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Hadronic Collisions in Experiment

Pb-Pb /syn = 2.76 TeV
run: 137171, 2010-11-09 00:12:13

HiroshiMasui(2008)

» Relativistic fluid dynamics is indispensible when studying the
dynamics of the QGP fireball produced in HICs.

» Realistic models account for the QCD equation of state; realistic
transport coefficients; chiral phase transition (hadronization).
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Hydro vs Kinetic theory
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[Ambrus, Bazzanini, Gabbana, Simeoni, Succi,
Nature Comput. Sci. 2 (2022) 641]

» Hydro takes the above into account, but it breaks down far from eq.

» Kinetic theory overcomes this limitation, but realistic simulations are

1 AMPT: He, Edmonds, Lin, Liu, Molnar, Wang [PLB 753 (2016) 506]
expenSIVe due to C[f] ) BAMPS: Greif, Greiner, Schenke, Schlichting, Xu [PRD 96 (2017) 091504]

» RTA: C|f] ~ —%(fk — fox) = 1 — 2 o.m. faster than, e.g.,
BAMPS.

» 7 fixes the IR limit of RTA by matching e.g. 1 to that of C[f] =
good agreement with BAMPS.

VEA, Busuioc, Fotakis, Gallmeister, Greiner [PRD 104 (2021) 094022]


https://doi.org/10.1038/s43588-022-00333-x

RTA vs BAMPS
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» 7R governs all dissipative transport = can fix only shear (n) or
diffusion (x), but not both.

» Fixing n via 7r gives good agreement with BAMPS for 7#* but ¢*
is not captured correctly.

» Aim of this work: Extend RTA with extra parameters allowing
multiple transport coefficients to be controlled independently.
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BGK model

» In non-relativistic kinetic theory, the RTA was proposed by

Bhatn agal’, GFOSS and KI’OOk (BG K) [Bhatnagar, Gross, Krook, Phys. Rev. 94 (1954) 511]
1 ne—&/2mkpT
C = — — — , p— ; ].
BGK [f] TR (fk fOk) fOk (27T7ﬂkBT)3/2 ( )

where & = p — mu is the peculiar momentum.
» Applying the Chapman-Enskog expansion gives

0 k
0Jk = Jx — Jok = —Tr ((% )fOk (2)
» At first order, m;; = T;; — Pd;; and q are

T = /d?’kgzg] 5fk ~ _2770ij7 (33)

m

2
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where 0;; = 0uj) — %(V -u)d;; is the shear tensor, while
n:TRP, )\:CpTRP, (4)

where ¢, = 5kp/2m = specific heat at constant P of the
monatomic ideal gas.
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S h a khOV mOdel [Shakhov, Fluid Dyn. 3 (1968) 112]
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» Comparison with DSMC validates Shakhov for small Kn.

fsk = fox(1 4+ Sk), Sk
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Anderson-Witting model

» The Anderson & Witting RTA reads [Anderson, Witting, Physica 74 (1974) 466]
Ex
'O, fi = Cawlf], Cawlf] = —a(fk — fok), (6)

where Fy = kHu, and fok is the equilibrium distribution.
» The macroscopic quantities N* and T"" are obtained from fy via

NH = /de“ fx, TH" = /de:“kak, (7)

with dK = gd®k/[ko(27)3] being the Lorentz-covariant integration
measure and g is the degeneracy factor.

» Imposing 0, N* = 0,T"” = 0 requires Landau matching:
n=mng, e=ceqg, 1T"u,=eu", (8)
» In equilibrium, we have
N =nut, T8 = eutu” — PAPY, (9)

where A*Y = g — uHu”.


httsp://doi.org/10.1016/0031-8914(74)90355-3

Chapman-Enskog expansion

» \We are now interested to obtain constitutive relations for the
non-equilibrium quantities

Nt — N =VHE  TH T = _TIA¥ 4 7. (10)

» Employing the Chapman-Enskog procedure gives

-
6fic = fie = Jow = =5 KOy fore (11)
k
such that
II=—(CrO, V*=krVt¢a, =t =2nrot”. (12)

» (g, kg and nr are given by

m
CR — ?TROé(()O), KR = TRCVél), Nr — 73&82). (13)

where oz((f)

are Tr-independent thermodynamic functions.



S h a kh OV_ | i ke eXte n SiO n [Ambrus, Molnar, under review]

>

>

¢, m and k are governed by the same parameter, 7g.

We consider a Shakhov-like extension:

Cslf] = _%(fk_fSk)a (14)
TR
where fsx — fok as 0 fx = fx — fox — 0.
The cons. eqs. 9, N* = 0, T"" = 0 imply:
u, N* =, N§, u,TH =u,TE, (15)
which allows for plenty of degrees of freedom (dn, de, W, etc).

For simplicity, we stick to the Landau matching conditions:
on = de =0, TH"u, = eu*.



Shakohv-like extension
» Employing the Chapman-Enskog procedure gives

-
0Jk — 0fsk = —E—Rkﬂauf()k, (16)
k
leading to
II—1IIg =—(rA, VF -V =krrV'a, 7 —ni" =2ngot".
(17)
» We seek to replace (g etc by independent transport coefficients:
I ~ —(0, VI~ ksVFa, Y ~ Angoh”,
TII TV Tr
(s = —(R, Ks = —KR, (s = —MNr. (18)
TR TR TR

» Eq. (18) can be obtained from Eq. (17) when

g = mh (1 — T—W) . (19)



Minimal 0 fqx

> Writing fsk = fox + 0fsk, we require:

PS,0 1 —3Hs/m2
ps1 | = /dK Ex | 0fsk = 0 :
Ps,2 Ey 0
i p
Ps.o) _ ( Vs
V) = [ dK kDS foq =
(27) = f ax () wasme=('5)
il = / AK kB0 fro = Th” . (20)

» Thus, 0fx = fOkakSk with can be written as!
311
Sk = —— (1—7—3) 1O + k V“( T—R> 71
m TT11
v (2)
+ k k(1 — . Hyg, (21)
where the functions Hl(fo) are identical to those used in constructing

) fi_in the 14-moment approximation. [DNMR, PRD 85 (2012) 114047]
1f=1—afand a=0, 1 and —1 for classical, F-D and B-E statistics, respectively.



https://doi.org/10.1103/PhysRevD.85.114047

First-order model
» Specifically, Hl(fo) must satisfy:

! ;o (1 ap M _ (1
3 /dK Jok fok (Ek> (AP kokg)Hyy = (O) ,

9 B
= [ 4K fo for (A kks)?HZ) = 1.

» The lowest-order polynomials satisfying these relations are

G33 — GosEx + Goo B}

2/(0) _ |
KO JooGsz — J10Gas + JooGaz
(1) _ J31la — Ju 2 1
o JorJar — JZ o 240"
where Gnm = n()Jm() — Jn—l,OJm—i—l,Oy while

)

n—2 o q ~
(2q+1)!!/dKEk (A kakp)” for for

(22)

(23)

(24)



Entropy production

» In kinetic theory, the entropy current is given by

1.~ .
SH = —/dK kH (fk In fi + afk ll’lfk> . (25)
» In the Shakhov model, k#9,, f = Cs|f] and
95" = /dKC Ji
plt = s[f]1n =
Jx
1 Jx
= — [ dK Ex(dfx — 0 fsk)In —=. (26)
TR k

» Analyzing the entropy production 0,,5* for generic fy is difficult,
but one can estimate it close to equilibrium.



Entropy production

» When gbk = 5fk/fokf0k and Sk — 5fSk/f0kﬁ)k are smaII,
fo

Ok

(¢x —Sk)| . (27)

0, SH =~ /dK f—: [(5fk — 0 fsk)

» Using In(fox/fox) = o — BEk, the first term vanishes,
[ K (i~ s~ D) = 0. (28)

..by virtue of u,(N* — N§) = u,u, (T* —TE") = 0.
» Approximating ¢ — Sk ~ —E—ik“@u(a — BEy) leads to

8,,5H ~ LR —V VH 4+ ﬁwu,ﬂrw > (. (29)

Cs ks 21s

» Thus, for small deviations from equilibrium, the Shakhov model
satisfies the second law of thermodynamics.



Example 1: Bjorken flow

» We first consider the 0 + 1-dimensional boost-invariant Bjorken

expansion of a classical ideal gas of massive particles (a = 0) with
particle non-conservation (a = 0).

» In this case, TH" = diag(e, Pr, Pr, 7 %P;) with

Td

PT:P+H—7, P, =P+ 11+ my. (30)

» In second-order fluid dynamics, we have:

[Denicol, Florkowski, Ryblewski, Strickland, PRC 90 (2014) 044905]

Té+ e+ P, =0, (31a)
: ) ATr
7_H+(HH+T>H+Hm:_i7
TTI TTI TTI TII
Onm  Trr T 2111 4n
' — I=-—. 31b
T+ ( Tr + 3T + Tﬁ) ma+ 3T 3T ( )

» We employ the Shakhov model to control { independently from 7.


https://doi.org/10.1103/PhysRevC.90.044905

Shakhov model: ¢ vs. n
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Setting T = 71 for definiteness, the Shakhov distribution becomes

ﬁQkuk,ﬂT'[u/ - I
T '

2(e + P)
Left panel: 7 is fixed and 77 is varied using the Shakhov model.

fsk = fox [1 + (32)

v

Right panel: 77 is fixed and 7, is varied using the Shakhov model.

m =1 GeV; 79 = 0.5 fm; 50_1 = 0.6 GeV; For 7 = 0.5 fm, 47n/s ~ 3.3 at 7 = 79.



Example 2: Sound waves damping

» \We now consider an infinitesimal perturbation propagating in an
ultrarelativistic fluid at rest.

» Writing u* ~ (1,0,0,0v), e = eg + de and n = ng + dn, we have

0iom + ng0,ov + 0,0V =0,

e + (eg + Py)0,0v =0,

(eg + Py)0:0v + 0,0 P + 0,6m =0,

Tv OOV + 0V + k0,0 — Uy 0, 0m =0,

4
20,07 + 61 + g@z&} + 0,8V =0, (33)

where 6V = V* and d1 = %% /2.

> In RTA '€V7T — ETFV — [Ambrus, Molnar, Rischke, PRD 106 (2022) 076005]

» We track the time evolution of the amplitudes

9 (L 9 L
oV = —/ dz oV cos(kz), om = —/ dz om sin(kz). (34)
L Jo L Jo

» We employ the Shakhov model to control k independently from 7.


https://doi.org/10.1103/PhysRevD.106.076005

Sound waves: linear modes
> Inserting A(t,z) = Ao+ [C__dk)", e~ Hwt=k2)§ A (k) gives

—3% 4P, 0 0 0 P, (k)
( 1 —p 1 0 0 \ /5%(]@)\
4 7 w
0 ??7 % ETW 0 0 gﬂ'wgig =0
0 T 0 —% 1 ny
“E 0 e 2 —ioen ) \ov(k)/
» Thanks to ¢y, = ¢,y = 0, the shear and diffusion sectors decouple:
1% 47k
(k2 — 30%)(1 — iwrn) — =0, w(l —iwry) + — K =0.
Py no

» The shear and diffusion modes are:

wC:Lt — i‘k’CS;a — 1€q, Wy = _iffrﬁ W? — _iféca
1 En 1 En
Cs;ag—a gag—a 6772 o )
\/g 6PO Tr 3PO
 4k2%k 1 4k? K
5/4; = ’ 5: = o . (35)
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Shakhov model: x vs. 7
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» Setting Tg = 7, for definiteness, the Shakhov distribution becomes

o

fsk = fox [1 + k“;/ (BEx — 5) (1 - T—W)] : (36)

TV

P At initial time, n(0, z) = ng + dng cos(kz) and v(0, z) = dvg sin(kz).
» The approximate solution is [Ambrus, PRC 97 (2018) 024914.]
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~ 4krdng e Skt —e Ttk

oV ~
TV N0 Er —¢&n

~ 4 “ i/
o o~ —?7757)0 {egat |:COS(]€CSt) — lf sin(kzcst):| — e /T } : (37)

S

Y



https://doi.org/10.1103/PhysRevC.97.024914

Conclusions

» The Shakhov model was generalized for the relativistic
Anderson-Witting RTA, allowing (, k and 1 to be controlled
independently.

» Numerical simulations of the Bjorken flow and of sound waves
damping confirmed that the model is robust.

» The Shakhov model can be straightforwardly extended to higher
orders, allowing also the second-order transport coefficients to be
controlled.

» This work was supported through a grant of the Ministry of
Research, Innovation and Digitization, CNCS - UEFISCDI, project
number PN-IlI-P1-1.1-TE-2021-1707, within PNCDI [II.
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Arbitrary Shakhov matrix

» The model can be extended to control 2"d-order transport coeffs..
» Systematic extensions can be obtained by writing in general

oo . N e
Sk = Y Y p WE ek(ﬂl ...k,u£>Hl({,3l—|—8g7 (38)

{=0 n=—sy

where Ny = expansion order and s, = basis-shift allowing to access
negative-order moments.
» The Shakhov irreducible moments are taken as
Ny

o = 3 (G = AD, ) p(39)

n=-—sy

with arbitrary entries AS o defined for —s, < r,n < Njy.

» The irreducible moments C ;T:ﬁ% of the collision term can be
written as
¢
%57’71 A(<,)7“n 0
CLN = =D AR, A= 0 Ag, 0
n o AY - Ls.

(40)
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» \We consider a simple extension of the tenso matrix to cover the

r = —1 row.
> Setting Ag) = 1/7y and
A2 1 H— Ly §(HLyx + Lav)
ToH(H + LysLyy) \ —5Lav H + Lxy ’
(41)

allows £y, and £,y to be controlled independently via

4 5 5
Lov =24 H= 4

Ly, =—"y, :
T =8, Y 87 At P



Com pa I’iSOﬂ tO BA M PS [DNBMXRG, PRD 89 (2014) 074005]
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» We can go to higher orders, giving us sufficient free parameters to
tune all second-order transport coefficients.

» Setting them to match those for hard spheres gives good agreement
to BAMPS.
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