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2 Bar, Danieli & Blum

Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.

The left panel of Fig. 1 shows the V -band Hubble61

Space Telescope (HST) WFC3/UVIS image of UDG162

and its nearby field, adapted from Danieli et al. (2022).63

The right panel shows all compact sources that were64

selected as GC candidates based on the photometric se-65

lection criteria in Danieli et al. (2022). In this work we66

focus on a low contamination sample of GC candidates,67

consisting of the 33 mV < 25.0 mag objects contained68

within 2re↵ (twice the Sérsic half-light radius of the stel-69

lar body; inner circle in Fig. 1), which has a background70

contamination of about 1 object, estimated by compar-71

ison to the nearby field (Danieli et al. 2022). Spectroc-72

scopic information is available for 11 of these bright GCs73

(Müller et al. 2020).74

It is noteworthy that most of the brighter GCs in75

the right panel of Fig. 1 are concentrated in the region76

r < re↵ . To explore this further, in Fig. 2 we show the77

luminosity of this sample of GCs vs. their projected dis-78

tance from the center of the galaxy. The data shows a79

clear trend: more luminous GCs are on average closer80

to the center of the galaxy. We estimate a p-value81

of about 1% for the hypothesis that the data is82

a chance fluctuation and that there is no mass83

segregation (see App. A). This luminosity or mass84

segregation calls for a quantitative dynamical explana-85

tion.86

In this paper we show that this explanation can be87

naturally provided by dynamical friction. The deceler-88

ation experienced by a GC due to dynamical friction in89

a galactic halo is roughly proportional to the GC mass90

m?. Therefore, more massive GCs inspiral closer to the91

center of the galaxy, resulting in mass segregation. This92

simple picture can be expected to hold over an interme-93

diate duration of time: long enough to enable dynamical94

friction to act, but short enough so that GC mergers do95

not convert a large fraction of the total mass in GCs into96

a nuclear cluster. As we will demonstrate, using more97

detailed analytic estimates as well as a suite of numeri-98

cal simulations, UDG1 as we view it today may indeed99

be in this intermediate stage.100

The paper is organized as follows. In Sec. 2 we dis-101

cuss dynamical e↵ects that shape the GC population in102

UDG1 and similar galaxies. In Sec. 3 we recapitulate103

observational studies of UDG1, and define benchmark104

mass models. In Sec. 4 we set up and study N-body105

simulations, in which some dynamical e↵ects (notably106

dynamical friction and GC mass loss) are modeled semi-107

NGC5846-UDG1: ultradiffuse galaxy
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This is a beyond-mean-field effect.  
Qualitatively different window on dark matter, compared to stellar kinematics.



Basic physics view of dynamical friction: 

Consider two types of particles, 1 and 2 (e.g., GCs being 1, and dark matter particles being 2). 

The phase space distribution of type 1 particles follows the continuity eq.: . 

In the absence of collisions (C=0), for a nonrelativistic particle (p=mv) we have the usual mean-field dynamics: 
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The phase space distribution of type 1 particles follows the continuity eq.: . 

Apply this formalism to a single massive particle flying around (velocity V=P/M):  

,   ,  

, that is, , 
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The phase space distribution of type 1 particles follows the continuity eq.: . 

The collision operator: 

 

The process under discussion is graviton exchange:   

This analysis uses free 
asymptotic states: 
ignores back reaction,  
nontrivial boundary conditions…

df1
dt

= C[ f1]

dΠk =
d3k

(2π)32Ek

 p  p’ = p+q

 k  k’

p’ scatters into p

p scatters into p’



Basic physics view of dynamical friction: 

Consider two types of particles, 1 and 2 (e.g., GCs being 1, and dark matter particles being 2). 

The phase space distribution of type 1 particles follows the continuity eq.: . 

The collision operator: 

Response function S:

df1
dt

= C[ f1]



Basic physics view of dynamical friction: 

Consider two types of particles, 1 and 2 (e.g., GCs being 1, and dark matter particles being 2). 

The phase space distribution of type 1 particles follows the continuity eq.: . 

The collision operator: 

Fokker-Planck expansion in small  

Diffusion coefficients:

df1
dt

= C[ f1]

q = p − p′ 



Basic physics view of dynamical friction: 

Consider two types of particles, 1 and 2 (e.g., GCs being 1, and dark matter particles being 2). 

The phase space distribution of type 1 particles follows the continuity eq.: . 

The collision operator: 

Fokker-Planck expansion in small    
We let type 1 have mass M and type 2 have mass m. For classical background gas ( ): 

Diffusion coefficients: 

Rosenbluth potentials:

df1
dt

= C[ f1]

q = p − p′ 

f2 ≪ 1



Basic physics view of dynamical friction: 

Consider two types of particles, 1 and 2 (e.g., GCs being 1, and dark matter particles being 2). 

The phase space distribution of type 1 particles follows the continuity eq.: . 

The collision operator: 

Fokker-Planck expansion in small    
We let type 1 have mass M and type 2 have mass m. For classical background gas ( ): 

Diffusion coefficients: 
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df1
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dq
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Eq. (A8), where the C coe�cient of Eq. (A9) is computed numerically over the host halo velocity distribution function.
The host halo velocity distribution is, in turn, defined from the host halo density profile by assuming it to be ergodic,
isotropic, and spherically-symmetric.

• N-body: when using this method, we construct an N-body realization of the host halo. This is initialized as an
ergodic, isotropic, spherically-symmetric distribution function, defined from the assumed halo mass density (including
both DM and stars). DM particles and star particles in the simulation have the same mass per particle, the ratio of
DM and star particles equals the ratio of the total masses of the DM and stellar halos in the simulated region, and
the initial spatial distributions of DM and star particles follow the assumed DM and stellar densities. GCs are added
as additional particles in the simulation, and evolved alongside the DM and star particles. GM mergers are modeled
with the same prescription as for the semianalytic method. In the N-body mode, DF is not introduced by hand, but
is rather expected to emerge from the dynamics.

To accelerate the calculation, the N-body simulation for DM and star particles (but not for GCs) is restricted to
a spherical region of radius Rsim with reflective boundary conditions. GCs are allowed to travel out of Rsim. In
the region outside of Rsim, we turn on DF artificially using the semianalytic calculation, and replace the N-body
mass density by the mean field of the halo (DM + stars). The Rsim approximation allows us to concentrate N-body
computational resources in the region that is most interesting for the question of GC interactions and mergers. We
test the approximation by considering results obtained at various values of Rsim.

As a test of the semianalytic calculation, we initiate a single GC particle in a circular orbit around an NFW halo and
a Burkert halo, and track the evolution of the orbit over time, comparing the results of the semianalytic calculation with
direct N-body simulations. The results are shown in Fig. 1. The thick black line is the semianalytic result. Thin lines are
N-body results. The curves marked nK in the plot are N-body results with N = n.
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FIG. 1: Orbital decay of a single GC, in an NFW (lest) and Burkert (right) halo. Comparison of N-body simulations with semianalytic
integration of the Chandrasekhar formula. The initial radius of the GC orbit is RGC(t = 0) = 0.75 kpc.

In Fig. 1, the N-body simulations follow the semianalytic orbit reasonably well. Extra wiggles in the N-body orbits are due
to the discrete nature of GC-halo particle encounters, which occasionally deflect the GC away from the inspiral predicted
by the continuum limit. To demonstrate the random nature of these wiggles, we repeat the 5K N-body simulation three
times with di↵erent initialization random seeds.

The wiggles become less pronounced when the number of particles in the N-body code is increased. Results obtained
with 5K particles are therefore not fully converged: they are “noisy”. However, our main problem in this work is the
dynamics of a collection (several to several dozens) of interacting GCs on random orbits. The main role of DF in this
problem is mostly to bring GC orbits closer to the dynamical center of the halo, where GC-GC interactions take over. The
key feature of DF, namely, the average DF deceleration time, is therefore the most essential feature of the problem. Since
the discreteness noise due to GC-halo particle encounters in the N-body calculation will be added to the inevitable (and
physical) GC-GC encounters, we expect this noise to become unimportant as long as the mass ratio between GCs and halo
particles is su�ciently large. This expectation can be verified in two ways: (i) first, the low resolution (5K) N-body results
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Lack of nuclear star cluster in Fornax?

Need more statistics…

Would like to see the effect in action
in dark matter-dominated galaxies

Tremaine 1976,
Oh, Lin, Richer 2000,
Petts, Gualandris, Read 2015,
Hui et al 2017, Lancaster et al 2019,
Meadows et al 2020, Bar et al 2021, 
Shao et al 2021,…



Lotz et al ApJ 552 (2001)

DF in dwarf elliptical galaxies, HST survey. Many of these dEs are dark matter-dominated.
Stacked GC radial distribution, 51 dEs in Virgo and Fornax clusters.
0-20 GCs/galaxy. Did not analyze luminosities beyond isolating most luminous and subtracting NSC.

(1) assumed GCs on circular orbits, (2) assumed GCs started on same distribution as stars, (3) deduced velocity 
dispersion from V magnitude, (4) scaled all radii to host 1/2light radius, (5) defined GC joining NSC if (circular 
orbit) R reached 0 following analytical DF formula.

Noted deficit in high lumi GCs in inner region: 
fall into NSC?  (Fig.5)
Difficulty: faint dEs predicted to acquire more 
luminous NSCs than observed (Fig.8). 

…Where are the missing GCs of Fig.5…?

…Similar to Fornax dSph?

Lotz et al ApJ 552 (2001) simulated

observed
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.

The left panel of Fig. 1 shows the V -band Hubble61

Space Telescope (HST) WFC3/UVIS image of UDG162

and its nearby field, adapted from Danieli et al. (2022).63

The right panel shows all compact sources that were64

selected as GC candidates based on the photometric se-65

lection criteria in Danieli et al. (2022). In this work we66

focus on a low contamination sample of GC candidates,67

consisting of the 33 mV < 25.0 mag objects contained68

within 2re↵ (twice the Sérsic half-light radius of the stel-69

lar body; inner circle in Fig. 1), which has a background70

contamination of about 1 object, estimated by compar-71

ison to the nearby field (Danieli et al. 2022). Spectroc-72

scopic information is available for 11 of these bright GCs73

(Müller et al. 2020).74

It is noteworthy that most of the brighter GCs in75

the right panel of Fig. 1 are concentrated in the region76

r < re↵ . To explore this further, in Fig. 2 we show the77

luminosity of this sample of GCs vs. their projected dis-78

tance from the center of the galaxy. The data shows a79

clear trend: more luminous GCs are on average closer80

to the center of the galaxy. We estimate a p-value81

of about 1% for the hypothesis that the data is82

a chance fluctuation and that there is no mass83

segregation (see App. A). This luminosity or mass84

segregation calls for a quantitative dynamical explana-85

tion.86

In this paper we show that this explanation can be87

naturally provided by dynamical friction. The deceler-88

ation experienced by a GC due to dynamical friction in89

a galactic halo is roughly proportional to the GC mass90

m?. Therefore, more massive GCs inspiral closer to the91

center of the galaxy, resulting in mass segregation. This92

simple picture can be expected to hold over an interme-93

diate duration of time: long enough to enable dynamical94

friction to act, but short enough so that GC mergers do95

not convert a large fraction of the total mass in GCs into96

a nuclear cluster. As we will demonstrate, using more97

detailed analytic estimates as well as a suite of numeri-98

cal simulations, UDG1 as we view it today may indeed99

be in this intermediate stage.100

The paper is organized as follows. In Sec. 2 we dis-101

cuss dynamical e↵ects that shape the GC population in102

UDG1 and similar galaxies. In Sec. 3 we recapitulate103

observational studies of UDG1, and define benchmark104

mass models. In Sec. 4 we set up and study N-body105

simulations, in which some dynamical e↵ects (notably106

dynamical friction and GC mass loss) are modeled semi-107

Forbes et al 2019, 2020,
Muller et al 2020, 2021,
Danieli et al 2022,
Bar, Danieli, KB 2022,
Modak, Danieli, Greene 2022
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.
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What can we learn from radial profile of GCs? 
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.

The left panel of Fig. 1 shows the V -band Hubble61

Space Telescope (HST) WFC3/UVIS image of UDG162

and its nearby field, adapted from Danieli et al. (2022).63

The right panel shows all compact sources that were64

selected as GC candidates based on the photometric se-65

lection criteria in Danieli et al. (2022). In this work we66

focus on a low contamination sample of GC candidates,67

consisting of the 33 mV < 25.0 mag objects contained68

within 2re↵ (twice the Sérsic half-light radius of the stel-69

lar body; inner circle in Fig. 1), which has a background70

contamination of about 1 object, estimated by compar-71

ison to the nearby field (Danieli et al. 2022). Spectroc-72

scopic information is available for 11 of these bright GCs73

(Müller et al. 2020).74

It is noteworthy that most of the brighter GCs in75

the right panel of Fig. 1 are concentrated in the region76

r < re↵ . To explore this further, in Fig. 2 we show the77

luminosity of this sample of GCs vs. their projected dis-78

tance from the center of the galaxy. The data shows a79

clear trend: more luminous GCs are on average closer80

to the center of the galaxy. We estimate a p-value81

of about 1% for the hypothesis that the data is82

a chance fluctuation and that there is no mass83

segregation (see App. A). This luminosity or mass84

segregation calls for a quantitative dynamical explana-85

tion.86

In this paper we show that this explanation can be87

naturally provided by dynamical friction. The deceler-88

ation experienced by a GC due to dynamical friction in89

a galactic halo is roughly proportional to the GC mass90

m?. Therefore, more massive GCs inspiral closer to the91

center of the galaxy, resulting in mass segregation. This92

simple picture can be expected to hold over an interme-93

diate duration of time: long enough to enable dynamical94

friction to act, but short enough so that GC mergers do95

not convert a large fraction of the total mass in GCs into96

a nuclear cluster. As we will demonstrate, using more97

detailed analytic estimates as well as a suite of numeri-98

cal simulations, UDG1 as we view it today may indeed99

be in this intermediate stage.100

The paper is organized as follows. In Sec. 2 we dis-101

cuss dynamical e↵ects that shape the GC population in102

UDG1 and similar galaxies. In Sec. 3 we recapitulate103

observational studies of UDG1, and define benchmark104

mass models. In Sec. 4 we set up and study N-body105

simulations, in which some dynamical e↵ects (notably106

dynamical friction and GC mass loss) are modeled semi-107
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II. PHENOMENOLOGY

A. Segregation

From an observational point of view, we expect GC data arranged as {r?i, Li}, where r?i is the projected radius
of GC i from its host galaxy’s center2 and Li is the GC’s absolute luminosity. While we assume that the luminosity
can be relatively-reliably converted to mass (perhaps to an overall fudge factor), the projected distance is an un-
certainty that we should try to theoretically address. It turns out that it is very simple when one integrates the GC
distribution radially to infinity, i.e. (using r? = r sin ✓ in spherical coordinates)

hr?i =

Z
d3rn(r)r? =

⇡

4
hri . (14)

This would naı̈vely allow us to adopt Eq. (13), replacing r ! r?, r0 ! r0?.

B. Preliminary application to a galaxy

Though the theory developed so far is very simplistic, let us gallop a little and try to apply it to real data.
We adopt the data of NGC5846-UDG1. Its distance is estimated to be D ⇠ 25 Mpc (let us adopt 26.3 Mpc for con-

sistency we some earlier works). Its star luminosity is reported to be well-fit by a Sersic profile with n = 0.61 (let us
adopt n = 0.6 for now as it simplifies some calculations) and r1/2 = 15 ± 0.8 arcsec or 1.9 kpc for D = 26.3 Mpc.
With total luminosity of 5.8 ⇥ 107 L�, its mass is estimated to be ⇠ 1.2 ⇥ 108 M� (taking M/L = 2M�/L�). Spec-
troscopy is inconclusive yet in determining the dynamics of the galaxy, yielding a line-of-sight velocity dispersion
of ⇠ 10 ± 10 km/s – probably consistent with either baryon-only model or dominating dark-matter model. The
candidate GCs (31, of which 13 are reported to be spectroscopically confirmed) have mass estimated to vary within
⇠ 105 to ⇠ 2⇥106 M�. Their total mass is estimated to be ⇠ 1.3⇥107 M�, constituting ⇠ 10% of the baryonic mass.
Removal of GCs that were not spectroscopically confirmed still yields a large total GC mass of ⇠ 0.9⇥ 107 M�.

To facilitate comparison with Eq. (13), we bin the GC data into mass ranges (in linear space) and compute their
hMi and hr?i. The result of this exercise is shown in Fig. 2.
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FIG. 1: Result of binning the GC data into mass bins and computing hMi and hr?i, excluding GCs beyond 2 kpc projected ra-
dius. Different binning yield slightly different results, though retaining a similar decreasing trend. Using only spectroscopically
confirmed GCs (13 out of 31) also yields a similar result. Errors on radius are estimated via standard deviation when possible
(more than 1 GC in the bin) or constant 0.2 (rather arbitrary choice) when number of elements in the bin is 1 (which is the case
for the left bins). Errors on mass are estimated either by bin size or standard deviation of the masses in the bin.

2 Going beyond projected distance requires knowing the proper distance to the GC to better than⇠kpc, which may be feasible in MW satellites,
but probably not for farther galaxies.
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Dynamical friction in a massive dark matter halo naturally produces observed mass segregation.

Lack of dark matter, or a low mass halo, comes with small velocity dispersion, and overshoots friction.

Consistent with, and independent of stellar and GC kinematics (Forbes et al 2021).
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2 Bar, Danieli & Blum

Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.

The left panel of Fig. 1 shows the V -band Hubble61

Space Telescope (HST) WFC3/UVIS image of UDG162

and its nearby field, adapted from Danieli et al. (2022).63

The right panel shows all compact sources that were64

selected as GC candidates based on the photometric se-65

lection criteria in Danieli et al. (2022). In this work we66

focus on a low contamination sample of GC candidates,67

consisting of the 33 mV < 25.0 mag objects contained68

within 2re↵ (twice the Sérsic half-light radius of the stel-69

lar body; inner circle in Fig. 1), which has a background70

contamination of about 1 object, estimated by compar-71

ison to the nearby field (Danieli et al. 2022). Spectroc-72

scopic information is available for 11 of these bright GCs73

(Müller et al. 2020).74

It is noteworthy that most of the brighter GCs in75

the right panel of Fig. 1 are concentrated in the region76

r < re↵ . To explore this further, in Fig. 2 we show the77

luminosity of this sample of GCs vs. their projected dis-78

tance from the center of the galaxy. The data shows a79

clear trend: more luminous GCs are on average closer80

to the center of the galaxy. We estimate a p-value81

of about 1% for the hypothesis that the data is82

a chance fluctuation and that there is no mass83

segregation (see App. A). This luminosity or mass84

segregation calls for a quantitative dynamical explana-85

tion.86

In this paper we show that this explanation can be87

naturally provided by dynamical friction. The deceler-88

ation experienced by a GC due to dynamical friction in89

a galactic halo is roughly proportional to the GC mass90

m?. Therefore, more massive GCs inspiral closer to the91

center of the galaxy, resulting in mass segregation. This92

simple picture can be expected to hold over an interme-93

diate duration of time: long enough to enable dynamical94

friction to act, but short enough so that GC mergers do95

not convert a large fraction of the total mass in GCs into96

a nuclear cluster. As we will demonstrate, using more97

detailed analytic estimates as well as a suite of numeri-98

cal simulations, UDG1 as we view it today may indeed99

be in this intermediate stage.100

The paper is organized as follows. In Sec. 2 we dis-101

cuss dynamical e↵ects that shape the GC population in102

UDG1 and similar galaxies. In Sec. 3 we recapitulate103

observational studies of UDG1, and define benchmark104

mass models. In Sec. 4 we set up and study N-body105

simulations, in which some dynamical e↵ects (notably106

dynamical friction and GC mass loss) are modeled semi-107
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II. PHENOMENOLOGY

A. Segregation

From an observational point of view, we expect GC data arranged as {r?i, Li}, where r?i is the projected radius
of GC i from its host galaxy’s center2 and Li is the GC’s absolute luminosity. While we assume that the luminosity
can be relatively-reliably converted to mass (perhaps to an overall fudge factor), the projected distance is an un-
certainty that we should try to theoretically address. It turns out that it is very simple when one integrates the GC
distribution radially to infinity, i.e. (using r? = r sin ✓ in spherical coordinates)

hr?i =

Z
d3rn(r)r? =

⇡

4
hri . (14)

This would naı̈vely allow us to adopt Eq. (13), replacing r ! r?, r0 ! r0?.

B. Preliminary application to a galaxy

Though the theory developed so far is very simplistic, let us gallop a little and try to apply it to real data.
We adopt the data of NGC5846-UDG1. Its distance is estimated to be D ⇠ 25 Mpc (let us adopt 26.3 Mpc for con-

sistency we some earlier works). Its star luminosity is reported to be well-fit by a Sersic profile with n = 0.61 (let us
adopt n = 0.6 for now as it simplifies some calculations) and r1/2 = 15 ± 0.8 arcsec or 1.9 kpc for D = 26.3 Mpc.
With total luminosity of 5.8 ⇥ 107 L�, its mass is estimated to be ⇠ 1.2 ⇥ 108 M� (taking M/L = 2M�/L�). Spec-
troscopy is inconclusive yet in determining the dynamics of the galaxy, yielding a line-of-sight velocity dispersion
of ⇠ 10 ± 10 km/s – probably consistent with either baryon-only model or dominating dark-matter model. The
candidate GCs (31, of which 13 are reported to be spectroscopically confirmed) have mass estimated to vary within
⇠ 105 to ⇠ 2⇥106 M�. Their total mass is estimated to be ⇠ 1.3⇥107 M�, constituting ⇠ 10% of the baryonic mass.
Removal of GCs that were not spectroscopically confirmed still yields a large total GC mass of ⇠ 0.9⇥ 107 M�.

To facilitate comparison with Eq. (13), we bin the GC data into mass ranges (in linear space) and compute their
hMi and hr?i. The result of this exercise is shown in Fig. 2.
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FIG. 1: Result of binning the GC data into mass bins and computing hMi and hr?i, excluding GCs beyond 2 kpc projected ra-
dius. Different binning yield slightly different results, though retaining a similar decreasing trend. Using only spectroscopically
confirmed GCs (13 out of 31) also yields a similar result. Errors on radius are estimated via standard deviation when possible
(more than 1 GC in the bin) or constant 0.2 (rather arbitrary choice) when number of elements in the bin is 1 (which is the case
for the left bins). Errors on mass are estimated either by bin size or standard deviation of the masses in the bin.

2 Going beyond projected distance requires knowing the proper distance to the GC to better than⇠kpc, which may be feasible in MW satellites,
but probably not for farther galaxies.
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Many more UDGs/dwarfs to investigate. 

e.g Saifollahi et al, 2201.11750: Coma cluster UDGs
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!"!1 " 1.5 ! 1018
!

m
10#22 eV

"#3

!
!

MBH

4 ! 106 M$

"#2! Mh

1012 M$

"#1
yr: !B16"

In deriving these expressions, we made use of Eqs. (29)
and (30). Both expressions give the accretion time longer
than the age of the universe for MW’s SMBH with MBH %
4.3 ! 106 M$ and m! 5 ! 10#20 eV. Our Newtonian

analysis, addressing stationary ULDM soliton solutions,
is adequate in this case. For galaxies with a more massive
SMBH, e.g., M31 with MBH " 108 M$ [68], Eq. (B16)
implies that absorption of the ULDM field into the SMBH
becomes important already for m" 6 ! 10#21 eV, and our
stationary Newtonian analysis is not expected to capture
the physics correctly for such values of m. Finally, for the
reference value of m # 10#22 eV, our analysis should be
valid as long as MBH ! 1010 M$.
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Dynamical heating

Dalal, Kravstov 2203.05750:  
would have dispersed star cluster in Segue-I? 
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Effective quasi-particles  
(Bar-Or, Fouvry, Tremaine 1809.07673)

(Fritz et al 2018)
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mX

10−21 eV 10−10 M⊙ ∼ 1056 eV

Amusing fact:  
Dynamical heating constraints on ultralight  
dark matter come from the same mechanism that  
constrains MACHO or PBH dark matter 

Hypothesis:  
If you go far enough in the extreme right, 
you end up in the extreme left.



Dynamical heating

Dalal, Kravstov 2203.05750:  
would have dispersed star cluster in Segue-I? 

 meff ≈ 430 M⊙ ( 10 km/s
σ )

3

( ρ
107 M⊙/kpc3 ) ( 10−20 eV

m )
3

λ ≈ 120 pc ( 10−20 eV
m ) ( 10 km/s

σ )

Examples how it could become very interesting — ultralight dark matter

Effective quasi-particles  
(Bar-Or, Fouvry, Tremaine 1809.07673)

(Fritz et al 2018)



Examples how it could become very interesting — ultralight dark matter 

If the system is entirely inside the coherent region (the soliton), dynamical friction is suppressed 

Hui et al, 1610.08297; Bar-Or, Fouvry, Tremaine, 1809.07673; 2010.10212 

Lancaster et al, 1909.06381

Proposed for Fornax GC timing puzzle (Hui et al 2016).  
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If the system is entirely inside the coherent region (the soliton), dynamical friction is suppressed 

Hui et al, 1610.08297; Bar-Or, Fouvry, Tremaine, 1809.07673; 2010.10212 

Lancaster et al, 1909.06381

Proposed for Fornax GC timing puzzle (Hui et al 2016).  
But only works for  (Lancaster et al 2019) 
in tension w/ LSBGs, Ly-  which suggest 

m < 10−21 eV
α m > 10−21 eV
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Domcke, Urbano, 1409.3167  
Randall, Scholtz, Unwin, 1611.04590

It was suggested that Milky Way dwarf satellite galaxies may point to degenerate fermion dark matter with  m ∼ 200 eV
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Examples how it could become very interesting — light fermion dark matter 

The collision operator: 

Transfer function S: 

                         instead of the classical gas result:   Cdf →
V3

v3
F

Cdf →
2V3

3 πσ3

-

Reddy, Prakash, Lattimer, astro-ph/9710115 
Bertoni, Nelson, Reddy, 1309.1721 
Bar et al, 2102.11522



Examples how it could become very interesting — light fermion dark matter (degenerate dark matter — DDM) 

DDM must be hot at high redshift due to unavoidable 
degeneracy pressure.  

The minimal possible velocity dispersion can be compared 
with “standard” hot dark matter. 

Ly-  limit  (Baur et al, 1512.01981) 
rules out dwarf galaxy cores as proposed in  
Domcke, Urbano, 1409.3167;  
Randall, Scholtz, Unwin, 1611.04590

α m > 2.96 eV

Bar et al, 2102.11522 Fornax Ursa Minor
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Figure 1. Left: Reproduction of V-band data obtained in Danieli et al. (2022) using Hubble Space Telescope WFC3/UVIS
camera, containing UDG1 and a nearby field (post-selection criteria described in Danieli et al. (2022)). Circles represent 2re↵
and 3re↵ of the stellar light profile, with re↵ the Sérsic radius. Right: A scatter plot of objects from the left panel, divided into
magnitude bins. The magnitude bins for objects at mV < 25.0 mag are relatively clean from background contamination. In
comparison, contamination is significant for the bin 25.0 < mV < 26.5 mag. In our main analysis, we primarily use the r < 2re↵
data of the mV < 25.0 mag bins. We present a preliminary analysis of the 25.0 < mV < 26.5 mag bin in App. D, showing that
the faint objects also exhibit radial clustering above the background, comparable to the stellar body.

The left panel of Fig. 1 shows the V -band Hubble61

Space Telescope (HST) WFC3/UVIS image of UDG162

and its nearby field, adapted from Danieli et al. (2022).63

The right panel shows all compact sources that were64

selected as GC candidates based on the photometric se-65

lection criteria in Danieli et al. (2022). In this work we66

focus on a low contamination sample of GC candidates,67

consisting of the 33 mV < 25.0 mag objects contained68

within 2re↵ (twice the Sérsic half-light radius of the stel-69

lar body; inner circle in Fig. 1), which has a background70

contamination of about 1 object, estimated by compar-71

ison to the nearby field (Danieli et al. 2022). Spectroc-72

scopic information is available for 11 of these bright GCs73

(Müller et al. 2020).74

It is noteworthy that most of the brighter GCs in75

the right panel of Fig. 1 are concentrated in the region76

r < re↵ . To explore this further, in Fig. 2 we show the77

luminosity of this sample of GCs vs. their projected dis-78

tance from the center of the galaxy. The data shows a79

clear trend: more luminous GCs are on average closer80

to the center of the galaxy. We estimate a p-value81

of about 1% for the hypothesis that the data is82

a chance fluctuation and that there is no mass83

segregation (see App. A). This luminosity or mass84

segregation calls for a quantitative dynamical explana-85

tion.86

In this paper we show that this explanation can be87

naturally provided by dynamical friction. The deceler-88

ation experienced by a GC due to dynamical friction in89

a galactic halo is roughly proportional to the GC mass90

m?. Therefore, more massive GCs inspiral closer to the91

center of the galaxy, resulting in mass segregation. This92

simple picture can be expected to hold over an interme-93

diate duration of time: long enough to enable dynamical94

friction to act, but short enough so that GC mergers do95

not convert a large fraction of the total mass in GCs into96

a nuclear cluster. As we will demonstrate, using more97

detailed analytic estimates as well as a suite of numeri-98

cal simulations, UDG1 as we view it today may indeed99

be in this intermediate stage.100

The paper is organized as follows. In Sec. 2 we dis-101

cuss dynamical e↵ects that shape the GC population in102

UDG1 and similar galaxies. In Sec. 3 we recapitulate103

observational studies of UDG1, and define benchmark104

mass models. In Sec. 4 we set up and study N-body105

simulations, in which some dynamical e↵ects (notably106

dynamical friction and GC mass loss) are modeled semi-107

mX

10−21 eV 10−10 M⊙ ∼ 1056 eV

Thank you!

Gravity alone
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II. PHENOMENOLOGY

A. Segregation

From an observational point of view, we expect GC data arranged as {r?i, Li}, where r?i is the projected radius
of GC i from its host galaxy’s center2 and Li is the GC’s absolute luminosity. While we assume that the luminosity
can be relatively-reliably converted to mass (perhaps to an overall fudge factor), the projected distance is an un-
certainty that we should try to theoretically address. It turns out that it is very simple when one integrates the GC
distribution radially to infinity, i.e. (using r? = r sin ✓ in spherical coordinates)

hr?i =

Z
d3rn(r)r? =

⇡

4
hri . (14)

This would naı̈vely allow us to adopt Eq. (13), replacing r ! r?, r0 ! r0?.

B. Preliminary application to a galaxy

Though the theory developed so far is very simplistic, let us gallop a little and try to apply it to real data.
We adopt the data of NGC5846-UDG1. Its distance is estimated to be D ⇠ 25 Mpc (let us adopt 26.3 Mpc for con-

sistency we some earlier works). Its star luminosity is reported to be well-fit by a Sersic profile with n = 0.61 (let us
adopt n = 0.6 for now as it simplifies some calculations) and r1/2 = 15 ± 0.8 arcsec or 1.9 kpc for D = 26.3 Mpc.
With total luminosity of 5.8 ⇥ 107 L�, its mass is estimated to be ⇠ 1.2 ⇥ 108 M� (taking M/L = 2M�/L�). Spec-
troscopy is inconclusive yet in determining the dynamics of the galaxy, yielding a line-of-sight velocity dispersion
of ⇠ 10 ± 10 km/s – probably consistent with either baryon-only model or dominating dark-matter model. The
candidate GCs (31, of which 13 are reported to be spectroscopically confirmed) have mass estimated to vary within
⇠ 105 to ⇠ 2⇥106 M�. Their total mass is estimated to be ⇠ 1.3⇥107 M�, constituting ⇠ 10% of the baryonic mass.
Removal of GCs that were not spectroscopically confirmed still yields a large total GC mass of ⇠ 0.9⇥ 107 M�.

To facilitate comparison with Eq. (13), we bin the GC data into mass ranges (in linear space) and compute their
hMi and hr?i. The result of this exercise is shown in Fig. 2.
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FIG. 1: Result of binning the GC data into mass bins and computing hMi and hr?i, excluding GCs beyond 2 kpc projected ra-
dius. Different binning yield slightly different results, though retaining a similar decreasing trend. Using only spectroscopically
confirmed GCs (13 out of 31) also yields a similar result. Errors on radius are estimated via standard deviation when possible
(more than 1 GC in the bin) or constant 0.2 (rather arbitrary choice) when number of elements in the bin is 1 (which is the case
for the left bins). Errors on mass are estimated either by bin size or standard deviation of the masses in the bin.

2 Going beyond projected distance requires knowing the proper distance to the GC to better than⇠kpc, which may be feasible in MW satellites,
but probably not for farther galaxies.
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part of the analysis, we also initiate the GC mass function (GCMF) by copying the current observed GCMF. (We explore
changes to this set-up further below).

Histogram plots in Fig. 2 show projected cumulative luminosity profiles, normalized to the total GC luminosity at R? =
2Re and presented vs. projected radial distance normalized to Re, where Re = 1.9 kpc is the Sérsic radius of the observed
stellar distribution of the galaxy. Cyan, magenta, and green curves show distributions computed using the semianalytic
method, N-body with 5K halo particles, and N-body with 10K halo particles, respectively. Thick black curve shows the
observed GC distribution. The three histogram panels correspond to an NFW DM halo model, a Burkert DM halo model,
and a model lacking DM altogether. In all three cases, the contribution of stars to the halo total density profile is included
based on the observed light profile with stellar M/L = 2 in solar units. The bottom-right panel shows the line of sight
velocity dispersion (LOSVD) corresponding to the three halo models, compared with the measurement.

FIG. 2: Histogram plots: cumulative luminosity of GCs, normalized to the total GC luminosity at R? = 2Re. Thick black: observed
GC luminosity in UDG1. Cyan: semianalytic calculation, with random initial distribution of GCs from a Sérsic profile with re = 1.9 kpc
and n = 0.61, consistent with the stellar light profile of UDG1. Evolution duration: 10 Gyr. The initial GC mass function in the
simulations is identical to that observed in UDG1. Magenta (green): N-body simulations with Rsim = 1 kpc and 5K particles
(Rsim = 2 kpc and 10K particles). Bottom right panel: LOSVD for the three profiles, compared with the measurement.

Our next step is to explore the dependence on the DM halo. Figs. 3 and 4 present GC luminosity histograms calculated
for di↵erent NFW and Burkert halo model parameters. Here, we still hold the GC initial spatial distribution to match the
current observed distribution of stars, and the GCMF to match the current observed GCMF.
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current observed distribution of stars, and the GCMF to match the current observed GCMF.

What we hope to learn
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The second di↵usion coe�cient drops from this equation. The first di↵usion coe�cient appears as D||, which is Di

evaluated along VM (t). Evaluating Eq. (A2) using Eq. (A4) gives the Chandrasekhar formula

a = �4⇡G2M⇤⇢C

V 3
V, (A8)

C = 4⇡ ln⇤

Z V

0
dv v2 f(v). (A9)

While the Chandrasekhar formula above was derived for a spatially homogeneous distribution of the background gas, our
practical application is to the spatially inhomogeneous halos of galaxies. A simple and common approximate adaptation
to the Chandrasekhar formula in that case is to interpret Eq. (A8) as expressing the local deceleration experienced by the
massive probe at its instantaneous location. One of our goals in this work is to test this approximation using N-body
simulations of the gas particles.

FIG. 6: Top two panels: cumulative luminosity of GCs, normalized to the total GC luminosity at R? = 2Re. Here, the initial GC
distribution has Sérsic radius Re,GC = 2.85 kpc, larger by a factor of 1.5 compared to the current observed Sérsic radius Re = 1.9 kpc
of the stars. Bottom panels: luminosity fraction at R? = (1, 0.5, 0.25) Re for the NFW (top) and Burkert (bottom) DM halo profiles,
with initial GC distribution Sérsic radius stretched by a factor of 1.5 compared to the current observed radius of the stars.

The problem of  
initial conditions
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Now we can use explicit results for r0!r;!t" to connect
F!t!r" with F0!r0" in different halo models. To this end we
can use Eq. (E10),
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r

dr0

2r0
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where !!r"! d lnM=d ln r. Let us consider the general
features of F!t for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where ! ! 2) exhibits an
approximately power-law form for the DF time ". For an
approximately constant ! and power law " # "̄!r=r̄"#, it is
useful to define the critical radius rcr via

"!rcr" #
2#
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!t: !F3"

The physical meaning of rcr is that GCs that start their life
at r0 " rcr arrive at the origin within t " !t. Using our
power-law form for ", we have
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In terms of rcr, the solution of Eq. (F2) evaluates to
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For GCs that satisfy r # rcr today, we can expand their
starting point:
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In other words, for cuspy CDMhalos, GCs that are currently
seen at r # rcr must have originated near r0 ! rcr. This
means that forGCswith r # rcr today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqs. (F4) and (F6):

F!t!r" ! F0!rcr" $
!1$ !"
2#2

f0!rcr"rcr
"!r"
!t

$ % % % ; !F7"

where the ... refer to higher powers of the small ratio "!r"=!t.
Above, the r-independent constant F0!rcr" counts GCs that
have already settled to the center of the halo. These GCs

at r ! 0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F0!rcr" on the rhs of Eq. (F7). We thus have
F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to

!t # 1$ !
2

" ln
r0
r

!F8"

and the radial CDF today is

F!t!r" ! F0!re
2!t

!1$!""" ! F0!re
!t
2"": !F9"

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to

!t # 1$ !
2

" ln
r0
r

!F8"

and the radial CDF today is

F!t!r" ! F0!re
2!t

!1$!""" ! F0!re
!t
2"": !F9"

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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We can also note the ratio,
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indicating that the low-velocity approximation of the
Chandrasekhar deceleration may apply inside a core; see
Eq. (5). This implies a “phase-space suppression” to DF, as
discussed in the main text (Sec. III).

APPENDIX E: ORBITS UNDER
DYNAMICAL FRICTION

In this Appendix we review the solution of an orbit under
the influence of DF. We write the equations of motion
(EoM) in circular coordinates,

!r " !!r $ r _%2#r̂$ !2_r _%$r !%#%̂ !E1#

" $
GM!r#

r2
r̂$

%%%%
d_r
dt

%%%%
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We express the deceleration jd_r=dtjDF as j_rj=&, where &
appears in Eq. (10).
Defining r " R0x, t " T0 t̄, T2

0 " R3
0=GM!R0#, we find

x00 $ x%02 " $
1

x2
M!R0x#
M!R0#
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&=T0

; !E3#

2x0%0 $ x%00 " $ x%0
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where 0 is differentiation with respect to t̄. Note, & can
depend on r and j_rj. For a circular orbit, for example, the
initial conditions can be set as x!0# " 1, x0!0# " 0, %!0# "
0 and %0!0# " 1=x!0# " 1, which has a revolution time
of !t̃ " 2#.
Solving the orbit of a decelerating test object generally

requires numerical integration. We can understand some
features of the solution analytically, however. Defining
v% ! r _%, the %̂ part of the EoM has the solution

rv% " !rv%#0 exp
"
$
Z

t

0

dt0

&

#
: !E5#

This solution expresses the decay of angular momentum of
the test object. Using the circular velocity v2circ " GM!r#=r,
we can express the r̂ part of the EoM as

v2% $ v2circ " r
"
!r$

_r
&

#
: !E6#

We can gain more analytical intuition by considering
nearly circular orbits, assuming that the inspiral rate is much
smaller than the circular velocity, r=& ! vcirc. Assuming
that _r % r=&, !r % r=&2 and r=& ! vcirc, Eq. (E6) implies
v% " vcirc. We can use this to write

$
rv%
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"
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#
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Rearranging, we find
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r
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Using this,we can estimate the time it takes a test object to fall
from r0 down to r < r0:

t!r; r0# "
Z

r0

r

dr
2r

"
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d ln r

#
&!r; vcirc!r##: !E10#

Given the mass profile of the halo, M!r#, and a DF model
encapsulated by &, Eq. (E10) is a simple and quick estimate of
the inspiral time of a test object.
For eccentric orbits, the approximation above is less

justified. Defining eccentricity as e! !rapo $ rperi#=!rapo $
rperi# with apocenter radius rapo and pericenter radius rperi,
we numerically tested Eq. (E10) for e > 0. In these
calculations we defined r0 and r via !rapo $ rperi#=2, where
rapo and rperi are obtained per cycle of the orbital phase.
With these definitions, in numerical experiments represen-
tative of Fornax GCs we find that Eq. (E10) holds to better
than 30% accuracy for e" 0.5.

APPENDIX F: THE RADIAL AND
PROJECTED CDF OF GCs

Consider a population of identical GCs (all with the same
mass), that start off their life at some initial time t " 0 on
approximately circular orbits with a radial probability
distribution function (PDF) f0!r0# with respect to an initial
radial coordinate r0. The CDF of initial GC positions is
F0!r0# "

R r0
0 dyf0!y#. We are interested in computing the

PDF and CDF of GC radial positions today, at t " !t; call
these f!t!r# and F!t!r#.
DF causes GC orbits to inspiral inwards, and by

integrating along the orbit we can compute the function
r " r!r0;!t# and invert it to obtain r0 " r0!r;!t#.17
Neglecting tidal disruption, we have

17The monotonous decrease of r with time, that allowed this
inversion, is lost for noncircular orbits. We could accommodate
elliptical orbits approximately, by letting r represent the average
between the peri- and apocenter per cycle.
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Should we expect to see GCs inside the kill circle?

We may, but not many: GCs that are now inside
critical radius (but not in nuclear cluster)
come from a small sliver of space:

F!t!r" # F0!r0!r;!t"": !F1"

Now we can use explicit results for r0!r;!t" to connect
F!t!r" with F0!r0" in different halo models. To this end we
can use Eq. (E10),

!t #
Z

r0

r

dr0

2r0
!1$ !!r0"""!r0"; !F2"

where !!r"! d lnM=d ln r. Let us consider the general
features of F!t for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where ! ! 2) exhibits an
approximately power-law form for the DF time ". For an
approximately constant ! and power law " # "̄!r=r̄"#, it is
useful to define the critical radius rcr via

"!rcr" #
2#

1$ !
!t: !F3"

The physical meaning of rcr is that GCs that start their life
at r0 " rcr arrive at the origin within t " !t. Using our
power-law form for ", we have

rcr # r̄
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2#
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!t
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"
1=#

: !F4"

In terms of rcr, the solution of Eq. (F2) evaluates to
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r
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For GCs that satisfy r # rcr today, we can expand their
starting point:

r0!r;!t" # rcr $
rcr
#

!
r
rcr

"
#
$ % % %

# rcr

!
1$ 1$ !

2#2
"!r"
!t

$ % % %
"
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In other words, for cuspy CDMhalos, GCs that are currently
seen at r # rcr must have originated near r0 ! rcr. This
means that forGCswith r # rcr today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqs. (F4) and (F6):

F!t!r" ! F0!rcr" $
!1$ !"
2#2

f0!rcr"rcr
"!r"
!t

$ % % % ; !F7"

where the ... refer to higher powers of the small ratio "!r"=!t.
Above, the r-independent constant F0!rcr" counts GCs that
have already settled to the center of the halo. These GCs

at r ! 0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F0!rcr" on the rhs of Eq. (F7). We thus have
F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to

!t # 1$ !
2

" ln
r0
r

!F8"

and the radial CDF today is

F!t!r" ! F0!re
2!t

!1$!""" ! F0!re
!t
2"": !F9"

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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F!t!r" # F0!r0!r;!t"": !F1"

Now we can use explicit results for r0!r;!t" to connect
F!t!r" with F0!r0" in different halo models. To this end we
can use Eq. (E10),
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where !!r"! d lnM=d ln r. Let us consider the general
features of F!t for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where ! ! 2) exhibits an
approximately power-law form for the DF time ". For an
approximately constant ! and power law " # "̄!r=r̄"#, it is
useful to define the critical radius rcr via

"!rcr" #
2#

1$ !
!t: !F3"

The physical meaning of rcr is that GCs that start their life
at r0 " rcr arrive at the origin within t " !t. Using our
power-law form for ", we have

rcr # r̄
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In terms of rcr, the solution of Eq. (F2) evaluates to
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For GCs that satisfy r # rcr today, we can expand their
starting point:

r0!r;!t" # rcr $
rcr
#
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r
rcr
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In other words, for cuspy CDMhalos, GCs that are currently
seen at r # rcr must have originated near r0 ! rcr. This
means that forGCswith r # rcr today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqs. (F4) and (F6):

F!t!r" ! F0!rcr" $
!1$ !"
2#2

f0!rcr"rcr
"!r"
!t

$ % % % ; !F7"

where the ... refer to higher powers of the small ratio "!r"=!t.
Above, the r-independent constant F0!rcr" counts GCs that
have already settled to the center of the halo. These GCs

at r ! 0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F0!rcr" on the rhs of Eq. (F7). We thus have
F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to

!t # 1$ !
2

" ln
r0
r

!F8"

and the radial CDF today is

F!t!r" ! F0!re
2!t

!1$!""" ! F0!re
!t
2"": !F9"

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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F!t!r" # F0!r0!r;!t"": !F1"

Now we can use explicit results for r0!r;!t" to connect
F!t!r" with F0!r0" in different halo models. To this end we
can use Eq. (E10),
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!1$ !!r0"""!r0"; !F2"

where !!r"! d lnM=d ln r. Let us consider the general
features of F!t for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where ! ! 2) exhibits an
approximately power-law form for the DF time ". For an
approximately constant ! and power law " # "̄!r=r̄"#, it is
useful to define the critical radius rcr via

"!rcr" #
2#

1$ !
!t: !F3"

The physical meaning of rcr is that GCs that start their life
at r0 " rcr arrive at the origin within t " !t. Using our
power-law form for ", we have
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In terms of rcr, the solution of Eq. (F2) evaluates to
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For GCs that satisfy r # rcr today, we can expand their
starting point:
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In other words, for cuspy CDMhalos, GCs that are currently
seen at r # rcr must have originated near r0 ! rcr. This
means that forGCswith r # rcr today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqs. (F4) and (F6):

F!t!r" ! F0!rcr" $
!1$ !"
2#2

f0!rcr"rcr
"!r"
!t

$ % % % ; !F7"

where the ... refer to higher powers of the small ratio "!r"=!t.
Above, the r-independent constant F0!rcr" counts GCs that
have already settled to the center of the halo. These GCs

at r ! 0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F0!rcr" on the rhs of Eq. (F7). We thus have
F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to

!t # 1$ !
2

" ln
r0
r

!F8"

and the radial CDF today is

F!t!r" ! F0!re
2!t

!1$!""" ! F0!re
!t
2"": !F9"

The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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F!t!r" # F0!r0!r;!t"": !F1"

Now we can use explicit results for r0!r;!t" to connect
F!t!r" with F0!r0" in different halo models. To this end we
can use Eq. (E10),
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!1$ !!r0"""!r0"; !F2"

where !!r"! d lnM=d ln r. Let us consider the general
features of F!t for different halo shapes.

1. CDF of GCs in a cuspy halo

We have seen in the main analysis that a cuspy halo (i.e.,
the inner region of an NFW halo, where ! ! 2) exhibits an
approximately power-law form for the DF time ". For an
approximately constant ! and power law " # "̄!r=r̄"#, it is
useful to define the critical radius rcr via

"!rcr" #
2#
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!t: !F3"

The physical meaning of rcr is that GCs that start their life
at r0 " rcr arrive at the origin within t " !t. Using our
power-law form for ", we have
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In terms of rcr, the solution of Eq. (F2) evaluates to
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For GCs that satisfy r # rcr today, we can expand their
starting point:

r0!r;!t" # rcr $
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In other words, for cuspy CDMhalos, GCs that are currently
seen at r # rcr must have originated near r0 ! rcr. This
means that forGCswith r # rcr today, the radial distribution
today is not very sensitive to the (difficult to predict) initial
distribution. We can make this point manifest by expanding
Eq. (F1), using Eqs. (F4) and (F6):

F!t!r" ! F0!rcr" $
!1$ !"
2#2

f0!rcr"rcr
"!r"
!t

$ % % % ; !F7"

where the ... refer to higher powers of the small ratio "!r"=!t.
Above, the r-independent constant F0!rcr" counts GCs that
have already settled to the center of the halo. These GCs

at r ! 0 were likely tidally disrupted, suggesting that in
actually counting GCs in the system, we should eliminate
the term F0!rcr" on the rhs of Eq. (F7). We thus have
F!t!r" ! A!"!r"=!t", where A # !1$!"

2#2 f0!rcr"rcr is an
order-unity constant (r-independent) coefficient.18

We can summarize this section with two important
conclusions. First, for a cuspy halo, all GCs that are born
at r < rcr have arrived at r ! 0 by today and are plausibly
tidally disrupted. This means that observations today are
not sensitive to initial conditions, characterized by different
f0!r0", that differ from each other only at r < rcr, unless
stellar age and metallicity measurements can identify the
remnants and approximately count tidally disrupted GCs,
on time scales of Gyrs after the disruption. Second, the
radial CDF of GCs at small radii r # rcr should follow
F!t!r" ! A!"!r"=!t", with order-unity A, irrespective of
initial conditions.
Figure 16 illustrates both of these two points, by showing

two examples of f0 and the resulting F!t. The DF time "!r"
and the critical radius rcr are measurable given a model of
the DM halo, fitted to stellar kinematics, and given GC age
measurements that define !t. This makes the predicted
shape of F!t measurable, in principle. In practice, however,
projection effects (explained below) complicate the inter-
pretation. In addition, the collection of GCs in Fornax
seems too sparse to draw robust conclusions.

2. CDF of GCs in a cored halo

Inside a core we expect ! ! 3 and an approximately
constant ". Equation (F2) is evaluated to
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and the radial CDF today is
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The distribution of GCs inside a core reflects a stretched
version of the initial conditions. Because of this sensitivity
to initial conditions, the degree of possible fine-tuning in
the current positions of GCs may be difficult to assess.

3. Accounting for distribution of GC masses

The masses of GCs in Fornax vary over about an order of
magnitude around 105 M$, and the instantaneous DF time
satisfies " % 1=m& up to logarithmic corrections that we
neglect here. It is therefore necessary to revise the

18For the inner region of an NFW profile, we have seen that
! ! 2 and # ! 2, so A ! 0.4Ncr, where Ncr # f0!rcr"rcr counts
the number of GCs that were located in a region of order rcr
around rcr. Predicting the actual value of Ncr would require an
understanding of the initial cosmological formation of GCs,
which is still not under full theoretical control.
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Cumulative count of GCs (CDF):

Nuclear cluster?!
Fornax does not seem to have one…

Should we expect to see GCs inside the kill circle?

We may, but not many: GCs that are now inside
critical radius (but not in nuclear cluster)
come from a small sliver of space:
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Nuclear cluster?!
Fornax does not seem to have one…
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Shao et al 2021,…

Should we expect to see GCs inside the kill circle?

We may, but not many: GCs that are now inside
critical radius (but not in nuclear cluster)
come from a small sliver of space:



Lack of nuclear star cluster in Fornax?

Bar et al (Shao et al) find mild (~null)
statistical timing problem,
ignoring the question of NSC.

Bar et al (Shao et al) find ~50% (~30%)
GCs “tidally disrupt” —> arrive at r~0.

In either case, we might have expected
an NSC of ~  solar mass…106
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