Propagation properties of spin degrees of freedom
within the framework of relativistic hydrodynamics
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Abstract

rm

I'he propagation properties of spin degrees of
freedom are analyzed in the framework of rela-
tivistic hydrodynamics with spin based on the
de Groot—van Leeuwen—van Weert definitions of
the energy-momentum and spin tensors. We de-
rive the analytical expression for the spin wave
velocity for arbitrary statistics and show that
it goes to half the speed of light in the ultra-
relativistic limit. We find that only the trans-
verse degrees of freedom propagate, analogously
to electromagnetic waves [1]|.

Canonical currents

Starting from the Dirac Lagrangian,

Lp(x) = 2 @) D pb(e) — m()i().

the canonical energy-momentum and spin ten-
sors can be obtained as:
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while the total angular momentum tensor reads
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Since the total angular momentum is conserved,

we have
8,\3/\’“” — T[WJJ].
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Pseudogauge trans

One can define a new pair of tensors 1T"” and
SMHY connected to the canonical ones through
the so-called pseudo-gauge transformations |2]
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where the superpotentials ®*#* and Z**** sat-
isfy @MY = —PMVE gnd ZHVAP = —ZVIAP =
— 7 P2 The newly defined tensors preserve
the total energy, linear momentum, and angu-
lar momentum obtained by integrating over a
closed or infinite hypersurface:
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The conservation laws are unchanged: 9, T+ =
0, O\JM* = 0. In de Groot-van Leeuwen-
van Weert (GLW) pseudogauge, ®MHY =

JNV = / Ay, JHA.
2
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Relativistic hydrodynamics with spin

= T&iw(x), conservation of
total angular momentum 9, J**%(z) = 9, (x*THP(z) — xPTH*(x)) + 9,5**P(z) = 0 implies spin
conservation 8,550 (1)
perfect-fluid form of energy-momentum tensor whereas the spin tensor (for the general statistic)

Since GLW form of energy-momentum tensor is symmetric: 751w ()

= (0. Using classical treatment of spin [3|, one can obtain well-known

reads as
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where SOM = (A1+As)Urwh, S = (241 = A3)UNU U WY+ As(AM U WY+ UM ACEGM o+
ph A
UO‘A’\[“wy]a).

The thermodynamic functions 4; and A3 can be obtained as
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Here, w,,, 1s an anti-symmetric tensor of rank 2, having 6 degrees of freedom. With respect to U,
W, can be decomposed as

Wy = By — By, eumgUo‘cuB.

kH = w*”U, is the electric field component. w# = %e‘“’aﬁ U,wap 1s the magnetic field component.

Since k*U,, = wtU,, = 0, in the LRF they take the form

/{ﬁRF — (07 CKX? C%Ya CH)Z)? WﬁRF — (O, CwX, Cwy, sz).

Propagation properties of spin degrees o

In an unpolarized fluid at rest, U* = (1,0,0,0) and w*” = 0. Considering small perturbations along
z, we look for oscillations in w#”. Since there is no linear coupling between N#, T*” and w*”, the
fluctuations in the spin sector do not influence those in the fluid sector. In this approximation, we

have S;‘fl“y = (A +A5)gPwhr . SV = 2( Ay —2A3) g™ gt w4+ Ag (gt FwrIN 4 gAlEPIE — gtrnv),
Taking the divergence of the above equations leads to. 0:.Cl; — —6“ “0,Cp; = 0, 0:Cui —

2“47316”9'25’,26’,{3- — (0. The longitudinal components do not propagate, since 0;C.z = 0;:C,z = O.

The transverse dofs C € {Cyx,Cky,Cyx,Cyoy} obey:
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where the speed of the spin wave satisfies:
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Ideal gas limit: ¢ ; = | KS(Z$j2Z2{2(Z), (depends only on z = m/T).
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(depends on z and §&).

Fermi-Dirac gas limit: ¢2 . =

SPIN— sheo (= 1>” cosh(£€)[K5(£2)+ %2 Ko (£2)]
For small z = m/T < 1:
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For large z = m/T > 1: cgpin \/12_2

Noting that Cy 7z and C,, z do not propagate. The linearly polarized solutions can be written as
C,. = CoRe[e " erint=2)](e) cos§ + exsinf), C,, = 2cspinCoRe[e " erint=2)] (e, sin § — e, cos h),

where the analogy to the EM waves is evident since C,, = 2¢4pinTt X Ck.



