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INTRODUCTION AND MOTIVATION

Fluids and holography

> Relativistic fluids as states of finite (7, i) of a bnr CFT in the hydrodynamic
regime Hubeny, Minwalla, Rangamani *11

» The fluids at the horizon and the bnr are connected through the holographic RG

Emparan, Hubeny, Rangamani *13; Kuperstein, Mukhopadhyay 13

Can we connect the bnr fluid with the bulk solution?

From bnr to bulk

» A radial Hamiltonian (ADM) evolution from the time-like bnr B at r — oo

» Two data, the bnr metric gp,r and the symmetric, traceless, conserved T+

Tyv =Tvy, Ty =0, V.T".=0



INTRODUCTION AND MOTIVATION

From bulk to the bnr

1.

2.

Consider a 4d asymptotically (locally) AdS, space with R = —12k*

We can obtain its bnr data through the Fefferman—Graham (FG) gauge

dr? 161G
ds%ulk = 2r + kzrzdslz,nr + -4 Wdex“de + ...

Fefferman—Graham 85, *07

. The holographic r-coordinate is read perturbatively in the FG coordinate gauge
. The additional pieces depend on the bnr data, e.g. curvature terms

. This is an on-shell expansion



A SIMPLE EXAMPLE

Consider the AdS-Schwarzschild space

2
At = —f (N + I 4 2 (chsa2 + sin’ ﬁd@z)
f(r)
where -
fr) =147 - ==
p
> The bnr metric reads: dsp,, = —k*df* + (d9” + sin® 9dp?)

» The conformal energy—momentum tensor is of the perfect form:
e MK
Tt dy” = p (3u2 n dsﬁm) u=—d, e=2p= o
» The bulk metric obeys Einstein’s equations R,y = —3k’guv
Pk appears as the velocity of light in the boundary

Question can we take the limit of k — 0? Is it meaningful?




THE CARROLL LIMIT
Lorentzian transformations (z,x) +— (¢',x’)

v 2\ V2
ct' =vy(ct—-x), x'=vyx—w), y:(l——z)
c c
» Galilean group is a contraction of the Poincare group, where ¢ — oo
Absolute time ' =t x' =x—wvt

» Carrollian group is a contraction of the Poincare group, where ¢ — 0

Lévy-Leblond 65°, Sen Gupta 66’

X
Absolute space t' =t—=, x' =x, where v=
v

<x‘q,\)

» Equivalently the Lorentz boosts L; = ct0; + 0, in these two limits equal to

. L .
G; = lim == ta,' and C; =limcL; = xia, .
c—o0 ¢ c—0

As the Galilean limit, its Carroll analogue is also of the non-relativistic type.




ASYMPTOTIC FLATNESS

» BMS group is the asymptotic isometry group of asymptotically flat spacetimes
H. Bondi, M. van der Burg, A. Metzner, R. Sachs *62

» It can be viewed that BMS, = ccarr(d — 1) conformal isometry group
C. Duval, G. W. Gibbons & P. A. Horvithy 14’

> If flat holography exists, the dual FT should lie on a Carrollian spacetime

» Carrollian dynamics emerges in asymptotically flat spacetimes
L. Ciambelli, C. Marteau, A. C. Petkou, P. M. Petropoulos & KS "18; Penna *18; A. Bagchi, S. Chakrabortty, D.
Grumiller, B. Radhakrishnan, M. Riegler & A. Sinha "21



FOCAL POINTS

In this talk we will focus on:

& b

Revisit of the relativistic hydrodynamics.
Carroll fluids from covariance.
But also from a non-relativistic limit.

Conclusions and Outlook



PLAN OF THE TALK

REVISIT OF THE RELATIVISTIC HYDRODYNAMICS



ENERGY-MOMENTUM TENSOR

Without external forces the (neutral) fluid equations are:
VuT" =0, pu=0,1,...,d
accompanied by a metric g, .
2

It is decomposed along a velocity field u" with uy,u" = —c” as

£+ 1
™ = 7621714“14V +pg™ + 1+ C—z(u“qv +u’'q"),

where the viscous tensor ™" & the heat current ¢** (non-perfect e-m) obey

1

N
Ty = —qv — ey, €= C—zTuvu“u , utqu =0, u'ty =0

How we derive the energy—momentum tensor




ENERGY-MOMENTUM CONSERVATION

Let’s start from the action
S = Jddﬁx\/fgﬁ
the energy—momentum tensor can be defined as usual
™ 2 688 '
V=8 8guv

Demanding invariance under diffeomorphisms x* — x* — &

5:8 = Jdd“x\/jg §egun T = fZJd‘[ﬂx —g V& T
Idd“x\ﬁ W(EVTH) = E, VL TH) =0

leading to the conservation of 7"

If £" is a Killing vector (V& + V&, = 0), we can define the conserved current
Vu(&TH) =0

also for a conformal Killing vector (V& + V&, o< guv) provided that T,* =0

We can extend the above introducing Weyl covariance: guv — Q >guv



RANDERS—PAPAPETROU COORDINATES

In a pseudo-Riemannian spacetime we can always write it in the form
ds* = —*(Qdt — bidx')* + agdx'dy’, i=1,2,...,d,

with (Q, b;, a;;) functions of (¢,x).

These coordinates are well adapted for the Carrollian limit ¢ — 0, since

’t' =1(t,x), x' =x'(x) ‘

reduce to

Q Q —1i ij i
Q’:7, b;:<bi+7ji)1‘k, dV =T Fd

with Jacobian factors

g _a ox”!

a0 ST T e

Carrollian diffeomorphisms are generated such that & = &'(¢,x)9, + & (x)0;



REVISIT OF THE RELATIVISTIC HYDRODYNAMICS

CARROLIAN FLUID DYNAMICS



CARROLIAN COVARIANCE

Let us define a manifold M = R x § with coordinates (¢, x) equipped with
ds* = agdx'dy, i=1,...,d
as well as the field of observers e; and the clock form 0"
1 ; ;
e = aa,, 0" = Qdt — b;dx
Properties:
> Invariance of e;, ds® and 6 under Carrollian diffs: " = ¢'(1,x), x’ = x’(x).
» We introduce a new spatial derivative which transforms as usual
A bi A —1i A
0i =0 + 0, ol =JY9;
where we may also define the Carrollian vorticity and acceleration through

[ai, a,] = *@,:,'at, W = a[,-bj] + b[,-(pj] y Q= 5 (a,bi =+ a,Q)

Q
. . . i il /A A A
> Also its covariant version Viag =0, 9% = % (0jan + Oray — Oraj)

> Finally, we introduce a temporal one

1 i 1 i iy
D/® =00, ﬁij,v =5V +9V, §>,_ a iy



CARROLLIAN DIFFEOMORPHISMS

Let us consider the action functional of Q, b; and a;;
§= Jd"“xQ\/aL

and define the Carrollian momenta (energy, current and stress-tensor)

1 N 5S 1 oS i 2 88
= O— i i = —_— L

Varying the action under Carrollian diffeomorphisms & = &'(¢,x)9, + &'(x)0;
A. Petkou, P. Petropoulos, D. Rivera-Betancour, KS "22; L. Ciambelli, C. Marteau *19

1 S
(aat + e) r[“’ (ez +2(P,) ﬂl + ﬂui?ij = 0,
. . 1 . 1
(Vi + @) TV, + 2TV @;; + T + <ﬁi§, + e) Pi+P9;=0, 8= 56,111\/5

Remarks:

» The P,’s result as a temporal boundary term, where we recall that & = &/(x)
QVa&' x red term = 9,(y/a&'P;).

» A Carrollian Killing does not imply generically conservation



CARROLLIAN HYDRO AS A NON-RELATIVISTIC LIMIT

Energy—momentum tensor admits a small-c expansion (Randers—Papapetrou frame)
éToo = & :ﬂ+O(cz),
-5 =¢=T"+ AP+ 0O (C4) ,
TV =pd’ +1/ =TIV + O (cz) .

Inserting the above into the conservation equations V,,T"¥ = 0, leads to

GVuT* =E+0() =0,
VuT" =5 (D +0) T +TP9) + G'+ 0 () =0,

where

5:—(éﬁ,w)rr-(@,-+2<p,~)n"—n"f§,~,,

. ) 1 )
G = (Vi+ @) T+ 2Mo; + T, + <5ﬁ’ + e) P+ P9;.

> As the term on P;, so the constraint on TT' is a bnr term from diff perspective
VaQmn;(x) x blue term = 9, (\/aaijni”j) .

» The limit is richer in comparison with invariance under Carrollian diffs.



CONCLUSION & OUTLOOK

As we have seen

>

Relativistic fluid: Important property in reconstructing Einstein’s spaces A # 0

Bulk diffs: bnr diffs, Weyl transformations and local Lorentz transformations.
A. Mukhopadhyay, A. C. Petkou, P. M. Petropoulos, V. Pozzoli & K.S. 13°;

J. Gath, A. Mukhopadhyay, A.C. Petkou, P. M. Petropoulos and K.S. 15

Similarly for the Carrollian fluid for reconstructing Ricci-flat spaces A =0

Bulk diffs: bnr diffs, Weyl transformations and local Carroll transformations.
L. Ciambelli, C. Marteau, A.C. Petkou, P. M. Petropoulos, KS 18’;

A. Campoleoni, L. Ciambelli, C. Marteau, P. M. Petropoulos, KS 18’

We studied Carrollian hydrodynamics on arbitrary backgrounds:

>
>
>
>

Our approach was based on covariance and diffeomorphism invariance.
The limiting procedure is richer, further variables and equations.
Compatible with diffeomorphism invariance, conjugate to new momenta.

A richer structure is needed to make connection with flat holography.

In progress: Analyzing the Carrollian relative of the topological massive gravity
0. Mickovic, R. Olea, PM. Petropoulos, D. Rivera-Betancour, KS

1 1
Ry = ngR + wes €2 Cuv =0



WEYL INVARIANCE

The system may be also invariant under Weyl transformations
ds* — Q7%ds*, u* — Qu*,
if we introduce a Weyl connection

1 C) v
AHZE <aufguu) , ap=u"Vyu,, O=V,u".

The Weyl covariant derivative is also metric compatible

ngpv — 0) DKf = [aK+WAK)f) [DKyD?\]f = WFK?\f, Fin = 0kAr—0rA« .

The fluid dynamics is Weyl invariant provided that
DT =V, TV,

where T has conformal weight d — 1 and it is traceless " = 0.

This leads to ¢ = d p + T and conformal weights

weight | observables
d+1 & p

d n
d—1 Tuv




ISOMETRIES AND THE (NON)-CONSERVATION

Killing fields of the Carrollian type satisfy
k 5 L, i
Liaj=0, Lgey=0 — @(,‘a aj)k-i-f,?,‘j:o, 56,& + @& =0

whereas the clock form @ is not invariant.

An example a’ = 67, = 1 and b; = constant with Carroll algebra cave(d + 1)
g = (Q,-f'x" + Xf') 0+ (T—Bu')d, = 8:0 = (B,- + Q/‘b,-) dx' #0
Assuming an isometry, we have on-shell vanishing scalar (continuity equation)
(éa, + e) K+ (Vit @)K =0, w=¢gpP—&N, K =g —&m
Using the energy & momentum on-shell conservation we find
K =TT ((6,- —) & — 2&’@_,1)
Comments:

> Even in flat space K = TT' (B; + Q/b;) # 0, is not associated with a bnr term.

» The above construction also extends for conformal isometries

Leaj=MNaj, Legey=pe;, 2u+A=0



MORE EQUATIONS IN THE CARROLLIAN LIMIT

Let us expand the energy—momentum tensor as

Too—er— Z—H_H-O( )
sh'=q=1% +ﬂ’+c‘2P’+(’)( ),
T’:/:pra’:j+Trf C2 ””+(9( )

yielding the additional equations
- <$f) + e) - (9,1 20:) T — 19, =0,

S - I ,
(©'+q))ﬂ H(D’/+H(p/+ <7D/+9> ﬂ/+ﬂ”?ll :()\

<f1)f < e) TT; 4 =0.

Comments:
1. The degrees of freedom are multiplied.

2. These equations can be derived using diffs by incorporating additional fields.



HYDRODYNAMIC FRAME INVARIANCE

In the relativistic case the frame transformations (local Lorentz) are given through

Se = ,zﬂ
V1—2p?’
C i A8By 4p ki ki
5q' = —wh™ — T N
VI=2B2 \ V1 —32B2
2
i\ CTOBk ik, Lk ook, k) OB Pk L ik

é(ph +T ) Ty ([3 (])h’ +T’)+[3 (ph +T )) 7\/@ (qh’ +qn )
Leaving 7\, invariant.
In the Carrollian case we find

£=T'|+O(c2) s p=a)+(’)(cz) s qi=Qi+c27Ti+(’J(c'4) s TU=7EI‘7+O(02) N

with transformations
sn = —25p;0", 50 =0,, sn =58, (:’f — M+ ®)d + BiQi) .8 (E"f - aau"f) = 5B (Q’}/k + Qiaik) .

Leaving TT, P;, TT and TT7 invariant.
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