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❖ Let us start from elementary particle productions described using collinear 
factorisation

2

fa(xa)

fb(xb)

̂σab

<latexit sha1_base64="zeW+9Ruu6K6avKR4ME8/ITe9aZE=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmgckS5id3CRDZmeXmVkhLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUEsuDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhtcTv3GPSvNI3plRjH5I+5L3OKPGSreVjtfJ5d2COwVZJt6c5EvH1W/+Xv6odHKf7W7EkhClYYJq3fLc2PgpVYYzgeNsO9EYUzakfWxZKmmI2k+np47JmVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQO96E3E/7xWYnpXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08naELzFl5dJ/aLgFQvFqk2jDDNk4ARO4Rw8uIQS3EAFasCgDw/wBM+OcB6dF+d11rrizGeO4A+ctx+w65Eg</latexit>

P1

<latexit sha1_base64="+SmSDXlKu/sluuWOEOXw8XU3Qn8=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuimgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtrVfq5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFct2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hsm+RIQ==</latexit>

P2

<latexit sha1_base64="kXRdGSeg35PQlZIEt2j8+x7VTEI=">AAAB9HicbVC7SgNBFL3rM8ZX1FKRwSBYhV2LaCMEbSwTMA9IlmV2MpsMmZ1dZ2aDYUnpN9hYKGJrne+w8xv8CSePQhMP3MvhnHuZO8ePOVPatr+speWV1bX1zEZ2c2t7Zze3t19TUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+7Gfv1PpWKReJOD2LqhrgjWMAI1kZyY89BV+jB9LLneLm8XbAnQIvEmZF86WhU+X48HpW93GerHZEkpEITjpVqOnas3RRLzQinw2wrUTTGpIc7tGmowCFVbjo5eohOjdJGQSRNCY0m6u+NFIdKDULfTIZYd9W8Nxb/85qJDi7dlIk40VSQ6UNBwpGO0DgB1GaSEs0HhmAimbkVkS6WmGiTU9aE4Mx/eZHUzgtOsVCsmDSuYYoMHMIJnIEDF1CCWyhDFQjcwxO8wKvVt56tN+t9OrpkzXYO4A+sjx9IEJQz</latexit>

p1 = x1P1

<latexit sha1_base64="eSYe1P/PBWeWo/waB5ZP+nfSaMY=">AAAB9HicbVC7SgNBFL0bXzG+opaKDAbBKuymiDZC0MYyAfOAZFlmJ5NkyOzsOjMbDEtKv8HGQhFb63yHnd/gTzh5FJp44F4O59zL3Dl+xJnStv1lpVZW19Y30puZre2d3b3s/kFNhbEktEpCHsqGjxXlTNCqZprTRiQpDnxO637/ZuLXB1QqFoo7PYyoG+CuYB1GsDaSG3kFdIUeTC97BS+bs/P2FGiZOHOSKx2PK9+PJ+Oyl/1stUMSB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNFTigyk2mR4/QmVHaqBNKU0Kjqfp7I8GBUsPAN5MB1j216E3E/7xmrDuXbsJEFGsqyOyhTsyRDtEkAdRmkhLNh4ZgIpm5FZEelphok1PGhOAsfnmZ1Ap5p5gvVkwa1zBDGo7gFM7BgQsowS2UoQoE7uEJXuDVGljP1pv1PhtNWfOdQ/gD6+MHTKqUNg==</latexit>

p2 = x2P2

<latexit sha1_base64="zprfU54TZBOpaXt4ox23gDLU16M=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4CrsK0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB8wqRTA==</latexit>p3

<latexit sha1_base64="+w7wXp/4lIZK1XiEDni6AGo/3RQ=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB9I6RTQ==</latexit>p4

<latexit sha1_base64="GerGFeV9On4ijfHpEgFR823XNec=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGY8RI9BLx4zYBZIhtDTqSRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82PBlbbtLyuzsrq2vpHdzG1t7+zu5fcPaipKJMMqi0QkGz5VKHiIVc21wEYskQa+wLo/uJn49QeUikfhnR7G6AW0F/IuZ1QbyXXb+YJdtKcgy8SZk0L5eOx+P56MK+38Z6sTsSTAUDNBlWo6dqy9lErNmcBRrpUojCkb0B42DQ1pgMpLp4eOyJlROqQbSVOhJlP190RKA6WGgW86A6r7atGbiP95zUR3r7yUh3GiMWSzRd1EEB2RydekwyUyLYaGUCa5uZWwPpWUaZNNzoTgLL68TGoXRadULLkmjWuYIQtHcArn4MAllOEWKlAFBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+AJuukIc=</latexit>

Q

<latexit sha1_base64="qFsf1ksGVhOVCl1x48ow8V0D3TI=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4CrseosegF48JmAckS+idTJIhs7PLzKwQlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYcG1c98tZWV1b39jMbGW3d3b39nMHhzUdJYqyKo1EpBoBaia4ZFXDjWCNWDEMA8HqweB24tcfmNI8kvdmGDM/xJ7kXU7RWKneClCllVE7l3cL7hRkmXhzki+djCvfj6fjcjv32epENAmZNFSg1k3PjY2fojKcCjbKthLNYqQD7LGmpRJDpv10eu6InFulQ7qRsiUNmaq/J1IMtR6Gge0M0fT1ojcR//Oaiele+ymXcWKYpLNF3UQQE5HJ76TDFaNGDC1Bqri9ldA+KqTGJpS1IXiLLy+T2mXBKxaKFZvGDcyQgWM4gwvw4ApKcAdlqAKFATzBC7w6sfPsvDnvs9YVZz5zBH/gfPwAWUaTTA==</latexit>

Q̄

Fragmentation

Parton density functions

Short distance partonic 
cross section

What & Why Subtraction : Motivation



❖ Let us start from elementary particle productions described using collinear 
factorisation

3

fa(xa)

fb(xb)

̂σab

<latexit sha1_base64="zeW+9Ruu6K6avKR4ME8/ITe9aZE=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmgckS5id3CRDZmeXmVkhLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUEsuDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhtcTv3GPSvNI3plRjH5I+5L3OKPGSreVjtfJ5d2COwVZJt6c5EvH1W/+Xv6odHKf7W7EkhClYYJq3fLc2PgpVYYzgeNsO9EYUzakfWxZKmmI2k+np47JmVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQO96E3E/7xWYnpXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08naELzFl5dJ/aLgFQvFqk2jDDNk4ARO4Rw8uIQS3EAFasCgDw/wBM+OcB6dF+d11rrizGeO4A+ctx+w65Eg</latexit>

P1

<latexit sha1_base64="+SmSDXlKu/sluuWOEOXw8XU3Qn8=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuimgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtrVfq5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFct2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hsm+RIQ==</latexit>

P2

<latexit sha1_base64="kXRdGSeg35PQlZIEt2j8+x7VTEI=">AAAB9HicbVC7SgNBFL3rM8ZX1FKRwSBYhV2LaCMEbSwTMA9IlmV2MpsMmZ1dZ2aDYUnpN9hYKGJrne+w8xv8CSePQhMP3MvhnHuZO8ePOVPatr+speWV1bX1zEZ2c2t7Zze3t19TUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+7Gfv1PpWKReJOD2LqhrgjWMAI1kZyY89BV+jB9LLneLm8XbAnQIvEmZF86WhU+X48HpW93GerHZEkpEITjpVqOnas3RRLzQinw2wrUTTGpIc7tGmowCFVbjo5eohOjdJGQSRNCY0m6u+NFIdKDULfTIZYd9W8Nxb/85qJDi7dlIk40VSQ6UNBwpGO0DgB1GaSEs0HhmAimbkVkS6WmGiTU9aE4Mx/eZHUzgtOsVCsmDSuYYoMHMIJnIEDF1CCWyhDFQjcwxO8wKvVt56tN+t9OrpkzXYO4A+sjx9IEJQz</latexit>

p1 = x1P1

<latexit sha1_base64="eSYe1P/PBWeWo/waB5ZP+nfSaMY=">AAAB9HicbVC7SgNBFL0bXzG+opaKDAbBKuymiDZC0MYyAfOAZFlmJ5NkyOzsOjMbDEtKv8HGQhFb63yHnd/gTzh5FJp44F4O59zL3Dl+xJnStv1lpVZW19Y30puZre2d3b3s/kFNhbEktEpCHsqGjxXlTNCqZprTRiQpDnxO637/ZuLXB1QqFoo7PYyoG+CuYB1GsDaSG3kFdIUeTC97BS+bs/P2FGiZOHOSKx2PK9+PJ+Oyl/1stUMSB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNFTigyk2mR4/QmVHaqBNKU0Kjqfp7I8GBUsPAN5MB1j216E3E/7xmrDuXbsJEFGsqyOyhTsyRDtEkAdRmkhLNh4ZgIpm5FZEelphok1PGhOAsfnmZ1Ap5p5gvVkwa1zBDGo7gFM7BgQsowS2UoQoE7uEJXuDVGljP1pv1PhtNWfOdQ/gD6+MHTKqUNg==</latexit>

p2 = x2P2

<latexit sha1_base64="zprfU54TZBOpaXt4ox23gDLU16M=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4CrsK0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB8wqRTA==</latexit>p3

<latexit sha1_base64="+w7wXp/4lIZK1XiEDni6AGo/3RQ=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB9I6RTQ==</latexit>p4

<latexit sha1_base64="GerGFeV9On4ijfHpEgFR823XNec=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGY8RI9BLx4zYBZIhtDTqSRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82PBlbbtLyuzsrq2vpHdzG1t7+zu5fcPaipKJMMqi0QkGz5VKHiIVc21wEYskQa+wLo/uJn49QeUikfhnR7G6AW0F/IuZ1QbyXXb+YJdtKcgy8SZk0L5eOx+P56MK+38Z6sTsSTAUDNBlWo6dqy9lErNmcBRrpUojCkb0B42DQ1pgMpLp4eOyJlROqQbSVOhJlP190RKA6WGgW86A6r7atGbiP95zUR3r7yUh3GiMWSzRd1EEB2RydekwyUyLYaGUCa5uZWwPpWUaZNNzoTgLL68TGoXRadULLkmjWuYIQtHcArn4MAllOEWKlAFBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+AJuukIc=</latexit>

Q

<latexit sha1_base64="qFsf1ksGVhOVCl1x48ow8V0D3TI=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4CrseosegF48JmAckS+idTJIhs7PLzKwQlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYcG1c98tZWV1b39jMbGW3d3b39nMHhzUdJYqyKo1EpBoBaia4ZFXDjWCNWDEMA8HqweB24tcfmNI8kvdmGDM/xJ7kXU7RWKneClCllVE7l3cL7hRkmXhzki+djCvfj6fjcjv32epENAmZNFSg1k3PjY2fojKcCjbKthLNYqQD7LGmpRJDpv10eu6InFulQ7qRsiUNmaq/J1IMtR6Gge0M0fT1ojcR//Oaiele+ymXcWKYpLNF3UQQE5HJ76TDFaNGDC1Bqri9ldA+KqTGJpS1IXiLLy+T2mXBKxaKFZvGDcyQgWM4gwvw4ApKcAdlqAKFATzBC7w6sfPsvDnvs9YVZz5zBH/gfPwAWUaTTA==</latexit>

Q̄

Fragmentation

pQCD

<latexit sha1_base64="J5OH1Q9IcLGK8yHieX1c4x+HIYY="></latexit>

�̂ = ↵b
s(�̂0 + ↵s�̂1 + ↵2

s�̂2 + · · · )
LO NLO NNLO

Parton density functions

Short distance partonic 
cross section

Inclusion of more orders improves the reliability 
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❖ Let us start from elementary particle productions described using collinear 
factorisation

4

fa(xa)

fb(xb)

̂σab

<latexit sha1_base64="zeW+9Ruu6K6avKR4ME8/ITe9aZE=">AAAB6nicbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmgckS5id3CRDZmeXmVkhLPkEGwtFbG39C7/AzsZvcfIoNPHAhcM593LvPUEsuDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhtcTv3GPSvNI3plRjH5I+5L3OKPGSreVjtfJ5d2COwVZJt6c5EvH1W/+Xv6odHKf7W7EkhClYYJq3fLc2PgpVYYzgeNsO9EYUzakfWxZKmmI2k+np47JmVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQO96E3E/7xWYnpXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08naELzFl5dJ/aLgFQvFqk2jDDNk4ARO4Rw8uIQS3EAFasCgDw/wBM+OcB6dF+d11rrizGeO4A+ctx+w65Eg</latexit>

P1

<latexit sha1_base64="+SmSDXlKu/sluuWOEOXw8XU3Qn8=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuimgZYmOZoHlAsoTZyWwyZHZmmZkVwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtH11G/dU6WZFHdmHFM/wgPBQkawsdJtrVfq5Qtu0Z0BrRJvQQqVk/o3e69+1Hr5z25fkiSiwhCOte54bmz8FCvDCKeTXDfRNMZkhAe0Y6nAEdV+Ojt1gs6t0kehVLaEQTP190SKI63HUWA7I2yGetmbiv95ncSEV37KRJwYKsh8UZhwZCSa/o36TFFi+NgSTBSztyIyxAoTY9PJ2RC85ZdXSbNU9MrFct2mUYU5snAKZ3ABHlxCBW6gBg0gMIAHeIJnhzuPzovzOm/NOIuZY/gD5+0Hsm+RIQ==</latexit>

P2

<latexit sha1_base64="kXRdGSeg35PQlZIEt2j8+x7VTEI=">AAAB9HicbVC7SgNBFL3rM8ZX1FKRwSBYhV2LaCMEbSwTMA9IlmV2MpsMmZ1dZ2aDYUnpN9hYKGJrne+w8xv8CSePQhMP3MvhnHuZO8ePOVPatr+speWV1bX1zEZ2c2t7Zze3t19TUSIJrZKIR7LhY0U5E7Sqmea0EUuKQ5/Tut+7Gfv1PpWKReJOD2LqhrgjWMAI1kZyY89BV+jB9LLneLm8XbAnQIvEmZF86WhU+X48HpW93GerHZEkpEITjpVqOnas3RRLzQinw2wrUTTGpIc7tGmowCFVbjo5eohOjdJGQSRNCY0m6u+NFIdKDULfTIZYd9W8Nxb/85qJDi7dlIk40VSQ6UNBwpGO0DgB1GaSEs0HhmAimbkVkS6WmGiTU9aE4Mx/eZHUzgtOsVCsmDSuYYoMHMIJnIEDF1CCWyhDFQjcwxO8wKvVt56tN+t9OrpkzXYO4A+sjx9IEJQz</latexit>

p1 = x1P1

<latexit sha1_base64="eSYe1P/PBWeWo/waB5ZP+nfSaMY=">AAAB9HicbVC7SgNBFL0bXzG+opaKDAbBKuymiDZC0MYyAfOAZFlmJ5NkyOzsOjMbDEtKv8HGQhFb63yHnd/gTzh5FJp44F4O59zL3Dl+xJnStv1lpVZW19Y30puZre2d3b3s/kFNhbEktEpCHsqGjxXlTNCqZprTRiQpDnxO637/ZuLXB1QqFoo7PYyoG+CuYB1GsDaSG3kFdIUeTC97BS+bs/P2FGiZOHOSKx2PK9+PJ+Oyl/1stUMSB1RowrFSTceOtJtgqRnhdJRpxYpGmPRxlzYNFTigyk2mR4/QmVHaqBNKU0Kjqfp7I8GBUsPAN5MB1j216E3E/7xmrDuXbsJEFGsqyOyhTsyRDtEkAdRmkhLNh4ZgIpm5FZEelphok1PGhOAsfnmZ1Ap5p5gvVkwa1zBDGo7gFM7BgQsowS2UoQoE7uEJXuDVGljP1pv1PhtNWfOdQ/gD6+MHTKqUNg==</latexit>

p2 = x2P2

<latexit sha1_base64="zprfU54TZBOpaXt4ox23gDLU16M=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4CrsK0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB8wqRTA==</latexit>p3

<latexit sha1_base64="+w7wXp/4lIZK1XiEDni6AGo/3RQ=">AAAB6nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi0WPQi8cEzQOSJcxOZpMhs7PDzKwQlhw9evGgiFc/It/hzW/wJ5w8DppY0FBUddPdFUjOtHHdL2dpeWV1bT2zkd3c2t7Zze3t13ScKEKrJOaxagRYU84ErRpmOG1IRXEUcFoP+jdjv/5AlWaxuDcDSf0IdwULGcHGSneyfdHO5d2COwFaJN6M5EtHo8r34/Go3M59tjoxSSIqDOFY66bnSuOnWBlGOB1mW4mmEpM+7tKmpQJHVPvp5NQhOrVKB4WxsiUMmqi/J1IcaT2IAtsZYdPT895Y/M9rJia88lMmZGKoINNFYcKRidH4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIaucFr1goVmwa1zBFBg7hBM7Ag0sowS2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB9I6RTQ==</latexit>p4

<latexit sha1_base64="GerGFeV9On4ijfHpEgFR823XNec=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGY8RI9BLx4zYBZIhtDTqSRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82PBlbbtLyuzsrq2vpHdzG1t7+zu5fcPaipKJMMqi0QkGz5VKHiIVc21wEYskQa+wLo/uJn49QeUikfhnR7G6AW0F/IuZ1QbyXXb+YJdtKcgy8SZk0L5eOx+P56MK+38Z6sTsSTAUDNBlWo6dqy9lErNmcBRrpUojCkb0B42DQ1pgMpLp4eOyJlROqQbSVOhJlP190RKA6WGgW86A6r7atGbiP95zUR3r7yUh3GiMWSzRd1EEB2RydekwyUyLYaGUCa5uZWwPpWUaZNNzoTgLL68TGoXRadULLkmjWuYIQtHcArn4MAllOEWKlAFBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+AJuukIc=</latexit>

Q

<latexit sha1_base64="qFsf1ksGVhOVCl1x48ow8V0D3TI=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4CrseosegF48JmAckS+idTJIhs7PLzKwQlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYcG1c98tZWV1b39jMbGW3d3b39nMHhzUdJYqyKo1EpBoBaia4ZFXDjWCNWDEMA8HqweB24tcfmNI8kvdmGDM/xJ7kXU7RWKneClCllVE7l3cL7hRkmXhzki+djCvfj6fjcjv32epENAmZNFSg1k3PjY2fojKcCjbKthLNYqQD7LGmpRJDpv10eu6InFulQ7qRsiUNmaq/J1IMtR6Gge0M0fT1ojcR//Oaiele+ymXcWKYpLNF3UQQE5HJ76TDFaNGDC1Bqri9ldA+KqTGJpS1IXiLLy+T2mXBKxaKFZvGDcyQgWM4gwvw4ApKcAdlqAKFATzBC7w6sfPsvDnvs9YVZz5zBH/gfPwAWUaTTA==</latexit>

Q̄

Fragmentation

pQCD

<latexit sha1_base64="J5OH1Q9IcLGK8yHieX1c4x+HIYY="></latexit>

�̂ = ↵b
s(�̂0 + ↵s�̂1 + ↵2

s�̂2 + · · · )
LO NLO NNLO

Parton density functions

Short distance partonic 
cross section

Inclusion of more orders improves the reliability 

At least NLO is required for 
reliable study

What & Why Subtraction : Motivation
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<latexit sha1_base64="ipvfyJf0K13bWS3ezxCQ4PFsHcs="></latexit>

�NLO =

Z
d�nB +

Z
d�nV +

Z
d�n+1R

<latexit sha1_base64="+Cphk+f+AbzudieaiLpgyE0SV0U=">AAAB/XicdVDJSgNBEO2JW4xbXG5emogQEcJMxBhvQS/ejGAWyIyhptNJmvQsdPcI4xD8CT/AiwdFvPof3vI3dhZBRR8UPN6roqqeG3ImlWmOjNTc/MLiUno5s7K6tr6R3dyqyyAShNZIwAPRdEFSznxaU0xx2gwFBc/ltOEOzsd+45YKyQL/WsUhdTzo+azLCCgttbM7iU2A48th3gYe9qEtb9yDdnbPLByb1mnpCJsFc4IJKVvFMrZmyl4lZx8+jCpxtZ39sDsBiTzqK8JBypZlhspJQChGOB1m7EjSEMgAerSlqQ8elU4yuX6I97XSwd1A6PIVnqjfJxLwpIw9V3d6oPrytzcW//JakeqWnYT5YaSoT6aLuhHHKsDjKHCHCUoUjzUBIpi+FZM+CCBKB5bRIXx9iv8n9WLBKhVKVzqNMzRFGu2iHMojC52gCrpAVVRDBN2hR/SMXox748l4Nd6mrSljNrONfsB4/wT6xZfs</latexit>

O(↵b
s)

Born cross 
section

Virtual
corrections

Real
corrections

<latexit sha1_base64="G4KTO4rYrCxEpBdnbz87OCQfNlo="></latexit>

O(↵b+1
s )

<latexit sha1_base64="26SPvUbT6zbguDqJUqhRuR3e1oI="></latexit>

O(↵b+1
s )

What & Why Subtraction : NLO brief
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<latexit sha1_base64="ipvfyJf0K13bWS3ezxCQ4PFsHcs="></latexit>

�NLO =

Z
d�nB +

Z
d�nV +

Z
d�n+1R

<latexit sha1_base64="+Cphk+f+AbzudieaiLpgyE0SV0U=">AAAB/XicdVDJSgNBEO2JW4xbXG5emogQEcJMxBhvQS/ejGAWyIyhptNJmvQsdPcI4xD8CT/AiwdFvPof3vI3dhZBRR8UPN6roqqeG3ImlWmOjNTc/MLiUno5s7K6tr6R3dyqyyAShNZIwAPRdEFSznxaU0xx2gwFBc/ltOEOzsd+45YKyQL/WsUhdTzo+azLCCgttbM7iU2A48th3gYe9qEtb9yDdnbPLByb1mnpCJsFc4IJKVvFMrZmyl4lZx8+jCpxtZ39sDsBiTzqK8JBypZlhspJQChGOB1m7EjSEMgAerSlqQ8elU4yuX6I97XSwd1A6PIVnqjfJxLwpIw9V3d6oPrytzcW//JakeqWnYT5YaSoT6aLuhHHKsDjKHCHCUoUjzUBIpi+FZM+CCBKB5bRIXx9iv8n9WLBKhVKVzqNMzRFGu2iHMojC52gCrpAVVRDBN2hR/SMXox748l4Nd6mrSljNrONfsB4/wT6xZfs</latexit>

O(↵b
s)

Born cross 
section

Virtual
corrections

Real
corrections

<latexit sha1_base64="G4KTO4rYrCxEpBdnbz87OCQfNlo="></latexit>

O(↵b+1
s )

<latexit sha1_base64="26SPvUbT6zbguDqJUqhRuR3e1oI="></latexit>

O(↵b+1
s )

Finite

What & Why Subtraction : NLO brief

Finite

<latexit sha1_base64="T/QMlnOnzh/Q6cj8SOGEKdkYhgY=">AAAB7nicdVDLSsNAFJ34bOur6tLNYBHcGNJU07orunFZwT6wDWUynbRDJ5MwMxFD6Ee4EVTErTv/xZ1fo5NWQUUPXDiccy/33uNFjEplWW/G3PzC4tJyLl9YWV1b3yhubrVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y1PM799RYSkIb9QSUTcAA059SlGSkvtgx7lvkr6xZJlHtcc+8iGlmlZVbviZMSuHtoVWNZKhlI9H91dvly/N/rF194gxHFAuMIMSdktW5FyUyQUxYxMCr1YkgjhMRqSrqYcBUS66fTcCdzTygD6odDFFZyq3ydSFEiZBJ7uDJAayd9eJv7ldWPl19yU8ihWhOPZIj9mUIUw+x0OqCBYsUQThAXVt0I8QgJhpRMq6BC+PoX/k5Ztlh3TOddpnIAZcmAH7IJ9UAZVUAdnoAGaAIMxuAH34MGIjFvj0Xiatc4ZnzPb4AeM5w+yHJOQ</latexit>�1 <latexit sha1_base64="eJhjHWwLKl2UEGofqy9adGyz/Sk=">AAAB7nicdVDLSgMxFM3UV1tfVZdugkUQhCHTMrXuim5cVrAPbEvJpJk2NJMZkoxYhn6EG0FF3LrzX9z5NZppFVT0wIXDOfdy7z1exJnSCL1ZmYXFpeWVbC6/ura+sVnY2m6qMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxufpn7rikrFQnGhJxHtBXgomM8I1kZqHXaZ8PWkXygiG1Xc8rELke0ip1pKScl1ECpDx0YzFGu56O7y5fq93i+8dgchiQMqNOFYqY6DIt1LsNSMcDrNd2NFI0zGeEg7hgocUNVLZudO4b5RBtAPpSmh4Uz9PpHgQKlJ4JnOAOuR+u2l4l9eJ9Z+tZcwEcWaCjJf5Mcc6hCmv8MBk5RoPjEEE8nMrZCMsMREm4TyJoSvT+H/pFmynYpdOTdpnIA5smAX7IED4IAjUANnoA4agIAxuAH34MGKrFvr0Xqat2asz5kd8APW8wejfZOG</latexit>

+1



7

<latexit sha1_base64="ipvfyJf0K13bWS3ezxCQ4PFsHcs="></latexit>

�NLO =

Z
d�nB +

Z
d�nV +

Z
d�n+1R

<latexit sha1_base64="+Cphk+f+AbzudieaiLpgyE0SV0U=">AAAB/XicdVDJSgNBEO2JW4xbXG5emogQEcJMxBhvQS/ejGAWyIyhptNJmvQsdPcI4xD8CT/AiwdFvPof3vI3dhZBRR8UPN6roqqeG3ImlWmOjNTc/MLiUno5s7K6tr6R3dyqyyAShNZIwAPRdEFSznxaU0xx2gwFBc/ltOEOzsd+45YKyQL/WsUhdTzo+azLCCgttbM7iU2A48th3gYe9qEtb9yDdnbPLByb1mnpCJsFc4IJKVvFMrZmyl4lZx8+jCpxtZ39sDsBiTzqK8JBypZlhspJQChGOB1m7EjSEMgAerSlqQ8elU4yuX6I97XSwd1A6PIVnqjfJxLwpIw9V3d6oPrytzcW//JakeqWnYT5YaSoT6aLuhHHKsDjKHCHCUoUjzUBIpi+FZM+CCBKB5bRIXx9iv8n9WLBKhVKVzqNMzRFGu2iHMojC52gCrpAVVRDBN2hR/SMXox748l4Nd6mrSljNrONfsB4/wT6xZfs</latexit>

O(↵b
s)

Born cross 
section

Virtual
corrections

Real
corrections

<latexit sha1_base64="G4KTO4rYrCxEpBdnbz87OCQfNlo="></latexit>

O(↵b+1
s )

<latexit sha1_base64="26SPvUbT6zbguDqJUqhRuR3e1oI="></latexit>

O(↵b+1
s )

<latexit sha1_base64="r2Sd0mxhuUITzem6oN64dtoeaG4="></latexit>Z
d�1R = �A

✏2
� B

✏
+Rfinite

<latexit sha1_base64="btT5eI38gpaBtLxkofvtYzem+/E="></latexit>

V =
A

✏2
+

B

✏
+ Vfinite

Finite

Cure: 
Partonic cross section is infrared safe 

-KLN theorem

Individually divergent , however   
<latexit sha1_base64="poOYzNIoABZM+Aw3a7R1Sl1z/FY="></latexit>

V +

Z
d�1R = infrared safe

What & Why Subtraction : NLO brief

[Kinoshita ’62; Lee, Nauenberg ’64 ] 

Finite

<latexit sha1_base64="T/QMlnOnzh/Q6cj8SOGEKdkYhgY=">AAAB7nicdVDLSsNAFJ34bOur6tLNYBHcGNJU07orunFZwT6wDWUynbRDJ5MwMxFD6Ee4EVTErTv/xZ1fo5NWQUUPXDiccy/33uNFjEplWW/G3PzC4tJyLl9YWV1b3yhubrVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y1PM799RYSkIb9QSUTcAA059SlGSkvtgx7lvkr6xZJlHtcc+8iGlmlZVbviZMSuHtoVWNZKhlI9H91dvly/N/rF194gxHFAuMIMSdktW5FyUyQUxYxMCr1YkgjhMRqSrqYcBUS66fTcCdzTygD6odDFFZyq3ydSFEiZBJ7uDJAayd9eJv7ldWPl19yU8ihWhOPZIj9mUIUw+x0OqCBYsUQThAXVt0I8QgJhpRMq6BC+PoX/k5Ztlh3TOddpnIAZcmAH7IJ9UAZVUAdnoAGaAIMxuAH34MGIjFvj0Xiatc4ZnzPb4AeM5w+yHJOQ</latexit>�1 <latexit sha1_base64="eJhjHWwLKl2UEGofqy9adGyz/Sk=">AAAB7nicdVDLSgMxFM3UV1tfVZdugkUQhCHTMrXuim5cVrAPbEvJpJk2NJMZkoxYhn6EG0FF3LrzX9z5NZppFVT0wIXDOfdy7z1exJnSCL1ZmYXFpeWVbC6/ura+sVnY2m6qMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxufpn7rikrFQnGhJxHtBXgomM8I1kZqHXaZ8PWkXygiG1Xc8rELke0ip1pKScl1ECpDx0YzFGu56O7y5fq93i+8dgchiQMqNOFYqY6DIt1LsNSMcDrNd2NFI0zGeEg7hgocUNVLZudO4b5RBtAPpSmh4Uz9PpHgQKlJ4JnOAOuR+u2l4l9eJ9Z+tZcwEcWaCjJf5Mcc6hCmv8MBk5RoPjEEE8nMrZCMsMREm4TyJoSvT+H/pFmynYpdOTdpnIA5smAX7IED4IAjUANnoA4agIAxuAH34MGKrFvr0Xqat2asz5kd8APW8wejfZOG</latexit>

+1



❖ Matrix elements for the real emission has a complex structure. Hence, the phase space 
integration over it is really hard.  

❖ In practice, we explore different numerical tools such as Monte-Carlo techniques to perform this 
phase space integration.  

❖ But the problem is the IR divergence that appears in some corners of  the phase space of  
radiated parton.  So we need to get rid of  them before we attempt the integration.  

❖ That is exactly where the role of  subtraction comes!

8

What & Why Subtraction : NLO brief



How subtraction Works?
❖ Conceptually straightforward : find out the origin of  the singularities and subtract 

them from the real emissions.  

❖ Let us see the source of  these divergences: 

9

2

∼
1

k ⋅ p
=

1
EgEq(1 − cos θgq)

when Eg → 0
when θgq → 0⟶ ∞ {

soft singularity

collinear singularity

Divergence appears due to soft and/or collinear emissions 



❖ Requirement to choose a subtraction term: 

➡ Should exactly matches the real emissions in their singular limits. 

➡ Simple enough to integrate exactly.

10

How subtraction Works?
<latexit sha1_base64="+Sdcx8jzMj/qO+8PR5uGIe2JfeY="></latexit>

lim
Ei!0

S = lim
Ei!0

R

<latexit sha1_base64="2l7XQHEDp+mJBswVb5LXoWmWTns="></latexit>

lim
✓ij!0

S = lim
✓ij!0

R

<latexit sha1_base64="U6brVegqUOAKC5j2eUaVI6xgOSw="></latexit>Z
d�1R !

Z
d�1(R� S)

| {z }
+

Z
d�1S

Free of divergences. Numerical 
integration possible in 4-dim.

<latexit sha1_base64="PNs0inZe1MLtq/Rr+OT3eBb3i/4="></latexit>

S ! Subtraction counter term

Their divergence cancels with those of virtual corrections

Integrated counter term, to be added back
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NLO with subtraction

Each of the integrand is finite and can be 
integrated numerically in 4-dimension and 

independently from one another

<latexit sha1_base64="dxIOSdVZt+8NFZ4O2sAYpgJvD8w="></latexit>

�NLO =

Z
d�n B

<latexit sha1_base64="TB6gBZVHRBUuqigpw1JplzHqQsM="></latexit>

+

Z
d�n

✓
V +

Z
d�1S

◆

✏!0

<latexit sha1_base64="YNVMmKIwHUZsmb5zaMAmr0i9Xt4="></latexit>

+

Z
d�n+1(R� S)



❖ Widely used subtraction methods at NLO 

➡ Dipole subtraction method 

➡ FKS subtraction method

12

NLO with subtraction

Each of the integrand is finite and can be 
integrated numerically in 4-dimension and 

independently from one another

[Catani, Seymour ’96]

[Frixione, Kunszt, Signer ’95]

<latexit sha1_base64="dxIOSdVZt+8NFZ4O2sAYpgJvD8w="></latexit>

�NLO =

Z
d�n B

<latexit sha1_base64="TB6gBZVHRBUuqigpw1JplzHqQsM="></latexit>

+

Z
d�n

✓
V +

Z
d�1S

◆

✏!0

<latexit sha1_base64="YNVMmKIwHUZsmb5zaMAmr0i9Xt4="></latexit>

+

Z
d�n+1(R� S)



❖ Widely used subtraction methods at NLO 

➡ Dipole subtraction method 

➡ FKS subtraction method

13

NLO with subtraction

[Catani, Seymour ’96]

[Frixione, Kunszt, Signer ’95]

Each of the integrand is finite and can be 
integrated numerically in 4-dimension and 

independently from one another

General for any QCD process
Automated in MadGraph_aMC@NLO (MG5)  

& POWHEG BOX

[Frederix, Frixione, 
Maltoni, Stelzer ’09]

[Alioli, Nason, Oleari, Re ’10] 

<latexit sha1_base64="dxIOSdVZt+8NFZ4O2sAYpgJvD8w="></latexit>

�NLO =

Z
d�n B

<latexit sha1_base64="TB6gBZVHRBUuqigpw1JplzHqQsM="></latexit>

+

Z
d�n

✓
V +

Z
d�1S

◆

✏!0

<latexit sha1_base64="YNVMmKIwHUZsmb5zaMAmr0i9Xt4="></latexit>

+

Z
d�n+1(R� S)
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NLO Automation in MG5

MadGraph
aMC@NLO

MadGraph MadFKS

MC@NLOMadLoop

<latexit sha1_base64="XB/tQ8Li5/xvJPx+HwxNjTgs+lo="></latexit>

�NLO =

Z
d�nB +

Z
d�nV +

Z
d�n

Z
d�1S +

Z
d�n+1 (R� S)

Automation of 
virtual corrections

Automation of real 
correction using FKS 

subtraction

Matching & Merging

Automatic tree level 
matrix element 

generator
SM and BSM 

[Alwall, Frederix, Frixione, Hirschi, 
Maltoni, Mattelaer, Shao, Stelzer, 
Torrielli, Zaro ’14]
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NLO Automation in MG5 - for Quarkonium

MadGraph
aMC@NLO

MadGraph MadFKS

MC@NLOMadLoop

❖ Master formula : NRQCD factorisation 

❖ Amplitude : 

<latexit sha1_base64="xN75jQ0pWRLG2DSXt12I75TEu84="></latexit>X

n

⇣ X

a,b,X

Z
dxadxbfa/A(xa)fb/B(xb)

<latexit sha1_base64="nQnOGkPzmsnxE3/DlRadnTHlX/o=">AAACBXicbVDLSsNAFJ34rPUVdamLoUWoFErioroRat10WcE+oAllMpmkQycPZiZKCN248Qf8CDcuFHHrP7jr3zh9LLT1wIXDOfdy7z1OzKiQhjHWVlbX1jc2c1v57Z3dvX394LAtooRj0sIRi3jXQYIwGpKWpJKRbswJChxGOs7wZuJ37gkXNArvZBoTO0B+SD2KkVRSXz9xLUH9AJWu6xan/kAizqMH2Ch3z+BVXy8aFWMKuEzMOSnWClb5eVxLm33923IjnAQklJghIXqmEUs7Q1xSzMgobyWCxAgPkU96ioYoIMLOpl+M4KlSXOhFXFUo4VT9PZGhQIg0cFRngORALHoT8T+vl0jv0s5oGCeShHi2yEsYlBGcRAJdygmWLFUEYU7VrRAPEEdYquDyKgRz8eVl0j6vmNVK9ValUQcz5MAxKIASMMEFqIEGaIIWwOARvIA38K49aa/ah/Y5a13R5jNH4A+0rx+8kppr</latexit>

d�(AB ! H +X) =

<latexit sha1_base64="+ipHuJXbvvVIpJ5oLLPEM68WYg0="></latexit>

⇥d�̂(ab ! QQ̄0[n] +X)
⌘
hO

H

n
i

Short distance cross section 
for heavy quark bound state with a specific color (C), spin(S) 

and orbital (L) and total (J) angular momentum state : 
 n =2S+1 L[C]

J

LDME

<latexit sha1_base64="bLAzYY2ey7EEX0Gk9d5MjMHB3Z0="></latexit>

Aa+b!QQ̄0[n] = PJPLPSPCAa+b!QQ̄0

Projection operators

LDME
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NLO Automation in MG5 - for Quarkonium

MadGraph
aMC@NLO

MadGraph MadFKS

MC@NLOMadLoop

❖ For automation at tree level, already available 
tools in the market: 

❖ Automating beyond tree level : best way could be 
extending the MG5 by including general 
quarkonium productions. 

MadOnia : for single quarkonium

HELAC-Onia : general for one or more quarkonium 

[P. Artoisenet, F. Maltoni and T. Stelzer ’07]

[H.S Shao ’12]

Ongoing work - H.S Shao, Chris Flett et.al 
Implementation of projection operators required 
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NLO Automation in MG5 - for Quarkonium
❖ Automating beyond tree level : at NLO 

➡ Extend MadLoop : future work 

➡ Extend MadFKS

MadGraph
aMC@NLO

MadGraph MadFKS

MC@NLOMadLoop

First step : Extend FKS subtraction method by finding out 
the counter terms (& integrated) required for additional 

divergences due to radiation from heavy quarkonia.

Aim of our work



FKS in brief
❖ Basic idea of  FKS : partition the phase space such that each region involves only one soft and/or collinear 

singularities 

❖ The subtraction term, for example for the soft emission of   gluon, can be obtained as 

❖ Counter terms are maximally from three regions 

➡ Soft 

➡ Collinear 

➡ Soft-collinear

ith
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❖ Additionally, we have to add back integrated counter term as well  

❖  For this we have soft-eikonal approximation :  

❖ At the amplitude squared level, this boil down to evaluating Eikonal integrals of  the form 

❖ This is known for general massive/massless cases 
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FKS in brief
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Extending FKS to quarkonium
❖ What is new? 

➡  additional singularities appear due to the radiation emitted from quarkonia states 

๏ Soft in origin - from projection operators and LDME renormalisation 

๏ No new collinear or soft-collinear divergences : because heavy quarkonium 

➡ Additional non-standard Eikonal integrals
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We can proceed similar methods to get new local counter terms to remove new singularities 

Need to evaluate the non-standard integrals



Extending FKS to quarkonium
❖ Let us see an example of  

❖ The amplitude after applying the projection operator gives
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Extending FKS to quarkonium
❖ Let us see an example of  

❖ The amplitude after applying the projection operator gives 

❖ At                       , one such non-standard Eikonal integral looks like 
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Extending FKS to quarkonium
❖ Let us see an example of  

❖ The amplitude after applying the projection operator gives 

❖ At                       , one such non-standard Eikonal integral looks like 

❖ Looking at their structure, we find they can be expressed as derivatives of  the known standard ones. For 
instance, 
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Extending FKS to quarkonium
❖ In general, for a single quarkonium with any quantum state, the Eikonal integral takes the form 

❖ In addition to these counter terms, we have additional singularities from LDME renormalisation 
for the P-waves  - Need counter term for them as well.  

❖ For example, for            state, the counter term looks like
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Validation
❖ Together, these integrated counter terms, along with collinear and soft-collinear c.t for elementary 

particles, the singularities cancels out with those of  virtual corrections. 

❖ Validation 

➡ The poles are checked and cancel explicitly 

➡ To check local counter term 
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Summary & Outlook
❖ Here we discuss subtraction method, specifically FKS subtraction method and how 

that can be successfully extended to quarkonium productions.  

❖ At the moment we applied for the single quarkonium case along with any arbitrary 
elementary particle productions, that could be massive/massless or colored/colorless.  

❖ Its implementation in MadGraph5_aMC@NLO is ongoing. 

❖ What could be done in near future 

➡ Multiple quarkonium productions 

➡ For the complete NLO automation, we also need a formalism for loop corrections 
part.
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Back up slide



One of the Eikonal integral

❖ For example, for                                  if  mass of  particle  is 0, upto an overall factork
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