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Problem with Feynman Diagrams

# External 
Gluons 4 5 6 7 8 9 10

# Feynman 
Diagrams 4 25 220 2,485 34,300 559,405 10,525,900

It takes on the order of an hour to 
produce the code for all the 

diagrams.  The full expression for this 
one diagram requires ~3500 lines of 

code.

Consider the scattering of 7 gluons



BCFW Recursion Relations

Parke and Taylor [“An Amplitude for n Gluon Scattering,” Phys. Rev. 
Lett. 56, 2459 (1986)] noticed that the “maximally helicity violating” 
gluon amplitudes could be written with only one mathematical term 
no matter how many gluons were present (at tree level).

M1,1,�1,··· ,�1 =
[12]4

[12][23] · · · [n1]

Britto, Cachazo, Feng and Witten [“Direct proof of tree-level 
recursion relation in Yang-Mills theory,” Phys. Rev. Lett. 94, 181602 
(2005) (hep-th/0501052)] found recursion relations that gave all 
gluon amplitudes (at tree level) without Feynman diagrams!



Helicity Spinors
For massless particles,

This can be written as the product of two related helicity spinors.

where

and

c = cos
✓

2
and s = sin

✓

2
ei�



Spin Spinors
Arakani-Hamed, Huang and Huang (arXiv:1709.04891) generalized these to 

spin spinors for massive particles.
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where the I and J would be symmetrized if they corresponded with the same particle (i = j). Here, we also see the
usual convention that we can sum descending undotted indices and ascending dotted ones, which are then usually
suppressed. Another example with a momentum sandwiched in between is given by,

hi|pk|j] = hi|↵Ipk↵�̇ |j]
�̇J , (A9)

[i|pk|ji = [i|I↵̇p
↵̇�
k |jiJ� . (A10)

One more example with two momenta should be su�cient to illustrate all our needed properties (additional properties
of two-component spinors are cataloged in Ref [26]),

hi|pkpl|ji = hi|↵Ipk↵�̇p
�̇!
l |jiJ!, (A11)

[i|pkpl|j] = [i|I↵̇p
↵̇�
k pl�!̇|j]

!̇J . (A12)

At times we will want to switch the order of the momenta. This can be done using the Cli↵ord algebra property of
the Pauli matrices but can also be worked out explicitly with the matrices given in Eqs. (A2) and (A3) resulting in,

p↵̇�k pl�!̇ + p↵̇�l pk�!̇ = 2pk · pl�
↵̇
!̇ , (A13)

pk↵�̇p
�̇!
l + pl↵�̇p

�̇!
k = 2pk · pl�

!
↵ , (A14)

which are very convenient when we simplify amplitudes.
Now that we understand the implicit indices, we can discuss a few more properties of these spinors. When they

represent massive particles, they satisfy the usual Dirac property,

hi|pi = mi[i|, (A15)

pi|i] = �mi|ii. (A16)

These can be solved for a standard momentum and then boosted into other reference frames. The standard form
given in [17] is,

|iiI↵ =
p

E + p ⇣+↵ (p) ⇣�I(k) +
p

E � p ⇣�↵ (p) ⇣+I(k), (A17)

[i|↵̇I =
p

E + p ⇣̃�↵̇ (p) ⇣+I (k) +
p

E � p ⇣̃+↵̇ (p) ⇣�I (k), (A18)

where E and p are the energy and momentum of the ith particle and,

⇣+↵ (p) =

✓
c
s

◆
, ⇣̃�↵̇ (p) =

✓
c
s⇤

◆
, (A19)

⇣�↵ (p) =

✓
�s⇤

c

◆
, ⇣̃+↵̇ (p) =

✓
�s
c

◆
, (A20)

with,

c ⌘ cos

✓
✓

2

◆
, s ⌘ sin

✓
✓

2

◆
ei�, (A21)

where ✓ is the polar angle and � is the azimuthal angle. Plugging these definitions in, we obtain,

|iiI↵ =

✓ p
E + p c �

p
E � p s⇤

p
E + p s

p
E � p c

◆
, (A22)

[i|↵̇I =

✓ p
E + p c �

p
E � p s

p
E + p s⇤

p
E � p c

◆
, (A23)

where the SU(2) index I gives the column and the SL(2,C) indices ↵ and ↵̇ give the row. We can check that the
product of these gives the momentum. Indeed,

|jiI↵[j|�̇I =

✓
Ej + pj cos ✓j pj sin ✓je�i�j

pj sin ✓jei�j Ej � pj cos ✓j

◆

=

✓
Ej + pjz pjx � ipjy
pjx + ipjy Ej � pjz

◆

=

✓
p0 + p3 p1 � ip2

p1 + ip2 p0 � p3

◆
⌘ p↵�̇ , (A24)
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Constructive QED ee→μμ

e

e

μ

μ

𝛾

J
H
E
P
1
1
(
2
0
2
1
)
0
7
0

is given by:

x12
m2S−2

[

〈12〉2S +
2S−1∑

i=0

(

ai〈12〉i
(〈1P 〉[2P ]

m

)2S−i

+ ãi〈12〉i
(〈2P 〉[1P ]

m

)2S−i
)]

× 1
x34

[

[34]2S +
2S−1∑

i=0

(

bi[34]i
(〈3P 〉[4P ]

m

)2S−i

+ b̃i[34]i
(〈4P 〉[3P ]

m

)2S−i
)]

(5.41)

where ai, bi, ãi, b̃i parameterize all possible coupling to the photon, and for parity invariant
theories we have ai = bi and ãi = b̃i. Since besides the leading term in the square brackets,
each of the terms contains |P ]〈P | which can readily convert x12

x34
into local forms, thus we

only need to worry about the term
1

m2S−2

(
x12
x34
〈12〉2S [34]2S + x34

x12
[12]2S〈34〉2S

)
, (5.42)

where we’ve included the contribution where the photon helicity is flipped. Finally, using
the identity:

[12] = 〈12〉+ 〈1|P |2]
m

, (5.43)

introduces |P ]〈P | that can again be used to absorb the x-factors leaving behind

〈12〉2S〈34〉2S
m2S−2

(
x12
x34

+ x34
x12

)
= 〈12〉

2S〈34〉2S
m2S (p1 − p2) · p3 , (5.44)

where we’ve used eq. (5.40). Thus we see that the massless gluing of any three point vertex
can be converted into a local form. For more general external spins, the analysis is the
same albeit more complicated.

5.4.2 Three-massive one-massless
If we have three-massive legs, the dangerous x-factors can occur in two types of diagrams
for the s-channel residue:

3

1

2

4

(a)
1

2 3

4

(b)

. (5.45)

Let us first consider the case where the solid lines are massive scalars, and the wavy line
is the positive helicity photon. Diagram (a), (b) gives:

(a) [2P ]2
x34

= [2P ][2|p3|P 〉
m

, (b) mx1P = [2|p1|ξ〉
〈2ξ〉 . (5.46)

The first is manifestly local. For the second, let’s consider the all massive vertex being
φφ′φ′′ vertex, and the photon only couples to φ and φ′ with coupling e, e′. Then gluing
leads to:

e
[2|p1|ξ〉

〈2ξ〉(s−m2) + e′ [2|p4|ξ〉
〈2ξ〉(u−m2) = (e+ e′) [2|p4|ξ〉

〈2ξ〉(u−m2) + e
[2|p4p1|2]

(s−m2)(u−m2) , (5.47)
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M = �e2
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h12ih34i
2memµ

(p2 � p1) · (p4 � p3)
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e2

s

Does not agree with Feynman diagrams.


Bad quadratic high-energy growth.
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Correct QED ee→μμ

Must be built from:
<latexit sha1_base64="qvHnqUR9d6jhFK5YFQ7CKpik96s="></latexit>
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Correct QED ee→μμ

Must be built from:
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Why Doesn’t the Constructive Calculation Work
for QED ee→μμ?

Want:
<latexit sha1_base64="uRGsW+4ziHX//AS0pV6FlzGJRKQ=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKgXoejFi1DBfkATyma7aZduNmF3IrQhF/+KFw+KePVnePPfuG1z0NYHA4/3ZpiZ58ecKbDtb2NpeWV1bb2wUdzc2t7ZNff2mypKJKENEvFItn2sKGeCNoABp+1YUhz6nLb84c3Ebz1SqVgkHmAUUy/EfcECRjBoqWseupyF3XTsQuQyEcAouyuPT6/srlmyK/YU1iJxclJCOepd88vtRSQJqQDCsVIdx47BS7EERjjNim6iaIzJEPdpR1OBQ6q8dPpAZp1opWcFkdQlwJqqvydSHCo1Cn3dGWIYqHlvIv7ndRIILr2UiTgBKshsUZBwCyJrkobVY5IS4CNNMJFM32qRAZaYgM6sqENw5l9eJM2zinNeqd5XS7XrPI4COkLHqIwcdIFq6BbVUQMRlKFn9IrejCfjxXg3PmatS0Y+c4D+wPj8AXpUllM=</latexit>
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M(z) = 0

<latexit sha1_base64="CgPSpSiwgS07wDPz18vsLkLy6zk="></latexit>

M =
e2

(p1 + p2)2
(h13i[24]+[13]h24i+h14i[23]+[14]h23i)

<latexit sha1_base64="DHE/N4l5wyM0pSNOZxDaBqwbAy8="></latexit>

M̂[1,3i ���!
z!1

⇠ e2[34]h21i
q2

6= 0



Summary
•Constructive techniques are exciting.

•Bypass fields

•Trivially gauge invariant.

•Potentially more efficient in ME generators.


•Constructive Mee→μμ disagrees with Feynman diagrams.

•Work arounds exist: 

•Enumerate possible terms and try different coefficients.

•Massless limit of Massive Photon Amplitude.


• limz→∞ Mee→μμ ≠0

•A clue to why constructive approach not working?


•Missing ingredient for processes like this?

•  Without workarounds.


