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Get introduced: the deuteron

Wave function(s) (r is the distance between proton and neutron):

Hulthen form (α = 0.23 fm−1, β = 1.61 fm−1)

ϕd(r) =

√
αβ(α + β)

2π(α− β)2

e−αr − e−βr

r

spherical harmonic oscillator (d = 3.2 fm)

ϕd(r) = (πd2)−3/4 exp

(
− r2

2d2

)

rms radius: 1.96 fm
Binding energy 2.2 MeV
spin 1
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Clusters and statistical model: a neat coincidence

Cluster abundancies fit into a universal
description with the statistical model

Is this robust feature, or is this a result
of fine-tuning?

What does it actually tell us?

P. Braun-Munzinger, B. Dönigus / Nuclear Physics A 987 (2019) 144–201 157

Fig. 11. (Colour online.) Thermal model description of the production yields (rapidity density) of different particle 
species in heavy-ion collisions at the LHC for a chemical freeze-out temperature of 156.5 MeV (from [60], where more 
details can be found, see also [61]).

sequence also to equal yields of nuclei and anti-nuclei for the different species. This also implies 
that measurements of particle production at LHC energies are relevant for the understanding of 
the evolution of the early universe. In fact, different from the situation for nuclear collisions at 
LHC energy, the production of nuclei in the early universe can not happen when the baryons are 
produced because the photons, still in equilibrium with the baryons, would destroy all formed 
nuclei immediately. Thus, the formation of nuclei happens in the early universe at a much later 
time after the temperature has dropped sufficiently, such that no thermal photons are left to de-
stroy the formed deuterons. From this point on, the process n + p → d + γ is dominating the 
detailed balance, deuterons are produced and the backward reaction is energetically suppressed.

Since, in this review, we are in particular interested in loosely-bound states we show in Fig. 12
the deuteron-to-proton ratio in relativistic nuclear collisions as a function of centre-of-mass en-
ergy, bridging data from the SPS to RHIC to the LHC. Assuming thermal production of deuterons 
according to the particle mass and spin reproduces the data very well, implying that the statistical 
hadronisation model is a useful tool to estimate production yields also for loosely-bound states 
as developed in [20,19 ,21]. The application of the parameterization of the energy-dependence 
of Tchem and µB [11,32] within the framework of the statistical hadronisation model leads to an 
impressive description of all hadron production data. In fact, yields for the production of loosely-
bound states at LHC energy were successfully predicted in [21] before data taking. This shows 
that the production of nuclei is quantitatively well reproduced within the framework of the sta-
tistical hadronisation model, implying that the same parameters (Tchem, µB, V ) governing light 
hadron production yields also determine the production of light composite objects, with only 
the particle mass and quantum numbers and not structural parameters such as binding energy or 
radius as input.

Another way to look at the deuteron-proton ratio is displayed in Fig. 13 extracted from the 
thermal model [32]. In this Figure, the d/p ratio is shown as function of the entropy per unit of 
rapidity in the collision. As naively expected, increasing the entropy leads first to a precipitous 
drop of the ratio, as the entropy/baryon scales ∝ − ln (d/p), [62,63]. Above 

√
sNN ≈20 GeV the 

chemical freeze-out temperature saturates at around 160 MeV, implying that the entropy density 

[A. Andronic et al., J. Phys: Conf. Ser 779 (2017) 012012]

This is (a part of the) motivation to look at clusters,
although clusters actually carry femtoscopic information about the freeze-out.
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Kinetic freeze-out of clusters: ALICE

[J. Adam et al. [ALICE collab], Phys. Rev. C 93 (2016) 024917]

pt spectra of d and 3He fitted individually with the blast-wave formulaJ. ADAM et al. PHYSICAL REVIEW C 93, 024917 (2016)
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FIG. 9. Efficiency and acceptance corrected deuteron spectra for
Pb-Pb collisions at

√
sNN = 2.76 TeV in various centrality classes and

for inelastic pp collisions at
√

s = 7 TeV. The dashed lines represent
an individual fit with the BW function [Eq. (6)] in the case of Pb-Pb
spectra and with the function presented in Eq. (5) in the case of the
pp spectrum (see text for details). The boxes show systematic error
and vertical lines show statistical error separately.

currently large uncertainties, only the spectra of nuclei are
provided in the following.

B. Spectra of nuclei

The final spectra of deuterons obtained in Pb-Pb and pp
collisions are shown in Fig. 9. The statistical and systematic
errors are shown separately as vertical lines and boxes,
respectively. In pp collisions, the spectrum is normalized to
the number of all inelastic collisions (NINEL) which includes
a correction for trigger inefficiencies (see [42,43] for details).
It is fitted with the following function [44–46] that has been
used for lighter particles:

1
2πpT

d2N

dpTdy

= dN

dy

(n − 1)(n − 2)
2πnC[nC + m0(n − 2)]

(
1 + mT −m0

nC

)−n

(5)

with the fit parameters C, n, and the dN/dy . The parameter m0
corresponds to the mass of the particle under study (deuteron)

at rest and mT =
√

m2
0 + p2

T to the transverse mass. As in
the case of lighter particles, the function is found to describe
the deuteron pT spectrum well in the measured range with a
χ2/ndf of 0.26. The fit function is used for the extrapolation
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FIG. 10. 3He spectra for two centrality classes (0–20% and
20–80%) are shown for Pb-Pb collisions at

√
sNN = 2.76 TeV. The

spectra are fitted individually with the BW function (dashed lines).
The systematic and statistical errors are shown by boxes and vertical
lines, respectively.

to the unmeasured region at low and high transverse momenta
(about 45% of the total yield) and a pT-integrated yield of
dN/dy = [2.02 ± 0.34(syst)] × 10−4 is obtained.

While statistical errors are negligible, the systematic error
is dominated by the uncertainty related to the extrapolation
(13%) which is evaluated by a comparison of different
fit functions [47] (Boltzmann, mT exponential, pT expo-
nential, Fermi-Dirac, Bose-Einstein). Based on the same
extrapolation in the unmeasured region of the spectrum, a
mean transverse momentum ⟨pT⟩ of 1.10 ± 0.07 GeV/c is
obtained.

The final spectra of deuterons and 3He for Pb-Pb collisions
at

√
sNN = 2.76 TeV are shown in Figs. 9 and 10 for various

choices of the collision centrality. Again, the systematic and
statistical errors are shown separately by boxes and vertical
lines, respectively. The pT distributions show a clear evolution,
becoming harder as the multiplicity increases. A similar
behavior is observed for protons, which have been successfully
described by models that incorporate a significant radial flow
[41].

The spectra obtained in Pb-Pb collisions are individually
fitted with the blast-wave (BW) model for the determination
of pT-integrated yields and ⟨pT⟩. This model [48] describes
particle production properties by assuming that the particles
are emitted thermally from an expanding source. The func-
tional form of the model is given by

1
pT

dN

dpT
∝

∫ R

0
r dr mTI0

(pT sinh ρ

Tkin

)
K1

(mT cosh ρ

Tkin

)
, (6)

where the velocity profile ρ is described by

ρ = tanh−1 β = tanh−1(βS(r/R)n). (7)
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124, 0.504

J. ADAM et al. PHYSICAL REVIEW C 93, 024917 (2016)
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FIG. 9. Efficiency and acceptance corrected deuteron spectra for
Pb-Pb collisions at

√
sNN = 2.76 TeV in various centrality classes and

for inelastic pp collisions at
√

s = 7 TeV. The dashed lines represent
an individual fit with the BW function [Eq. (6)] in the case of Pb-Pb
spectra and with the function presented in Eq. (5) in the case of the
pp spectrum (see text for details). The boxes show systematic error
and vertical lines show statistical error separately.

currently large uncertainties, only the spectra of nuclei are
provided in the following.

B. Spectra of nuclei

The final spectra of deuterons obtained in Pb-Pb and pp
collisions are shown in Fig. 9. The statistical and systematic
errors are shown separately as vertical lines and boxes,
respectively. In pp collisions, the spectrum is normalized to
the number of all inelastic collisions (NINEL) which includes
a correction for trigger inefficiencies (see [42,43] for details).
It is fitted with the following function [44–46] that has been
used for lighter particles:

1
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2πnC[nC + m0(n − 2)]

(
1 + mT −m0
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)−n

(5)

with the fit parameters C, n, and the dN/dy . The parameter m0
corresponds to the mass of the particle under study (deuteron)

at rest and mT =
√

m2
0 + p2

T to the transverse mass. As in
the case of lighter particles, the function is found to describe
the deuteron pT spectrum well in the measured range with a
χ2/ndf of 0.26. The fit function is used for the extrapolation
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FIG. 10. 3He spectra for two centrality classes (0–20% and
20–80%) are shown for Pb-Pb collisions at

√
sNN = 2.76 TeV. The

spectra are fitted individually with the BW function (dashed lines).
The systematic and statistical errors are shown by boxes and vertical
lines, respectively.

to the unmeasured region at low and high transverse momenta
(about 45% of the total yield) and a pT-integrated yield of
dN/dy = [2.02 ± 0.34(syst)] × 10−4 is obtained.

While statistical errors are negligible, the systematic error
is dominated by the uncertainty related to the extrapolation
(13%) which is evaluated by a comparison of different
fit functions [47] (Boltzmann, mT exponential, pT expo-
nential, Fermi-Dirac, Bose-Einstein). Based on the same
extrapolation in the unmeasured region of the spectrum, a
mean transverse momentum ⟨pT⟩ of 1.10 ± 0.07 GeV/c is
obtained.

The final spectra of deuterons and 3He for Pb-Pb collisions
at

√
sNN = 2.76 TeV are shown in Figs. 9 and 10 for various

choices of the collision centrality. Again, the systematic and
statistical errors are shown separately by boxes and vertical
lines, respectively. The pT distributions show a clear evolution,
becoming harder as the multiplicity increases. A similar
behavior is observed for protons, which have been successfully
described by models that incorporate a significant radial flow
[41].

The spectra obtained in Pb-Pb collisions are individually
fitted with the blast-wave (BW) model for the determination
of pT-integrated yields and ⟨pT⟩. This model [48] describes
particle production properties by assuming that the particles
are emitted thermally from an expanding source. The func-
tional form of the model is given by

1
pT

dN

dpT
∝

∫ R

0
r dr mTI0

(pT sinh ρ

Tkin

)
K1

(mT cosh ρ

Tkin

)
, (6)

where the velocity profile ρ is described by

ρ = tanh−1 β = tanh−1(βS(r/R)n). (7)
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enhancement at low pt. We recall that our fitting procedure does not include any chemical
potential but we account for resonance production. For pions at pt below 400MeV/c,
resonance contribution grows as pt is lowered. This can be observed in figure 1. Still,
although qualitatively this behaviour might agree with what is seen in the data, quantitatively
it is not sufficient to explain it. Resonances tend to populate low-pt regionsbut this is not
enough to fit the data. We speculate that the solution might be in introducing non-equilibrium
chemical potential for pions. This would naturally occur if the hadron gas chemically freezes
out at a temperature around 150–160MeV and then cools down while keeping the effective
ratios of individual species constant. We estimated that the pion chemical potential at kinetic
freeze-out temperature might reach values around 100MeV. This is not enough for Bose–
Einstein condensation but modifies the spectrum considerably.

In the higher-pt region the pion spectrum is well reproduced up to about 2GeV. This
seems reasonable, as for higher pt we may see signs of hard production.

Charged kaons (figure 5) are well reproduced in a similar pt interval without the need to
leave out any bins at low pt. We also observe good fits to (anti)proton spectrum (figure 6)
stretching out even to about 4GeV. In general, the agreement becomes slightly worse when
going away from central collisions. For the most peripheral class charged kaons depart from
the theoretical curve above 2GeV/c and protons above 3.5GeV/c.

In the fit we also included strange V0ʼs which were measured up to pt of 4.5GeV/c [13].
The kaons show (figure 7) similar behaviour totheir charged isospin partners. When com-
paring the two plots for K+ (figure 5) and K0 (figure 7) one should note the different pt
intervals in which these spectra are measured. Below the pt cut of 2GeV the Λʼs are also fitted
well (figure 8). They depart slightly from this agreement above 2GeV, but in a different way
toother species: Λʼs are steeper at high pt than the thermal fits. Note that the values of freeze-
out parameters were determined in common fits to all 8 species, including Λʼs. We might be
seeing here the beginning of the departure of strange baryon spectra from the scenario of

Figure 3. Positions of best-fit values of T and vt for transverse momentum spectra of
,p K , p, p,¯ K0, and Λ are shown by red +’s. Results go from central (upper left) to

non-central (lower right) collisions, with centrality classes indicated in table 2. Around
each best fit value we estimate the 99% confidence-level region. By blue ×’s we show
results of fits to spectra of multi-strange species, centralities are indicated in table 3. For
multi-strange species we estimate the 68% confidence-level regions.

J. Phys. G: Nucl. Part. Phys. 43 (2016) 015102 I Melo and B Tomášik

8

[I. Melo, B. Tomášik, J. Phys. G. 43 (2016) 015102]
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Deuteron regeneration

[D. Oliinychenko, et al., Phys. Rev. C 99 (2019) 044907]

If deuterons were produced at hadronisation, they are continuously destroyed and regenerated.

SMASH: hybrid model

deuterons generated at particlisation
(T = 155 MeV)

dominant reactions at high energies:
dπ ↔ pnπ

Hadronic reactions can keep the deuteron
multiplicity constant after chemical
freeze-out.

MICROSCOPIC STUDY OF DEUTERON PRODUCTION IN … PHYSICAL REVIEW C 99, 044907 (2019)

FIG. 7. Top: deuteron yield (both in hydrodynamics and after-
burner) versus time for the scenarios, described in the text. Bottom:
relative amount of energy in the afterburner. This is to indicate, how
much of the system is already treated by the afterburner.

processes was fulfilled, in other words if the processes mesons
→ BB̄ were implemented in SMASH, the final deuteron yield

would be between our default calculation and the scenario
without annihilation. This also seems to suggest that the
unchanged deuteron yield in time is a coincidence. In the fifth
scenario we show, however, that this coincidence persists if
one changes the temperature of particlization to 165 MeV.
This is surprising. To understand this better we proceed with a
toy model of deuteron production, that reproduces our results
qualitatively and explains the coincidence.

3. Toy model of deuteron production

From the previous section and Fig. 7 we conclude that
πd ↔ πnp reactions close to equilibration tend to increase
the amount of deuterons, if annihilations are absent. At the
same time, BB̄ annihilations out of equilibrium decrease
the amount of nucleons and consequently, the amount of
deuterons. As a result, when both mechanisms are at play, the
deuteron yield stays approximately constant. This balance of
two mechanisms, however, turns out to be surprisingly stable
with respect to the change of particlization temperature. To
explain it in an intuitive way, let us consider a simple ther-
modynamic toy model, which assumes isentropic expansion,
constant number of pions, and complete absence of BB̄ anni-
hilations. For simplicity, we consider an expanding ideal gas
of pions, nucleons, deltas, and deuterons. The corresponding
equations are

(ρ#(T, µB + µπ ) + ρπ (T, µπ ))V = const (7)

(ρN (T, µB) + ρ#(T, µB + µπ ) + 2ρd (T, 2µB))V = const (8)

(sπ (T, µπ ) + sN (T, µB) + s#(T, µB + µπ ) + sd (T, 2µB))V = const (9)

Here ρ is the density and s is the entropy density computed
as

ρ = g

2π2 h̄3 eµ/T m2T K2(m/T ) (10)

s = d p
dT

= ρ + T
∂ρ

∂T
. (11)

Here g is degeneracy of a particle, m is its mass, and µ is
its chemical potential. We assume that initially the system has
temperature T0, volume V0, µB = 0 and µπ = 0. As the sys-
tem expands and the volume increases, the temperature drops
and the fugacity parameters, µB and µπ , increase. In Fig. 8
one can see that the deuteron yield indeed grows, in qualitative
agreement with our simulation without annihilations in Fig. 7.
The picture remains almost unchanged, when T0 is set to
165 MeV instead of 155 MeV. To emulate annihilations, that
are out of equilibrium, and quickly freeze out, in the solution
of our toy-model equation we set

µB → µB
V/V0

a+ V/V0
, (12)

so that at large V/V0 annihilations are not acting, while at
smaller V/V0 they are the strongest. Parameter a regulates the
strength of annihilations: if it is large, then µB → 0, which
corresponds to very effective annihilations; if a = 0 then it

FIG. 8. Evolution of yields (top) and thermodynamic variables
(bottom) in our toy model without annihilations for T0 = 155 MeV.
The deuteron yield grows, which is similar to our simulation within
the fourth scenario in Fig. 7.

044907-7
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Production mechanism: coalescence

[R. Scheibl, U. Heinz, Phys. Rev. C 59 (1999) 1585]

Projection of the deuteron density matrix onto two-nucleon density matrix
Deuteron spectrum:

Ed
dNd

d3Pd
=

3

8(2π)3

∫

Σf

Pd · dΣf (Rd) fp

(
Rd ,

Pd

2

)
fn

(
Rd ,

Pd

2

)
Cd(Rd ,Pd)

QM correction factor

Cd(Rd ,Pd) ≈
∫

d3r
f (R+,Pd/2)f (R−,Pd/2)

f 2(Rd ,Pd/2)
|ϕd(~r)|2

r relative position, R+, R−: positions of nucleons
approximation: narrow width of deuteron Wigner function in momentum
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Correction factor: limiting cases

Cd(Rd ,Pd) ≈
∫

d3r
f (R+,Pd/2)f (R−,Pd/2)

f 2(Rd ,Pd/2)
|ϕd(~r)|2

Large homogeneity region for nucleon momentum Pd/2: L� d
(L is the scale on which f (R,Pd/2) changes)

Cd(Rd ,Pd) ≈
∫

d3r |ϕd(~r)|2 = 1

No correction! Just product of nucleon source functions.

Small homogeneity region for nucleon momentum Pd/2: L� d
f (R,Pd/2) effectively limits the integration to Ω

Cd(Rd ,Pd) ≈
∫

Ω
d3r |ϕd(~r)|2 = C < 1

Interesting regime: L ≈ d
Boris Tomášik (Czech Technical University) Deuteron production in heavy-ion collisions 6.12.2022 7 / 20



Analytical approximation of the (average) correction factor
[R. Scheibl, U. Heinz, Phys. Rev. C 59 (1999) 1585]

〈Cd〉(Pd) =

∫
Σf

Pd · dΣf (Rd)f 2
(
Rd ,

Pd
2

)
Cd(Rd ,Pd)

∫
Σf

Pd · dΣf (Rd)f 2
(
Rd ,

Pd
2

)

Approximations:

Gaussian profile in rapidity and in the transverse direction,
weak transverse expansion (⇒ no pt dependence)
saddle point integration

〈Cd〉 ≈





(
1 +

(
d

2R⊥(m)

)2
)√

1 +

(
d

2R‖(m)

)2




−1

Homogeneity lengths:

R⊥ =
∆ρ√

1 + (mt/T )η2
f

R‖ =
τ0 ∆η√

1 + (mt/T )(∆η)2
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The invariant coalescence factor B2

[R. Scheibl, U. Heinz, Phys. Rev. C 59 (1999) 1585]

Ed
dNd

d3Pd
= B2Ep

dNp

d3Pp
En

dNn

d3Pn

∣∣∣∣
Pp=Pn=Pd/2

(Approximations with corrections for box profile)

B2 =
3π3/2〈Cd〉

2mtR2
⊥(mt)R‖(mt)

e2(mt−m)(1/T∗
p −1/T∗

d )

where the effective temperatures are

T ∗p = T + mpη
2
f T ∗d = T +

Md

2
η2
f

Approximate behaviour: B2 ≈ 1/volume
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It works!

B2 as function of
√
sNN

[P. Braun-Munzinger, B. Dönigus, Nucl. Phys. A987 (2019) 144]

Compared with ∝ 1/V

174 P. Braun-Munzinger, B. Dönigus / Nuclear Physics A 987 (2019) 144–201

Fig. 34. (Colour online.) Coalescence parameter B3 of tritons and 3He nuclei (left panel) and their anti-nuclei (right 
panel) in elastic pp collisions at √s = 7 TeV. The Bevalac measurements in p–C, p–Cu and p–Pb collisions are shown as 
bands at low momentum. Dashed lines indicate the values obtained with EPOS-LHC using a simple afterburner for the 
coalescence. From [164].

Fig. 35. (Colour online.) Coalescence parameters B2 and B3 from different heavy-ion collision experiments as a function 
of √sNN. Data from heavy-ion collisions, where open symbols represent the anti-nucleus measurement. The horizontal 
dashed lines at low energies indicate the B2 and B3 values in elementary collisions as pp, pp̄, p–A and γ A but also the 
Bevalac heavy-ion data is close to it. The dashed-dotted lines show a simple model assuming BA ∝ 1/V A−1, where 
the volume V is taken from HBT radius measurements by STAR at their beam energy scan [182]. Please note that the 
ALICE B3 measurement from 3He nuclei is in a broader centrality interval (0–20%) as the corresponding B2 (0–10%).

7. Results of (anti-)hypernucleus production measurements

Hypernuclei, as bound states of nucleons and hyperons, are of particular interest. Their study 
provides an interesting testing ground of the baryon-hyperon interaction. In their ground states 
they generally decay weakly, i.e. have lifetimes of the order of 1-10×10−10 s. Generally, they 
are produced and identified by (K−, π−), (π+, K+) or (e, e′K+) reactions on stable nuclear tar-
gets [184,185]. In relativistic nuclear collisions their signal can be reconstructed by an invariant 

B

B

2

3

1/V

1/V2

B2 as function of pt
[J. Adam, et al. [ALICE coll.], Phys. Lett. B754 (2016) 360]

P. Braun-Munzinger, B. Dönigus / Nuclear Physics A 987 (2019) 144–201 177

Fig. 39. (Colour online.) Comparison of the coalescence parameter B2 for d, 3He and 3!H. The B2 values of 3He and 
3
!H were calculated by scaling the B3 parameter. Taken from [186 ] and thus more details can be found there.

0.35 are limits set by experimental knowledge of ratios of branching ratios. The upper limit 
for instance is determined by the ratio of the 3He + π− decay channel to all decay channels 
containing a π−. The most referenced theoretical calculation expects a branching ratio of about 
25%, which is also used to correct the experimental data [87]. The same thermal model which 
is used to predict the light nuclei yields describes also the (anti-)hypertriton yield rather well 
around the expected branching ratio.

One can further compare the coalescence parameters of different light nuclei with those of the 
hypertriton, as shown in Fig. 39. This is done by scaling the B3 value determined for 3He and 
3
!H to the B2, to allow for a comparison (using the mass scaling given by equation (4 )).

7.3. Impact on thermal analysis

In the thermal approach the production yield of loosely-bound states is entirely determined by 
mass, quantum numbers and fireball temperature while the yield in the framework of coalescence 
should significantly depend on the relevant wave functions. The hypertriton and 3He have very 
different wave functions but have essentially equal production yields, as we will see later on.

In contrast to what was discussed before, the energy conservation needs to be taken into 
account when forming objects with baryon number A from A baryons, since the coalescence 
of off-shell nucleons does not help as the density must be much lower than nuclear matter 
density. To quantify the delicate balance between formation and destruction one can calculate 
the maximum momentum transfer onto the hypertriton before it breaks up, which is of the or-
der Qmax < 20 MeV/c, whereas typical pion momenta are pπ > 250 MeV/c, and the typical 
hadronic momentum transfer in the fireball is ⟨Q⟩ > 100 MeV/c. This means the hypertriton 
interaction cross-section with pions or nucleons at thermal freeze-out is of order σ ≈ 70 fm2. 
For the majority of hypertritons to survive, the mean-free path λ has to exceed the system 
size at thermal freeze-out which is estimated [14 ] to be about 10 fm. Taking λ > 15 fm for 
a rough estimate this would lead to a density of the fireball at formation of hypertriton of 
n < 1/(λσ ) = 0.001 fm−3. This is completely inconsistent with a formation at kinetic freeze-out, 
where typically n = 0.05 fm−3. In addition to that, the description of the centrality dependence 
of spectra and d/p ratio as a function of multiplicity is not consistent with current coalescence 
predictions.

consistent with decreasing homogeneity volume
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Difference to thermal production
[F. Bellini, A. Kahlweit, Phys. Rev. C 99 (2019) 054905]

For coalescence use

B2 =
3π3/2〈Cd〉

2mtR3(mT )

generalized

BA =
2JA + 1

2A
1√
A

1

mA−1
T

(
2π

R2 + (rA/2)2

) 3
2

(A−1)

with
R = (0.473 fm)〈dNch/dη〉

Difference between coalescence and blast-wave for small source
sizes.

4

multiplied by the measured ⇤/p ratio [14, 46] and
3He yield [36]. With the resulting spectra, we calcu-
late BA for a given pT/A and compare it with coales-
cence expectations. In the following, we label this model
“thermal+blast-wave”.

IV. MAPPING EVENT MULTIPLICITY INTO
SOURCE SIZE

In order to compare the source radius-dependent pre-
dictions from coalescence with the centrality-dependent
data and with predictions from the thermal+blast-wave
model, we map the average charged particle multiplic-
ity density (hdNch/d⌘i) in each centrality (or multiplic-
ity) event class into the system size. Experimentally,
the source size can be controlled by selecting di↵erent
collision geometries, i.e. di↵erent centralities [47]. This
mapping is based on the parameterisation

R = a hdNch/d⌘i1/3
+ b (10)

where R is the source radius, a = 0.473 fm and b = 0.
The value of the empirical parameter a is obtained

by tuning the parameterisation such that the measured
(anti-)deuteron B2 in the most central Pb–Pb class falls
onto the coalescence prediction. In this way, we con-
strain the coalescence volume with the more di↵eren-
tial (anti-)deuteron data and assume that it is the same
for all anti- and hyper-nuclei. We justify the choice of
Eq. 10 by identifying the source volume as the e↵ec-
tive sub-volume of the whole system that is governed by
the homogeneity length of the interacting nucleons (as in
[7]) and experimentally accessible with Hanbury-Brown-
Twiss (HBT) interferometry [48]. The HBT radii scale
with hdNch/d⌘i1/3 and we make the simplifying assump-
tion that this scaling holds across collision systems, which
is approximately fulfilled in the data [1, 49]. We also note
that the HBT radii, and thus also the source size, depend
on the pair average transverse momentum hkTi [50]. In
contrast to [9], we do not explicitly use the measured
HBT radii in our study because using a linear fit to the
ALICE HBT data [1, 51] would result in a smaller source
size (R ⇡ 4 fm) than required by the measured B2 to
agree with the coalescence prediction (R ⇡ 5.5 fm) in
central Pb–Pb collisions. We do however take into ac-
count the experimentally observed hkTi dependence of
the source size, in contrast to a similar coalescence study
reported in [39] (for a detailed discussion of possible al-
ternative source volume parameterisations, see the Ap-
pendix A). Production via coalescence could also be in-
vestigated by looking at the transverse momentum de-
pendence of BA. However, the advantage of studying
these e↵ects as a function of the multiplicity/centrality
is that the system size o↵ers a larger lever arm. For a
fixed pT/A, B2 changes by a factor of about 50 going
from pp to central Pb–Pb collisions, whereas B2 changes
by a factor of two going from pT/A = 0.4 GeV/c to
pT/A = 2.2 GeV/c in most central Pb–Pb collisions [36],

and by a factor of less than two in the measured pT/A
range in pp collisions [32, 33].

V. COMPARISON WITH DATA

FIG. 2. Comparison of the coalescence parameters measured
by ALICE (filled symbols) for deuterons (upper panel), 3He
(middle panel) and 3

⇤H (lower panel) in pp [32] and Pb–
Pb [35, 36] collisions with the thermal+blast-wave model ex-
pectations (dotted line) and the coalescence predictions (solid
lines). The dashed line in the lower right panel corresponds to
the coalescence prediction for the 3

⇤H with a larger radius. We
have rescaled the inelastic pp collision data in [32] to match
the so-called INEL>0 class by the ratio of hdNch/d⌘i in these
two event classes, see [52] for details.
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UrQMD with coalescence

[S. Sombun, et al., Phys. Rev C 99 (2019) 014901]

protons and neutrons followed in
UrQMD

after finishing of the fireball evolution,
merge those which are close in
phase-space

∆rmax = 3.575 fm
∆pmax = 0.285 GeV/c

spin-isospin factor 3/8

Deuteron production reasonably
reproduced.

DEUTERON PRODUCTION FROM PHASE-SPACE … PHYSICAL REVIEW C 99, 014901 (2019)
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s
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Au+Au, b ≤ 4.6 fm, |y| < 0.3
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UrQMD, d̄/p̄

thermal model, d/p

thermal model, d̄/p̄

data, d/p
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FIG. 13. Energy dependence of the deuteron to proton ratio
in Au+Au collisions with b! 4.6 fm and |y | < 0.3 at

√
sNN =

2, 5, 7.7, 11.5, 14.5, 17, and 19.6 GeV. The solid lines represent
UrQMD model results, the dotted lines denote the thermal model
fit [31] and the symbols denote experimental data from various
collaborations (down-triangle: SIS [30], hexagon: E802 [33], up-
triangles: PHENIX [34], blue diamonds: NA49 [27], circles: STAR
[32], pentagon: ALICE [29], square: E814 [35]). The blue horizontal
line represents the UrQMD+hydro result on the d/p ratio at 2.76 TeV
and the green horizontal line represents the UrQMD result of the d̄/p̄

ratio in Si+Au collisions at Elab = 14.6 A GeV.

phase-space density for baryons at higher beam energies. The
decrease of the d̄/p̄ ratio towards lower energies indicates the
surface freeze-out of the antiprotons and thus also a decreased
phase-space density [36,37].

III. SUMMARY

In the present paper, we have provided a benchmarking
transport model study of deuteron production in the FAIR
and up to the LHC energy regime. The UrQMD+coalescence
model with parameters !pmax = 0.285 GeV/c and !rmax =
3.575 fm provides a very good description of the available
data of deuteron production. Starting from proton-induced
reactions (p + p and p+Au, p+Be) at low and high energies
towards Pb+Pb reaction at the CERN-SPS and CERN-LHC
we find that deuteron production for all systems can be de-
scribed by coalescence with the same phase-space parameters.
Given the current discussion of the deuteron production at
LHC, we want to stress that coalescence provides similar
results for the d/p ratios as the thermal model over the whole
range of expected energies. In addition it captures the decrease
of the d/p ratio for the high centrality bin in Pb+Pb reactions
at the LHC. Moreover, we have demonstrated that the data
of invariant yields of (d) and (p) at pt = 0 as a function of
rapidity in minimum-bias Si+Au collisions at 14.6 A GeV is
in agreement with the UrQMD calculations.
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How to get the yields consistent with the statistical model?

Assume thermal source function (Boltzmann)

fN(pN , x) = 2 exp

(
−pn · u + µN

T

)
H(r , φ, η)

coalescence:

Ed
dNd

d3Pd
=

3

4

∫

Σf

Pd · dΣf (Rd)

(2π)3

(
2 exp

(
−pn · u + µN

T

))2

(H(r , φ, η))2 Cd(Rd ,Pd)

thermal production:

Ed
dNd

d3Pd
= 3

∫

Σf

Pd · dΣf (Rd)

(2π)3
exp

(
−Pd · u + µd

T

)
H(r , φ, η)

they are equal if

volume is large, i.e. Cd(Rd ,Pd) = 1

µd = 2µN , and µN guarantees right number of nucleons - PCE

H2(r , φ, η) = H(r , φ, η), fulfilled for box profile
see also [X. Xu, R. Rapp, Eur. Phys. J. 55 (2019) 68]
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Lesson from coalescence

deuteron spectrum sensitive to the shape of the density profile, through (H(r , φ, η))2

proton spectrum sensitive to H(r , φ, η)

effects for homogeneity lengths comparable with the size of the cluster

⇒ femtoscopy probe

elliptic flow of deuterons - probes finer changes in homogeneity lengths

see also [A. Polleri, et al., Phys. Lett. B 473 (2000) 193]
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Distinguishing coalescence: large clusters
[S. Bazak, S. Mrówczyński, Mod. Phys. Lett. A 33 (2018) 1850142]

Compare production of clusters similar in masses: 4He and 4Li.

Thermal model prediction: 5 times more 4Li (spin 2) than 4He (spin 0)

Coalescence: uncertainty due to unknown size of 4Li

July 27, 2018 9:45 MPLA S0217732318501420 page 5

4He versus 4Li and production of light nuclei in relativistic heavy-ion collisions

Fig. 1. The ratio of formation rates of 4Li in l = 2 state and 4He as a function of RLi for four
values of Rs = 1.5 fm, 3.0 fm, 5.0 fm and 7.0 fm.

Let us now discuss the spin and isospin factors which enter the coalescence rate

of 4Li. The nuclide has the isospin I = 1, Iz = 1 and thus the isospin factor is

gI =
3

24
, (12)

because there are three isospin states I = 1, Iz = 1 of four nucleons. The spin of
4Li is 2 but we do not know what is the orbital contribution. The spin-2 of 3He

and p can be arranged with the orbital angular momentums l = 1 and l = 2. We

assume here that the cluster 3He is of spin- 1
2 as the free nuclide 3He. (If the spin- 3

2

of 3He was allowed, the orbital number l = 0 would be also possible.) When l = 2,

the total spin of 3He and p has to be zero and thus

gS =
1

23
. (13)

If l = 1, the total spin of 3He and p has to be one and there are 32 such spin states

of four nucleons. Consequently, there are 32 angular momentum states with five

states corresponding to spin-2 of 4Li and thus

gS =
32

24

5

32
=

5

24
. (14)

Substituting the formulas (3) and (9) into Eq. (2), one finds the coalescence rate

of 4Li as

WLi =
3⇡9/2

211/2

 
5
2

1

!
R4

s�
R2

s + 1
2R2

c

�3 �
R2

s + 4
7R2

Li � 3
7R2

c

�7/2
, (15)

where the upper case is for l = 1 and the lower one for l = 2. Since the source

function (3) is spherically symmetric, the coalescence rate (15) depends on the

orbital numbers l only through the spin factor gS .
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clearly smaller yield than for thermal model

Experimental challenge: measure 4Li from 3He-p correlation function
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Distinguishing coalescence: d number fluctuations
[Z. Fecková, et al., Phys. Rev. C 93 (2016) 054906]

Measure the fluctuations of deuteron number.

Thermal model prediction: Poissonian fluctuations
Coalescence: protons and neutrons Poissonian, deuterons fluctuate more

Model A: fully correlated proton and neutron numbers: λd = Bn2
i

Pd(nd |ni ) = λndd
e−λd

nd !
= (Bn2

i )nd
e−Bn

2
i

nd !

Pd(nd) =
∑

ni≥nd

Pd(nd |ni )Pi (ni )

Model B: independent proton number ni and neutron number nj : λd = Bninj

Pd(nd |ni , nj) = λndd
e−λd

nd !
= (Bninj)

nd
e−Bninj

nd !

Pd(nd) =
∑

ni ,nj≥nd

Pd(nd |ni , nj)Pi (ni )P(nj)
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An example of deuteron number distribution

calculated for
√
sNN = 2.6 GeV

correlated p and n: σ2/〈nd〉 = 1.609, Sσ = 2.218, κσ2 = 6.915
independent p and n: σ2/〈nd〉 = 1.308, Sσ = 1.616, κσ2 = 3.422
Poissonian values are 1.
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Predictions for the deuteron scaled moments

correlated p and n number
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of d and pZUZANA FECKOVÁ et al. PHYSICAL REVIEW C 93, 054906 (2016)

distribution depends on whether the proton and neutron yields
are correlated or not. We tested both extremes—i.e., strongly
correlated and completely independent—and the departure
from Poissonian is always large. This allows us to disentangle
the direct grand-canonical production of deuterons (and other
clusters) from the formation of deuterons by coalescence.

For simplicity, we have assumed that the initial proton
number follows a Poisson distribution. This is fine for
measurements with small acceptance. If the baryon number
is exactly conserved within the acceptance window, then the
initial proton number should follow a binomial distribution.
Nevertheless, all our results should not change qualitatively.
Note also that direct comparison with experimental data will
also have to include the fluctuations of volume. Our predictions
are testable by the current experiments at the RHIC-BES and
later by FAIR.
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APPENDIX: CORRELATIONS

Another observable which distinguishes thermal grand-
canonical production and cluster production via coalescence
is the correlation of proton and deuteron multiplicities. In the
grand-canonical statistical approach the proton and deuteron
multiplicities both fluctuate independently according to the
Poisson distribution. However, in the coalescence scenario
the deuteron fluctuations are connected to the initial proton
and/or neutron number and thus to the observed nucleon
number fluctuations as well. This leads to a positive correlation
between proton and deuteron multiplicities. On the other hand
at a fixed initial proton number ni a larger deuteron multiplicity
nd results in a smaller final proton number np = ni − nd ,
which introduces anticorrelation between np and nd .

To explore to what degree the proton and deuteron multi-
plicities are correlated we evaluate the correlation coefficient
ρ defined as

ρ(np,nd ) =
∑

k

(
npk

− λp

)(
ndk

− λd

)

σpσd

, (A1)

where λp (λd ) and σp (σd ) are the mean value and width of
proton (deuteron) multiplicity distribution. The mean value
and the width for both protons and deuterons are calculated
using the distributions we derived earlier.

Now we have to distinguish between the two coalescence
models we introduced. First, we explore model A with strongly
correlated initial proton and neutron fluctuations. To calculate
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FIG. 5. Energy dependence of the correlation coefficients be-
tween proton number and deuteron number in the case of coalescence
with strongly correlated proton and neutron fluctuations (model A)
and in the case of coalescence with independent proton and neutron
fluctuations (model B).

the correlation coefficient consistently within this approach we
sum over all possible (ni,nd ) states:

ρ(np,nd ) =
∑

ni ,nd
P (ni)P (nd |ni)(ni − nd − λp)(nd − λd )

σpσd

.

(A2)
In Fig. 5 the correlation parameter ρ(np,nd ) is shown as

a function of energy. The proton and deuteron multiplicity
are positively correlated. The correlation is stronger for
lower energies, where the coalescence parameter is larger.
An interesting feature of the results is the decrease of the
correlation for the lowest energies. This effect is caused by
the wide deuteron distribution which emphasizes the extreme
low and high values of deuteron number leading to stronger
anticorrelation. Overall correlation is thus reduced.

Next we will investigate the correlations in the coalescence
model with independent initial nucleon fluctuations (model
B). In this case, we calculate the correlation coefficient by
summing over all possible (ni,nd,nj ) states:

ρ(np,nd ) = 1
σpσd

∑

ni ,nd ,nj

P (ni)P (nj )P (nd |ni,nj )

× (ni − nd − λp)(nd − λd ). (A3)

The correlation parameter ρ(np,nd ) calculated assuming in-
dependent proton and neutron fluctuations is shown in Fig. 5
as a function of energy and compared with the result of model
A. There is a marked difference between the two models. The
proton and deuteron multiplicities are now anticorrelated. The
anticorrelation is caused by an interplay of two effects. First,
the number of deuterons now depends only linearly on the
number of protons, as compared to the squared proton yield in
model A. Thus, the correlation is weaker. On the other hand,
the anticorrelation is reinforced by the neutrons fluctuating
independently, which causes an increase of higher deuteron
production when the proton yield is lower, but neutron yield
is high and vice versa.
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Distinguishing production mechanism from fluctuations: data by ALICE
[ALICE collaboration: arxiv 2204.10166 (PRL in press)]

(anti)d number fluctuationsAntideuteron production fluctuations number at the Large Hadron Collider ALICE Collaboration

0 20 40 60 80
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 = 5.02 TeVNNsPb, −Pb
| < 0.8η|

c < 1.8 GeV/
T
p: 0.8 < d

Figure 1: Second order to first order cumulant ratio of the d multiplicity distribution as a function of collision
centrality in Pb–Pb collisions at

p
sNN = 5.02 TeV. Statistical and systematic uncertainties are shown by the bars

and boxes, respectively. Measured cumulant ratios are compared with estimations from the CE version of the SHM
for two different baryon number conservation volumes and from a simple coalescence model. The width of the
SHM model bands corresponds to the statistical uncertainty of the model estimation, whereas the width of the band
for coalescence model corresponds to the uncertainty coming from the variation of the coalescence parameters.

the reconstruction efficiencies and their fluctuations using analytic expressions as discussed in Ref. [18].
Typical values of p and d reconstruction efficiencies for the studied pT ranges in the TPC and TOF
are about 70% and 25%, respectively. The efficiency-corrected cumulants and correlation are further
corrected for the centrality bin width effect [20] to suppress the initial volume fluctuations which arise
from the initial state (size and shape) fluctuations.

The statistical uncertainties on the efficiency corrected k2/k1 ratio and rp d are obtained by the subsample
method [21]. The systematic uncertainties on the observables are estimated by varying the track selection
and PID criteria. The systematic uncertainties due to track selection include the variation of the selection
criteria on DCAxy, DCAz, the number of reconstructed space points in the TPC, and the quality of the
track fit from their nominal values. The systematic uncertainties due to PID are calculated by varying the
default n(sTPCi) and m2 criteria. Systematic uncertainties due to each of these sources are considered
as uncorrelated and the total systematic uncertainty on the observables is obtained by adding all the
contributions in quadrature.

The resulting ratio of the second to first order cumulant for d is shown in Fig. 1 for different centrality
classes. The data is found to be consistent with unity within uncertainties as expected from a Poisson
distribution and does not exhibit a significant centrality dependence. Measurements are also compared
with estimations from the CE version of the SHM for two different correlation volumes (Vc) for baryon
number conservation, Vc = 4.8 dV/dy (orange band in figures) and Vc = 1.6 dV/dy (green band in
figures). The choice of two different Vc is discussed below. In the SHM model the temperature is fixed to
T = 155 MeV [5], the volume fitted to the published pion, kaon, and proton yields at midrapidity [22],
and the net-baryon number set to 0. Measurements are found to be consistent with the SHM model for
both of the Vc. In contrast to the corresponding ratio for p and p [23, 24], no strong dependence on the Vc
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correlation coefficient

Antideuteron production fluctuations number at the Large Hadron Collider ALICE Collaboration

is seen due to the fact that only a small fraction of the total antibaryon number is carried by d [10, 25].
Remarkably, the data differs from the calculations of the coalescence model, which predicts a deviation
larger than 1% from the Poisson baseline as explained in Ref. [9]. Two shaded bands are shown for the
coalescence model: the red one assumes full correlation among protons and neutrons produced in the
collision (Model A), while the blue one assumes completely independent proton and neutron production
fluctuations (Model B).
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Figure 2: Pearson correlation between the measured p and d as a function of collision centrality in Pb–Pb collisions
at

p
sNN = 5.02 TeV. Bars and boxes represent statistical and systematic uncertainties, respectively. Measured

correlations are compared with estimations from the CE version of the SHM for two different baryon number
conservation volumes and from a simple coalescence model.

Figure 2 shows rpd as a function of the collision centrality. A small negative correlation of O(0.1%) is
observed, i.e. in events with at least one d, there are O(0.1%) less p observed than in an average event.
The negative correlation observed in data is expected in the coalescence model (shown by the blue band
in Fig. 2) where p and n from two independent sources coalesce to produce d. It has to be noted that
models based on fully correlated proton and neutron fluctuations (Model A in Ref. [9]) predict values of
r around 6% and are ruled out by data. On the other hand, the measured negative correlation between
p and d is also expected by the CE version of the SHM which introduces a negative correlation between
p and d through the conservation of a fixed net-baryon number. The predicted correlation in the SHM
increases with decreasing correlation volume Vc for baryon number conservation which is used in the
following for a determination of Vc. In order to determine the correlation volume for the baryon quantum
number, a c2 minimization is performed by varying the Vc parameter in the SHM model and comparing
the result to the measured correlation as a function of centrality. The Vc interval probed in this case spans
from 1 to 5 units of rapidity, and the value that describes best the measurement is Vc = 1.6±0.3 dV/dy
with a fit probability of 85%. The SHM configuration with Vc = 4.8 dV/dy that correctly describes the
net-proton number fluctuations in central Pb–Pb collisions [25, 26] is compatible within uncertainties
with the measured rpd only in central collisions. Conversely, this configuration is excluded with a 4s
confidence level when compared with the measurements in all centrality classes.

Several consistency checks such as the correlation between p and d from different events, the correlation
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Thermal-FIST: Statistical Hadronisation Model with Canonical Ensemble and correlation
volume Vc for baryon number conservation.

[V. Vovchenko, B. Dönigus, H. Stöcker, Phys. Lett. B 785 (2018) 171]
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Conclusions

Is it coalescence or statistical model?

Existence of clusters in the fireball?
[V. Kireyeu, et al., Phys. Rev. C 105 (2022) 044909]

coalescence is sensitive to space-time and dynamics features of the fireball at
freeze-out—femtoscopic probe

interesting femtoscopic application: homogeneity regions of the size of cluster wave
functions

Tasks:

review BA calculations for sources with strong expansion
calculate/simulate v2 of clusters (more detailed probe; no, it is not Av2(pt/A)!)
derive conditions for the freeze-out to match the thermal model abundances
explain fluctuations
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