=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFdlOSguiyVhAFFxXsBZoQJtNpO3RycWZSqKHP4MZXceNCEbeu3Pk2TtostPWHgZ/vnMOZ83sRo0Ka5re2tLyyurae29A3t7Z3do29/aYIY45JA4cs5G0PCcJoQBqSSkbaESfI9xhpecOLtN4aES5oGNzJcUQcH/UD2qMYSYVco1Qo6ImNEYOXE/em+FCCNrmP6QjO4HUKz2slvVBwjbxZNqeCi8bKTB5kqrvGl90NceyTQGKGhOhYZiSdBHFJMSMT3Y4FiRAeoj7pKBsgnwgnmZ40gceKdGEv5OoFEk7p74kE+UKMfU91+kgOxHwthf/VOrHsnTkJDaJYkgDPFvViBmUI03xgl3KCJRsrgzCn6q8QDxBHWKoUdRWCNX/yomlWytZJ2byt5Ku1LI4cOARHoAgscAqq4ArUQQNg8AiewSt40560F+1d+5i1LmnZzAH4I+3zB/YLmn0=</latexit>

FL(z) ⌘ IL(AB) interesting trascendental function,
depends on a single cross-ratio

<latexit sha1_base64="KvlqB5W22THtcVq9if8YV8pcqF0="></latexit>

z =
hAB12ihAB34i
hAB23ihAB14i

<latexit sha1_base64="j0xOWWtrBs9zA0VgQGeoyLwgfnM="></latexit>

F(g, z) =
1X

L=1

g2LFL(z)

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

dictated by the
dual conformal symmetry



Relation to Wilson loops

✤ Same object appeared earlier in the context of Wilson loops

<latexit sha1_base64="hdE7k15mNvk0nEo4pvk1uJlxQAs=">AAACCnicbVDLSsNAFJ34rPEVdelmtBFa0JIUREGEolBcVrAPaGOZTKfp0MmDmYnQhq7d+CtuXCji1i9w5984bbPQ1gMXDufcy733uBGjQlrWt7awuLS8sppZ09c3Nre2jZ3dmghjjkkVhyzkDRcJwmhAqpJKRhoRJ8h3Gam7/euxX38gXNAwuJODiDg+8gLapRhJJbWNA9PUyznvYpiHl/DEuy/CpIURg+VRzjse5nXTbBtZq2BNAOeJnZIsSFFpG1+tTohjnwQSMyRE07Yi6SSIS4oZGemtWJAI4T7ySFPRAPlEOMnklRE8UkoHdkOuKpBwov6eSJAvxMB3VaePZE/MemPxP68Zy+65k9AgiiUJ8HRRN2ZQhnCcC+xQTrBkA0UQ5lTdCnEPcYSlSk9XIdizL8+TWrFgnxas22K2dJXGkQH74BDkgA3OQAncgAqoAgwewTN4BW/ak/aivWsf09YFLZ3ZA3+gff4Af6+WVw==</latexit>

F (g; z) = �g2F(g, z)

(Alday, Buchbinder, Tseytlin, 2011)(Englund, Roiban, 2011)

strong coupling: expansion in          (string tension) 
<latexit sha1_base64="aBPrx7OrDEatrNsbhsRm/2w/Eks="></latexit>

F(g, z) = g
z

(z � 1)3
[2(1� z) + (z + 1) log z] + · · ·+O

✓
1

g

◆

weak coupling: expansion in 
<latexit sha1_base64="9ttbxGmaR9euZdrjUCZH+DU1yeE="></latexit>

F(g, z) = 1 + g2(log2 z + ⇡2) + . . .

(Alday, Henn, Sikorowski, 2013)

<latexit sha1_base64="dBYxyfu+rhNUlnEO2+a17wc9Pyg=">AAACBXicbVDLSsNAFJ3UV42vqEtdDDZCXViSguhGKLpxWcE+oI1hMp22004ezEykJWTjxl9x40IRt/6DO//GaZuFth64cDjnXu69x4sYFdKyvrXc0vLK6lp+Xd/Y3NreMXb36iKMOSY1HLKQNz0kCKMBqUkqGWlGnCDfY6ThDa8nfuOBcEHD4E6OI+L4qBfQLsVIKsk1Dk1TH7kJHaTwEhZHLk1O05E7OLkv66bpGgWrZE0BF4mdkQLIUHWNr3YnxLFPAokZEqJlW5F0EsQlxYykejsWJEJ4iHqkpWiAfCKcZPpFCo+V0oHdkKsKJJyqvycS5Asx9j3V6SPZF/PeRPzPa8Wye+EkNIhiSQI8W9SNGZQhnEQCO5QTLNlYEYQ5VbdC3EccYamC01UI9vzLi6ReLtlnJeu2XKhcZXHkwQE4AkVgg3NQATegCmoAg0fwDF7Bm/akvWjv2sesNadlM/vgD7TPH5WFlg8=</latexit>

xij = (xi�xj)
2

(Alday, Heslop, Sikorowski, 2012)

Lagrangian
insertion

<latexit sha1_base64="qjD3O5zw/XTsioHgyHS/x4ufRwQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9OKxgv2Qdi3ZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA8d/BYdT2vVyr7FX8OtEqCnJQhR71X+ur2E5IJKg3hWOtO4KcmnGBlGOF06nYzTVNMRnhAO5ZKLKgOJ/ODp+jMKn0UJ8qWNGiu/p6YYKH1WES2U2Az1MveTPzP62QmvgonTKaZoZIsFsUZRyZBs+9RnylKDB9bgoli9lZEhlhhYmxGrg0hWH55lTSrleCi4t9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP84djnE=</latexit>

g2

<latexit sha1_base64="MiGbu0YHDEtppv7/w+OrGN6LVBE=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnupuQfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ8N7gYuJ7XK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4cTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBZ8e+r5dpNHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH4QyjkE=</latexit>

1/g
(Alday, Buchbinder, Tseytlin, 2011)

exact result
for               too
hard to obtain

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)



Cusp anomalous dimension

✤ After integrating               we recover 
<latexit sha1_base64="vBTr6p9+wWVwLhOHjiFxorQami8=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXRZFMRlBfuANpTJdNIOnTyYmQg11F9x40IRt36IO//GaZuFVg9cOJxzL/fe4yecSeU4X0ZhZXVtfaO4aW5t7+zuWfsHLRmngtAmiXksOj6WlLOINhVTnHYSQXHoc9r2x1czv31PhWRxdKcmCfVCPIxYwAhWWupbJds2sx7BHF1PK8PThxPTtvtW2ak6c6C/xM1JGXI0+tZnbxCTNKSRIhxL2XWdRHkZFooRTqdmL5U0wWSMh7SraYRDKr1sfvwUHWtlgIJY6IoUmqs/JzIcSjkJfd0ZYjWSy95M/M/rpiq48DIWJamiEVksClKOVIxmSaABE5QoPtEEE8H0rYiMsMBE6bxMHYK7/PJf0qpV3bOqc1sr1y/zOIpwCEdQARfOoQ430IAmEJjAE7zAq/FoPBtvxvuitWDkMyX4BePjG+dTklc=</latexit>

F(g, z)
<latexit sha1_base64="iPGCb7koRo8ANw1L0vniO4kd3gY=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FL16ECrYW0lA22027dLMbdjdCKf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpxxpo3vfzultfWNza3ytruzu7d/UDk8amuZK0JbRHKpOjHWlDNBW4YZTjuZojiNOX2MRzcz//GJKs2keDDjjEYpHgiWMIKNlULPc7tcoDvX83qVql/z50CrJChIFQo0e5Wvbl+SPKXCEI61DgM/M9EEK8MIp1O3m2uaYTLCAxpaKnBKdTSZnzxFZ1bpo0QqW8Kgufp7YoJTrcdpbDtTbIZ62ZuJ/3lhbpKraMJElhsqyGJRknNkJJr9j/pMUWL42BJMFLO3IjLEChNjU3JtCMHyy6ukXa8FFzX/vl5tXBdxlOEETuEcAriEBtxCE1pAQMIzvMKbY5wX5935WLSWnGLmGP7A+fwBIgGPMQ==</latexit>

lnM

leading IR divergence: cusp anomalous dimension
<latexit sha1_base64="49LTOgIIrrxPGheHcxKDnOrAm4o="></latexit>

�cusp(g) =
X

L�1

g2L�(L)
cusp

exact result from integrability
(Beisert, Eden, Staudacher, 2006)

We can extract                  from 
<latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
<latexit sha1_base64="vBTr6p9+wWVwLhOHjiFxorQami8=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXRZFMRlBfuANpTJdNIOnTyYmQg11F9x40IRt36IO//GaZuFVg9cOJxzL/fe4yecSeU4X0ZhZXVtfaO4aW5t7+zuWfsHLRmngtAmiXksOj6WlLOINhVTnHYSQXHoc9r2x1czv31PhWRxdKcmCfVCPIxYwAhWWupbJds2sx7BHF1PK8PThxPTtvtW2ak6c6C/xM1JGXI0+tZnbxCTNKSRIhxL2XWdRHkZFooRTqdmL5U0wWSMh7SraYRDKr1sfvwUHWtlgIJY6IoUmqs/JzIcSjkJfd0ZYjWSy95M/M/rpiq48DIWJamiEVksClKOVIxmSaABE5QoPtEEE8H0rYiMsMBE6bxMHYK7/PJf0qpV3bOqc1sr1y/zOIpwCEdQARfOoQ430IAmEJjAE7zAq/FoPBtvxvuitWDkMyX4BePjG+dTklc=</latexit>

F(g, z)
(Alday, Henn, Sikorowski, 2013)

(Arkani-Hamed, Henn, JT, 2021)

(Henn, Korchemsky, Mistlberger, 2019)

<latexit sha1_base64="iPGCb7koRo8ANw1L0vniO4kd3gY=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FL16ECrYW0lA22027dLMbdjdCKf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpxxpo3vfzultfWNza3ytruzu7d/UDk8amuZK0JbRHKpOjHWlDNBW4YZTjuZojiNOX2MRzcz//GJKs2keDDjjEYpHgiWMIKNlULPc7tcoDvX83qVql/z50CrJChIFQo0e5Wvbl+SPKXCEI61DgM/M9EEK8MIp1O3m2uaYTLCAxpaKnBKdTSZnzxFZ1bpo0QqW8Kgufp7YoJTrcdpbDtTbIZ62ZuJ/3lhbpKraMJElhsqyGJRknNkJJr9j/pMUWL42BJMFLO3IjLEChNjU3JtCMHyy6ukXa8FFzX/vl5tXBdxlOEETuEcAriEBtxCE1pAQMIzvMKbY5wX5935WLSWnGLmGP7A+fwBIgGPMQ==</latexit>

lnM

<latexit sha1_base64="w+Uv6UVOUr2tp54t9flFaBX2lQg="></latexit>

g
@

@g
�cusp(g) = � 1

⇡

Z ⇡

�⇡
d�F (g, z = ei�)



Our goal

✤ Focus on              : calculate to all loops for a generic 
kinematics — exact in        : too hard…. 

✤ Amplituhedron picture for loop integrand: suggests a 
new type of expansion, based on the “number of loops 
in the loop space”— an approximation exact in         

✤ Calculate the leading term, expand at strong coupling, 
so far completely inaccessible using our methods

<latexit sha1_base64="vBTr6p9+wWVwLhOHjiFxorQami8=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXRZFMRlBfuANpTJdNIOnTyYmQg11F9x40IRt36IO//GaZuFVg9cOJxzL/fe4yecSeU4X0ZhZXVtfaO4aW5t7+zuWfsHLRmngtAmiXksOj6WlLOINhVTnHYSQXHoc9r2x1czv31PhWRxdKcmCfVCPIxYwAhWWupbJds2sx7BHF1PK8PThxPTtvtW2ak6c6C/xM1JGXI0+tZnbxCTNKSRIhxL2XWdRHkZFooRTqdmL5U0wWSMh7SraYRDKr1sfvwUHWtlgIJY6IoUmqs/JzIcSjkJfd0ZYjWSy95M/M/rpiq48DIWJamiEVksClKOVIxmSaABE5QoPtEEE8H0rYiMsMBE6bxMHYK7/PJf0qpV3bOqc1sr1y/zOIpwCEdQARfOoQ430IAmEJjAE7zAq/FoPBtvxvuitWDkMyX4BePjG+dTklc=</latexit>

F(g, z)
<latexit sha1_base64="id+oH2lSSrHQMd5VkrTsydmZMzY=">AAAB8HicbVBNSwMxEJ31s65fVY9egl3Bg5Tdguix6MVjBfsh7VKyabYNTbJLkhVq6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzopQzbXz/21lZXVvf2Cxsuds7u3v7xYPDhk4yRWidJDxRrQhrypmkdcMMp61UUSwiTpvR8GbqNx+p0iyR92aU0lDgvmQxI9hY6cHz3P75k+t53WLJL/szoGUS5KQEOWrd4lenl5BMUGkIx1q3Az814RgrwwinE7eTaZpiMsR92rZUYkF1OJ4dPEGnVumhOFG2pEEz9ffEGAutRyKynQKbgV70puJ/Xjsz8VU4ZjLNDJVkvijOODIJmn6PekxRYvjIEkwUs7ciMsAKE2Mzcm0IweLLy6RRKQcXZf+uUqpe53EU4BhO4AwCuIQq3EIN6kBAwDO8wpujnBfn3fmYt644+cwR/IHz+QPvhY6H</latexit>g, z

<latexit sha1_base64="id+oH2lSSrHQMd5VkrTsydmZMzY=">AAAB8HicbVBNSwMxEJ31s65fVY9egl3Bg5Tdguix6MVjBfsh7VKyabYNTbJLkhVq6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzopQzbXz/21lZXVvf2Cxsuds7u3v7xYPDhk4yRWidJDxRrQhrypmkdcMMp61UUSwiTpvR8GbqNx+p0iyR92aU0lDgvmQxI9hY6cHz3P75k+t53WLJL/szoGUS5KQEOWrd4lenl5BMUGkIx1q3Az814RgrwwinE7eTaZpiMsR92rZUYkF1OJ4dPEGnVumhOFG2pEEz9ffEGAutRyKynQKbgV70puJ/Xjsz8VU4ZjLNDJVkvijOODIJmn6PekxRYvjIEkwUs7ciMsAKE2Mzcm0IweLLy6RRKQcXZf+uUqpe53EU4BhO4AwCuIQq3EIN6kBAwDO8wpujnBfn3fmYt644+cwR/IHz+QPvhY6H</latexit>g, z



Ladder resummation

✤ Our simplest case we will study later is somewhat 
analogous to the ladder resummation

✤ Integral representation: strong coupling expansion

(Broadhurst, Davydychev, 2010)

exponentially suppressed
<latexit sha1_base64="CtPgcC1hDpEpArsKYHMcIqqGEQY=">AAACCHicbVDLSsNAFJ34rPEVdenCwUZoQUtSEF0oFARxZwX7gDaWyXSaDp08mJkINWTpxl9x40IRt36CO//GaZuFth64cDjnXu69x40YFdKyvrW5+YXFpeXcir66tr6xaWxt10UYc0xqOGQhb7pIEEYDUpNUMtKMOEG+y0jDHVyM/MY94YKGwa0cRsTxkRfQHsVIKqlj7JmmflnwDh+K8BwmbYwYvE4L5C458tKibpodI2+VrDHgLLEzkgcZqh3jq90NceyTQGKGhGjZViSdBHFJMSOp3o4FiRAeII+0FA2QT4STjB9J4YFSurAXclWBhGP190SCfCGGvqs6fST7Ytobif95rVj2Tp2EBlEsSYAni3oxgzKEo1Rgl3KCJRsqgjCn6laI+4gjLFV2ugrBnn55ltTLJfu4ZN2U85WzLI4c2AX7oABscAIq4ApUQQ1g8AiewSt40560F+1d+5i0zmnZzA74A+3zBx0RljU=</latexit>

F (g, z) = O(e�g)



Negative Amplituhedron geometry
(Arkani-Hamed, Henn, JT 2021)



Four-point Amplituhedron

✤ Configuration of L lines in momentum twistor space

✤ The canonical dlog form on this space

Each line: 4 positive coordinates

(parametrize loop momentum)

<latexit sha1_base64="jyXK4Mf4dHkDzjrpBV4Wjsj78Ts=">AAACAHicbVC7TsMwFHXKq4RXgIGBxaJBYkBVUgnBhCpYGItEH1IbRY7rtFYdJ7IdIERd+BUWBhBi5TPY+BvcNgMUjnSko3PulX1PkDAqleN8GaWFxaXllfKquba+sbllbe+0ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MLid5+5YISWN+o7KEeBEacBpSjJS2fGvPts17nx5nmg+adz49d0zb9q2KU3WmgH+FW4gKKNDwrc9eP8ZpRLjCDEnZdZ1EeTkSimJGxmYvlSRBeIQGpKslRxGRXj49YAwPtdOHYSw0uYJT9+dGjiIpsyjQkxFSQzmfTcz/sm6qwjMvpzxJFeF49lCYMqhiOGkD9qkgWLFMC4QF1X+FeIgEwkp3ZuoS3PmT/4pWreqeVJ3rWqV+UdRRBvvgABwBF5yCOrgCDdAEGIzBE3gBr8aj8Wy8Ge+z0ZJR7OyCXzA+vgEhbpQr</latexit>

xi, yi, zi, wi > 0

For any pair we get a quadratic constraint
<latexit sha1_base64="LXAKbba0rFg8yQAd3q/4E6owwv8="></latexit>

h(AB)i(AB)ji = �(xi � xj)(wi � wj)� (yi � yj)(zi � zj) > 0

is a 4pt L-loop integrand

(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)



✤ We introduce a graphical notation:

✤ We denote the dlog form on the two-loop space

✤ The L-loop integrand dlog form: complete graph 

Graphical notation

vertex: loop line 
blue dashed link: mutual positivity condition

<latexit sha1_base64="CCJy1X04RtJmdfBajeHdSxNJVfg=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkUPRY9eKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsbm1vVPctff2Dw6PSscnbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek7u533miUrFYPOppQv0IjwQLGcHaSH3HsSs3t5cDZjvOoFR2q+4CaJ14OSlDjuag9NUfxiSNqNCEY6V6nptoP8NSM8LpzO6niiaYTPCI9gwVOKLKzxY3z9CFUYYojKUpodFC/T2R4UipaRSYzgjrsVr15uJ/Xi/V4bWfMZGkmgqyXBSmHOkYzQNAQyYp0XxqCCaSmVsRGWOJiTYx2SYEb/XlddKuVb161X2olRuNPI4inME5VMCDK2jAPTShBQQSeIZXeLNS68V6tz6WrQUrnzmFP7A+fwA7k48y</latexit>

(AB)i
<latexit sha1_base64="wGsUtu7HljbLvMozTE3rkIGfDeg=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIZhQgYWxSPQhNVHkuG5r6jiR7SBVVf+AhV9hYQAhVlY2/ga3yQAtR7q6R+fcK/ueMGFUKsf5NgpLyyura8V1c2Nza3vH2t1ryjgVmDRwzGLRDpEkjHLSUFQx0k4EQVHISCscXk/91gMRksb8To0S4keoz2mPYqS0FFjHtm16DPE+I7B8eXUS0KzdeyITL6Bj2nZglZyKMwNcJG5OSiBHPbC+vG6M04hwhRmSsuM6ifLHSCiKGZmYXipJgvAQ9UlHU44iIv3x7J4JPNJKF/ZioYsrOFN/b4xRJOUoCvVkhNRAzntT8T+vk6reuT+mPEkV4Th7qJcyqGI4DQd2qSBYsZEmCAuq/wrxAAmElY7Q1CG48ycvkma14p5WnNtqqVbL4yiCA3AIysAFZ6AGbkAdNAAGj+AZvII348l4Md6Nj2y0YOQ7++APjM8fnXKYlg==</latexit>

h(AB)i(AB)ji > 0

<latexit sha1_base64="5mr3JlIRDVLDGhja7oB3V6oqaL4=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHqs9eKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsbm1vVPctff2Dw6PSscnbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek7u533miUrFYPOppQv0IjwQLGcHaSH3HsSu3jcuBZzvOoFR2q+4CaJ14OSlDjuag9NUfxiSNqNCEY6V6nptoP8NSM8LpzO6niiaYTPCI9gwVOKLKzxY3z9CFUYYojKUpodFC/T2R4UipaRSYzgjrsVr15uJ/Xi/V4Y2fMZGkmgqyXBSmHOkYzQNAQyYp0XxqCCaSmVsRGWOJiTYx2SYEb/XlddKuVb2rqvtQK9cbeRxFOINzqIAH11CHe2hCCwgk8Ayv8Gal1ov1bn0sWwtWPnMKf2B9/gDmlo78</latexit>

(AB)1
<latexit sha1_base64="prY3hRFGgMzUYRSMDvKldLwQvLI=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDZCvZSkIHrwUPXisYL9gDaUzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzAsSzpR23W+rsLa+sblV3LZ3dvf2D0qHRy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB+O7md9+olKxWDzqSUL9CA8FCxnB2kg9x7ErN7fn/ZrtOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+b3zxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzQLAA2YpETziSGYSGZuRWSEJSbaxGSbELzll1dJq1b1LqruQ61cv87jKMIJnEIFPLiEOtxDA5pAIIFneIU3K7VerHfrY9FasPKZY/gD6/MH5k+O9w==</latexit>

(AB)2

we can have a simpler
positive geometry 
with fewer links

<latexit sha1_base64="+MkaP5GT7AXOCDXfAAV33EYVC/o=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUil6EohcPHirYD2lD2Ww37dLNJuxuhBL6K7x4UMSrP8eb/8Ztm4O2Phh4vDfDzLwg4Uxp1/22CmvrG5tbxW17Z3dv/6B0eNRScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC+mfntJyoVi8WDniTUj/BQsJARrI306Dj23VXNdpx+qexW3DnQKvFyUoYcjX7pqzeISRpRoQnHSnU9N9F+hqVmhNOp3UsVTTAZ4yHtGipwRJWfzQ+eojOjDFAYS1NCo7n6eyLDkVKTKDCdEdYjtezNxP+8bqrDSz9jIkk1FWSxKEw50jGafY8GTFKi+cQQTCQztyIywhITbTKyTQje8surpFWteLWKe18t16/zOIpwAqdwDh5cQB1uoQFNIBDBM7zCmyWtF+vd+li0Fqx85hj+wPr8AXa3jjg=</latexit>

L = 5



✤ Replace positive “links” by negative

✤ New formula for L-loop integrand dlog form:

Negative geometries

sum over all graphs

<latexit sha1_base64="1LTUcQexfMAi69vR3aViaiCjQZo=">AAACDnicbVC7TsMwFHXKq4RXgJHFoqlUliqphGBAqMDCWCT6kNoqclynNXWcyHaQqqhfwMKvsDCAECszG3+Dm2aAwpHu1dE598q+x48ZlcpxvozC0vLK6lpx3dzY3NresXb3WjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2x1czv31PhKQRv1WTmPRDNOQ0oBgpLXlW2bbNHkN8yAisXFweeTTrdz0x186hY9q2Z5WcqpMB/iVuTkogR8OzPnuDCCch4QozJGXXdWLVT5FQFDMyNXuJJDHCYzQkXU05Consp9k5U1jWygAGkdDFFczUnxspCqWchL6eDJEayUVvJv7ndRMVnPZTyuNEEY7nDwUJgyqCs2zggAqCFZtogrCg+q8Qj5BAWOkETR2Cu3jyX9KqVd3jqnNTK9XP8jiK4AAcggpwwQmog2vQAE2AwQN4Ai/g1Xg0no03430+WjDynX3wC8bHNz8WmGg=</latexit>

h(AB)i(AB)ji > 0
<latexit sha1_base64="9Rw1OJvoyLGwoEBNWFO3fngwd9M=">AAACDnicbVC7TsMwFHXKq4RXgJHFoqlUliqphGDoUGBhLBJ9SE1UOa7bmjpOZDtIVdQvYOFXWBhAiJWZjb/BTTNA4Uj36uice2XfE8SMSuU4X0ZhZXVtfaO4aW5t7+zuWfsHbRklApMWjlgkugGShFFOWooqRrqxICgMGOkEk6u537knQtKI36ppTPwQjTgdUoyUlvpW2bZNjyE+YgRWLi5P+jTrd55YaHXomLbdt0pO1ckA/xI3JyWQo9m3Pr1BhJOQcIUZkrLnOrHyUyQUxYzMTC+RJEZ4gkakpylHIZF+mp0zg2WtDOAwErq4gpn6cyNFoZTTMNCTIVJjuezNxf+8XqKG535KeZwowvHioWHCoIrgPBs4oIJgxaaaICyo/ivEYyQQVjpBU4fgLp/8l7RrVfe06tzUSo16HkcRHIFjUAEuOAMNcA2aoAUweABP4AW8Go/Gs/FmvC9GC0a+cwh+wfj4BjwEmGY=</latexit>

h(AB)i(AB)ji < 0 no mutual condition

<latexit sha1_base64="OM2PWa574ATjpAKOqfyPDYzC90E=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apZvNsrsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz8yLJmTa+/+2UNja3tnfKu+7e/sHhUeX4pK3TTBHaIilPVTfCmnImaMsww2lXKoqTiNNONLmb+50nqjRLxaOZShomeCRYzAg2Vup4nstczxtUqn7NXwCtk6AgVSjQHFS++sOUZAkVhnCsdS/wpQlzrAwjnM7cfqapxGSCR7RnqcAJ1WG+OHeGLqwyRHGqbAmDFurviRwnWk+TyHYm2Iz1qjcX//N6mYlvwpwJmRkqyHJRnHFkUjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXeHOm8OO/Ox7K15BQzp/AHzucPp6yNyQ==</latexit>

i
<latexit sha1_base64="OM2PWa574ATjpAKOqfyPDYzC90E=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apZvNsrsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz8yLJmTa+/+2UNja3tnfKu+7e/sHhUeX4pK3TTBHaIilPVTfCmnImaMsww2lXKoqTiNNONLmb+50nqjRLxaOZShomeCRYzAg2Vup4nstczxtUqn7NXwCtk6AgVSjQHFS++sOUZAkVhnCsdS/wpQlzrAwjnM7cfqapxGSCR7RnqcAJ1WG+OHeGLqwyRHGqbAmDFurviRwnWk+TyHYm2Iz1qjcX//N6mYlvwpwJmRkqyHJRnHFkUjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXeHOm8OO/Ox7K15BQzp/AHzucPp6yNyQ==</latexit>

i
<latexit sha1_base64="OM2PWa574ATjpAKOqfyPDYzC90E=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eCl48VrAf0Iay2W7apZvNsrsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz8yLJmTa+/+2UNja3tnfKu+7e/sHhUeX4pK3TTBHaIilPVTfCmnImaMsww2lXKoqTiNNONLmb+50nqjRLxaOZShomeCRYzAg2Vup4nstczxtUqn7NXwCtk6AgVSjQHFS++sOUZAkVhnCsdS/wpQlzrAwjnM7cfqapxGSCR7RnqcAJ1WG+OHeGLqwyRHGqbAmDFurviRwnWk+TyHYm2Iz1qjcX//N6mYlvwpwJmRkqyHJRnHFkUjT/HQ2ZosTwqSWYKGZvRWSMFSbGJuTaEILVl9dJu14Lrmr+Q73auC3iKMMZnMMlBHANDbiHJrSAwASe4RXeHOm8OO/Ox7K15BQzp/AHzucPp6yNyQ==</latexit>

i
<latexit sha1_base64="Zc30THWJZzQSzrdhQiyWQAgmPrY=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6MFDwYvHCvYD2lA22027dncTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NJJpghtkoQnqhNhTTmTtGmY4bSTKopFxGk7Gt/O/PYTVZol8sFMUhoKPJQsZgQbK7U9z310Pa9frvhVfw60SoKCVKBAo1/+6g0SkgkqDeFY627gpybMsTKMcDp1e5mmKSZjPKRdSyUWVIf5/NwpOrfKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3ndzMTXYc5kmhkqyWJRnHFkEjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNLqv+fa1SvyniKMEpnMEFBHAFdbiDBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/qTONyg==</latexit>

j
<latexit sha1_base64="Zc30THWJZzQSzrdhQiyWQAgmPrY=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6MFDwYvHCvYD2lA22027dncTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NJJpghtkoQnqhNhTTmTtGmY4bSTKopFxGk7Gt/O/PYTVZol8sFMUhoKPJQsZgQbK7U9z310Pa9frvhVfw60SoKCVKBAo1/+6g0SkgkqDeFY627gpybMsTKMcDp1e5mmKSZjPKRdSyUWVIf5/NwpOrfKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3ndzMTXYc5kmhkqyWJRnHFkEjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNLqv+fa1SvyniKMEpnMEFBHAFdbiDBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/qTONyg==</latexit>

j
<latexit sha1_base64="Zc30THWJZzQSzrdhQiyWQAgmPrY=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6MFDwYvHCvYD2lA22027dncTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpRypo3vfztr6xubW9ulHXd3b//gsHx03NJJpghtkoQnqhNhTTmTtGmY4bSTKopFxGk7Gt/O/PYTVZol8sFMUhoKPJQsZgQbK7U9z310Pa9frvhVfw60SoKCVKBAo1/+6g0SkgkqDeFY627gpybMsTKMcDp1e5mmKSZjPKRdSyUWVIf5/NwpOrfKAMWJsiUNmqu/J3IstJ6IyHYKbEZ62ZuJ/3ndzMTXYc5kmhkqyWJRnHFkEjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJq1YNLqv+fa1SvyniKMEpnMEFBHAFdbiDBjSBwBie4RXenNR5cd6dj0XrmlPMnMAfOJ8/qTONyg==</latexit>

j

differential form for 
negative geometry



Exponentiation

✤ We can now write a formal sum over all loops

✤ The formula for          exponentiates

✤ We take the logarithm of both sides and expand in 

<latexit sha1_base64="cXIVw1EkI4rGud7/kK1ELzy73Yk=">AAAB+HicbVDLSsNAFJ3UV42PRl26GWyEuilJQXRZcOPOCvYBbSiT6SQdOjMJMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPWHKqNKe922VNja3tnfKu/be/sFhxTk67qgkk5i0ccIS2QuRIowK0tZUM9JLJUE8ZKQbTm7mfveRSEUT8aCnKQk4igWNKEbaSEOn4rr24I6TGNXiC9t1h07Vq3sLwHXiF6QKCrSGztdglOCME6ExQ0r1fS/VQY6kppiRmT3IFEkRnqCY9A0ViBMV5IvDZ/DcKCMYJdKU0HCh/p7IEVdqykPTyZEeq1VvLv7n9TMdXQc5FWmmicDLRVHGoE7gPAU4opJgzaaGICypuRXiMZIIa5OVbULwV19eJ51G3b+se/eNarNZxFEGp+AM1IAPrkAT3IIWaAMMMvAMXsGb9WS9WO/Wx7K1ZBUzJ+APrM8fSEmQ4g==</latexit>

⌦(g)

<latexit sha1_base64="GYxukCk+1MN3FE2cey39Ees0fgo=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8FLx4r2FZoQ9lsJ+3SzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8KBNcG9//dkobm1vbO+Vdd2//4PCocnzS1mmuGLZYKlL1GFGNgktsGW4EPmYKaRIJ7ETj27nfeUKleSofzCTDMKFDyWPOqLFSx/Pcoet5/UrVr/kLkHUSFKQKBZr9yldvkLI8QWmYoFp3Az8z4ZQqw5nAmdvLNWaUjekQu5ZKmqAOp4tzZ+TCKgMSp8qWNGSh/p6Y0kTrSRLZzoSakV715uJ/Xjc38U045TLLDUq2XBTngpiUzH8nA66QGTGxhDLF7a2EjaiizNiEXBtCsPryOmnXa8FVzb+vVxuNIo4ynME5XEIA19CAO2hCCxiM4Rle4c3JnBfn3flYtpacYuYU/sD5/AGl0o3L</latexit>g



✤ The L-loop logarithm: connected graphs with L vertices

✤ Freezing one of the loops: 

<latexit sha1_base64="6OZVsrV/tLtOFTfkQ+u2f6BfNTE=">AAACEXicbVDLSsNAFJ3UV42vqEs3g62QLixJQXQjFN24EKxgH9CkZTKdpkMnD2YmQon9BTf+ihsXirh1586/cdpmoa0HLhzOuZd77/FiRoW0rG8tt7S8srqWX9c3Nre2d4zdvYaIEo5JHUcs4i0PCcJoSOqSSkZaMSco8BhpesPLid+8J1zQKLyTo5i4AfJD2qcYSSV1DbNY1B0W+dC5CYiPTL/kXFDff+im5rHfqZQ612N4DvVisWsUrLI1BVwkdkYKIEOta3w5vQgnAQklZkiItm3F0k0RlxQzMtadRJAY4SHySVvREAVEuOn0ozE8UkoP9iOuKpRwqv6eSFEgxCjwVGeA5EDMexPxP6+dyP6Zm9IwTiQJ8WxRP2FQRnASD+xRTrBkI0UQ5lTdCvEAcYSlClFXIdjzLy+SRqVsn5St20qhWs3iyIMDcAhMYINTUAVXoAbqAINH8AxewZv2pL1o79rHrDWnZTP74A+0zx/ii5ne</latexit>

log⌦(g)

�����
(�g2)L

=

Geometry of 

Manifest IR behavior: each term only
<latexit sha1_base64="FGzmjirz7wFyU+ZfBfN7Ip+DS3c=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDaCq5IURBcuCm5cVrAPaGKZTCft0MlMmJkIJRTc+CtuXCji1p9w5984bbPQ1gMXDufcy733RCmjSnvet1VaWV1b3yhv2lvbO7t7zv5BS4lMYtLEggnZiZAijHLS1FQz0kklQUnESDsaXU/99gORigp+p8cpCRM04DSmGGkj9Zwj17WDWCKc+5M8IKmiTPD72sR23Z5T8areDHCZ+AWpgAKNnvMV9AXOEsI1Zkipru+lOsyR1BQzMrGDTJEU4REakK6hHCVEhfnshwk8NUofxkKa4hrO1N8TOUqUGieR6UyQHqpFbyr+53UzHV+GOeVppgnH80VxxqAWcBoI7FNJsGZjQxCW1NwK8RCZRLSJzTYh+IsvL5NWreqfV73bWqV+VcRRBsfgBJwBH1yAOrgBDdAEGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gDJCJZO</latexit>

1

✏2
divergent after integration

<latexit sha1_base64="1f3QKSEgOLxXj/TsZc7MQKyZ+pA=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWAjVJCSFEQXCgVBXLioYB/QhjCZTtuhk0mYmQg11I2/4saFIm79C3f+jdM2C209cOFwzr3ce08QMyqV43wbuYXFpeWV/Kq5tr6xuWVt79RllAhMajhikWgGSBJGOakpqhhpxoKgMGCkEQwux37jnghJI36nhjHxQtTjtEsxUlryrT3bNtM2RgxejfybYu/44QheQNO2favglJwJ4DxxM1IAGaq+9dXuRDgJCVeYISlbrhMrL0VCUczIyGwnksQID1CPtDTlKCTSSycfjOChVjqwGwldXMGJ+nsiRaGUwzDQnSFSfTnrjcX/vFaiumdeSnmcKMLxdFE3YVBFcBwH7FBBsGJDTRAWVN8KcR8JhJUOzdQhuLMvz5N6ueSelJzbcqFynsWRB/vgABSBC05BBVyDKqgBDB7BM3gFb8aT8WK8Gx/T1pyRzeyCPzA+fwB+G5Or</latexit>

FL(g, z) =

Integrate over all
loops except one

Manifest IR finiteness

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

<latexit sha1_base64="zc8y3pWUlgr5oEt1w8LGlIP3jBU=">AAAB+nicbVDLSsNAFL2prxpfqS7dDDaCq5IURBcuCm5cVrQPaEOZTCft0MmDmYlSYj7FjQtF3Pol7vwbp20W2nrgwuGce7n3Hj/hTCrH+TZKa+sbm1vlbXNnd2//wKoctmWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHn1zP/M4DFZLF0b2aJtQL8ShiASNYaWlgVWzb7AcCk8zNs7vctO2BVXVqzhxolbgFqUKB5sD66g9jkoY0UoRjKXuukygvw0Ixwmlu9lNJE0wmeER7mkY4pNLL5qfn6FQrQxTEQlek0Fz9PZHhUMpp6OvOEKuxXPZm4n9eL1XBpZexKEkVjchiUZBypGI0ywENmaBE8akmmAimb0VkjHUQSqdl6hDc5ZdXSbtec89rzm292rgq4ijDMZzAGbhwAQ24gSa0gMAjPMMrvBlPxovxbnwsWktGMXMEf2B8/gDLPJJh</latexit>

1

S

symmetry factor

frozen



Geometry of 
<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

each term represents a negative geometry

<latexit sha1_base64="Lr+wzBnrMGLtSdSBQ1gFiCpiaS0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZQ2Nre2d8q77t7+weFR5fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZW6nieG7ieN6hU/Zq/AFonQUGqUKA5qHz1hwnJBJWGcKx1L/BTE+ZYGUY4nbn9TNMUkwke0Z6lEguqw3xx7gxdWGWI4kTZkgYt1N8TORZaT0VkOwU2Y73qzcX/vF5m4pswZzLNDJVkuSjOODIJmv+OhkxRYvjUEkwUs7ciMsYKE2MTcm0IwerL66RdrwVXNf+hXm3cFnGU4QzO4RICuIYG3EMTWkBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9T8o2X</latexit>

1

<latexit sha1_base64="qcbOhl9gHI1fx63QbxhKaPfnbT8=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZQ2Nre2d8q77t7+weFR5fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZW6nieW3c9b1Cp+jV/AbROgoJUoUBzUPnqDxOSCSoN4VjrXuCnJsyxMoxwOnP7maYpJhM8oj1LJRZUh/ni3Bm6sMoQxYmyJQ1aqL8nciy0norIdgpsxnrVm4v/eb3MxDdhzmSaGSrJclGccWQSNP8dDZmixPCpJZgoZm9FZIwVJsYm5NoQgtWX10m7Xguuav5Dvdq4LeIowxmcwyUEcA0NuIcmtIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx9VeY2Y</latexit>

2
<latexit sha1_base64="6If0qzCVdlJ3k2L12XsEXQDTk5Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKK6LHoxWMF+wFtKJvtpl262Q27G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpuaZkpQptEcqk6EdaUM0GbhhlOO6miOIk4bUfju5nffqJKMykezSSlYYKHgsWMYGOltue5l67n9csVv+rPgVZJUJAKFGj0y1+9gSRZQoUhHGvdDfzUhDlWhhFOp24v0zTFZIyHtGupwAnVYT4/d4rOrTJAsVS2hEFz9fdEjhOtJ0lkOxNsRnrZm4n/ed3MxDdhzkSaGSrIYlGccWQkmv2OBkxRYvjEEkwUs7ciMsIKE2MTcm0IwfLLq6RVqwZXVf+hVqnfFnGU4BTO4AICuIY63EMDmkBgDM/wCm9O6rw4787HonXNKWZO4A+czx9XAI2Z</latexit>

3

<latexit sha1_base64="lNGpzy7RPMOdTa6zTr6ixTfK/AQ=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKi6LHoxWMF+wFtKJvtpl262Q27G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpuaZkpQptEcqk6EdaUM0GbhhlOO6miOIk4bUfju5nffqJKMykezSSlYYKHgsWMYGOltue5l67n9csVv+rPgVZJUJAKFGj0y1+9gSRZQoUhHGvdDfzUhDlWhhFOp24v0zTFZIyHtGupwAnVYT4/d4rOrTJAsVS2hEFz9fdEjhOtJ0lkOxNsRnrZm4n/ed3MxDdhzkSaGSrIYlGccWQkmv2OBkxRYvjEEkwUs7ciMsIKE2MTcm0IwfLLq6RVqwZXVf+hVqnfFnGU4BTO4AICuIY63EMDmkBgDM/wCm9O6rw4787HonXNKWZO4A+czx9Yh42a</latexit>

4
<latexit sha1_base64="MX1emVzl0BD3OvNEvp35Su3dvUw=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJJC0WPRi8cK9gPaUDbbTbt0dxN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZelHKmje9/OxubW9s7u6U9d//g8Oi4fHLa1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSea3M39zhNVmiXy0UxTGgo8kixmBBsrdTzPrbueNyhX/Kq/AFonQUEqUKA5KH/1hwnJBJWGcKx1L/BTE+ZYGUY4nbn9TNMUkwke0Z6lEguqw3xx7gxdWmWI4kTZkgYt1N8TORZaT0VkOwU2Y73qzcX/vF5m4pswZzLNDJVkuSjOODIJmv+OhkxRYvjUEkwUs7ciMsYKE2MTcm0IwerL66Rdqwb1qv9QqzRuizhKcA4XcAUBXEMD7qEJLSAwgWd4hTcndV6cd+dj2brhFDNn8AfO5w9aDo2b</latexit>

5

<latexit sha1_base64="bP4as9squToyxSkHi5KR3bLZOpY=">AAACB3icbVDLSsNAFJ3UV42vqEtBBhuh3ZSkILps68ZlBfuAJpbJdNoOnUzCzEQooTs3/oobF4q49Rfc+TdO2yy09cCFwzn3cu89QcyoVI7zbeTW1jc2t/Lb5s7u3v6BdXjUklEiMGniiEWiEyBJGOWkqahipBMLgsKAkXYwvp757QciJI34nZrExA/RkNMBxUhpqWed2rZZrNVLPepRDlMPIwZr0/u06Jampm33rIJTduaAq8TNSAFkaPSsL68f4SQkXGGGpOy6Tqz8FAlFMSNT00skiREeoyHpaspRSKSfzv+YwnOt9OEgErq4gnP190SKQiknYaA7Q6RGctmbif953UQNrvyU8jhRhOPFokHCoIrgLBTYp4JgxSaaICyovhXiERIIKx2dqUNwl19eJa1K2b0oO7eVQrWexZEHJ+AMFIELLkEV3IAGaAIMHsEzeAVvxpPxYrwbH4vWnJHNHIM/MD5/AOwXlik=</latexit>

(AB)i 2 A(1)

<latexit sha1_base64="eqPhGeaNdkugZVI3E9S96zWWra8=">AAACD3icbVC7TsMwFHXKq4RXgJHFogGVpUoqIRgYSlkYi0QfUlNVjuu0Vh0nsh2kKuofsPArLAwgxMrKxt/gNhmg5UhX9+ice2Xf48eMSuU430ZhZXVtfaO4aW5t7+zuWfsHLRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn745uZ334gQtKI36tJTHohGnIaUIyUlvrWqW2bHkN8yAgsX9fP+m7Wqp7IxCvomLbdt0pOxZkDLhM3JyWQo9G3vrxBhJOQcIUZkrLrOrHqpUgoihmZml4iSYzwGA1JV1OOQiJ76fyeKTzRygAGkdDFFZyrvzdSFEo5CX09GSI1koveTPzP6yYquOyllMeJIhxnDwUJgyqCs3DggAqCFZtogrCg+q8Qj5BAWOkITR2Cu3jyMmlVK+55xbmrlmr1PI4iOALHoAxccAFq4BY0QBNg8AiewSt4M56MF+Pd+MhGC0a+cwj+wPj8AemDmCY=</latexit>

h(AB)1(AB)2i < 0
<latexit sha1_base64="36cxTIgO3Yvk1kxdYSYfO7esvL8=">AAACD3icbVC7TsMwFHV4lvAKMLJYNKCyVEkRgqFDgYWxSPQhNVHluG5r1XEi20Gqov4BC7/CwgBCrKxs/A1ukwFajnR1j865V/Y9QcyoVI7zbSwtr6yurRc2zM2t7Z1da2+/KaNEYNLAEYtEO0CSMMpJQ1HFSDsWBIUBI61gdDP1Ww9ESBrxezWOiR+iAad9ipHSUtc6sW3TY4gPGIGlq+vTbiVrZ57IxCp0TNvuWkWn7MwAF4mbkyLIUe9aX14vwklIuMIMSdlxnVj5KRKKYkYmppdIEiM8QgPS0ZSjkEg/nd0zgcda6cF+JHRxBWfq740UhVKOw0BPhkgN5bw3Ff/zOonqX/op5XGiCMfZQ/2EQRXBaTiwRwXBio01QVhQ/VeIh0ggrHSEpg7BnT95kTQrZfe87NxVirVqHkcBHIIjUAIuuAA1cAvqoAEweATP4BW8GU/Gi/FufGSjS0a+cwD+wPj8AergmCI=</latexit>

h(AB)2(AB)3i < 0

<latexit sha1_base64="t7JcUIV1P98lJYHf/2HWaOHLskI=">AAACD3icbVC7TsMwFHV4lvAKMLJYtKCyVEkFAiGGAgtjkehDaqLKcZ3WquNEtoNURf0DFn6FhQGEWFnZ+BvcJgO0HOnqHp1zr+x7/JhRqWz721hYXFpeWS2smesbm1vb1s5uU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Gbitx6IkDTi92oUEy9EfU4DipHSUtc6KpVMlyHeZwSWr66Pu9WsnbgiEy+hbZZKXatoV+wp4DxxclIEOepd68vtRTgJCVeYISk7jh0rL0VCUczI2HQTSWKEh6hPOppyFBLppdN7xvBQKz0YREIXV3Cq/t5IUSjlKPT1ZIjUQM56E/E/r5Oo4NxLKY8TRTjOHgoSBlUEJ+HAHhUEKzbSBGFB9V8hHiCBsNIRmjoEZ/bkedKsVpzTin1XLdYu8jgKYB8cgDJwwBmogVtQBw2AwSN4Bq/gzXgyXox34yMbXTDynT3wB8bnD+vYmCE=</latexit>

h(AB)2(AB)4i < 0
<latexit sha1_base64="QWwEbBeG3gvvKLtwuNJjbZHM+d8=">AAACD3icbVC7TsMwFHXKq4RXgJHFogWVpUoKCIQYCiyMRaIPqYkqx3Vbq44T2Q5SFfUPWPgVFgYQYmVl429wmwzQcqSre3TOvbLv8SNGpbLtbyO3sLi0vJJfNdfWNza3rO2dhgxjgUkdhywULR9JwigndUUVI61IEBT4jDT94c3Ebz4QIWnI79UoIl6A+pz2KEZKSx3rsFg0XYZ4nxFYuro+6hyn7cQVqXgJbbNY7FgFu2xPAeeJk5ECyFDrWF9uN8RxQLjCDEnZduxIeQkSimJGxqYbSxIhPER90taUo4BIL5neM4YHWunCXih0cQWn6u+NBAVSjgJfTwZIDeSsNxH/89qx6p17CeVRrAjH6UO9mEEVwkk4sEsFwYqNNEFYUP1XiAdIIKx0hKYOwZk9eZ40KmXntGzfVQrViyyOPNgD+6AEHHAGquAW1EAdYPAInsEreDOejBfj3fhIR3NGtrML/sD4/AHtcZgi</latexit>

h(AB)3(AB)4i < 0
<latexit sha1_base64="xmlArii9YtRJjQm4P7tXRb36lIU=">AAACD3icbVC7TsMwFHXKq4RXgJHFogWVpUoqKhBiKLAwFok+pCaKHNdtrTpOZDtIVdU/YOFXWBhAiJWVjb/BbTJAy5Gu7tE598q+J4gZlcq2v43c0vLK6lp+3dzY3NresXb3mjJKBCYNHLFItAMkCaOcNBRVjLRjQVAYMNIKhjdTv/VAhKQRv1ejmHgh6nPaoxgpLfnWcbFougzxPiOwdHV94p+mreqKVLyEtlks+lbBLtszwEXiZKQAMtR968vtRjgJCVeYISk7jh0rb4yEopiRiekmksQID1GfdDTlKCTSG8/umcAjrXRhLxK6uIIz9ffGGIVSjsJAT4ZIDeS8NxX/8zqJ6p17Y8rjRBGO04d6CYMqgtNwYJcKghUbaYKwoPqvEA+QQFjpCE0dgjN/8iJpVspOtWzfVQq1iyyOPDgAh6AEHHAGauAW1EEDYPAInsEreDOejBfj3fhIR3NGtrMP/sD4/AHwnJgk</latexit>

h(AB)4(AB)5i < 0

not Amplituhedron, some other geometry
then we integrate over 

<latexit sha1_base64="7OlIqQOQokrSnkwhpjMzV+xiBkg=">AAACCnicbVDLSsNAFJ3UV42vqEs30UaoICWpFsVV1Y3LCvYBbQiT6aQdOpmEmYlQStdu/BU3LhRx6xe482+cJllo9cJwDufcy517/JgSIW37SyssLC4trxRX9bX1jc0tY3unJaKEI9xEEY14x4cCU8JwUxJJcSfmGIY+xW1/dD3z2/eYCxKxOzmOsRvCASMBQVAqyTP2LUsvX14dedXjFE4yOM2gpluWZ5Tsip2W+Zc4OSmBvBqe8dnrRygJMZOIQiG6jh1LdwK5JIjiqd5LBI4hGsEB7irKYIiFO0lPmZqHSumbQcTVY9JM1Z8TExgKMQ591RlCORTz3kz8z+smMjh3J4TFicQMZYuChJoyMme5mH3CMZJ0rAhEnKi/mmgIOURSpaerEJz5k/+SVrXi1Cr2bbVUv8jjKII9cADKwAFnoA5uQAM0AQIP4Am8gFftUXvW3rT3rLWg5TO74FdpH9/y15Sx</latexit>

(AB)2, (AB)3, (AB)4, (AB)5

result is a IR finite function of the cross-ratio <latexit sha1_base64="3q8TU4jg1IR+E1MO23b0SzPOvMQ=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU8OKxgm2FNpTNdtMu3WyW3Y1QQ3+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF0nOtPH9b6e0tr6xuVXednd29/YPKodHbZ1mitAWSXmqHiKsKWeCtgwznD5IRXEScdqJxjczv/NIlWapuDcTScMEDwWLGcHGSh3Pc59cz+tXqn7NnwOtkqAgVSjQ7Fe+eoOUZAkVhnCsdTfwpQlzrAwjnE7dXqapxGSMh7RrqcAJ1WE+P3eKzqwyQHGqbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYmvwpwJmRkqyGJRnHFkUjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJu14LLmr+Xb3auC7iKMMJnMI5BHAJDbiFJrSAwBie4RXeHOm8OO/Ox6K15BQzx/AHzucPwQmN2A==</latexit>z

no obvious physical interpretation

one of 5-loop 
contributions

L = number of 
vertices in 

the diagram

new
expansion



Low loop examples

Tree-level
<latexit sha1_base64="kgEtN4AQpO1g5gITD5+TE6ucXkI=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8KBS8eK9gPaEPZbDft0s0m7m6EEvonvHhQxKt/x5v/xm2ag7Y+GHi8N8PMvCDhTGnX/bZKa+sbm1vlbXtnd2//oHJ41FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLmd+50nKhWLxYOeJtSP8EiwkBGsjdR1HPvGsx1nUKm6NTcHWiVeQapQoDmofPWHMUkjKjThWKme5ybaz7DUjHA6s/upogkmEzyiPUMFjqjys/zeGTozyhCFsTQlNMrV3xMZjpSaRoHpjLAeq2VvLv7n9VIdXvkZE0mqqSCLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwll9eJe16zbuouff1auO6iKMMJ3AK5+DBJTTgDprQAgIcnuEV3qxH68V6tz4WrSWrmDmGP7A+fwDUzo3Y</latexit>

= 1

One-loop

Two-loops <latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>)
simple “tree”
 geometries

complicated
“one-loop” 
geometry

<latexit sha1_base64="aYfq38cQSzxyYdmoDwBkbZIsN2c=">AAACF3icbVDJSgNBEO2JWxy3UY9eGhNBEMPMgOhBIeDFYwSzQGYSejo9SZOehe4aIYb8hRd/xYsHRbzqzb+xsxw08UHB470qquoFqeAKbPvbyC0tr6yu5dfNjc2t7R1rd6+mkkxSVqWJSGQjIIoJHrMqcBCskUpGokCwetC/Hvv1eyYVT+I7GKTMj0g35iGnBLTUtkrFonmFT7EXSkId1xMshKaX8pZ74omk23IfsCd5twd+yzWLxbZVsEv2BHiRODNSQDNU2taX10loFrEYqCBKNR07BX9IJHAq2Mj0MsVSQvuky5qaxiRiyh9O/hrhI610cJhIXTHgifp7YkgipQZRoDsjAj01743F/7xmBuGFP+RxmgGL6XRRmAkMCR6HhDtcMgpioAmhkutbMe0RnRDoKE0dgjP/8iKpuSXnrGTfuoXy5SyOPDpAh+gYOegcldENqqAqougRPaNX9GY8GS/Gu/Exbc0Zs5l99AfG5w/Z+Zyd</latexit>

= �1

2

⇥
⇡2 + log2 z

⇤2

<latexit sha1_base64="yF5m7mWYBnztX3mtk7Eqj11iAbQ="></latexit>

= � 1

12

⇥
⇡2 + log2 z

⇤
⇥

⇥
5⇡2 + log2 z

⇤

<latexit sha1_base64="+6zBUJ2tZZHdSViXGtMVl4xmioQ=">AAACDHicbVDLSsNAFJ34rPFVdelmsBUEoSQB0YVCwY3LCvYBSVom00k6dPJg5kaopR/gxl9x40IRt36AO//G6WOhrQcGDuecy517gkxwBZb1bSwtr6yurRc2zM2t7Z3d4t5+Q6W5pKxOU5HKVkAUEzxhdeAgWCuTjMSBYM2gfz32m/dMKp4mdzDImB+TKOEhpwS01CmWymXzCnuCheB6GW87p55Io7bzgD3Jox74ZrmsU1bFmgAvEntGSmiGWqf45XVTmscsASqIUq5tZeAPiQROBRuZXq5YRmifRMzVNCExU/5wcswIH2uli8NU6pcAnqi/J4YkVmoQBzoZE+ipeW8s/ue5OYQX/pAnWQ4sodNFYS4wpHjcDO5yySiIgSaESq7/immPSEJB92fqEuz5kxdJw6nYZxXr1ilVL2d1FNAhOkInyEbnqIpuUA3VEUWP6Bm9ojfjyXgx3o2PaXTJmM0coD8wPn8A4XCY9w==</latexit>

=
⇥
⇡2 + log2 z

⇤

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>)



“Ladder” expansion

✤ To determine the integrand and integrate an arbitrary 
negative geometry form is complicated

✤ We approximate              by the simplest geometries

✤ Property of the integrand: Laplace operator acting on 
subgraph

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

in dual variables



Closed formula for “ladders”

✤ Applying this operation on                      we get

✤ Weak coupling: only consider a small subset of diagrams

✤ Strong coupling: 

which is solved by
<latexit sha1_base64="3WGPNly9NNTqUcZ/ch2Y6qB/Omg="></latexit>

Fladder(g, z) =
cos(

p
2g log z)

cosh(
p
2g⇡)

<latexit sha1_base64="wN/1FwaRTgfDUbqH1U16WQMC6PI="></latexit>

1

2
(z@z)2Fladder(g, z) + g2Fladder(g, z) = 0

satisfying certain 
boundary conditions

<latexit sha1_base64="qZfPNdjQRfvdyT3wreXkEVSYw2k=">AAACCXicbVDLSsNAFJ3UV42vqEs3g41QQUpSEF24KAjisoJ9QBPCZDJph04ezEyEGrJ146+4caGIW//AnX/jtM1CqwcuHM65l3vv8VNGhbSsL62ytLyyulZd1zc2t7Z3jN29rkgyjkkHJyzhfR8JwmhMOpJKRvopJyjyGen548up37sjXNAkvpWTlLgRGsY0pBhJJXkGNE09dzBi8KrwcodHkKEgILyoD0/uj3XT9Iya1bBmgH+JXZIaKNH2jE8nSHAWkVhihoQY2FYq3RxxSTEjhe5kgqQIj9GQDBSNUUSEm88+KeCRUgIYJlxVLOFM/TmRo0iISeSrzgjJkVj0puJ/3iCT4bmb0zjNJInxfFGYMSgTOI0FBpQTLNlEEYQ5VbdCPEIcYanC01UI9uLLf0m32bBPG9ZNs9a6KOOoggNwCOrABmegBa5BG3QABg/gCbyAV+1Re9betPd5a0UrZ/bBL2gf3/wql/E=</latexit>

Fladder(g, z)

but the exact result behaves as 
<latexit sha1_base64="+rqwq7/pjEA7fTHAsu9jZ7tQ58I="></latexit>

F(g, z) ⇠ g + 1 +O

✓
1

g

◆

Liouville-type 
equation



Resummation of all “trees”

✤ Consider a collection of all “tree” negative geometries

✤ Same differential operator: solve

<latexit sha1_base64="jgmJ9xpTvQDAzAXgmTBB5Nxv/Ck=">AAACB3icbVDLSgNBEJyNr7i+oh4FGcwKESTsBkQPHgKCeIxgHpANYXbSmwyZfTAzK8QlNy/+ihcPinj1F7z5N06SPWhiQUNR1U13lxdzJpVtfxu5peWV1bX8urmxubW9U9jda8goERTqNOKRaHlEAmch1BVTHFqxABJ4HJre8GriN+9BSBaFd2oUQycg/ZD5jBKlpW7h0LLM1KWE4+txN3VFgJUAGJf6pw8npmV1C0W7bE+BF4mTkSLKUOsWvtxeRJMAQkU5kbLt2LHqpEQoRjmMTTeREBM6JH1oaxqSAGQnnf4xxsda6WE/ErpChafq74mUBFKOAk93BkQN5Lw3Ef/z2onyLzopC+NEQUhni/yEYxXhSSi4xwRQxUeaECqYvhXTARGEKh2dqUNw5l9eJI1K2Tkr27eVYvUyiyOPDtARKiEHnaMqukE1VEcUPaJn9IrejCfjxXg3PmatOSOb2Ud/YHz+AH/dlyE=</latexit>

Ftree(g, z)

As it turns out this is still easily computable



Strong coupling expansion

✤ Expand the result at strong coupling
<latexit sha1_base64="1b1C+aWTrS0Mvdpoa86dFFD7APU="></latexit>

Ftree(g, z) = �
z

(1 + z)2
+O

✓
1

g

◆

in comparison to the exact result
<latexit sha1_base64="aBPrx7OrDEatrNsbhsRm/2w/Eks="></latexit>

F(g, z) = g
z

(z � 1)3
[2(1� z) + (z + 1) log z] + · · ·+O

✓
1

g

◆

Our “tree” approximation misses the leading term
but does have          expansion at strong coupling

<latexit sha1_base64="13NTyxHJxzggCxQINUFJAM8YQbA=">AAAB8HicbVA9SwNBEJ2LX/H8ilraLOYEq3gXEC0sAjaWEcyHJEfY2+wlS3b3jt09IYT8ChsLRWz9OXb+GzfJFZr4YODx3gwz86KUM218/9sprK1vbG4Vt92d3b39g9LhUVMnmSK0QRKeqHaENeVM0oZhhtN2qigWEaetaHQ781tPVGmWyAczTmko8ECymBFsrPToeW5wMXA9r1cq+xV/DrRKgpyUIUe9V/rq9hOSCSoN4VjrTuCnJpxgZRjhdOp2M01TTEZ4QDuWSiyoDifzg6fozCp9FCfKljRorv6emGCh9VhEtlNgM9TL3kz8z+tkJr4OJ0ymmaGSLBbFGUcmQbPvUZ8pSgwfW4KJYvZWRIZYYWJsRq4NIVh+eZU0q5XgsuLfV8u1mzyOIpzAKZxDAFdQgzuoQwMICHiGV3hzlPPivDsfi9aCk88cwx84nz+CZI47</latexit>

1/g



✤ Gamma cusp controls the leading IR divergence

✤ Can be also extracted from            

<latexit sha1_base64="49LTOgIIrrxPGheHcxKDnOrAm4o="></latexit>

�cusp(g) =
X

L�1

g2L�(L)
cusp

(Alday, Henn, Sikorowski, 2013)
(Henn, Korchemsky, Mistlberger 2019)

Gamma cusp

Exact result from 
integrability

(Beisert, Eden, Staudacher, 2006)

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)
(Arkani-Hamed, Henn, JT, 2021)

qualitatively correct
behavior at 

strong coupling

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1



Loops of loops expansion

✤ The geometry suggests to add one more parameter

<latexit sha1_base64="ZVtjMKkt1CPeNScVRAdxYOk/JWQ=">AAACA3icbVDLSsNAFJ34rPEVdaebwUaoUEpSEEUQCoK4rGAf0IQymU7aoZNJmJmINRTc+CtuXCji1p9w5984fSy09cCFwzn3cu89QcKoVI7zbSwsLi2vrObWzPWNza1ta2e3LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gfznyG3dESBrzWzVIiB+hLqchxUhpqW3t27aZeRgxeDUsdIsPRe+eHsMLaNp228o7JWcMOE/cKcmDKapt68vrxDiNCFeYISlbrpMoP0NCUczI0PRSSRKE+6hLWppyFBHpZ+MfhvBIKx0YxkIXV3Cs/p7IUCTlIAp0Z4RUT856I/E/r5Wq8MzPKE9SRTieLApTBlUMR4HADhUEKzbQBGFB9a0Q95BAWOnYTB2CO/vyPKmXS+5Jybkp5yvn0zhy4AAcggJwwSmogGtQBTWAwSN4Bq/gzXgyXox342PSumBMZ/bAHxifP/cTlHs=</latexit>

F(g, z, ⇠) =

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(
<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

<latexit sha1_base64="XRODTvADdzveHGy1Ukex7MGyJv8=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIIqnghePFewHpKFstpt26SYbdjdiCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphyprTrflultfWNza3ytr2zu7d/UDk8aiuRSUJbRHAhuyFWlLOEtjTTnHZTSXEcctoJx7czv/NIpWIiedCTlAYxHiYsYgRrI/mOY1+g3hOzHadfqbo1dw60SryCVKFAs1/56g0EyWKaaMKxUr7npjrIsdSMcDq1e5miKSZjPKS+oQmOqQry+clTdGaUAYqENJVoNFd/T+Q4VmoSh6Yzxnqklr2Z+J/nZzq6DnKWpJmmCVksijKOtECz/9GASUo0nxiCiWTmVkRGWGKiTUq2CcFbfnmVtOs177Lm3terjZsijjKcwCmcgwdX0IA7aEILCAh4hld4s7T1Yr1bH4vWklXMHMMfWJ8/9NmPDg==</latexit>

+⇠

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="xYxhGrdRIjQEWKKOCtuURhp3AlM=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxUYQhJIURPFU8OKxgv2ANpbNdtMu3Wzi7qZYQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZFyScKe2639bK6tr6xmZhy97e2d3bLx4cNlScSkLrJOaxbAVYUc4ErWumOW0lkuIo4LQZDG+mfnNEpWKxuNfjhPoR7gsWMoK1kXzHsc9R54k9VGzH6RZLbtmdAS0TLyclyFHrFr86vZikERWacKxU23MT7WdYakY4ndidVNEEkyHu07ahAkdU+dns6Ak6NUoPhbE0JTSaqb8nMhwpNY4C0xlhPVCL3lT8z2unOrzyMyaSVFNB5ovClCMdo2kCqMckJZqPDcFEMnMrIgMsMdEmJ9uE4C2+vEwalbJ3UXbvKqXqdR5HAY7hBM7Ag0uowi3UoA4EHuEZXuHNGlkv1rv1MW9dsfKZI/gD6/MHHuuPsg==</latexit>

+⇠2

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(
<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

<latexit sha1_base64="S5NzI5Qnd1FDU0wD5LuCOfhN0xE=">AAAB+3icbVBNS8NAEJ34WeNXrEcvq63gqSQFUTwVvHisYD+gDWWz3bRLN5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7t2Lt7+weHzlG5reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gcjvzO49UKhaLBz1NqB/hkWAhI1gbaeCUq1W7H0pMMi/P6qe5Xa0OnIpbc+dAq8QrSAUKNAfOV38YkzSiQhOOlep5bqL9DEvNCKe53U8VTTCZ4BHtGSpwRJWfzW/P0blRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eL9XhtZ8xkaSaCrJYFKYc6RjNgkBDJinRfGoIJpKZWxEZY5OENnHZJgRv+eVV0q7XvMuae1+vNG6KOEpwAmdwAR5cQQPuoAktIPAEz/AKb1ZuvVjv1seidc0qZo7hD6zPH/Plkmk=</latexit>

1

2!

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(
<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

physical case: <latexit sha1_base64="RombNWBxWfrQaOfRCz6U94l7l+U=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURBGEghePFewHtKFstpt26WYTdzfFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKa+sbm1vFbXtnd2//oHR41FRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLqd+a0xlYrF4kFPEupHeCBYyAjWRvIdx+4+MXSDPNtxeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/8jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVNz7arl2ncdRhBM4hXPw4BJqcAd1aACBR3iGV3izxtaL9W59LFoLVj5zDH9gff4A25WPhQ==</latexit>

⇠ = 1

we expand around <latexit sha1_base64="xMBzxCEeD0z9UdtNt/v8p78f+tY=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURBGEghePFewHtKFstpt26WYTdzfFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKa+sbm1vFbXtnd2//oHR41FRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLqd+a0xlYrF4kFPEupHeCBYyAjWRvIdx+4+MXSDXNtxeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/8jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVNz7arl2ncdRhBM4hXPw4BJqcAd1aACBR3iGV3izxtaL9W59LFoLVj5zDH9gff4A2g6PhA==</latexit>

⇠ = 0

<latexit sha1_base64="7fhWFKEJJIq60V7snqJiyLqXGxg=">AAAB9XicbVDLSsNAFL2prxpfVZduBhuhLixJQBRXBTcuK9gHtGmZTCft0MmDmYlSQv/DjQtF3Pov7vwbp20W2nrgwuGce7n3Hj/hTCrb/jYKa+sbm1vFbXNnd2//oHR41JRxKghtkJjHou1jSTmLaEMxxWk7ERSHPqctf3w781uPVEgWRw9qklAvxMOIBYxgpaWeZZkXlWHPPe+5pmX1S2W7as+BVomTkzLkqPdLX91BTNKQRopwLGXHsRPlZVgoRjidmt1U0gSTMR7SjqYRDqn0svnVU3SmlQEKYqErUmiu/p7IcCjlJPR1Z4jVSC57M/E/r5Oq4NrLWJSkikZksShIOVIxmkWABkxQovhEE0wE07ciMsICE6WDMnUIzvLLq6TpVp3Lqn3vlms3eRxFOIFTqIADV1CDO6hDAwgIeIZXeDOejBfj3fhYtBaMfOYY/sD4/AEodo+p</latexit>

�(g2)2
<latexit sha1_base64="byhyifaYRUCY5u+horGkUHNILV8=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LDZCRShJRRRPBS8eK9gPaNOy2W7bpZtN2N0oJfR/ePGgiFf/izf/jds2B60+GHi8N8PMvCDmTGnX/bJyK6tr6xv5TXtre2d3r7B/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmML6Z+c0HKhWLxL2exNQP8VCwASNYG6nrOPZZaditnHbPbcfpFYpu2Z0D/SVeRoqQodYrfHb6EUlCKjThWKm258baT7HUjHA6tTuJojEmYzykbUMFDqny0/nVU3RilD4aRNKU0Giu/pxIcajUJAxMZ4j1SC17M/E/r53owZWfMhEnmgqyWDRIONIRmkWA+kxSovnEEEwkM7ciMsISE22Csk0I3vLLf0mjUvYuyu5dpVi9zuLIwxEcQwk8uIQq3EIN6kBAwhO8wKv1aD1bb9b7ojVnZTOH8AvWxzcm4Y+o</latexit>

+(g2)3

<latexit sha1_base64="byhyifaYRUCY5u+horGkUHNILV8=">AAAB9XicbVBNS8NAEJ3Urxq/qh69LDZCRShJRRRPBS8eK9gPaNOy2W7bpZtN2N0oJfR/ePGgiFf/izf/jds2B60+GHi8N8PMvCDmTGnX/bJyK6tr6xv5TXtre2d3r7B/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmML6Z+c0HKhWLxL2exNQP8VCwASNYG6nrOPZZaditnHbPbcfpFYpu2Z0D/SVeRoqQodYrfHb6EUlCKjThWKm258baT7HUjHA6tTuJojEmYzykbUMFDqny0/nVU3RilD4aRNKU0Giu/pxIcajUJAxMZ4j1SC17M/E/r53owZWfMhEnmgqyWDRIONIRmkWA+kxSovnEEEwkM7ciMsISE22Csk0I3vLLf0mjUvYuyu5dpVi9zuLIwxEcQwk8uIQq3EIN6kBAwhO8wKv1aD1bb9b7ojVnZTOH8AvWxzcm4Y+o</latexit>

+(g2)3



Comparison of expansions

<latexit sha1_base64="GBUuXq6G5OMPNG50Nahk1cCxVA0=">AAACAnicbVDLSsNAFJ34rPEVdSVuBhuhQilJQRRBKAjisoJ9QBPKZDpph04mYWYi1lDc+CtuXCji1q9w5984fSy09cCFwzn3cu89QcKoVI7zbSwsLi2vrObWzPWNza1ta2e3LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gfznyG3dESBrzWzVIiB+hLqchxUhpqW3t27aZeRgxeDUsdIsPRe+eXrjHpm23rbxTcsaA88SdkjyYotq2vrxOjNOIcIUZkrLlOonyMyQUxYwMTS+VJEG4j7qkpSlHEZF+Nn5hCI+00oFhLHRxBcfq74kMRVIOokB3Rkj15Kw3Ev/zWqkKz/yM8iRVhOPJojBlUMVwlAfsUEGwYgNNEBZU3wpxDwmElU7N1CG4sy/Pk3q55J6UnJtyvnI+jSMHDsAhKAAXnIIKuAZVUAMYPIJn8ArejCfjxXg3PiatC8Z0Zg/8gfH5A7TQlGI=</latexit>

F(g, z, ⇠ = 1)

Perturbative expansion: for generic     and   <latexit sha1_base64="3q8TU4jg1IR+E1MO23b0SzPOvMQ=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU8OKxgm2FNpTNdtMu3WyW3Y1QQ3+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF0nOtPH9b6e0tr6xuVXednd29/YPKodHbZ1mitAWSXmqHiKsKWeCtgwznD5IRXEScdqJxjczv/NIlWapuDcTScMEDwWLGcHGSh3Pc59cz+tXqn7NnwOtkqAgVSjQ7Fe+eoOUZAkVhnCsdTfwpQlzrAwjnE7dXqapxGSMh7RrqcAJ1WE+P3eKzqwyQHGqbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYmvwpwJmRkqyGJRnHFkUjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJu14LLmr+Xb3auC7iKMMJnMI5BHAJDbiFJrSAwBie4RXeHOm8OO/Ox6K15BQzx/AHzucPwQmN2A==</latexit>z
<latexit sha1_base64="RombNWBxWfrQaOfRCz6U94l7l+U=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURBGEghePFewHtKFstpt26WYTdzfFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKa+sbm1vFbXtnd2//oHR41FRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLqd+a0xlYrF4kFPEupHeCBYyAjWRvIdx+4+MXSDPNtxeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/8jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVNz7arl2ncdRhBM4hXPw4BJqcAd1aACBR3iGV3izxtaL9W59LFoLVj5zDH9gff4A25WPhQ==</latexit>

⇠ = 1

Near collinear expansion: for generic     and   

<latexit sha1_base64="06Q8bKgwC6o7Kxq4sofWOs1JS8I=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKCKIJQ8OKxgv2ANpTNdtMu3eyG3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6WcaeP7387a+sbm1nZpx93d2z84LB8dt7TMFKFNIrlUnQhrypmgTcMMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUtvz3FvX8/rlil/150CrJChIBQo0+uWv3kCSLKHCEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VOCE6jCfnztF51YZoFgqW8Kgufp7IseJ1pMksp0JNiO97M3E/7xuZuLrMGcizQwVZLEozjgyEs1+RwOmKDF8YgkmitlbERlhhYmxCbk2hGD55VXSqlWDy6r/UKvUb4o4SnAKZ3ABAVxBHe6hAU0gMIZneIU3J3VenHfnY9G65hQzJ/AHzucPY96Nmw==</latexit>= <latexit sha1_base64="FE/EE2cPPJ0lNt8L+Dmiv8iRWKw=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiOKp4MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N536i0sbm1vVPedfb2Dw6PKscnbZ1kirIWTUSiuiHRTHDJWoYbwbqpYiQOBeuEk7u533liSvNEPpppyoKYjCSPOCXGSh3XdUaO6w4qVa/mLYDXiV+QKhRoDipf/WFCs5hJQwXRuud7qQlyogyngs2cfqZZSuiEjFjPUklipoN8ce4MX1hliKNE2ZIGL9TfEzmJtZ7Goe2MiRnrVW8u/uf1MhPdBDmXaWaYpMtFUSawSfD8dzzkilEjppYQqri9FdMxUYQam5BjQ/BXX14n7XrNv6p5D/Vq47aIowxncA6X4MM1NOAemtACChN4hld4Qyl6Qe/oY9laQsXMKfwB+vwBpASNxQ==</latexit>g

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(
<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

<latexit sha1_base64="srW1evVspbrBLGk3G83mA4ekm9w=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCIJSkUBRPBS8eK9gPbGPZbDft0s0m7G6EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKa+sbm1vFbXtnd2//oHR41FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2ML6Z+e0nKhWLxb2eJNSP8FCwkBGsjfTgOPbF8LFqO06/VHYr7hxolXg5KUOORr/01RvEJI2o0IRjpbqem2g/w1IzwunU7qWKJpiM8ZB2DRU4osrP5hdP0ZlRBiiMpSmh0Vz9PZHhSKlJFJjOCOuRWvZm4n9eN9XhlZ8xkaSaCrJYFKYc6RjN3kcDJinRfGIIJpKZWxEZYYmJNiHZJgRv+eVV0qpWvFrFvauW69d5HEU4gVM4Bw8uoQ630IAmEBDwDK/wZinrxXq3PhatBSufOYY/sD5/ADM4jp4=</latexit>

+g2
<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>(

<latexit sha1_base64="35+FIxZ2C6Yp9/bJnSG8pVq3gwA=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU9OKxgq2FJpTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6acKe2631ZpbX1jc6u8be/s7u0fVA6P2irJJKEtkvBEdkKsKGeCtjTTnHZSSXEccvoYjm5n/uOYSsUS8aAnKQ1iPBAsYgRrIwWOY/s3bDDwc9txepWqW3PnQKvEK0gVCjR7lS+/n5AspkITjpXqem6qgxxLzQinU9vPFE0xGeEB7RoqcExVkM+PnqIzo/RRlEhTQqO5+nsix7FSkzg0nTHWQ7XszcT/vG6mo6sgZyLNNBVksSjKONIJmiWA+kxSovnEEEwkM7ciMsQSE21ysk0I3vLLq6Rdr3kXNfe+Xm1cF3GU4QRO4Rw8uIQG3EETWkDgCZ7hFd6ssfVivVsfi9aSVcwcwx9Ynz8C0ZBG</latexit>

(

<latexit sha1_base64="FE/EE2cPPJ0lNt8L+Dmiv8iRWKw=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiOKp4MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N536i0sbm1vVPedfb2Dw6PKscnbZ1kirIWTUSiuiHRTHDJWoYbwbqpYiQOBeuEk7u533liSvNEPpppyoKYjCSPOCXGSh3XdUaO6w4qVa/mLYDXiV+QKhRoDipf/WFCs5hJQwXRuud7qQlyogyngs2cfqZZSuiEjFjPUklipoN8ce4MX1hliKNE2ZIGL9TfEzmJtZ7Goe2MiRnrVW8u/uf1MhPdBDmXaWaYpMtFUSawSfD8dzzkilEjppYQqri9FdMxUYQam5BjQ/BXX14n7XrNv6p5D/Vq47aIowxncA6X4MM1NOAemtACChN4hld4Qyl6Qe/oY9laQsXMKfwB+vwBpASNxQ==</latexit>g
<latexit sha1_base64="RombNWBxWfrQaOfRCz6U94l7l+U=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURBGEghePFewHtKFstpt26WYTdzfFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKa+sbm1vFbXtnd2//oHR41FRxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLqd+a0xlYrF4kFPEupHeCBYyAjWRvIdx+4+MXSDPNtxeqWyW3HnQKvEy0kZctR7pa9uPyZpRIUmHCvV8dxE+xmWmhFOp3Y3VTTBZIQHtGOowBFVfjY/eorOjNJHYSxNCY3m6u+JDEdKTaLAdEZYD9WyNxP/8zqpDq/8jIkk1VSQxaIw5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJyTYheMsvr5JmteJdVNz7arl2ncdRhBM4hXPw4BJqcAd1aACBR3iGV3izxtaL9W59LFoLVj5zDH9gff4A25WPhQ==</latexit>

⇠ = 1

(if the OPE can be run for our object… probably yes)

Negative geometry expansion: for generic     and   <latexit sha1_base64="FE/EE2cPPJ0lNt8L+Dmiv8iRWKw=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiOKp4MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N536i0sbm1vVPedfb2Dw6PKscnbZ1kirIWTUSiuiHRTHDJWoYbwbqpYiQOBeuEk7u533liSvNEPpppyoKYjCSPOCXGSh3XdUaO6w4qVa/mLYDXiV+QKhRoDipf/WFCs5hJQwXRuud7qQlyogyngs2cfqZZSuiEjFjPUklipoN8ce4MX1hliKNE2ZIGL9TfEzmJtZ7Goe2MiRnrVW8u/uf1MhPdBDmXaWaYpMtFUSawSfD8dzzkilEjppYQqri9FdMxUYQam5BjQ/BXX14n7XrNv6p5D/Vq47aIowxncA6X4MM1NOAemtACChN4hld4Qyl6Qe/oY9laQsXMKfwB+vwBpASNxQ==</latexit>g <latexit sha1_base64="3q8TU4jg1IR+E1MO23b0SzPOvMQ=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURPFU8OKxgm2FNpTNdtMu3WyW3Y1QQ3+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF0nOtPH9b6e0tr6xuVXednd29/YPKodHbZ1mitAWSXmqHiKsKWeCtgwznD5IRXEScdqJxjczv/NIlWapuDcTScMEDwWLGcHGSh3Pc59cz+tXqn7NnwOtkqAgVSjQ7Fe+eoOUZAkVhnCsdTfwpQlzrAwjnE7dXqapxGSMh7RrqcAJ1WE+P3eKzqwyQHGqbAmD5urviRwnWk+SyHYm2Iz0sjcT//O6mYmvwpwJmRkqyGJRnHFkUjT7HQ2YosTwiSWYKGZvRWSEFSbGJuTaEILll1dJu14LLmr+Xb3auC7iKMMJnMI5BHAJDbiFJrSAwBie4RXeHOm8OO/Ox6K15BQzx/AHzucPwQmN2A==</latexit>z

<latexit sha1_base64="06Q8bKgwC6o7Kxq4sofWOs1JS8I=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKCKIJQ8OKxgv2ANpTNdtMu3eyG3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6WcaeP7387a+sbm1nZpx93d2z84LB8dt7TMFKFNIrlUnQhrypmgTcMMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUtvz3FvX8/rlil/150CrJChIBQo0+uWv3kCSLKHCEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VOCE6jCfnztF51YZoFgqW8Kgufp7IseJ1pMksp0JNiO97M3E/7xuZuLrMGcizQwVZLEozjgyEs1+RwOmKDF8YgkmitlbERlhhYmxCbk2hGD55VXSqlWDy6r/UKvUb4o4SnAKZ3ABAVxBHe6hAU0gMIZneIU3J3VenHfnY9G65hQzJ/AHzucPY96Nmw==</latexit>=

(if we can resum a certain class of diagrams like we did for trees)



Summary & Outlook



Summary

✤ Our first attempt to use the Amplituhedron picture for planar 
N=4 SYM amplitudes for resummation and strong coupling.

✤ We considered an IR finite object               derived from the 
logarithm of the amplitude (freezing one loop, integrate others)

✤ New expansion in terms of negative geometries and organization 
using “loop of loops”. We solved for                at for “trees”

✤ Extracted gamma cusp, expanded at strong coupling and 
compared to the exact result                : surprisingly good behavior

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

<latexit sha1_base64="n9W1gaGJWWf4fXb7jajELmMKCbc=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQXThoiCIywr2AW0ok+mkHTp5MDMRaqi/4saFIm79EHf+jdM2C60euHA4517uvcdPOJPKcb6Mwsrq2vpGcdPc2t7Z3bP2D1oyTgWhTRLzWHR8LClnEW0qpjjtJILi0Oe07Y+vZn77ngrJ4uhOTRLqhXgYsYARrLTUt0q2bWY9gjm6nlaGpw8npm33rbJTdeZAf4mbkzLkaPStz94gJmlII0U4lrLrOonyMiwUI5xOzV4qaYLJGA9pV9MIh1R62fz4KTrWygAFsdAVKTRXf05kOJRyEvq6M8RqJJe9mfif101VcOFlLEpSRSOyWBSkHKkYzZJAAyYoUXyiCSaC6VsRGWGBidJ5mToEd/nlv6RVq7pnVee2Vq5f5nEU4RCOoAIunEMdbqABTSAwgSd4gVfj0Xg23oz3RWvByGdK8AvGxzflhZJR</latexit>

F(g, z)

<latexit sha1_base64="fV8Yg9sW5TOobBZ33OSdbgsapIo=">AAACBXicbVDLSsNAFJ3UV42vqEtdDDZC3ZSkILpwUXChywr2AU0Ik+m0HTqThJmJUEI2bvwVNy4Uces/uPNvnLZZaOuBC4dz7uXee8KEUakc59sorayurW+UN82t7Z3dPWv/oC3jVGDSwjGLRTdEkjAakZaiipFuIgjiISOdcHw99TsPREgaR/dqkhCfo2FEBxQjpaXAOrZtM/NuEOcoDzJPcIhTmeTV4Zlp24FVcWrODHCZuAWpgALNwPry+jFOOYkUZkjKnuskys+QUBQzkpteKkmC8BgNSU/TCHEi/Wz2RQ5PtdKHg1joihScqb8nMsSlnPBQd3KkRnLRm4r/eb1UDS79jEZJqkiE54sGKYMqhtNIYJ8KghWbaIKwoPpWiEdIIKx0cKYOwV18eZm06zX3vObc1SuNqyKOMjgCJ6AKXHABGuAWNEELYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QOxe5a/</latexit>

�cusp(g)



✤ Can we restore                       behavior at strong coupling? 
Calculate subleading one-loop negative geometries: integrands 
known, need to integrate or find a differential equation… 

✤ Higher points, richer analytic structure even at lower loops

✤ Deformed negative geometries: relation to integrability?

✤ General negative geometries, IR divergencies, applications

✤ Strong coupling geometry? Emergence of strings?

Outlook

<latexit sha1_base64="sJkFCkvnv571c5xfTbt3BrKNeNw=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZCBSlJQXThoiCIywr2AU0ok+mkHTqThJmJUEPBjb/ixoUibv0Jd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFpeWV1bXiurmxubW9Y+3uNWWcCkwaOGaxaAdIEkYj0lBUMdJOBEE8YKQVDK8mfuueCEnj6E6NEuJz1I9oSDFSWupaB7ZtZh5GDF6Py/3ThxPoScph37TtrlVyKs4UcJG4OSmBHPWu9eX1YpxyEinMkJQd10mUnyGhKGZkbHqpJAnCQ9QnHU0jxIn0s+kPY3islR4MY6ErUnCq/p7IEJdyxAPdyZEayHlvIv7ndVIVXvgZjZJUkQjPFoUpgyqGk0BgjwqCFRtpgrCg+laIB0ggrHRspg7BnX95kTSrFfes4txWS7XLPI4iOARHoAxccA5q4AbUQQNg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A5LilOM=</latexit>

F(g, z) ⇠ g

(Arkani-Hamed, Chicherin, Henn, JT, in progress)

(Arkani-Hamed, Henn, JT, in progress)

(Arkani-Hamed, Henn, JT, in progress)

(Brown, Oktem, Paranjape, JT, in progress)



Thank you!


