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Inflationary paradigm Guth,Hawking,Linde,Mukhanov,Starobinsky,. . .

Inflation is a remarkably simple theory of initial condition. It is a
mechanism that promotes sub-horizon quantum fluctuations into
super-horizon cosmological perturbations that we observe.
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Inflationary paradigm

Inflation can also be thought of as a semi-classical resolution of the initial
singularity in the hot big-bang cosmology.

Inflation

Inflation is usually motivated as a solution to puzzles in hot big bang
cosmology.

Alternatively, it is a semiclassical theory of initial condition.
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Inflationary paradigm

Inflation can also be thought of as a semi-classical resolution of the initial
singularity in the hot big-bang cosmology.

Initial condtion for inflation

I By Penrose singularity theorem, Inflation is past incomplete, so we
can ask how inflation began (Hartle,Hawking ’83)

I Uptunneling form an asymptotically Minkowski spacetime is a
possible answer (Farhi, Guth, Guven ’90, but their solution was
singular).
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But by Penrose signularity theorem it cannot be eternal to the past.
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Active areas of research I. Conceptual

I The origin of inflation, the wavefunction of the universe,
Hartle-Hawking wavefunction; Uptunneling; Bracket wormholes;. . .

I Search for alternatives,
Bounce; Galilean genesis; . . .

I The measure problem and eternal inflation,

I Consequences of symmetries on the correlation functions,
Cosmological collider; Bootstrap; Holography

I Embedding in quantum gravity,
String construction; Swampland conjecture;. . .

I . . .
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Active areas of research II. Phenomenology

Goal is to identify the explicit model that drives inflation:

I Inflaton potential V (φ)

I Interactions and non-Gaussianity (∂φ)4

Λ4

I Single-field vs. multi-field, V (φ, σ)

I Inflation driven by exotic phases of matter, elastic/solid inflation

I Particle and gravitational wave production,

I Origin of fluctuations, thermal, stochastic, or quantum

I Primordial magnetic fields,

I . . .
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Scalar perturbations

So far only two inflationary parameters have been “detected”

Ps(k) ≈ Ask
ns−4,

As = 4.1× 10−8, ns = 0.97 Planck

There are several other parameters that we would like (and hope) to
detect, e.g.

I Running (deviation from power-law)

I Tensor modes,

I non-Gaussianity.
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Primordial gravitational waves

A direct probe of the energy scale of inflation h ∼ Hinf

Mpl
. Conventionally, it

is normalized by the scalar power

r =
2Pt

Ps
< 0.04 Planck + BK

Planck Collaboration: Cosmological parameters
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Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
when marginalizing over r (samples, coloured by the spectral
index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

The precision of the Planck temperature constraint re-
mains limited by cosmic variance from the scalar compo-
nent and is model dependent. The tightest and least model-
dependent constraints on the tensor amplitude come from the
Keck Array and BICEP2 Collaborations (2016, BK14) analysis
of the BICEP2/Keck field, in combination with Planck high-
frequency maps to remove polarized Galactic dust emission.
The BK14 observations measure the B-mode polarization power
spectrum in nine bins at ` <⇠ 300, with the tensor amplitude in-
formation coming mainly from scales ` ' 100, where the B-
mode spectrum from scattering at recombination is expected to
peak. The Planck CMB power spectrum measurements use a
much larger sky area, and are useful to convert this measurement
into a constraint on the tensor-to-scalar ratio r at a given scale
with little additional cosmic variance error. To relate the tensor
measurement to constraints on specific inflation models (which
usually predict a region in the ns–r plane), combining with the
Planck data is also essential, although model dependent.

Figure 28 shows the constraints in the ns–r plane, with r
added as a single additional parameter to the base model and
plotted at pivot scale 0.002 Mpc�1. We assume the tensor-mode
spectrum is close to scale invariant, with spectral index given
by the inflation consistency relation to second order in slow-roll
parameters. Planck alone gives

r0.002 < 0.10, (95 %, TT,TE,EE+lowE+lensing), (42)

with ns = 0.9659±0.0041 at 1�. Adding BK14 to directly mea-
sure the tensor amplitude significantly tightens the r constraint,
and adding BAO data tightens (slightly) the ns constraint. Using
the Planck temperature likelihoods we find

r0.002 < 0.065 (95 %, TT+lowE+lensing+BK14+BAO), (43)
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Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck
TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraint with BAO and BICEP2/Keck (blue, includ-
ing Planck polarization to determine the foreground compo-
nents, Keck Array and BICEP2 Collaborations 2016). This as-
sumed the inflationary consistency relation and negligible run-
ning. Dashed grey contours show the joint constraint when us-
ing CamSpec instead of Plik as the high-` Planck likelihood,
indicating the level of modelling uncertainty in the polarization
results. Dotted lines show the loci of approximately constant
e-folding number N, assuming simple V / (�/mPl)p single-
field inflation. Solid lines show the approximate ns–r relation
for locally quadratic and linear potentials to first order in slow
roll; red lines show the approximate allowed range assuming
50 < N < 60 and a power-law potential for the duration of in-
flation. The solid black line (corresponding to a linear potential)
separates concave and convex potentials.

with ns = 0.9663 ± 0.0041 at 1�, or adding polarization

r0.002 < 0.065 (95 %, TT,TE,EE+lowE+lensing
+BK14+BAO), (44)

with ns = 0.9670 ± 0.0037 at 1�. However, the small change
when adding polarization is not stable to the choice of polariza-
tion likelihood; when using the CamSpec TT,TE,EE+lowE like-
lihood in place of Plik, we find the weaker constraint r0.002 <
0.077 for the same data combination as that used in Eq. (44).

All the ns–r contours exclude convex potentials at about
the 95 % confidence (somewhat less if we use the CamSpec
likelihood, see Fig. 28), which substantially restricts the range
of allowed inflation models and disfavours all simple integer
power law potentials. More generally, since r depends on the
slope of the potential, the smallness of the empirical upper
limit on r implies that the inflationary potential must have been
nearly flat when modes exited the horizon. The measured ns
must then be determined largely by the second derivative of
the potential, suggesting a hierarchy in the magnitudes of the
slow-roll parameters, favouring hilltop-like potentials. For a de-
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Treheat ∼ 1016GeV × r1/4.
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Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
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index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

The precision of the Planck temperature constraint re-
mains limited by cosmic variance from the scalar compo-
nent and is model dependent. The tightest and least model-
dependent constraints on the tensor amplitude come from the
Keck Array and BICEP2 Collaborations (2016, BK14) analysis
of the BICEP2/Keck field, in combination with Planck high-
frequency maps to remove polarized Galactic dust emission.
The BK14 observations measure the B-mode polarization power
spectrum in nine bins at ` <⇠ 300, with the tensor amplitude in-
formation coming mainly from scales ` ' 100, where the B-
mode spectrum from scattering at recombination is expected to
peak. The Planck CMB power spectrum measurements use a
much larger sky area, and are useful to convert this measurement
into a constraint on the tensor-to-scalar ratio r at a given scale
with little additional cosmic variance error. To relate the tensor
measurement to constraints on specific inflation models (which
usually predict a region in the ns–r plane), combining with the
Planck data is also essential, although model dependent.

Figure 28 shows the constraints in the ns–r plane, with r
added as a single additional parameter to the base model and
plotted at pivot scale 0.002 Mpc�1. We assume the tensor-mode
spectrum is close to scale invariant, with spectral index given
by the inflation consistency relation to second order in slow-roll
parameters. Planck alone gives

r0.002 < 0.10, (95 %, TT,TE,EE+lowE+lensing), (42)

with ns = 0.9659±0.0041 at 1�. Adding BK14 to directly mea-
sure the tensor amplitude significantly tightens the r constraint,
and adding BAO data tightens (slightly) the ns constraint. Using
the Planck temperature likelihoods we find

r0.002 < 0.065 (95 %, TT+lowE+lensing+BK14+BAO), (43)

�2

0.95 0.96 0.97 0.98 0.99 1.00

ns

0.00

0.05

0.10

0.15

0.20

0.25

r 0
.0

02

N
=

50
N
=

60

ConvexConcave

�

Planck TT,TE,EE+lowE

Planck TT,TE,EE+lowE+lensing

+BK14+BAO

Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck
TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraint with BAO and BICEP2/Keck (blue, includ-
ing Planck polarization to determine the foreground compo-
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sumed the inflationary consistency relation and negligible run-
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ing CamSpec instead of Plik as the high-` Planck likelihood,
indicating the level of modelling uncertainty in the polarization
results. Dotted lines show the loci of approximately constant
e-folding number N, assuming simple V / (�/mPl)p single-
field inflation. Solid lines show the approximate ns–r relation
for locally quadratic and linear potentials to first order in slow
roll; red lines show the approximate allowed range assuming
50 < N < 60 and a power-law potential for the duration of in-
flation. The solid black line (corresponding to a linear potential)
separates concave and convex potentials.

with ns = 0.9663 ± 0.0041 at 1�, or adding polarization

r0.002 < 0.065 (95 %, TT,TE,EE+lowE+lensing
+BK14+BAO), (44)

with ns = 0.9670 ± 0.0037 at 1�. However, the small change
when adding polarization is not stable to the choice of polariza-
tion likelihood; when using the CamSpec TT,TE,EE+lowE like-
lihood in place of Plik, we find the weaker constraint r0.002 <
0.077 for the same data combination as that used in Eq. (44).

All the ns–r contours exclude convex potentials at about
the 95 % confidence (somewhat less if we use the CamSpec
likelihood, see Fig. 28), which substantially restricts the range
of allowed inflation models and disfavours all simple integer
power law potentials. More generally, since r depends on the
slope of the potential, the smallness of the empirical upper
limit on r implies that the inflationary potential must have been
nearly flat when modes exited the horizon. The measured ns
must then be determined largely by the second derivative of
the potential, suggesting a hierarchy in the magnitudes of the
slow-roll parameters, favouring hilltop-like potentials. For a de-
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Non-Gaussianity

I The observations are consistent with a fully Gaussian spectrum of
primordial fluctuations.

I But even the most minimal model of inflation has gravitational

interactions. Hence, there is a nonzero
〈
ζ~k1
ζ~k2
ζ~k3

〉
.

I We use a bank of templates to search for NG,〈
ζ~k1
ζ~k2
ζ~k3

〉
=

∑
a

f aNLFa(k1, k2, k3)

I In single-field inflation

min(fNL) ∼ 1− ns ∼ 10−2, (Maldacena ’03)
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fNL constraints

The best existing constrains come from Planck:

I Equilateral template, characterizes self-interactions of inflaton
(challenging to improve by LSS)

|f eqNL | < 50, (Planck)

I Local template, characterizes multi-field models (likely to improve
by LSS)

|f locNL | < 5, (Planck)

It is nice to identify models with a floor on non-Gaussianity.
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Example: Warm inflation Fang 80’, Moss 85’, Yokoyama, Maede 86’,

Berera,Fang 95’,. . .

Conceptual novelties:

I There is a small but non-decaying radiation component (T � H)
because of continuous particle production and thermalization.

I The origin of cosmic fluctuations are thermal.

Phenomenological signatures:

I Different ns and r for a given potential.

I New shapes of non-Gaussianity.
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Hot radiation during inflation?

Inflation is a period of accelerated expansion

ds2 = −dt2 + a(t)2dx2,
ȧ

a
= H.

Radiation density, if not replenished, decays exponentially

ρr ∝
1

a4
.
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Energy budget

Warm inflation needs a continuous energy transfer

φ→ X (another sector)

such that
ρX
ρtot
∼ ε small but approximately fixed.

Assuming thermalization, the temperature can be much greater than H:

T � H is compatible with T 4 � M2
plH

2.

because Mpl � H.
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Background evolution

Particle production back-reacts on the inflaton evolution

φ̈+ (3H + γ)φ̇+ V ′(φ) = 0,

ρ̇X + 4HρX = γφ̇2.

This can have a warm slow-roll attractor. But for a given V (φ), the
predictions are different.
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Background evolution

Particle production back-reacts on the inflaton evolution

�̈ + (3H + �)�̇ + V 0(�) = 0,

⇢̇X + 4H⇢X = ��̇2.

This can have a warm slow-roll attractor.

Therefore, there are di↵erent predictions for a given V (�).
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potential.
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Minimal warm inflation Berghaus,Graham,Kaplan ’19

Suppose inflaton is an axion coupled to a Yang-Mills plasma at T > Tc ,

∆L =
φ

f
αTr(GµνG̃

µν).

Then a process called Sphaleron heating leads to

γ ∼ α5T 3

f 2
.

Mehrdad Mirbabayi (ICTP) Inflation

Grigoriev,Rubakov,Shaposhnikov ’89,

Arnold,Son,Yaffe ’96,

Moore,Tassler ’10,

MM,Gruzinov ’221/ T



Origin of perturbations

I This induces large (effectively classical) fluctuations already inside
the horizon

δφ� δφvac.

I Computing them in the microscopic theory is challenging.
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The transfer of energy φ→ YM
is not uniform. It is a random
microscopic process.



Effective field theory for cosmological perturbations

I At wavelengths � 1/αT the effective description is hydrodynamics:

TYM
µν =

4

3
ρuµuν +

1

3
ρgµν ,

up to small corrections to the equation of state, and O(H/T )
dissipative corrections.

I However, there is one dissipative term that is essential

−∇2φ+ V ′(φ) =
α

f
TrGG̃ = −γ(ρ)uµ∂µφ︸ ︷︷ ︸

〈〉on long-λ bgr

+ ξ︸︷︷︸
noise

.

This couples φ to the fluid:

∇νTYM
µν = ∂µφ(γuν∂νφ− ξ).

Bastero-Gil, Berera, Moss, Ramos ’14
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Warm φ4 inflation (φ2 can’t be saved) MM,Gruzinov ’22

Ne = 55, φ ≈ 11.6Mpl, 1− ns ≈ 0.0337, γ ≈ 5.34H.

For φ+ SU(2)Yang-Mills

T

H
≈ 1200, r ≈ 4.7× 10−7.Planck Collaboration: Cosmological parameters
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Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
when marginalizing over r (samples, coloured by the spectral
index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

The precision of the Planck temperature constraint re-
mains limited by cosmic variance from the scalar compo-
nent and is model dependent. The tightest and least model-
dependent constraints on the tensor amplitude come from the
Keck Array and BICEP2 Collaborations (2016, BK14) analysis
of the BICEP2/Keck field, in combination with Planck high-
frequency maps to remove polarized Galactic dust emission.
The BK14 observations measure the B-mode polarization power
spectrum in nine bins at ` <⇠ 300, with the tensor amplitude in-
formation coming mainly from scales ` ' 100, where the B-
mode spectrum from scattering at recombination is expected to
peak. The Planck CMB power spectrum measurements use a
much larger sky area, and are useful to convert this measurement
into a constraint on the tensor-to-scalar ratio r at a given scale
with little additional cosmic variance error. To relate the tensor
measurement to constraints on specific inflation models (which
usually predict a region in the ns–r plane), combining with the
Planck data is also essential, although model dependent.

Figure 28 shows the constraints in the ns–r plane, with r
added as a single additional parameter to the base model and
plotted at pivot scale 0.002 Mpc�1. We assume the tensor-mode
spectrum is close to scale invariant, with spectral index given
by the inflation consistency relation to second order in slow-roll
parameters. Planck alone gives

r0.002 < 0.10, (95 %, TT,TE,EE+lowE+lensing), (42)

with ns = 0.9659±0.0041 at 1�. Adding BK14 to directly mea-
sure the tensor amplitude significantly tightens the r constraint,
and adding BAO data tightens (slightly) the ns constraint. Using
the Planck temperature likelihoods we find

r0.002 < 0.065 (95 %, TT+lowE+lensing+BK14+BAO), (43)
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Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck
TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraint with BAO and BICEP2/Keck (blue, includ-
ing Planck polarization to determine the foreground compo-
nents, Keck Array and BICEP2 Collaborations 2016). This as-
sumed the inflationary consistency relation and negligible run-
ning. Dashed grey contours show the joint constraint when us-
ing CamSpec instead of Plik as the high-` Planck likelihood,
indicating the level of modelling uncertainty in the polarization
results. Dotted lines show the loci of approximately constant
e-folding number N, assuming simple V / (�/mPl)p single-
field inflation. Solid lines show the approximate ns–r relation
for locally quadratic and linear potentials to first order in slow
roll; red lines show the approximate allowed range assuming
50 < N < 60 and a power-law potential for the duration of in-
flation. The solid black line (corresponding to a linear potential)
separates concave and convex potentials.

with ns = 0.9663 ± 0.0041 at 1�, or adding polarization

r0.002 < 0.065 (95 %, TT,TE,EE+lowE+lensing
+BK14+BAO), (44)

with ns = 0.9670 ± 0.0037 at 1�. However, the small change
when adding polarization is not stable to the choice of polariza-
tion likelihood; when using the CamSpec TT,TE,EE+lowE like-
lihood in place of Plik, we find the weaker constraint r0.002 <
0.077 for the same data combination as that used in Eq. (44).

All the ns–r contours exclude convex potentials at about
the 95 % confidence (somewhat less if we use the CamSpec
likelihood, see Fig. 28), which substantially restricts the range
of allowed inflation models and disfavours all simple integer
power law potentials. More generally, since r depends on the
slope of the potential, the smallness of the empirical upper
limit on r implies that the inflationary potential must have been
nearly flat when modes exited the horizon. The measured ns
must then be determined largely by the second derivative of
the potential, suggesting a hierarchy in the magnitudes of the
slow-roll parameters, favouring hilltop-like potentials. For a de-
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O(1) lower bound on non-Gaussianity MM,Gruzinov ’22
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Planck constraint on f eqNL is about 50.
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Conclusions

I There is much to learn about inflation.

I It can be a promising window into the BSM physics, and quantum
gravity.

I Warm inflation is a qualitatively distinct model of inflation that
provides a realistic target for non-Gaussianity searches.

Thank you!
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