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Introduction

Asymptoticperfection

ÁNew exactsolutionsof viscoushydrodynamicshave
beenfoundrecently

ÁThesesolutionsare asymptoticallyperfect

ÁPerfectfluid attractor: how to extractthe effect of   
bulkand shearviscosityin final statemeasurments?

G. K., L. P. CsernaiT. Csörgő: 
Entropy 2022, 24(4), 514; 
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List of variety of viscous, asymptoticallyperfect fluid solutions:

Self-similarsolutionswerefound
◦…in relativisticregime:

◦…in non-relativisticregime:

In the relativisticregime, we havefoundsolutionsof…
◦…Israel-Stewart theory:

◦…Navier-Stokestheory:

Solutionsabovewere foundwith different assumptions, with different symmetries:
◦ζ~ p, η~ p Ą spherical(onlybulk), spheroidal, ellipsoidal

◦ζ~ n Ą spherical

◦ζ= ζ(p(t)) Ą spherical, spheroidal, ellipsoidal(in prep.)
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Spheroidal Hubble-profile
Commonpropertiesof thesesolutions: Hubble-flow

In this work we havespheroidalsymmetry:

Selfsimilarsolutions: 

Longitudinalscale:

Transversescale:

M. I. Nagy, T. Csörgő: arXiv:1309.4390

5Gábor Kasza, 06/12/2022 ZIMÁNYI SCHOOL, BUDAPEST, HUNGARY

https://arxiv.org/abs/1309.4390


Equations of Non Relativistic Hydro

Non relativistic hydrodynamics

ÁThe sameeffectscanbe understoodin a muchsimplerformalism

ÁThe basicequationsof non relativistic, viscoushydroare fully clarified

Local conservationlaws

Balanceeq. of entropy
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Equation of State

Toclosethe equationsystem: 

EoS: ε=κ(T)p
p=nT

Relationshipto the speedof sound

T. Csörgő, S. V. Akkelin, Y. Hama, B. Lukács, Yu. Sinyukov:
Phys.Rev.C67 (2003)034904, hep-ph/0108067

G. Kasza, L. P. Csernaiand T. Csörgő, 2203.05859[hep-th]
Published in:Entropy 2022,  24(4), 514,
Erratumin: Entropy2022, 24(6), 821
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κ is constant:

κ is temperaturedependent:
Onlyfor =˃0
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Equation of State

Toclosethe equationsystem: 

EoS: ε=κ(T)p
p=nT

Relationshipto the speedof sound( ґ˃лύ

κ is constant:

κ is temperaturedependent:

the adiabaticindex canbe temperaturedependent(γ(T)) or constant (γ) 

T. Csörgő, S. V. Akkelin, Y. Hama, B. Lukács, Yu. Sinyukov:
Phys.Rev.C67 (2003)034904, hep-ph/0108067
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Erratumin: Entropy2022, 24(6), 821
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New, self-similar solutions

Self-similarsolutions: productof a homogeneousterm and arbitrary functionsof s

ν(s) and τ(s) arenot independentfrom eachother, from Euler eqs.:

Forconstant κwe assume:

Homogeneousp: CE=0

Multipole solutions
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Conditions to find exact solutions

Assumption: , 

If the pressureis inhomogeneous:
◦Conditionsto find exactsolutions:                 , 

◦Parametric, rotating solutions, partial diff. eqs. arereducedto ordinarydiff. eqs.

If the pressureis homogeneous:
◦Arbitraryfunctionsof p:                       ,

◦Parametric, multipole solutions, partial diff. eqs. arereducedto ordinarydiff. eqs.

◦Explicit, multipole solutionwere found for , 

Sphericallysymmetric: (non-relativistic)
(relativistic)

Spheroidallysymmetric: ǘƻŘŀȅΩǎtopic (without rotation)

Ellipsoidallysymmetric: in preparation 

G. K., L. P.. Csernai, T. Csörgő: arXiv:2203.05859

T. Csörgő, G. K.: arXiv:2003.08859
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Spheroidally symmetric, explicit solution

If pressureis homogeneous

If no rotation in the system

ˁҐˁ0 is temperatureindependent, constant

The solutionfor n(t,s) is knownfrom perfect fluid solutions

Wecanuse: 

The energyconservationbecomes:

The viscositiesare
carriedby:

Assumptionsfor viscosities:

όαtέ for perfectfluid
ŀƴŘ α5έ for dissipation)
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Spheroidally symmetric, explicit solution

The solutionof the dissipativecorrectionis:

Forasymptoticallylate timesDT is constant:

Forlate time, DT doesnot affect the time evolution

Thissolution tendsto a perfect fluid solution:

Hubble-parameters:
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Spheroidally symmetric, explicit solution

Fixed initial conditions Fixed attractor
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Spheroidally symmetric, explicit solution

Explicit solution with T dependentˁ

Temperatureequation:

Wehaveseenthat it canbe solvedanalytically, ifκis constant

Thereis anotherpossibility:

ĄConditionof findingexact, analyticsolutions, ifκ=κ(T)
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Spheroidally symmetric, explicit solution

Explicit solution with T dependentˁ

Temperatureequation:

Wehaveseenthat it canbe solvedanalytically, ifκis constant

Thereis anotherpossibility:

The sametemperatureeq. 
asbefore, but with different
constant coefficient:

0ˁĄ ҟˁT

ĄConditionof findingexact, analyticsolutions, ifκ=κ(T)
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Spheroidally symmetric, explicit solution

Explicit solution with T dependentˁ

Temperatureequation:

Wehaveseenthat it canbe solvedanalytically, ifκis constant

Thereis anotherpossibility:

The samesolutionand asymptotic
behaviourasbefore, but with
different constant coefficient:

0ˁĄ ҟˁT

17Gábor Kasza, 06/12/2022 ZIMÁNYI SCHOOL, BUDAPEST, HUNGARY



Generating explicit solutions with κ(T)
Weconstrainthe (ˁT) function by the condition to find analyticsolutionsof hydrodynamics

The powerof this method:

1) Provideshydrobasedparametrizationof lattice QCD EoS:

2) Works in relativisticand non relativisticregimes

LatticeQCD EoScanbe utilized in explicit, 
relativistic solutions

T. Csörgő, G. K.: arXiv:1610.02197andmy MScthesis
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Summary

New non-relativisticsolutions: mostly academicresults, focuson understandingand clarity

New familyof solutionsof hydro: asymptoticallyperfect fluid solutions

Seemsto be broad, openquestion: how broadis it?

The attractors arealsoknown, perfect fluid solutions:
Relativistic, NS/IS solutions, perfect fluid attractor: T. Csörgő. L. P. Csernai, Y. Hama, T. Kodama: Acta Phys.Hung.A21(2004)73-84
Non relativistic, sphericalNS fireball, perfect fluid attractor: T. Csörgő: CentralEur. J. Phys. 2 (2004) 556-565
Non relativistic, spheroidalNS fireball, perfect fluid attractor: T. Csörgő, M. Nagy: Phys.Rev.C89(2014)4, 044901
Non relativistic, ellipsoidalNS fireball, perfect fluid attractor: M. Nagy, T. Csörgő: Phys.Rev.C94(2016)6, 064906

Commonpropertyof this family: Hubble-flow

Explicit, viscous, asymptoticallyperfect solutionswith lattice QCDEoShavebeenfound

Thankyouforyourattention!
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Spheroidally symmetric, explicit solution

Onemore interestingpropertyΧ

Forfixed attractor and kinematicshear/bulkviscosity: 

Ą the kinematicbulk/shearviscosityis a non monotonicfunctionof the initial temperature

Ą higher limit for kinematicbulk and shearviscosity:

Lowerlimit for ẃasfoundby Danielewiczand Gyulassy: ́ κǎ Ҕ ƚκпˉ

P. Danielewicz, M. Gyulassy: Phys.Rev. D31, 53,1985
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Spheroidally symmetric, explicit solution

Non monotonicshearand bulk viscosityasfunctionsof the initial temperature
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