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Motivation: Spin-dependent potentials
• Relativistic corrections of QCD static potentials can be defined in

terms of chromomagnetic and chromoelectric field insertions into
the Wilson loops.
See N. Brambilla, A. Pineda, J. Soto and A. Vairo, Rev. Mod. Phys. 77 (2005) 1423 for a review.

• Spin-dependent potentials, such as

V
(1,1)
L2S1

(r) = −i cFr2 r · limT→∞
∫ T
0
dt t⟨⟨gB1(t)× gE2(0)⟩⟩, (1)

where ⟨⟨. . . ⟩⟩ ≡ ⟨. . .W□⟩/⟨W□⟩,
• W□ is the Wilson-loop (time-like) defined as

W□ ≡ Pexp

{
−ig

∮
r×TW

dzµAµ(z)

}
. (2)
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Motivation: Quasi-PDFs
• Direct lattice calculation of lightcone parton-distribution functions

(PDFs) is difficult. One usually calculates the moments of PDFs
on lattice. However, it has been difficult to calculate higher mo-
ments, due to power divergences and rapid decay in signals.

• Quasi-PDFs defined as the hadronic matrix elements of the Wilson-
line operators (space-like, instead of light-like in PDFs),

OΓ(zv) = ψ̄(zv)ΓW (zv, 0)ψ(0), quark quasi− PDF (3)

Oµναβ(zv) = g2Fµν(zv)W (zv, 0)Fαβ(0), gluon quasi− PDF (4)

where Γ is a Dirac matrix and the Wilson-line

W (zv, 0) ≡ Pexp

(
ig

∫ z

0

ds v ·A(sv)
)
. (5)

• Quasi-PDFs (“lattice cross sections”, can be directly calculated
on lattice) are related to usual lightcone PDFs, through matching
in the framework of Large momentum effective theory (LaMET).
See X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and Y. Zhao, Rev. Mod. Phys. 93 (2021) 035005 for a review.
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Motivation: P-wave quarkonium decay & Heavy quark diffusion
coefficient

• Vacuum expectation value of g2Fµν(zv)W (zv, 0)Fαβ(0) is related
to P -wave quarkonium decay in the framework of pNRQCD (time-
like v, zv = τ , chromelectric component of Fµν , Fαβ)
See N. Brambilla, D. Eiras, A. Pineda, J. Soto and A. Vairo, PRL 88 (2002) 012003, hep-ph/0109130

E3 =
TF
Nc

∫ ∞

0

dτ τ3⟨0|gE(τ,0)W (τ, 0)gE(0,0)|0⟩, (6)

• and heavy quark diffusion coefficient,
See the talk by Peter Petreczky and the talk by Saumen Datta this afternoon.

GE ∼ ⟨0|gE(τ,0)W (τ, 0)gE(0,0)|0⟩, (7)

GB ∼ ⟨0|gB(τ,0)W (τ, 0)gB(0,0)|0⟩. (8)
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Highlights

• Purpose of this work: Matching for off-lightcone Wilson-line op-
erators from gradient-flow scheme to MS scheme – building a
bridge between MS renormalized results and lattice results.

• The non-local off-lightcone Wilson-line operators were proved to
be multiplicatively renormalizible (local renormalization) in the frame-
work of one-dimensional auxiliary-field formalism.
See H. Dorn, Fortsch. Phys. 34 (1986) 11 for a review of one-dimensional auxiliary-field formalism.

• Highlight of this work: Using the renormalization properties of
off-lightcone Wilson-line operators to simplify the matching cal-
culations in the small flow-time limit, which has not been realized
in previous studies.
1710.04607, 1705.11193, Ph.D. thesis (2021) of A. M. Eller and 2311.01525.
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One-dimensional auxiliary-field formalism – Generalized HQET
• The one-dimensional auxiliary-field formalism is defined by en-

larging the QCD Lagrangian to include an extra term

Lhv
= h̄v,0(iv ·D)hv,0, (9)

where hv,0 is an auxiliary “heavy” Grassmann (or complex) scalar
field in either fundamental or adjoint representations of the SU(3)
gauge group.

• Lhv is equivalent to the leading-order HQET Lagrangian if v is
time-like, for instance, v = (1, 0, 0, 0).

• The extra term Lhv is renormalizible,

Lhv
= Zhv

h̄v(iv · ∂ − iδm)hv + gZgZ
1
2

AZhv
h̄vv ·AaT ahv, (10)

where

hv,0 = Z
1
2

hv
hv, g0 = Zgg, A0 = Z

1
2

AA, (11)

and the “mass correction” iδm is linearly divergent.
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Wilson-line operators in one-dimensional auxiliary-field formalism
• Based on the one-dimensional auxiliary-field formalism, we can

relate the off-lightcone Wilson line to the “heavy” field hv

⟨hv,0(x)h̄v,0(0)⟩hv
=W

(v · x
v2

, 0
)
θ
(v · x
v2

)
δ(d−1)(x⊥), (12)

where ⟨...⟩hv stands for integrating out the “heavy” field hv.
• In this way, the off-lightcone Wilson-line operators can be substi-

tuted with products of local current operators, for instance,

OB
Γ (zv) = ψ̄0(zv)ΓW (zv, 0)ψ0(0) =

∫
ddx δ

(v · x
v2
− z

)
×⟨ψ̄0(x)hv,0(x)Γh̄v,0(0)ψ0(0)⟩hv , (13)

Oµναβ,B(zv) = g2Fµν0 (zv)W (zv, 0)Fαβ0 (0) =

∫
ddx δ

(v · x
v2
− z

)
×⟨g2Fµν0 (x)hv,0(x)h̄v,0(0)F

αβ
0 (0)⟩hv , (14)

where the superscript “B” indicates bare composite operators.

Slide 8/27 | Off-lightcone Wilson-line operators in gradient flow | QWG 2024 | Xiang-Peng Wang



E-E and B-B gluonic Wilson-line operators
• For convenience, we introduce the following projectors,

gµν∥ =
vµvν
v2

, gµν⊥ = gµν − vµvν
v2

, (15)

to project out the parallel and the transverse components of the
field strength tensor Fµν by defining,

Fµν∥⊥ = gµα∥ gνβ⊥ Fαβ , (16)

Fµν⊥⊥ = gµα⊥ gνβ⊥ Fαβ . (17)

• When v = (1, 0, 0, 0) and µ ̸= ν, Fµν∥⊥ , F
µν
⊥⊥ are proportional to the

chromoelectric field E and the chromomagnetic field B.

• Define the following gluonic Wilson-line operators,

Oµναβ∥⊥ (zv) = g2Fµν∥⊥(zv)W (zv, 0)Fαβ∥⊥ (0), (E − E) (18)

Oµναβ⊥⊥ (zv) = g2Fµν⊥⊥(zv)W (zv, 0)Fαβ⊥⊥(0). (B −B) (19)
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Renormalization of local current operators

• Defining the local “heavy-to-light” and “heavy-to-gluon” current
operators

Jq(x) = ψ̄(x)hv(x), (20)
Jµν∥⊥(x) = gFµν∥⊥(x)hv(x), (21)

Jµν⊥⊥(x) = gFµν⊥⊥(x)hv(x). (22)

• The renormalization formulas for the above local current opera-
tors are given by,

JB
q (x,Λ) = ZJq (Λ, µ)J

R
q (x, µ), (23)

Jµν,B∥⊥ (x,Λ) = ZJ, ∥⊥(Λ, µ)J
µν,R
∥⊥ (x, µ), (24)

Jµν,B⊥⊥ (x,Λ) = ZJ,⊥⊥(Λ, µ)J
µν,R
⊥⊥ (x, µ), (25)

which are well known in HQET.
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Multiplicative renormalizability
• Key insight: The renormalizations of the non-local Wilson-line op-

erators are simplified into the renormalization of two local “heavy-
to-light” or “heavy-to-gluon” currents, after subtracting linear di-
vergences related to the “mass correction” δm.

That is,

OB
Γ (zv,Λ) = Zq(Λ, µ)e

δm(Λ)zOR
Γ (zv, µ), (26)

Oµναβ,B∥⊥ (zv,Λ) = Z∥⊥(Λ, µ)e
δm(Λ)zOµναβ,R∥⊥ (zv, µ), (27)

Oµναβ,B⊥⊥ (zv,Λ) = Z⊥⊥(Λ, µ)e
δm(Λ)zOµναβ,R∥⊥ (zv, µ), (28)

in which,

Zq(Λ, µ) = Z2
Jq (Λ, µ), (29)

Z∥⊥(Λ, µ) = Z2
J, ∥⊥(Λ, µ), (30)

Z⊥⊥(Λ, µ) = Z2
J,⊥⊥(Λ, µ). (31)

See X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and Y. Zhao, Rev. Mod. Phys. 93 (2021) 035005 for a review of the

renormalization of the quasi-PDF operators.
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Multiplicative renormalizability

• For the spin dependent potential, such as

V
(1,1)
L2S1

(r) = −i cFr2 r · limT→∞
∫ T
0
dt t⟨⟨gB1(t)× gE2(0)⟩⟩, (32)

• Each insertion of a chromomagnetic field into a Wilson loop can
be related to the following local current operator as,

JµνF (x) = h̄v(x)gF
µν
⊥⊥(x)hv(x), (33)

where the renormalization formula for this operator is ,

Jµν,BF (x) = ZFJ
µν,R
F (x) = Z

1/2
A Zhv

ZVF J
µν,R
F (x). (34)
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Gradient flow formalism
• In the gradient-flow formalism, the flow time (mass dimension of t

is −2) dependent gluon field Baµ(x, t) and quark field χiα(x, t) are
determined by the flow equations, M. Lüscher, JHEP 08 (2010) 071

∂tBµ = DνGνµ + κDµ∂νBν , (35)
∂χ = DµDµχ− κ(∂µBµ)χ, (36)

∂χ̄ = χ̄
←−
Dµ
←−
Dµ + κχ̄∂µBµ, (37)

where κ is a gauge parameter , and

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ] , (38)
Dµ = ∂µ + [Bµ, .] , (39)

with the boundary conditions

Bµ(x; t = 0) = gAµ(x), (40)
χ(x; t = 0) = ψ(x), (41)
χ̄(x; t = 0) = ψ̄(x). (42)
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Advantages of gradient-flow formalism

• It has been expected that gradient flow can improve signal to
noise ratio in lattice computations – reducing noise.

• No composite operator renormalization besides fields and QCD
parameters renormalization – UV regulator.

• Perturbative gradient flow calculation (matching from gradient flow
to MS) is much easier than lattice perturbative calculations –
dimensional regularization can be used in perturbative gradient
flow.
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Small flow time expansion for the flowed current operators

• The relation between renormalized flowed current operators and
the MS renormalized un-flowed current operators is given by

OR(t) = cO(t, µ)OMS(µ) +O(t), (43)

which is small-distance (t) operator-product-expansion (OPE).

• For the four local current operators ψ̄hv, gF
µν
∥⊥hv, gF

µν
⊥⊥hv, and

gh̄vF
µν
⊥⊥hv, we can express the matching coefficient cO(t, µ) as

cψhv
(t, µ) = ζ̊ψ(t, µ)ζ

F
hv
(t, µ)ζψhv

(t, µ), (44a)

c∥⊥(t, µ) = ζA(t, µ)ζ
A
hv
(t, µ)ζ∥⊥(t, µ), (44b)

c⊥⊥(t, µ) = ζA(t, µ)ζ
A
hv
(t, µ)ζ⊥⊥(t, µ), (44c)

cF (t, µ) = ζA(t, µ)(ζ
F
hv
(t, µ))2ζF (t, µ). (44d)
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Matching for the Wilson-line operators
• Key insights from the multiplicative renormalization of the off-

lightcone Wilson-line operators: In the small flow-time limit, be-
sides the linear divergences, we just need to do matching for the
local current operators, no additional matching for the combined
current operators in different space-time. That is, we have

OR
Γ (zv, t) = Cψ(t, µ)eδmzOMS

Γ (zv) +O(t), (45)

OR
∥⊥(zv, t) = C∥⊥(t, µ)eδmzOMS

∥⊥ (zv) +O(t), (46)

OR
∥⊥(zv, t) = C⊥⊥(t, µ)e

δmzOMS
⊥⊥(zv) +O(t), (47)

in which,

Cψ(t, µ) = c2ψhv
(t, µ), (48)

C∥⊥(t, µ) = c2∥⊥(t, µ), (49)

C⊥⊥(t, µ) = c2⊥⊥(t, µ). (50)

which are independent from the distance z.
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One-loop matching calculations

We need to calculate

• δm – linear divergence coming from Wilson-line self-energy

• ζhv – matching coefficient of the heavy field hv

• ζ̊ψ – matching coefficient of the quark field ψ

• ζψhv
– matching coefficient of the vertex ψ̄hv

• ζA – matching coefficient of the gluon field A

• ζ∥⊥ – matching coefficient of the vertex gFµν∥⊥hv

• ζ⊥⊥ – matching coefficient of the vertex gFµν⊥⊥hv

• ζF – matching coefficient of the vertex h̄vgF
µν
⊥⊥hv
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Example: one-loop calculation of ζψhv

(b1)

s

(b2)

• To obtain the matching coefficient, we calculate the one-loop
corrections for both the flowed and un-flowed vertex ζψhv

and
compare the results (diagram b2 does not contribute with our
choice κ = 1).

M(b1) = −g2µ̃2ϵCF

∫
ddk

(2π)d
(γ · v) /k

(−k · v − i0) (k2)2
e−2tk2

= g2µ̃2ϵCF

∫
ddk

(2π)d
1

(k2)
2 e

−2tk2

=
αsCR
4π

[
− 1

ϵIR
− log

(
2µ2teγE

)
− 1

]
. (51)
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Example: one-loop calculation of ζψhv
• The one-loop correction of the un-flow vertex ζψhv

leads to
scaleless integral that gives results

M(t = 0) = −g2µ̃2ϵCF

∫
ddk

(2π)d
(γ · v) /k

(−k · v − i0) (k2)2

= g2µ̃2ϵCF

∫
ddk

(2π)d
1

(k2)
2

=
αsCF
4π

[
1

ϵUV
− 1

ϵIR

]
. (52)

• The UV divergence is removed by renormalization, the IR
divergence is removed through matching, which leads to the
result of matching coefficient

ζψhv
= 1− αsCR

4π

[
log

(
2µ2teγE

)
+ 1

]
+O(α2

s). (53)
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One-loop results of matching coefficients
At one-loop level, we obtain

δm = −αs
4π

CR

√
2π√
t

+O(α2
s), (54)

ζhv = 1− αsCR
4π

log
(
2µ2teγE

)
+O(α2

s), (55)

ζ̊ψ = 1 +
1

2
× αs

4π
CF

[
log

(
2µ2teγE

)
− log(432)

]
+O(α2

s), (56)

ζψhv = 1− αsCR
4π

[
log

(
2µ2teγE

)
+ 1

]
+O(α2

s), (57)

ζA = 1 +
αs
4π

CA

[
log

(
2µ2teγE

)
+

1

2

]
+O(α2

s), (58)

ζ⊥⊥ = 1 +
αsCA
4π

[
log

(
2µ2teγE

)
− 1

2

]
+O(α2

s), (59)

ζ∥⊥ = 1− 1

2

αs
4π

CA +O(α2
s), (60)

ζF⊥⊥ = 1 +
αs
4π

[
(CA + 2CF ) log

(
2µ2teγE

)
+

3

8
CA

]
+O(α2

s). (61)
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One-loop results of matching coefficients
• Combining the one-loop results shown in previously slide, gives

cψhv (t, µ) = 1− αs
4π
CF

[
3

2
log

(
2µ2teγE

)
+

log(432)

2
+ 1

]
+O(α2

s),

(62)
c∥⊥(t, µ) = 1 +O(α2

s), (63)

c⊥⊥(t, µ) = 1 +
αs
4π
CA × log

(
2µ2teγE

)
+O(α2

s), (64)

cF (t, µ) = 1 +
αs
4π
CA

[
2 log

(
2µ2teγE

)
+

7

8

]
+O(α2

s). (65)

• And keep in mind the relations

Cψ(t, µ) = c2ψhv
(t, µ), (66)

C∥⊥(t, µ) = c2∥⊥(t, µ), (67)

C⊥⊥(t, µ) = c2⊥⊥(t, µ). (68)
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One-loop quark quasi-PDF with full flow time dependence

(f1) (f2) (f3)

• After renormalization and subtracting the linear divergent term,

Mq =
αs
4π
CF

[
aΓ + 3 log

(
z̄2eγE

)
− log(432)− 4e−z̄

2

− 3Ei(−z̄2)

−4
√
πz̄erf(z̄) + 4

√
πz̄

]
, (69)

where z̄ = z
rF

with rF =
√
8t representing the flow radius, and

aγ·v = 5 +
3

z̄4

(
1− e−z̄

2
)
− 1

z̄2

(
2 + e−z̄

2
)
, (70)

aγα
⊥

= 3− 1

z̄4

(
1− e−z̄

2
)
+

1

z̄2

(
2− e−z̄

2
)
. (71)
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One-loop quark quasi-PDF with full flow time dependence
• The un-flowed result is

MMS
q =

αs
4π
CF

[
a′Γ + 3 log

(
z2µ2

4

)
+ 6γE

]
, (72)

with a′γ·v = 7, a′γα
⊥
= 5.

• By comparingMq withMMS
q , we obtain the matching coefficient

Cq(t, µ, z) = 1 +
αs
4π
CF

[
aΓ − a′Γ − 3 log

(
2µ2teγE

)
− log(432)

−4e−z̄
2

− 3Ei(−z̄2)− 4
√
πz̄erf(z̄) + 4

√
πz̄

]
. (73)

• Taking the limit t→ 0, we have

Cq, t→0(t, µ) = 1− αs
4π
CF

[
3 log

(
2µ2teγE

)
+ 2 + log(432)

]
, (74)

which is independent of z and equivalent to c2ψhv
as expected.
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Finite flow time effect
To see how large the finite flow time effect will be, we plot

Γ=γ ·v

Γ=γ⟂
α

Reference line

1 2 3 4 5 6 7 8

0.8

0.9

1.0

1.1

1.2

z
z

rF

R
at
io

Figure: Ratio =
Cq(t,µ,z)−1

Cq, t→0(t,µ)−1
. The renormalization scale µ is chosen so that log

(
2tµ2eγE

)
= 0.

• The finite flow time effect is very small as long as the as long as
the flow radius rF =

√
8t is smaller than the distance z (z̄ > 1).

• Cq(t, µ, z) was also calculated in 1710.04607, in which the small flow
time limit of the result was not independent from z. Thus the result
in 1710.04607 is incorrect.

Slide 24/27 | Off-lightcone Wilson-line operators in gradient flow | QWG 2024 | Xiang-Peng Wang



Advantages of our approach

• The renormalization properties of the off-lightcone Wilson-line
operators were never used to simplify the matching calculations.

• For instance, the matching coefficient of the vacuum expectation
value of g2Fµν∥⊥(zv)W (zv, 0)Fαβ∥⊥ (0) (related to heavy quark diffu-
sion coefficient) was calculated in the Ph.D. thesis (2021) of A. M. Eller, in
which the result of C|⊥(t, µ) was obtained in a rather complicated
way (more than 60 pages).

• In our approach, the calculation is greatly simplified (within 2
pages) because we have reduced the two-scale (z and t) problem
into single-scale (t) problem in the small flow time limit.

• Notably, our approach is also applicable for matching from lat-
tice regularization schemes to the MS scheme in the small lattice
spacing limit.
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Applications of our results

• cF (t, µ) – spin-dependent potentials

• cψhv
(t, µ) – matrix elements of ψ̄(zv)ΓW (zv, 0)ψ(0), such as the

quark quasi-PDFs...

• c∥⊥(t, µ) – matrix elements of g2Fµν∥⊥(zv)W (zv, 0)Fαβ∥⊥ (0), such as
gluon quasi-PDFs, masses of gluelumps, heavy quark diffusion
coefficient, P -wave quarkonium decay long distance matrix ele-
ment in the framework of pNRQCD,

E3 =
TF
Nc

∫ ∞

0

dτ τ3⟨0|gE(τ,0)W (τ, 0)gE(0,0)|0⟩. (75)

• c⊥⊥(t, µ) – matrix elements of g2Fµν⊥⊥(zv)W (zv, 0)Fαβ⊥⊥(0), such
as gluon quasi-PDFs, masses of gluelumps, heavy quark diffu-
sion coefficient...
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Summary and outlook

• We have developed a systematic approach for matching from the
gradient-flow scheme to the MS scheme for Wilson-line operators
in the small flow-time limit.

• The matching of Wilson-line operators is reduced into the match-
ing of local current operators, which greatly simplifies the match-
ing calculations (two scales to single scale).

• Our results have various applications such as lattice calculations
of quasi-PDFs, spin-dependent potentials, heavy quark diffusion
coefficient, gluonic correelators appear in P -wave quarkonium
decay in the framework of pNRQCD and so on.

• We are looking forward to extend the matching calculations at
two-loop level, which will be more helpful in lattice computations.
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