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Thermodynamics of protocols
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̂ρt ℰs,t[ ̂ρt] = ̂ρs

Unitary dynamics Lindbladian dynamics

 

i

d
dt

̂ρt = i[ ̂ρt, Ĥ(t)]+ #t[ ̂ρt]
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Thermodynamics of protocols

ΔE = W − Q

⟨W⟩ = ∫
τ

0
dt Tr[ ̂ρtĤ′ (t)]

Ĥ(t) = Ĥ0 + ∑
k

λk(t)X̂k
⟨W⟩ = ΔF + ⟨Wex⟩
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Thermodynamics of protocols

ΔE = W − Q

⟨W⟩ = ∫
τ

0
dt Tr[ ̂ρtĤ′ (t)]

σ2
W = 2Re∫

τ

0
dt∫

s

0
ds Tr[Ĥ′ (t)ℰt,s[Δ ̂ρs

Ĥ′ (s) ̂ρs]] Ĥ(t) = Ĥ0 + ∑
k

λk(t)X̂k
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Infinitely fast protocols

3

⟨Wex⟩ = kBT S( ̂πA∥ ̂πB)

σ2
W = k2

BT2V( ̂πA∥ ̂πB)

̂π = e−βH

Tr[e−βH]
̂ρ0 = ̂πA
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Short time scales
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d
dt

̂ρt = ℒλt[ ̂ρt] ̂ρt = ̂πA +∫
t

0
ds ℒλs[ ̂πA] + +(t2/τ2

c )

τ−1
c = max

0<t<1
∥ℒλt∥
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Excess work at short time scales
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Ĥ(t) = Ĥ0 + ⃗λ(t) ⋅ ⃗X

⟨Wex⟩ = kBT S( ̂πA∥ ̂πB) + ∫
τ

0
dt ( ⃗λB − ⃗λt)⋅ ⃗R (λt)

⃗R (λ) = ⟨ℒ†
λ[ ⃗X ]⟩A
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Work fluctuations at short time scales
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ΔX = X − ⟨X⟩A

σ2
W = k2

BT2V( ̂πA∥ ̂πB) + ∫
τ

0
dt ( ⃗λB − ⃗λt)⋅Gλt

( ⃗λB − ⃗λt) + ( ⃗λB − ⃗λt)⋅Bλt
( ⃗λt − ⃗λA)

[Gλ]ij = 1
2 ⟨ℒ†

λ[{ΔXi, ΔXj}]⟩A

[Bλ]ij = ⟨{ℒ†
λ[ΔXi], ΔXj}⟩A

Ĥ(t) = Ĥ0 + ⃗λ(t) ⋅ ⃗X
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Optimizing work and fluctuations
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Csave = − 1
τ ∫

τ

0
dt ( ⃗λB − ⃗λt)⋅Gλt

( ⃗λB − ⃗λt) + ( ⃗λB − ⃗λt)⋅Bλt
( ⃗λt − ⃗λA)

Psave = − 1
τ ∫

τ

0
dt ( ⃗λB − ⃗λt)⋅ ⃗R (λt)

day

if
It



Closed quantum systems
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d
dt

̂ρt = i[ ̂ρt, Ĥλt
] Ĥλt

= Ĥ0 + ⃗λt ⋅ ⃗X

Csave = i(⟨[Ĥ2
B, Ĥλ]⟩A − ⟨{ĤA, [ĤB, Ĥλ]}⟩A − 2⟨ĤB − ĤA⟩A⟨[ĤB, Ĥλ]⟩A)

Psave = i⟨[ĤB, Ĥλ]⟩A

Linear dependence on λt

No advantage for 1 and 2 control parameters 

Diverging optimum: error scales as +(∥ ⃗λt∥3τ2)



Unitary evolution on a qubit
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Ĥλ = J ⃗λ ⋅ ⃗σ ĤA = J ̂σx ĤB = J ̂σz

Csave = 4αJ3 cosh(βJ)−2

Psave = 2αJ2 tanh(βJ)

Ĥ* = αJ ̂σy

α ≪ 1
Jτ

Validity
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Open quantum systems — Ising chain
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τeq
d
dt

̂ρt = ̂πλt
− ̂ρt

lim
n→∞

1
n

log Z = ∫
2π

0
dk log cosh βJ 1 + g2 − 2g cos kZ = Tr[e−βĤ]

Ĥ = − ∑
i

(σz
i σz

i+1 + σx
i )J g

phase transition at low temperatures at g = 1



Open quantum systems — Ising chain
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low temperaturehigh temperature



Conclusion

Optimal fast protocols consist of two jumps

Optimum for unitary evolution is out of the fast regime

Optimizing work & fluctuations at the 
same time is not always possible
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“naïve” protocols do significantly worse

Full work statistics?

Thermodynamic uncertainty relations?


