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❑ Gravitational Waves Stochastic signals 

❑ What are the challenges of detection?
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The measurement concept

• test-mass to test-
mass measurement 
is synthesised from: 
• test-mass to SC 
• SC to SC 
• SC to test-mass 

• Combine 6 links on 
ground 

• Time Delay 
Interferometry
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❑ Science-rich data sets!
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BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
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"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�
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• UCBs [blue]: Cyclo-stationary, Anisotropic, 
change with time, spectral shape unveils 
properties of the Galaxy.


• SMBHBs [red]: Existence to be proven, 
dependent on the population model.


• SOBHBs [pink]: Stationary, isotropic. 
Extrapolated from ground-based 
measurements. Shape to unveil properties of 
their population.


• EMRIs [yellow]: Non-Stationary, isotropic, very 
uncertain predictions.
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❑ Cosmological Stochastic signals
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Figure 5: SGWB energy density h2⌦GW for di↵erent cosmological sources compared to the sensitivity of di↵erent
GW detectors. As cosmological signals we have the vacuum GW contribution coming from inflation (grey dashed
line) with r = 0.044 and nT = �r/8, the signal expected in axion inflation models (cyan), the signal generated
by cosmic string networks with Gµ = 10�10 (brown), the signal generated by a FOPT with vw = 0.9, ↵ = 0.1,
�/H⇤ = 50, g⇤ = 100, T⇤ = 200GeV (pink) and the signal generated at second-order by the formation mechanism of
PBHs with fPBH = 1, � = 0.5, k⇤ = kLISA (orange). For GW detectors we report the sensitivity of Planck (darker
green), LITEBird (green), EPTA (blue), SKA (darker blue), LISA (red), DECIGO (purple), LIGO Design (black)
and ET (darker black).

with extra (gauge) fields (Sec. 8.2) [390–396] to models with features in the scalar power spectrum (Sec. 8.3) [397–
399], models where spacetime symmetries are broken during inflation (Sec. 8.4) [400–402, 402–404, 404–407], or
scenarios where non-attractor phases characterise the universe evolution [408–410]. GWs sourced by second-order
scalar fluctuations (Sec. 10.3) can further be associated with PBH formation (Sec. 10). These models are characterised
by an amplitude which, still respecting the CMB bounds, have a large amplitude and a peculiar frequency shape
which may enable detection by LISA. A dedicated analysis for the potential of the LISA space-based interferometer
to detect the SGWB produced from di↵erent inflationary models has been performed in Ref. [411]. This analysis has
shown how LISA will be able to probe inflationary scenarios, in a complementary way to CMB experiments. Besides
these, there are some post-inflationary mechanisms which can also generate GWs with a large amplitude at LISA
scales: for instance several setups beyond the standard model of particle physics (BSM) exhibit a first-order phase
transition (FOPT) around the TeV energy scale that peaks in the LISA frequency window (see Sec. 6). A dedicated
analysis for the detection of a cosmological SGWB from FOPTs have been done in Refs. [412, 413]. Also cosmic
defects can generate a cosmological SGWB which crosses the frequency window of the LISA detector. More precisely
the GW signal from cosmic defects can be detected if the energy of the phase transition that created the defects is at
the right scale (see Sec. 7). A recent analysis to probe the ability of LISA to measure this background, considering
leading models of the string networks has been done in Ref. [414]. In the most optimistic case, LISA might be able
to probe cosmic strings with tensions Gµ & O(10�17). It has been recently pointed out [415] that, depending on
di↵erent assumptions on the astrophysical background and the galactic foreground, LISA will be able to probe cosmic
strings with tensions Gµ & O(10�16 � 10�15).

The detection of any of these SGWBs from the early universe, would allow us to test high energy scales beyond
the reach of particle colliders, like the Large Hadron Collider (LHC).

In Fig. 5 we collect GW cosmological signals expected to peak in the LISA frequency band and we compare them
with the sensitivity of present and future GW detectors.
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LISA Global Fit
Searching for different types of sources simultaneously 16

FIG. 13. The UCB search as one component of a global
fit. The residuals from each source analysis block are passed
along to the next analysis in a sequence of Gibbs updates.
New data is incorporated into the fit during the mission. The
noise model and instrument models are updated on a regular
basis.

We will extend the waveform model to allow for more
complicated signals including eccentric white dwarf bina-
ries, hierarchical systems and stellar mass binary black
holes which are the progenitors of the merging systems
observed by ground-based interferometers [57], and de-
velop infrastructure to jointly analyze multimessenger
sources simultaneously observable by both LISA and EM
observatories [1, 13, 14, 18].
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▻ Computational reasons: sequential fits are inefficient.


▻ Grid searches are impossible.


▻ Correlations between sources become important  
for that many signals.


▻ Imperfect source subtraction yields imperfect residuals.


▻ Uncertainties propagation


▻ Not fixed dimensions!
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    from the data. 
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LISA Data Analysis
Bayesian Framework

• Define a likelihood function. 
 
 
 

• Define priors


• Form posterior
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1. Introduction

In this document we will present a new formulation of a likelihood function as an

alternative to the standard Gaussian likelihood used in most cases. This Hyperbolic

Likelihood Function (HLF) is studied on its robustness in various data analysis scenarios.

It can be proven useful in cases where the data are distributed in a non-Gaussian way

(outliers etc.), or when we need to e↵ectively model the background coloured model of

the noise.

2. Background

2.1. The Gaussian case

A common treatment for system identification (and detection) experiments, is to begin

with two assumptions, that practically have the same consequences:

• The measured noise of the system is Gaussian, or

• The Signal-to-Noise Ratio (SNR) is high enough that we can formulate a likelihood

function of the form of

⇡(y|~✓) = C ⇥ e�
1
2

�
y � h(~✓)

��y � h(~✓)
�
= C ⇥ e��2/2. (1)

Here, we have assumed that the measured data set is y = h(~✓) + n, with h(~✓) being the

template and n the noise. The (·|·) denotes the noise weighted inner product

(a|b) = 2

1Z

0

df
h
ã⇤(f)b̃(f) + ã(f)b̃⇤(f)

i
/S̃n(f) , (2)
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LISA Data Analysis
Assuming no spectral shape for the signal - Previews efforts

• Ordered by the Cosmology WG.


• Divide the data into bins.


• Fit power-laws at those bins.


• Fit also an analytic model of the 
noise. 


• Join bins if power-law models are 
similar (e.g. using the AIC)

Flauger, Karnesis, Nardini, Pieroni, Ricciardone, Torrado, 
[2009.11845 ]

(a)

(b)

Figure 7: (a) Reconstruction of the broken power-law signal described in section 4.2 in

the AET channels using 20 initial bins, which converged to 8. (b) Contour plots of the

posterior of the parameters of the inner bins, showing the maximum a posteriori (MAP).

The result of the reconstruction procedure is shown in fig. 8. We have produced it

choosing 60 initial bins, which has converged to 7. The reconstruction is more accurate in

the central part of the frequency band, where the signal peaks, and worsens in the outer

bins. The SNR of the reconstructed bump signal is approximately 339.

4.4 Degenerate case

One might naively expect that the uncertainties of the parameter reconstruction scale

roughly with the square root of the number of independent channels we consider. This guess

underestimates the gain in constraining power obtained from a multiple-channel analysis.

A key advantage of our three-channel analysis is indeed its capability to break degeneracies.

– 18 –



❑ But the instrumental noise 
    knowledge is crucial 
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LISA Data Analysis
Assuming no spectral shape for the noise

• Usually, we adopt a model of the X,Y,Z or 
A, E, T TDI channels for the noise. 


• This allows us to fit a few noise 
parameters together with the signal.


• More parameters for more complexity 
(unequal arms, unequal noise PSDs)


• In this work we adopt a shape-agnostic 
model, based on interpolating cubic B-
spline functions.

Baghi, Karnesis, Bayle, Besançon, Inchauspé 
[2302.12573]

https://arxiv.org/abs/2302.12573
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For each frequency f , we encode the TDI transforma-
tion of Eq. (12) in a matrix MTDI, so that can write the
measured data d̃ as a function of the link vector ỹ as

d̃(f) = MTDI(f)ỹ(f), (15)

where we defined the link vector as

ỹ = (ỹ12, ỹ23, ỹ31, ỹ13, ỹ32, ỹ21)
T . (16)

To compute the transfer function MTDI(f), it is sufficient
to approximate all the delays operators defined in eq. (13)
as complex phasing operators [61],

Dij x̃(f) ⇡ x̃(f)e�2⇡ifLij . (17)

We assume that the link data is only made of two
stochastic processes: the SGWB signal ỹGW and the in-
strumental noise ñ, so that

ỹ(f) = ỹGW(f) + ñ(f). (18)

Since signal and noise are independent processes, the TDI
data covariance can be written as the sum of the SGWB
and instrumental noise link covariances,

Cy(f) = hỹỹ†i = CGW(f) + Cn(f). (19)

We straightforwardly deduce the TDI covariance from
eq. (15) as

Cd(f) = MTDI(f)Cy(f)M†
TDI

(f). (20)

Note that it is not necessary to include laser frequency
noise, as we assume that it is perfectly canceled by TDI.
We further assume that the noises affecting each link
measurements are uncorrelated and all characterized by
the same one-sided PSD Sn(f). As a consequence, their
covariance is diagonal,

Cn(f) ⌘ hññ†i =
1

2
Sn(f)I6. (21)

This assumption allows us to easily express the contribu-
tion of the noise to the full covariance Cd(f) as a simple
product 1

2
Sn(f) ⇥ MTDI(f)M†

TDI
(f).

As for the GW signal, we assume that it is isotropic
and stationary, so that its response at any frequency f
and time t0 can be encoded in a 6 ⇥ 6 matrix R(f, t0) as

CGW(f) = Sh(f)R(f, t0), (22)

where the elements of R(f, t0) are explicitly derived in
appendix B. The background isotropy brings a quasi-
independence on time, so that the choice of t0 is irrel-
evant in our study.

The key point of the analysis is that we assume that we
know both the frequency-dependent TDI transfer matrix
MTDI(f) and the GW response matrix R(f, t0). Both
of them depend on inter-spacecraft distances, which we
suppose we know perfectly. Then, the parameters we
have to estimate are the ones describing the signal PSD
Sh(f) and the noise PSD Sn(f). Equation (4) provides
the parametrization of Sh(f), which includes the energy
density ⌦0 and spectral index n. The model for Sn(f) is
detailed in the next section.

A. Noise model

We aim at having a generic and flexible modeling of the
noise. To this end, we model the single-link noise log-
PSD with interpolating cubic B-spline functions. This
basis provides a stable parametrization of any sufficiently
smooth function, avoiding numerical errors that can arise
when using high order polynomials. The parameters of
the model are the logarithm control frequencies xi and
their corresponding log-PSD ordinates ai. We fix the first
and last control frequencies to be the boundaries of the
analysed frequency bandwidth, so that x0 = log fmin and
xQ = log fmax, where Q+1 is the total number of control
points. Then, we construct the spline function

log Sn(f) =

Q+1X

i=1

aiBi,3 (⇠, f) , (23)

where ai are the spline coefficients and ⇠ is the vector of
the Q + 5 spline knots. The basis elements Bi,3(⇠, f) are
defined recursively as

Bi,0(f) = 1, if ⇠i  log f < ⇠i+1, otherwise 0,

Bi,k(f) =
log f � ⇠i
⇠i+k � ⇠i

Bi,k�1(f)

+
⇠i+k+1 � log f

⇠i+k+1 � ⇠i+1

Bi+1,k�1(f). (24)

The spline knots are directly related to the control points
as

⇠i = x0 8i 2 [0, 3];

⇠i+3 = xi 8i 2 [0, Q];

⇠i+3 = xQ 8i 2 [Q, Q + 3];

log Sn(exi+3) = ai 8i 2 [0, Q].

(25)

In practice, we use the interp1d function of the
SciPy package [62], which builds the spline basis based
on the control frequencies ⌫i and their corresponding or-
dinates ai. Since the frequencies of the first and last
control points are fixed, the spline model is described
by 2Q parameters that we can gather in a vector ✓n =

(x0, . . . , xQ, a1, . . . , aQ�1)
T .

B. Likelihood

In principle, one could directly write down the likeli-
hood for the frequency-domain TDI data d̃ using Whit-
tle’s approximation [63]. To decrease the computational
cost of the likelihood evaluation, we instead consider
frequency sample averages of the periodogram. Let us
define the normalized windowed discrete Fourier trans-
form (DFT) of any multivariate time series of length
Nx = bTfsc as

x̃(fk) =

r
2

2fs

Nx�1X

n=0

wnxne�2⇡kn/Nx , (26)

https://arxiv.org/abs/2302.12573
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Trans-dimensional sampling:
Assume a model with a changing dimensionality…

parameter space

po
st
er
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ty

• Same procedure, now generalized for k-order of model. 
It is organized in two steps.


• Before all, we begin with θk for model k.


1. In-Model Step: The usual MH step, for model k.


2. Outer-Model Step:


‣ Propose new θm for model m from a given proposal 
distribution q.


‣ Essentially propose the “birth” or “death” of dimensions 
at each iteration.  


‣ Accept, or reject with a probability:

<latexit sha1_base64="zo26twAbkr4eeuWsFpfbknK7FgI="></latexit>
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p(y|~✓k)p(~✓k)q({k, ~✓k}, {m, ✓m})
p(y, ~✓m)p(~✓m)q({m, ~✓m}, {k, ✓k})
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NK+, Eryn : A multi-purpose 
sampler for Bayesian inference 
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• We want to analyse the data into chunks, 
in order to make it computationally lighter. 


• In that case, we get the Wishart 
distribution, which is written as


• With its logarithm 

We continue by defining a likelihood function

6

where wn is a time window smoothly decreasing to zero
at the edges of the time series, and p =

PNx�1

n=0
wn

p.
We choose this normalization such that the periodogram
is directly given by the square modulus of x̃k, and its ex-
pectation is directly comparable with the one-sided PSD.

At each frequency bin fk, we define the 3 ⇥ 3 peri-
odogram matrix as P(fk) ⌘ d̃(fk)d̃(fk)†. To compress
the data, we split the frequency series d̃ into J consec-
utive, non-overlapping segments. We call fj the central
frequency and nj the size of each segment j. We define
the averaged periodogram matrix P̄(fj) by averaging the
periodograms over the frequency bins within each seg-
ment j,

P̄(fj) ⌘ 1

nj

j+
nj
2X

k=j�nj
2

d̃(fk)d̃(fk)
†. (27)

If the DFTs d̃(fk) were uncorrelated between different
frequency bins, the matrix Y(fj) ⌘ njP(fj) would fol-
low a complex Wishart distribution with ⌫(fj) = nj de-
grees of freedoms (DoFs) and scale matrix Cd(f), with a
probability density function

p(Y(f)|✓) =
|Y(f)|⌫�3

exp
�

� tr(C�1

d Y(f))
 

|Cd(f)|⌫ · Ce�3(⌫)

, (28)

where Ce�p(⌫) is the complex gamma function, tr is the
trace operator and |A| is the determinant of any matrix
A. In reality, the frequency bins that are close to each
other are mildly correlated, depending on the choice of
the window function wn in eq. (26). As a result, the
effective number of DoFs ⌫(fj) is smaller than the number
of averaged frequency bins nj . A good measure of the
reduction factor is provided by the normalized equivalent
noise bandwidth Nbw, defined for any window w and time
series size Nd as

Nbw = Nd
2

1

, (29)

which is expressed in number of frequency bins. Values
of Nbw for various windows can be found in [64]. The ef-
fective number of DoFs is then given by ⌫(fj) = nj/Nbw.

Taking the logarithm of the equation above and keep-
ing only the terms depending on the parameters ✓ yields

log p(Y(f)|✓) = � tr(C�1

d Y(f)) � ⌫(f) log |Cd(f)| .
(30)

The full log-likelihood across the analyzed bandwidth is
then the sum over all frequency bins

LY(✓) =

J�1X

j=0

log p(Y(fj)|✓). (31)

When both noise and signal are included in the likeli-
hood, the vector of model parameters includes the con-
trol point locations, the spline coefficients, and the GW
parameters ✓ = (x0, . . . , xQ, a1, . . . , aQ�1, log ⌦0, n).

C. Priors

Aiming at a robust analysis, we choose poorly con-
straining priors for the noise parameters. We let the con-
trol points take value in an interval bounded by one or-
der of magnitude below and above the true noise model
Sn,true (which is used for the injection). This way, we
have

Sn(f) 2
⇥
10

�1 Sn,true(f); 10 Sn,true(f)
⇤
. (32)

Note that this prior does not reflect the allocated mar-
gins for the required LISA sensitivity, but enables us to
remain conservative in our analysis.

We allow the control frequencies to take value within
the analyzed bandwidth [fmin, fmax]. To enforce a rela-
tively even distribution of the control points, we assign
to each of them a Beta distribution conditioned on the
location of the previous one, such that

p (xi|xi�1) / u↵i�1

i (1 � ui)
�i�1, (33)

where ui ⌘ (xi � xi�1) / (xQ � xi�1) is the position of
control point xi relative to the previous one xi�1, rescaled
in the interval [0, 1]. We choose parameters values ↵i = 2

and �i = Q � i + 2 so that the mode of the conditional
distribution peaks at (xQ � xi�1)/(Q � i). This choice
ensures that if the control point xi�1 is given, as there
are Q � i control points left to be placed, the next one
has more probability to be placed in the first 1/(Q� i)th

of the remaining frequency band.
Concerning the SGWB parameters, we impose uni-

form priors on log ⌦0 and on n, respectively in intervals
[�35, �28] and [�5, 7].

IV. DETECTION AND PARAMETER

ESTIMATION

A. Detection

In a Bayesian framework, detecting the presence of a
stochastic process can be done through model compari-
son: one model assumes that the data only contains noise
(null hypothesis H0), while the other model assumes the
presence of a SGWB in addition to the noise (tested hy-
pothesis H1). We compare the models by computing
their Bayes factor, defined as the ratio of their evidences.
The log-Bayes factor is then

log B10(Y) = log Z1(Y) � log Z0(Y), (34)

where Zi(y) ⌘
R
⇥i

p (y|Hi) d✓ is the evidence of the model
under hypothesis Hi and ⇥i is the space in which ✓i is al-
lowed to take values. The presence of a SGWB is claimed
when the Bayes factor stands above a given threshold.

When dealing with parallel-tempered Markov chain
Monte Carlo (MCMC) outputs, we can approximate the
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p (y|Hi) d✓ is the evidence of the model
under hypothesis Hi and ⇥i is the space in which ✓i is al-
lowed to take values. The presence of a SGWB is claimed
when the Bayes factor stands above a given threshold.

When dealing with parallel-tempered Markov chain
Monte Carlo (MCMC) outputs, we can approximate the
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Figure 4. Estimating the optimal model order using RJ-MCMC [72]. In this investigation we have fixed two knots at the edges
of the noise spectrum, while letting the algorithm determine the optimal number of internal knots together with their position
and amplitude. Right: the posterior samples of the knots amplitudes logSj,k and positions log fj,k for all the given spline
models of order k, as sampled with our RJ algorithm scheme. We essentially stack the chains for all k here. The algorithm is
exploring the true noise curve (solid black line) by proposing spline knots positioned across the frequency range (see main text
for more details). The plot was generated with [73].

densities between 1 ⇥ 10
�14 and 1 ⇥ 10

�12, we run our
Bayesian model comparison and plot the results in fig. 5.

Figure 5. Left: averaged log-Bayes factor contour plot for a
range of SGWB spectral index n (x axis) and log-energy den-
sity log⌦0 (y axis) with a knee frequency of f0 = 3.16mHz.
The color map represents the values of the decimal logarithm
of Bayes factor, with warmer shades indicating larger values.
The orange dashed line is the detection threshold taken equal
to 30, considered as a strong evidence for the presence of the
SGWB. The yellow dotted line shows the SNR = 10 line as a
comparison.

We represent values of log-Bayes factors by a color
scale where the warmer the color, the larger the detec-
tion evidence. From the initial set of 272 computed point,
we interpolate the log-Bayes factor values on a finer grid
of 100 ⇥ 100 points using a Gaussian process regression.

This allows us to plot a line of constant log-Bayes fac-
tor (dashed orange) of B10 = 30, which is considered
as a detection threshold for strong evidence for hypoth-
esis H1 by Adams and Cornish [34]. All couples of pa-
rameters that lie below this line are considered as unde-
tectable signals, and all above values are strong detec-
tions. For example, we find that the amplitude detection
threshold for a scale-invariant SGWB (n = 0) is about
⌦0 = 2.5 ⇥ 10

�13, which is close to what previous works
find with parametrized noise PSDs (for example, Adams
and Cornish get ⌦0 = 1.7 ⇥ 10

�13). Besides the obvious
effect of the increase of detectability with the energy den-
sity, we also observe a dependence that is strongly tied to
the spectral shape of the noise present in the data. For a
given energy density, the Bayes factor is minimum when
n is between 0.5 and 1. We observe the same minimum
for the signal-to-noise ratio (SNR) curve, suggesting that
our ability to detect the signal is mainly driven by its
SNR, which is itself determined by both ⌦0 and n.

The location of the SNR minimum is set by the strain
sensitivity curve in fig. 3, as well as the SGWB strain
PSD’s dependence on frequency which is proportional to
fn�3 as shown in Eq. (6). Note that the choice of the
knee frequency (of about 3 mHz) also drives the location
of the minimum through its contribution to the effective
SGWB amplitude.

Figure 5 provides us with the range of power-law pa-
rameters that LISA will be able to probe when it flies.
This result can be considered in the context of previous
measurements. The LIGO, Virgo and KAGRA collab-
orations were able to put upper limits on the isotropic
gravitational wave background from Advanced LIGO’s
and Advanced Virgo’s third observing run [12]. In par-

LISA Data Analysis
Assuming no spectral shape for the noise
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Assuming detectability of power-law signals
LISA Data Analysis
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❑ Searching for stochastic GW signals (astro+cosmo) is going to be very 
very challenging. 

❑ The Global fit is a no trivial procedure, but we are getting there.  

❑ Combine different techniques/methodologies. 

❑ LISA is very promising at the mHz range!
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