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Introduction

The first instances of four-dimensional pure N = 4
supergravities were constructed almost 50 years ago by [Das
(1977), Cremmer and Scherk (1977), Cremmer, Scherk and
Ferrara (1978), Freedman and Schwarz (1978)].
The coupling of N = 4 supergravity to vector multiplets, as
well as some of its gaugings, were analyzed a few years later,
by [de Roo (1985), Bergshoeff, Koh and Sezgin (1985), de
Roo and Wagemans (1985), Perret (1988)].
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More recently, various gauged N = 4 supergravity models
originating from orientifold compactifications of type IIA or IIB
supergravity were studied [D’Auria, Ferrara and Vaula (2002),
D’Auria, Ferrara, Gargiulo, Trigiante and Vaula (2003), Berg,
Haack and Kors (2003), Angelantonj, Ferrara and Trigiante
(2003,2004), Villadoro and Zwirner (2004,2005), Derendinger,
Kounnas, Petropoulos and Zwirner (2005), Dall’Agata,
Villadoro and Zwirner (2009)].
The most general analysis of the structure of the gauged
D = 4, N = 4 supergravity is provided by [Schön and Weidner
(2006)], where one can find a systematic discussion of the
consistency constraints on the embedding tensor.
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However, a specific symplectic frame is chosen, in which the
rigid symmetry group of the ungauged Lagrangian is
GL = SO(1, 1)× SO(6, n) (n = number of vector multiplets).

This choice is constraining, since for example the maximally
supersymmetric anti-de Sitter vacuum cannot be obtained by a
purely electric gauging in this frame [Louis and Triendl (2014)].
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Our work provides the full Lagrangian and supersymmetry
transformation rules for the gauged four-dimensional N = 4
supergravity coupled to n vector multiplets in an arbitrary
symplectic frame.
Any known (as well as yet unknown) vacuum of such a theory
can be obtained from an electrically gauged theory, which is
incorporated in our general Lagrangian.
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The scalar sector of the supergravity multiplet
The scalar sector of the vector multiplets
The fermionic fields

The Ingredients of N = 4 Supergravity

N = 4 supergravity multiplet:

graviton gµν

4 gravitini ψi
µ, i = 1, . . . , 4

6 vector fields Aij
µ = −Aji

µ

4 spin-1/2 fermions χi (dilatini)

1 complex scalar τ
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The scalar sector of the supergravity multiplet
The scalar sector of the vector multiplets
The fermionic fields

n vector multiplets:

n vector fields Aa
µ, a = 1, . . . , n

4n gaugini λai

6n real scalar fields
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The scalar sector of the supergravity multiplet
The scalar sector of the vector multiplets
The fermionic fields

The scalar sector of the supergravity multiplet

The two real scalars of the N = 4 supergravity multiplet
parametrize the coset space SL(2,R)/SO(2).
Coset representative: complex SL(2,R) vector Vα,
α = +,−, which satisfies

VαV∗
β − V∗

αVβ = −2iϵαβ, (1)

where ϵαβ = −ϵβα and ϵ+− = 1.
Vα carries SO(2) charge +1.
We also define

Mαβ = Re(VαV∗
β) . (2)
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The scalar sector of the supergravity multiplet
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The scalar sector of the vector multiplets

The 6n real scalars of the n vector multiplets parametrize the
coset space SO(6,n)/(SO(6)×SO(n)).
Coset representative: (n + 6)× (n + 6) matrix L with
entries LM

M = (LM
m, LM

a), where M = 1, . . . , n + 6,
m = 1, . . . , 6, a = 1, . . . , n, which is an element of SO(6,n):

ηMN = ηMNLM
MLN

N = LM
MLNM = LM

mLNm + LM
aLNa , (3)

where ηMN = ηMN = diag(−1,−1,−1,−1,−1,−1, 1, . . . , 1).
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The scalar sector of the supergravity multiplet
The scalar sector of the vector multiplets
The fermionic fields

We also introduce the positive definite symmetric matrix
M = LLT with elements

MMN = −LM
mLNm + LM

aLNa . (4)

We can trade LM
m for the antisymmetric SU(4) tensors

LM
ij = −LM

ji , i , j = 1, . . . , 4, defined by

LM
ij = Γm

ijLM
m, (5)

where Γm
ij are six antisymmetric 4×4 matrices that realize the

isomorphism between the fundamental representation of SO(6)
and the twofold antisymmetric representation of SU(4).

Pseudoreality : LMij = (LM
ij)∗ =

1

2
ϵijklLM

kl (6)
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The fermionic fields

Field SO(2) charge
ψi
µ −1

2

χi +3
2

λai +1
2

γ5ψ
i
µ = ψi

µ, γ5χ
i = −χi , γ5λ

ai = λai . (7)

ψiµ = (ψi
µ)

c , χi = (χi)c and λai = (λai)c have opposite SO(2)
charges and chiralities.
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Duality and Symplectic Frames

The ungauged theory for the four-dimensional N = 4 Poincaré
supergravity coupled to n vector multiplets contains n + 6
abelian vector fields AΛ

µ, Λ = 1, . . . , n + 6, and is described by
a 2-derivative Lagrangian of the form

e−1L =
1

4
IΛΣF

Λ
µνF

Σµν +
1

4
RΛΣF

Λ
µν(∗FΣ)µν +

1

2
Oµν

Λ F Λ
µν

+ e−1Lrest, (8)

where F Λ
µν = 2∂[µA

Λ
ν], (∗F Λ)µν = 1

2
ϵµνρσF

Λρσ, IΛΣ and RΛΣ

are real symmetric matrices that depend on the scalar fields,
with IΛΣ being negative definite, while Oµν

Λ and Lrest do not
depend on the vector fields.
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We can associate with the field strengths F Λ
µν their magnetic

duals GΛµν defined by

GΛµν ≡ −e−1ϵµνρσ
∂L
∂F Λ

ρσ

= RΛΣF
Σ
µν − IΛΣ(∗FΣ)µν − (∗OΛ)µν .

(9)
The equations of motion for the vector fields read

∂[µ|GΛ|νρ] = 0 (10)

and imply the local existence of n + 6 dual magnetic vector
fields AΛµ such that

GΛµν = 2∂[µ|AΛ|ν]. (11)
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The group of global transformations that leave the full set of
Bianchi identities and equations of motion of the ungauged
D = 4, N = 4 matter-coupled supergravity invariant is

G = SL(2,R)× SO(6, n) ⊂ Sp(2(n + 6),R) . (12)

The vector fields AΛ
µ, which are those appearing in the

ungauged Lagrangian and will be referred to as electric
vectors, together with their magnetic duals AΛµ form an
SL(2,R)×SO(6,n) vector AM

µ = AMα
µ = (AΛ

µ,AΛµ), which is
also a symplectic vector of Sp(2(6 + n),R).
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Every electric/magnetic split AM
µ = AMα

µ = (AΛ
µ,AΛµ) such

that the symplectic form

CMN = CMαNβ ≡ ηMNϵαβ (13)

decomposes as

CMN =

(
CΛΣ CΛ

Σ

CΛ
Σ CΛΣ

)
=

(
0 δΛΣ

−δΣΛ 0

)
, (14)

defines a symplectic frame and any two symplectic frames are
related by a symplectic rotation.
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It is convenient to parametrize the choice of the symplectic
frame by means of projectors ΠΛ

M and ΠΛM that extract the
electric and magnetic components of a symplectic vector
VM = (V Λ,VΛ) respectively, according to

V Λ = ΠΛ
MVM, VΛ = ΠΛMVM. (15)

These projectors must satisfy the properties

ΠΛ
MΠΣ

N CMN = 0 , (16)

ΠΛ
MΠΣN CMN = δΛΣ , (17)

ΠΛMΠΣN CMN = 0 , (18)

ΠΛ
MΠΛN − ΠΛMΠΛ

N = CMN , (19)

where CMN = CMαNβ ≡ ηMNϵαβ
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Once the choice of frame has been made, the kinetic matrices
IΛΣ and RΛΣ for the electric vectors follow from decomposing
the 2(6 + n)× 2(6 + n) matrix

MMN = MMαNβ = MαβMMN (20)

as

MMN =

(
MΛΣ MΛ

Σ

MΛ
Σ MΛΣ

)
=

(
−(I +RI−1R)ΛΣ (RI−1)Λ

Σ

(I−1R)ΛΣ −(I−1)ΛΣ

)
.

(21)
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Moreover, the complex kinetic matrix of the vector fields

NΛΣ ≡ RΛΣ + i IΛΣ (22)

satisfies the following useful relations

NΛΣΠ
Σ
MαVαLMij = ΠΛMαVαLMij , (23)

NΛΣΠ
Σ
Mα(Vα)∗LMa = ΠΛMα(Vα)∗LMa . (24)
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Duality Covariant Gauging

In the embedding tensor formalism [Nicolai and Samtleben
(2001), de Wit, Samtleben and Trigiante (2003,2005,2007)]
which involves the introduction of gauge fields AM

µ = AMα
µ

that decompose into electric gauge fields AΛ
µ and magnetic

gauge fields AΛµ, the gauge group generators XM = (XΛ,X
Λ)

are expressed as linear combinations of the generators tA of
SL(2,R)×SO(6,n)

XM = ΘM
AtA , (25)

where A = ([MN], (αβ)) is an index labeling the adjoint
representation of SL(2,R)×SO(6,n) and ΘM

A = (ΘΛ
A,ΘΛA) is

a constant tensor, called the embedding tensor.
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The components of the embedding tensor are given by [Schön
and Weidner (2006)]

ΘαM
NP = fαM

NP − ξ[Nα δ
P]
M , ΘαM

βγ = δ(βα ξ
γ)
M , (26)

where ξαM and fαMNP = fα[MNP] are two real constant
SL(2,R)×SO(6,n) tensors, so that

X(MNP) = X(MN
QCP)Q = 0 , (27)

where XMN
P ≡ ΘM

A(tA)N
P are the matrix elements of the

gauge generators XM in the fundamental representation of
SL(2,R)×SO(6,n).
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Furthermore, the embedding tensor must be invariant under
the action of the gauge group Gg that it defines, which is
equivalent to the following quadratic constraints on the
tensors ξαM and fαMNP [Schön and Weidner (2006)]

ξMα ξβM = 0 , (28)

ξP(αfβ)PMN = 0 , (29)

3fαR[MN|fβ|PQ]
R + 2ξ(α|[M|f|β)|NPQ] = 0 , (30)

ϵαβ(ξPα fβPMN + ξαMξβN) = 0 , (31)

ϵαβ(fαMNR fβPQ
R − ξRα fβR[M[PηQ]N] − ξα[M|fβ|N]PQ

+ ξα[P|fβ|Q]MN) = 0 . (32)
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These quadratic constraints guarantee the closure of the
gauge algebra:

[XM,XN ] = −XMN
PXP . (33)

In the gauged theory, the ordinary exterior derivative d is
replaced by a gauge-covariant one

d̂ = d − gAMXM

= d − gAMαΘαM
NPtNP + gAM(αϵβ)γξγMtαβ , (34)

where we have introduced the one-forms
AM = AMα = AMα

µ dxµ.

Nikolaos Liatsos Gauged D = 4 N = 4 Supergravity



Introduction
The Ingredients of N = 4 Supergravity

Duality and Symplectic Frames
Duality Covariant Gauging

The Lagrangian
Vacua, Masses and Supertrace

Conclusion

The gauge-covariant 2-form field strengths of the vector gauge
fields are defined by [Schön and Weidner (2006)]

HMα = dAMα − g

2
f̂βNP

MANβ ∧ APα

− g

2
ΘαM

NPB
NP +

g

2
ξMβ Bαβ, (35)

where

f̂αMNP = fαMNP − ξα[MηP]N − 3

2
ξαNηMP (36)

and BNP = B [NP], Bαβ = B (αβ) are 2-form gauge fields
transforming in the adjoint representations of SO(6,n) and
SL(2,R) respectively.
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gauged SL(2,R)/SO(2) zweibein : P̂ =
i

2
ϵαβVαd̂Vβ (37)

gauged SO(2) connection : Â = −1

2
ϵαβVαd̂V∗

β , (38)

where

d̂Vα ≡ dVα +
1

2
gξαMAMβVβ +

1

2
gξMβAMαVβ . (39)
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gauged SO(6, n)/(SU(4)× SO(n)) vielbein : P̂a
ij = LMad̂LM

ij

(40)

gauged SU(4) connection : ω̂i
j = LMik d̂LMjk

(41)

gauged SO(n) connection : ω̂ b
a = LMad̂LM

b

(42)

where
d̂LM

M ≡ dLM
M + gANαΘαNM

PLP
M (43)
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The Lagrangian

The Lagrangian for the gauged D = 4, N = 4 supergravity in
an arbitrary symplectic frame can be split in 6 terms as follows

L =Lkin + LPauli + Lfermion mass + Lpot + Ltop + L4fermi , (44)
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where

e−1Lkin =
1

2
R +

i

2
ϵµνρσ

(
ψ̄i
µγν ρ̂iρσ − ψ̄iµγν ρ̂

i
ρσ

)
− 1

2

(
χ̄iγµD̂µχi + χ̄iγ

µD̂µχ
i
)

−
(
λ̄ai γ

µD̂µλ
i
a + λ̄iaγ

µD̂µλ
a
i

)
(45)

− P̂∗
µP̂

µ − 1

2
P̂aijµP̂

aijµ +
1

4
IΛΣH

Λ
µνH

Σµν

+
1

8
ϵµνρσRΛΣH

Λ
µνH

Σ
ρσ ,
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where the field strengths of the fermionic fields have the
following expressions

ρ̂iµν ≡ 2∂[µ|ψi |ν] +
1

2
ω[µ|

ab(e, ψ)γabψi |ν] − iÂ[µ|ψi |ν]

− 2ω̂i
j
[µ|ψj |ν], (46)

D̂µχi ≡ ∂µχi +
1

4
ωµ

ab(e, ψ)γabχi +
3i

2
Âµχi − ω̂i

j
µχj , (47)

D̂µλai ≡ ∂µλai +
1

4
ωµ

ab(e, ψ)γabλai +
i

2
Âµλai − ω̂i

j
µλaj

+ ω̂a
b
µλbi , (48)
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e−1LPauli = P̂∗
µ

(
χ̄iψµ

i − χ̄iγµνψiν

)
+ P̂µ

(
χ̄iψ

iµ − χ̄iγ
µνψi

ν

)
− 2P̂aijµ

(
λ̄aiψjµ − λ̄aiγµνψj

ν

)
(49)

− 2P̂aijµ
(
λ̄aiψjµ − λ̄aiγµνψ

ν
j

)
+

1

2
HΛ

µνO
µν
Λ ,

where

OΛµν = IΛΣΠΣ
Mα

(
− 2(Vα)∗LMij ψ̄iµψjν − iϵµνρσ(Vα)∗LMij ψ̄ρ

i ψ
σ
j

+ VαLMij λ̄aiγµνλ
a
j − VαLMaχ̄iγµνλ

i
a + 2(Vα)∗LMij χ̄

iγ[µψ
j
ν]

+ iϵµνρσ(Vα)∗LMij χ̄
iγρψjσ + 2VαLMaλ̄aiγ[µψ

i
ν] (50)

+ iϵµνρσVαLMaλ̄aiγ
ρψiσ + c.c.

)
.
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e−1Lfermion mass = − 2gĀ2
aj
i χ̄

iλaj + 2gĀ2
ai
i χ̄

jλaj + 2gAab
ij λ̄ai λ

b
j

+
2

3
gAij

2 λ̄
a
i λaj +

2

3
gĀ2ij χ̄

iγµψj
µ (51)

+ 2gA2aj
i λ̄ai γ

µψj
µ −

2

3
gĀ1ij ψ̄

i
µγ

µνψj
ν + c .c . ,

e−1Lpot = g 2

(
1

3
Aij
1 Ā1ij −

1

9
Aij
2 Ā2ij −

1

2
A2ai

j Ā2
ai
j

)
,

(52)
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where the A tensors are given by [Schön and Weidner (2006)]

Aij
1 = fαMNP(Vα)∗LMklL

NikLPjl , (53)

A2ai
j = fαMNPVαLa

MLNikL
Pjk − 1

4
δji ξαMVαLa

M , (54)

Aij
2 = fαMNPVαLMklL

NikLPjl +
3

2
ξαMVαLMij , (55)

Aab
ij = fαMNPVαLMaL

N
bL

Pij (56)

and satisfy the Ward identity

2

3
Ajk
1 Ā1ik −

2

9
Akj
2 Ā2ki − A2ai

kĀ2
aj
k =

1

4
δji

(
2

3
Akl
1 Ā1kl −

2

9
Akl
2 Ā2kl − A2ak

l Ā2
ak

l

)
. (57)
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The topological term Ltop reads [de Wit, Samtleben and
Trigiante (2005)]

e−1Ltop =
1

8
gϵµνρσΠΛ

MαΠΛNβ

(
ΘαM

PQB
PQ
µν − ξMγ Bαγ

µν

)
×(

2∂ρA
Nβ
σ − g f̂ N

δRS ARδ
ρ ASβ

σ − 1

4
gΘβN

RSB
RS
ρσ +

1

4
gξNδ B

βδ
ρσ

)
− 1

6
gϵµνρσ

(
ΠΛ

RϵΠΛSζ + 2ΠΛRϵΠ
Λ
Sζ

)
XMαNβ

RϵAMα
µ ANβ

ν ×
(58)(

∂ρA
Sζ
σ +

1

4
gXPγQδ

SζAPγ
ρ AQδ

σ

)
,
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Vacua

In order to derive the conditions satisfied by the critical points
of the scalar potential

V = −e−1Lpot = g 2

(
−1

3
Aij
1 Ā1ij +

1

9
Aij
2 Ā2ij +

1

2
A2ai

j Ā2
ai
j

)
,

(59)
we compute its variation induced by the action of an
infinitesimal rigid SL(2,R) × SO(6,n) transformation that is
orthogonal to the isotropy group SO(2) × SU(4) × SO(n) of
the scalar manifold on the coset representatives Vα and LM

M

[de Wit and Nicolai (1984)].
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Such a transformation can be written as

δVα = ΣV∗
α, δLM

ij = Σa
ijLM

a, δLM
a = Σa

ijLM
ij , (60)

where Σ denotes the complex SL(2,R)/SO(2) scalar
fluctuation and Σaij = (Σa

ij)∗ = 1
2
ϵijklΣa

kl are the
SO(6,n)/(SO(6) × SO(n)) scalar fluctuations.
The variation of the scalar potential is given by

δV = g 2
(
XΣ + X ∗Σ∗ + X aijΣaij

)
, (61)
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where

X = − 2

9
Aij
1 Ā2ij +

1

18
ϵijkl Ā2ij Ā2kl −

1

2
Ā2a

i
j Ā2

aj
i

+
1

4
Ā2a

i
i Ā2

aj
j , (62)

X aij = − 2

3
A
[i |k
1 A2

a
k
|j] − 1

3
A
[i |k
2 Ā2

a|j]
k −

1

3
A
k[i |
2 Ā2

a|j]
k −

1

4
A
[ij]
2 Ā2

ak
k

− Aab[i |kĀ2b
|j]

k +
1

4
Aabij Ā2b

k
k + ϵijlm

(
− 1

3
Ā1kl Ā2

ak
m

− 1

3
Ā2(kl)A2

a
m
k − 1

8
Ā2lmA2

a
k
k +

1

2
Āab

klA2bm
k (63)

+
1

8
Āab

lmA2bk
k

)
.
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The stationary points of the scalar potential correspond to
solutions of the following system of 6n + 2 real equations

X = 0 , X aij = 0 . (64)
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Scalar masses

We can specify the mass spectrum of the scalar fields by
computing the second variation of the scalar potential under
(60). Mass terms for the scalar fluctuations:

e−1Lscalar mass = −1

2
δ2V . (65)

We then introduce the real scalar fluctuations

Σ1 =
√
2ReΣ, Σ2 =

√
2 ImΣ, Σam = −ΓmijΣa

ij , (66)

and substitute the expansions of the coset representatives
around their vacuum expectation values into the kinetic terms
for the scalars.
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We find that the kinetic and mass terms for the scalar
fluctuations read

e−1L ⊃− 1

2
(∂µΣ1)(∂

µΣ1)−
1

2
(∂µΣ2)(∂

µΣ2)

− 1

2
δabδmn(∂µΣam)(∂

µΣbn)

− 1

2
(M2

0)
1,1Σ2

1 −
1

2
(M2

0)
2,2Σ2

2 (67)

− (M2
0)

1,amΣ1Σam − (M2
0)

2,amΣ2Σam

− 1

2
(M2

0)
am,bnΣamΣbn ,
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where the elements of the squared mass matrix for the scalars
M2

0 are given by

(M2
0)

1,1 = (M2
0)

2,2 = g2

(
− 2

9
Aij
1 Ā1ij −

2

9
A
(ij)
2 Ā2ij +

2

9
A
[ij]
2 Ā2ij

+ A2ai
j Ā2

ai
j

)
, (68)

(M2
0)

1,am = (M2
0)

am,1 =

√
2

4
g2
(
− Ā2ij Ā2

ak
k + 4Āab

ik Ā2b
k
j

− Āab
ij Ā2b

k
k

)
Γmij + c .c. , (69)

(M2
0)

2,am = (M2
0)

am,2 =
i
√
2

4
g2
(
− Ā2ij Ā2

ak
k

+ 4Āab
ik Ā2b

k
j − Āab

ij Ā2b
k
k

)
Γmij

+ c .c . , (70)
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(M2
0)

am,bn =
1

2
g2

(
2Ā2

aj
kA2

b
l
i − Aacij Āb

ckl

)
ΓmijΓ

nkl

+
1

2
g2

(
− 2A2

a
k
j Ā2

bk
l + 2Ā2

aj
kA2

b
l
k − 2A2

a
l
k Ā2

bj
k + A2

a
k
k Ā2

bj
l

+ A2
a
l
j Ā2

bk
k −

1

3
ϵklmnA

jk
1 Aabmn −

1

3
ϵjkmnĀ1kl Ā

ab
mn + 2A

(jk)
2 Āab

kl

+ 2Ā2(kl)A
abjk + Aabc Ā2c

j
l − ĀabcA2cl

j − 4Aacjk Āb
ckl

)
ΓmijΓ

nil

+
1

4
g2A2

b
k
k Ā2

al
lΓ

m
ijΓ

nij (71)

+
1

2
g2

(
1

3
Aij
2 Ā2kl − 2A2cl

i Ā2
cj

k

)
δabΓmijΓ

nkl

+
1

2
g2

(
−

8

9
Ajk
1 Ā1kl + 2A2cl

k Ā2
cj

k − A2ck
k Ā2

cj
l − A2cl

j Ā2
ck

k

+
8

9
A
(jk)
2 Ā2(kl)

)
δabΓmijΓ

nil +
1

8
g2A2ck

k Ā2
cl
lδ

abΓmijΓ
nij

+ (a ↔ b,m ↔ n),
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where
Aabc ≡ fαMNPVαLMaL

N
bL

P
c . (72)

Nikolaos Liatsos Gauged D = 4 N = 4 Supergravity



Introduction
The Ingredients of N = 4 Supergravity

Duality and Symplectic Frames
Duality Covariant Gauging

The Lagrangian
Vacua, Masses and Supertrace

Conclusion

Vacua
Masses
Supertrace relations

Vector masses

Equations of motion for the vector gauge fields:

ϵµνρσ∂νGMα
ρσ = igξMβ

(
VαVβ(P̂µ)∗ − (Vα)∗(Vβ)∗P̂µ

)
+ 2g ΘαM

NPL
N
aL

P
ij P̂

aijµ + . . . , (73)

where we have introduced the symplectic vector
GMα
µν = (HΛ

µν ,GΛµν) with

GΛµν ≡ −e−1ϵµνρσ
∂L
∂HΛ

ρσ

=RΛΣH
Σ
µν − IΛΣ(∗HΣ)µν

− (∗OΛ)µν . (74)

and the ellipses represent terms of higher order in the fields.
Nikolaos Liatsos Gauged D = 4 N = 4 Supergravity



Introduction
The Ingredients of N = 4 Supergravity

Duality and Symplectic Frames
Duality Covariant Gauging

The Lagrangian
Vacua, Masses and Supertrace

Conclusion

Vacua
Masses
Supertrace relations

Using the twisted self-duality condition

ϵµνρσGMαρσ =2ηMNϵαβMNPMβγGPγ
µν

+ (2-fermion terms) (75)

and that GMα
µν is on-shell identified with HMα

µν , we can write
(73) as

e−1∂ν(eH
Mανµ) = (M2

1)
Mα

NβA
Nβµ + . . . , (76)

where

(M2
1)

Mα
Nβ =

i

4
g 2MMPξγPξ

δ
N

(
(Vα)∗(Vγ)∗VβVδ − VαVγV∗

βV∗
δ

)
+ g 2ΘγPQRΘβNSTM

MPMαγLQaL
SaLR ijL

Tij

(77)

is the squared mass matrix of the vector fields.
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Fermion masses

After eliminating the mass mixing terms between the gravitini
and the spin-1/2 fermions,

e−1Lmix = −g ψ̄i
µγ

µGi + c .c . , (78)

where

Gi ≡
2

3
Ā2jiχ

j + 2A2ai
jλaj , (79)

the mass matrix of the spin-1/2 fermions for Minkowski vacua
that completely break N = 4 supersymmetry is given by
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M 1
2
=

(
(M 1

2
)ij (M 1

2
)i
bj

(M 1
2
)ai j (M 1

2
)ai ,bj

)

≡ g

(
0 −

√
2Ā2

bj
i +

√
2δji Ā2

bk
k

−
√
2Ā2

ai
j +

√
2δij Ā2

ak
k 2Aabij + 2

3
δabA

(ij)
2

)
(80)

+ g

(
−4

9
(Ā−1

1 )kl Ā2ikĀ2jl −2
√
2

3
(Ā−1

1 )kl Ā2ikA2
b
l
j

−2
√
2

3
(Ā−1

1 )kl Ā2jkA2
a
l
i −2(Ā−1

1 )klA2
a
k
iA2

b
l
j

)
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The equations of motion for the gravitini read

γµνρDνψiρ = −2

3
gĀ1ijγ

µνψj
ν + . . . , (81)

so the mass matrix of the gravitini is given by

(M 3
2
)ij = −2

3
gĀ1ij . (82)
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Supertrace relations

Supertrace of the squared mass matrices:

STr(M2) ≡
∑
spins J

(−1)2J(2J + 1)Tr(M2
J)

=Tr
(
M2

0

)
− 2Tr

(
M†

1
2

M 1
2

)
+ 3Tr

(
M2

1

)
− 4Tr

(
M†

3
2

M 3
2

)
. (83)

This supertrace controls the quadratic divergences of the
1-loop effective potential [Coleman and Weinberg (1973),
Weinberg (1973)].
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Using the critical point conditions, the vanishing of the
cosmological constant and the quadratic constraints on the
embedding tensor, we find

Tr
(
M†

3
2

M 3
2

)
=
(
M̄ 3

2

)ij (
M 3

2

)
ij
=

4

9
g 2Aij

1 Ā1ij . (84)

Tr(M2
1) = (M2

1)
Mα

Mα =

(
4

3
+

1

9
n

)
g 2A

[ij]
2 Ā2ij + 2g 2A2ai

j Ā2
ai
j

+ g 2Aabij Āabij , (85)
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Tr
(
M†

1
2

M 1
2

)
=
(
M̄ 1

2

)ij (
M 1

2

)
ij
+ 2

(
M̄ 1

2

)
ai

j
(
M 1

2

)
j

ai

+
(
M̄ 1

2

)
ai ,bj

(
M 1

2

)ai ,bj
=− 16

9
g 2Aij

1 Ā1ij + 4g 2A2ai
j Ā2

ai
j +

4

9
ng 2A

(ij)
2 Ā2ij

+ 4g 2Aabij Āabij +
32

9
g 2A

[ij]
2 Ā2ij , (86)
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Tr(M2
0) = (M2

0)
1,1 + (M2

0)
2,2 + δabδmn(M2

0)
am,bn

=− 4

9
(3n + 1)g 2Aij

1 Ā1ij +
4

9
(3n − 1)g 2A

(ij)
2 Ā2ij

+
1

9
(n + 24) g 2A

[ij]
2 Ā2ij (87)

+ 2ng 2A2ai
j Ā2

ai
j + 5g 2Aabij Āabij .
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Altogether, the supertrace of the squared mass eigenvalues
equals

STr(M2) = 4(n − 1)V = 0 (88)

for any Minkowski vacuum of D = 4, N = 4 supergravity that
completely breaks N = 4 supersymmetry irrespective of the
number of vector multiplets and the choice of the gauge group.
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Conclusion

Construction of the complete Lagrangian that
incorporates all gauged N = 4 matter-coupled
supergravities in four spacetime dimensions.

STr(M2) = 0 for all Minkowski vacua that completely
break N = 4 supersymmetry ⇒ the one-loop effective
potential at such vacua has no quadratic divergence
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