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Three-point energy correlator in 
N=4 and QCD
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Energy correlators 
• Energy correlator is defined as the Wightman correlation function of the energy flow 

operators 
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N-point energy correlator  (N+2)-point correlation function ⇒
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• Perturbative: as a energy-weighted 
differential cross section, 

e.g. EEC (N=2)
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[Basham, Brown, Ellis, Love, 1978]

[Hofman, Maldacena, 0803.1467]



Motivation
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• Energy correlator is almost the simplest jet observables:

✦ No jet algorithm needed; 

✦ Soft divergence suppressed; 

✦ Analytic measurement function;

Analytic 
EEC

Non-
perturbative 

structure

CFT

Effective field 
theory

Precision 
measurements

Nuclear theory

NNLO in N=4: [1311.6800; 1903.05314] 

NLO in QCD: [1801.03219; 1903.07277]

Renormalon: [2305.19311]

Track function: [2108.01674, 


2201.05166, 2210.10058]

Spinning gluon: [2011.02492, 2104.00009]

Non-Gaussianities: [2205.02857]

Light-ray OPE: [1905.01311, 2010.04726, 


2202.04090]

Power correction: [2301.03616]

Nuclear EEC: [2209.02080, 2301.01788, 

2303.01530]


QGP: [2209.11236, 2303.03413, 

2303.08143 ]

Collinear resummation: [Konishi et. al, 1978; 

Richards et.al, 1982;

1905.01444; 1905.01310]


Back-to-back resummation: [Collins, Soper, 1982; 

Kardos et. al, 2018; 

1801.02627; 2012.07859;

2205.02242]

TMD 
physics

Transverse EEC: [1205.1689, 

1901.04497 etc.]


DIS EEC: [2006.02437, 2102.05669]

 determination: [1804.09146]

Dead cone effect: [2207.03511]

Top quark mass: [2201.08393]

Parton fragmentation: [2201.07800, 2210.10061]

αs
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Multi-point energy correlators
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IBP+DE? 
Polylogarithm?

Jet 
substructure

Fixed-order 
calculation

EFT (SCET)

• N-point (multi-point) energy correlator is a 
perfect candidate for understand the internal 
structure of a jet, allowing approaches both 
from analytic fixed-order calculation and EFT 
factorization


• Compared to EEC, N-point gives rise to more 
interesting jet substructure (involving energy 
flows) 

• How do we study a multi-dimensional 
distribution?



Jet substructure aspect

5Xiaoyuan Zhang

• Projected N-point energy correlator

• One of the main measurement at 
collider physics is the  
determination

simple power correction 
compared to other event shapes 
(heavy jet mass, C parameter…)

αs
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•  can also be extended to a complex number  with N ν Re[ν] > 0

[Chen, Moult, XYZ, Zhu, 2004.11381]

[Pythia8]



Jet substructure aspect
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• EEEC in the triple collinear limit
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x1 = xL zz̄, x2 = xL (1� z)(1� z̄), x3 = xL

 scaling  shape function⇒ ×
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⇥ G(z, z̄) factorized to 2D

[Chen, Luo, Moult, Yang, XYZ, Zhu, 
1912.11050]

z

[Komiske, Moult, Thaler, Zhu, 2201.07800]

Figures from Chen & Zhu
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EFT aspect: collinear limit
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• Collinear factorization for projected N-point correlator: (N=2 is the EEC)
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jet function hard function 

• N=2 EEC for  and : NNLL    [Dixon, Moult, Zhu, 1905.01310]


• Projected N-/( -)point for : NLL    [Chen, Moult, XYZ, Zhu, 2004.11381]


• Projected N=3-6-point for : NLL    [Lee, Meçaj, Moult, 2205.03414]


• Projected 3-point for both  and : NNLL    [Chen, Gao, Li, Xu, XYZ, Zhu, to appear]

N = 4 e+e−

ν e+e−

pp
e+e− pp

• It is conjectured that this functional form works for triple-collinear EEEC with a fixed 
shape (fixed )


• The collinear squeezed factorization (collinear+ ) is also understood with light-
ray OPE

z
z → 0



EFT aspect: back-to-back limit
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• Back-to-back factorization for EEC to all orders:    [Moult, Zhu, 1801.02627]
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TMD soft function

• NNLL:    [Collins, Soper, 1981], [Ellis, Richards, Stirling, 1984], [Florian, Grazzini, 0407241]


•   and :    [Ebert, Mistlberger, Vita, 2012.07859], [Duhr, Mistlberger, Vita, 2205.02242]N3LL′ N4LL

• For three-point correlator (EEEC) and beyond, there is no unique back-to-back limit


Instead, we have three back-to-back limits:  and a coplanar limit


• The fact that EEEC has multiple overlapping kinematic limits requires the 
factorization from multi-scale EFTs and the joint resummation in a 3D distribution


• How about the fixed-order side:

This talk: first look at the fixed-order result (LO EEEC in N=4 and QCD)

xi → 1, i = 1,2,3



EEEC in  SYM theoryN = 4
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• The leading order EEEC with arbitrary angle dependence:

• The four-particle phase space:
<latexit sha1_base64="4P3LFzQEa3rs5GnbX137Dwljwa8="></latexit>
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�4 = �(s12s34, s13s24, s14s23),

�(x, y, z) = x2 + y2 + z2 � 2(xy + xz + yz)

ε(n1)
ε(n2)

ε(n3)

θ12

θ23θ13

3 detectors separated by angle θij

Gram determinant:

• Matrix elements: tree-level  squared form factor 1 → 4
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No soft divergence  finite⇒ d = 4

[Yan, XYZ, 2203.04349]
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Calculation setup
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• Attempt using traditional IBP+DE method: for each  measurement functionδ
<latexit sha1_base64="ij616uEHCYwtJZRvg8wCRzD5N6w="></latexit>
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Mjk(xi) ⌘ (pj ·Q)(pk ·Q)(~nj · ~nk � (1� 2xi)) = (pj ·Q)(pk ·Q)(2xi)� pj · pk

Reverse unitarity:

Additional IBP equation:
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[(pj ·Q)(pk ·Q)(2xi)� pj · pk] [�(Mjk(xi))]
k = [�(Mjk(xi))]

k�1

• It turns out IBP reduction is NOT efficient (e.g. FIRE6) with three nonlinear propagators

[Dixon, Luo, Shtabovenko, Yang, Zhu, 1801.03219]

• Instead, we expand the phase space in  and do the integration directly


• Introduce a nice parameterization for all Mandelstam variables:
d = 4 − 2ϵ
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2p1 · q
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2p2 · q
Q2

, z3 =
2p3 · q
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,
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>:

z1 = s12 + s13 + s14,

z2 = s12 + s23 + s24,

z3 = s13 + s23 + s34
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s23 = z2z3x1,
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Phase space integration
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• The main difficulty of integrating the four-particle phase space comes from the 
Gram determinant . However, with our parameterization:Θ(−Δ4)
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with factorized  function:Θ
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(‘Zongzi’-shaped) kinematic space:• In the triple collinear limit, , the 
kinematic space is reduced to a triangle

x1, x2, x3 ∼ λ2
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The  variable set manifests the symmetry and geometry in the triple-collinear limit{t, z, z̄}

Phase space integration
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• Eventually the EEEC integration takes the form
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• There are two different parameterizations to rationalize both of them
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• With either variable set, we can directly perform the integration over  in 
HyperInt, and express the result in terms of GPLs (up to weight-2)

z1, z2

Phase space integration
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• The angles are mapped onto the the distances between three points on celestial 
sphere

celestial variables:
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x1 =
|y2 � y3|2

(1 + |y2|2)(1 + |y3|2)
, x2 =

|y1 � y3|2

(1 + |y1|2)(1 + |y3|2)
, x3 =

|y1 � y2|2

(1 + |y1|2)(1 + |y2|2)

y3

y1

y2

s

ϕ1
ϕ2

further map to
<latexit sha1_base64="V2ZaNqoquAe+OlA17Je9Sv7Lhh0="></latexit>

y1 =
p
s ei�1

|{z}
⌘⌧1

, y2 =
p
s ei(�1+�2)
| {z }

⌘⌧1⌧2

, y3 =
p
s

<latexit sha1_base64="sgQjohYNhiF7ttUfQz9be/PgYxc="></latexit>8
<

:

q
e�coll
4 = s(1�⌧1)(1�⌧2)(1�⌧1⌧2)

(1+s)2⌧1⌧2q
e�4 = s(1�s)(1�⌧1)(1�⌧2)(1�⌧1⌧2)

(1+s)3⌧1⌧2

[Panzer, 1403.3385]

The  variable set is easier for understanding 
the alphabet and simplifying the result

{s, τ1, τ2}

<latexit sha1_base64="x73jQA/weUXBa9z71ENM5PK3sEo="></latexit>

G(a1, · · · an;x) ⌘
Z x

0

dt

t� a1
G(a2, · · · an; t); G(;x) ⌘ 1, G(~0n;x) ⌘

1

n!
lnn(x)



Embedding
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• The EEEC kinematic space can be embedded into a hexagon on a unit circle. From 
the definition of three angles:

Symmetry:  dihedral group


• Cyclic permutation ( ) : 


• Parity ( ) : 


• Flip ( ) : 

D6

σ Z(a + 2) = Z(a)

P Z(a + 3) = Z(a)

τ Z(8 − a) = Z(a)

<latexit sha1_base64="VGn2v1FYCU5SembZ83TGIL87sXE=">AAACMXicbVDLSgMxFM3Ud31VXboJFsHFtMwUXxtBdKM7BVuLnTJk0kwbmskMyR2hDP0lN/6JuHGhiFt/wvShaOuFhJNzzuXmniARXIPjvFi5mdm5+YXFpfzyyuraemFjs6bjVFFWpbGIVT0gmgkuWRU4CFZPFCNRINht0D0f6Lf3TGkeyxvoJawZkbbkIacEDOUXLu58fuJlrl3SHpDUd4d3xcajl41L+ht/Kz/Ovu3Z+PLE4zKEnl8oOmVnWHgauGNQROO68gtPXiumacQkUEG0brhOAs2MKOBUsH7eSzVLCO2SNmsYKEnEdDMbbtzHu4Zp4TBW5kjAQ/Z3R0YirXtRYJwRgY6e1Abkf1ojhfC4mXGZpMAkHQ0KU4EhxoP4cIsrRkH0DCBUcfNXTDtEEQom5LwJwZ1ceRrUKmX3sHxwvV88PRvHsYi20Q7aQy46QqfoAl2hKqLoAT2jV/RmPVov1rv1MbLmrHHPFvpT1ucXGY2nJw==</latexit>

Zi = {1,�s⌧1⌧2, ⌧1,�s, ⌧1⌧2,�s⌧1}, I = 1

<latexit sha1_base64="LXWLAqj6ouDCPKzEus71V64etac="></latexit>

xk =
q2(pi · pj)

2(q · pi)(q · pj)
=

hpipjih⇠i⇠ji
hpi⇠jihpi⇠ji

, |⇠ji ⌘ q|j]

We can embed: |pi⟩ ≡ |2i − 1⟩, |ξi⟩ ≡ |2i + 2⟩

1

|y| = 1

O
tan

θ

2

φ1

φ2 τ1τ2

−sτ1

1

τ1

−s

−sτ1τ2

⇒

<latexit sha1_base64="9mryir/LtYJIhSNuGdr/Qeu8XlU=">AAACD3icbZDLSsNAFIYnXmu9RV26GSyKCylJ8bYRim5cVrAXaGKYTCft0MkkzEyEEvIGbnwVNy4UcevWnW/jJC2orT8M/HznHM6c348Zlcqyvoy5+YXFpeXSSnl1bX1j09zabskoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH17l9fY9EZJG/FaNYuKGqM9pQDFSGnnmgaNQ4tkX5C6lTjygnp0dFaj2g2pZ2TMrVtUqBGeNPTEVMFHDMz+dXoSTkHCFGZKya1uxclMkFMWMZGUnkSRGeIj6pKstRyGRblrck8F9TXowiIR+XMGC/p5IUSjlKPR1Z4jUQE7XcvhfrZuo4NxNKY8TRTgeLwoSBlUE83BgjwqCFRtpg7Cg+q8QD5BAWOkI8xDs6ZNnTatWtU+rJzfHlfrlJI4S2AV74BDY4AzUwTVogCbA4AE8gRfwajwaz8ab8T5unTMmMzvgj4yPb+TLm/E=</latexit>

⌧1 = ei�1 , ⌧2 = ei�2



Symbol alphabet
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• From the output of HyperInt, we found 17 symbols:
<latexit sha1_base64="bhO65cqZKfOxyOFKZlqACGVLB30="></latexit>

{s� 1, s, s+ 1, ⌧1 � 1, ⌧1, ⌧2 � 1, ⌧2, s+ ⌧1, 1 + s⌧1, s+ ⌧2, 1 + s⌧2,

s+ ⌧1⌧2, 1 + s⌧1⌧2, ⌧1⌧2 � 1, ⌧1 � ⌧2, ⌧
2
1 ⌧2 � 1, ⌧1⌧

2
2 � 1}

• However it turns out that only 16 symbols are independent


• This can be written as a close set under  using three conformal invariant ratios:D6

<latexit sha1_base64="+3CMvz6aVWC6VXZdkHkZvUPEyws="></latexit>

u1 ⌘ �h51ih62ih43i
h35ih16ih24i = � s+ ⌧1

1 + s⌧1
,

u2 ⌘ �h31ih5Ii
h15ihI3i =

⌧1 � 1

1� ⌧1⌧2
,

u3 ⌘ �h13ih56i
h35ih61i =

(1� ⌧1)(s+ ⌧2)

(1� ⌧2)(1 + s⌧1)
,

<latexit sha1_base64="s0qaHI/a0mpxEpBAMBzQRA/H6eE="></latexit>

{u1 , 1 + u1 , u2 , 1 + u2 , u3 , 1 + u3 , u1 + u3 ,

1 + u1 + u3 , u2 + u3 + u2u3 , u1 + u2 + u3 + u2u3 ,

1 + u1 + u2 + u3 + u2u3 , 1 + u1 + u2 + 2u3 + u2u3 ,

u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u1 + u2 + u1u2 + u2
2 + u3 + 2u2u3 + u2

2u3 ,

1 + u1 + u2 + u1u2 + u2
2 + 2u3 + 2u2u3 + u2

2u3 }

• Finally we are able to reconstruct the minimal EEEC function space (up to weight-2)



Function space
• Arguments: 15 conformal invariant ratios that cover the - coordinate in [Golden, 

Paulos, Spradlin, Volovich, 1401.6446]; additional variable  and the 

images under 


• First entry conditions: (1). Single-value requirement in the physical region; (2). Free 
of logarithmic divergence in the triple collinear limit 


• Eventually, we find 3 weight-1 basis and 11 weight-2 basis

χ
r1 ≡ −

⟨14⟩⟨3I⟩
⟨13⟩⟨4I⟩

D6

s → 0

<latexit sha1_base64="AldcTc7MgoYAuI9VNq5PQ5OFbWA="></latexit>

d3�

dx1dx2dx3
=

3X

i=1

b(1)i fi +
11X

i=1

b(2)i gi + perm of x1, x2, x3

• Weight-1 is simple
<latexit sha1_base64="y/g6CwUKpYCQwssTytl1KhgzoRw="></latexit>

�̃coll
4 + 4x2

3x2 � 4x3x2
2

x2
1x

2
2x

2
3

ln(1� x3)| {z }
f1

+
2(x3 � x1)

x3x2
2x1

ln
x1

x3| {z }
f2

�
p
�̃4

x3x2
2x

2
1

ln
2� x1 � x2 � x3 �

p
�̃4

2� x1 � x2 � x3 +
p
�̃4| {z }

f3
<latexit sha1_base64="dHWmxfBgNSJj7IE/14DOAHMPhmw="></latexit>

e�4 = x2
1 + x2

2 + x2
3 � 2x1x2 � 2x1x3 � 2x2x3 + 4x1x2x3

e�coll
4 = x2

1 + x2
2 + x2

3 � 2x1x2 � 2x1x3 � 2x2x3

with

16Xiaoyuan Zhang



τ1τ2

−sτ1

1

τ1

−s

−sτ1τ2

Function space
• For weight-2 functions, we need to introduce a few variables from the embedding

17

<latexit sha1_base64="+yQZ+OlLlrO3QbJL1wy+OviD838="></latexit>

z1 ⌘ h56ih13i
h35ih16i =

(⌧1 � 1)(s+ ⌧2)

(1� ⌧2)(1 + s⌧1)
, z̄1 ⌘ P (z1) =

h23ih46i
h26ih34i =

(1 + s⌧2)(1� ⌧1)

(s+ ⌧1)(1� ⌧2)

<latexit sha1_base64="tz0oYjkgwWr7TKnvZKQDUROeDgc="></latexit>

w1 ⌘ h16ih25i
h56ih12i = � (1 + s)(1 + s⌧1)⌧2

(s+ ⌧2)(1 + s⌧1⌧2)
, w̄1 ⌘ P (w1) =

h34ih25i
h23ih45i = � (1 + s)(s+ ⌧1)⌧2

(1 + s⌧2)(s+ ⌧1⌧2)

<latexit sha1_base64="0jhDyKYX5XXOVF8XuGENDv2AFtU="></latexit>

v1 ⌘ h26ih35i
h56ih23i = � s(1� ⌧2)2

(s+ ⌧2)(1 + s⌧2)
 is obtained by cyclic permutations{z2, z3, ⋯}

<latexit sha1_base64="A8VG5UIrMatFFjiLGUSWoYzCp+w="></latexit>

g1 = Li2(�v2)

g2 = Li2(1 + w3) + Li2(1 + w̄3) + 2Li2(�v3)

� Li2(1 + w1)� Li2(1 + w̄1)� 2Li2(�v1)

g3 = Li2(�z2)� Li2(�z̄2) +
1

2
ln |z2|2 ln

1 + z2
1 + z̄2

g4 = Li2(1 + w1)� Li2(1 + w̄1) + Li2(1 + w2)

� Li2(1 + w̄2) + Li2(1 + w3)� Li2(1 + w̄3)

g5 = ⇡2

g6 = ln2
w̄1

w1

g7 = ln
w̄1

w1
ln |z2|2

g8 = ln (1 + v3) ln |z1|2 � ln (1 + v1) ln |z3|2

<latexit sha1_base64="lIOPJNzOAfPNwlgWB/U+vsDoLfU="></latexit>

g11 =
6X

i=1

Li2(�ri)� Li2(�r̄i) +
1

2
ln |ri|2 ln

1 + ri
1 + r̄i

g9 =
1

2
Li2

⇣
1� w̄1

w1

⌘
� 1

2
Li2

⇣
1� w1

w̄1

⌘

g10 = Li2(1� |z2|2) +
1

2
ln |z2|2 ln |1� z2|2

<latexit sha1_base64="9ivUHbfwyTyhNEoJ/Qt/b+0YgcA="></latexit>

ra =
ha a+ 3iha+ 2 Ii
ha a+ 2ihI a+ 3i , r̄a =

ha+ 5 a+ 2iha+ 3 Ii
ha+ 5 a+ 3ihI a+ 2i

Additional variable under D6

Xiaoyuan Zhang

Filesize: 81KB to 14 KB/1 page
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• Cross check with the triple collinear limit:

18

0.2 0.4 0.6 0.8
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2000
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• Visualize the 3D distribution:

<latexit sha1_base64="n7YR9fB5x+14gRSR5ns03iXIvlM="></latexit>

z ⌘ 1� ⌧1
1� 1

⌧2

, z̄ ⌘
1� 1

⌧1

1� ⌧2

<latexit sha1_base64="aXEb+Yc6NdGntktRNhWRJPxIHTE="></latexit>

d3�

dx1dx2dx3
⇠ 1

x3
L

G(z)

[Chen, Luo, Moult, Yang, XYZ, Zhu, 1912.11050]

<latexit sha1_base64="Xb9wI6UuQIGReBNgnF9nPgItPgo="></latexit>

2iD�
2 (z) ⌘ Li2(z)� Li2(z̄) +

1

2
ln

1� z

1� z̄
ln(zz̄),

D+
2 (z) ⌘ Li2

�
1� |z|2

�
+

1

2
ln

�
|1� z|2

�
ln
�
|z|2

�

Xiaoyuan Zhang



EEEC in QCD
• For LO EEEC in QCD, we consider both two processes: 

hadronse+e− →

H H

H → gg + X

H H

H → bb̄ + X

• For Higgs-EEEC, we use the HEFT and work in the massless quark limit
<latexit sha1_base64="6pKgydQD/Keb6/ekURqfmL15w/Y="></latexit>

Lint = �1

4
�HTr(Gµ⌫

Gµ⌫) +
X

q

yqp
2
H ̄q q

• All matrix elements are calculated in QFRAF and FORM, with axial gauge
<latexit sha1_base64="SLEAALjpvHEq2bbScO2tFbPLz4o="></latexit>

2X

�=1

✏µ(pi,�)✏
⇤⌫(pi,�) = �gµ⌫ +

n̄µp⌫i + n̄⌫pµi
n̄ · pi

� n̄2pµi p
⌫
i

(pi · n̄)2

Xiaoyuan Zhang 19

<latexit sha1_base64="tUT+qmKjdIQy9HNIgzynuvgHDOI="></latexit>

�? ! qq̄q0q̄0, qq̄qq̄, qq̄gg
<latexit sha1_base64="Qy1O0jSLIPAeFFWTIjqCChu4hoA=">AAACPXicbVC7TsMwFHXKq5RXgJHFokJiqKoE8RorWDoWqS+pCZXjOq1VO0ltB1RF/TEW/oGNjYUBhFhZcZsMtOVIls8991zZ93gRo1JZ1quRW1ldW9/Ibxa2tnd298z9g6YMY4FJA4csFG0PScJoQBqKKkbakSCIe4y0vOHttN96IELSMKircURcjvoB9SlGSktds151BO0PFBIifIR9jZJTgiPHQwKO4Hw1unciQTmBaZ1Vc4707ppFq2zNAJeJnZEiyFDrmi9OL8QxJ4HCDEnZsa1IuQkSimJGJgUnliRCeIj6pKNpgDiRbjLbfgJPtNKDfij0CRScqX8nEsSlHHNPOzlSA7nYm4r/9Tqx8q/dhAZRrEiA04f8mEEVwmmUsEcFwYqNNUFYUP1XiAdIIKx04AUdgr248jJpnpXty/LF3XmxcpPFkQdH4BicAhtcgQqoghpoAAyewBv4AJ/Gs/FufBnfqTVnZDOHYA7Gzy980Kz9</latexit>

H ! gggg, qq̄gg, qq̄q
0
q̄
0
, qq̄qq̄

<latexit sha1_base64="slwGyXYzq8ly0ixLTZTJF4VJDO8=">AAACNnicbVDLSgMxFM34rPU16tJNsAguSpkRX8uim26ECvYBnbFk0nQamslMk4xShn6VG7/DXTcuFHHrJ5h2BrGtF0LOOfdcknu8iFGpLGtsLC2vrK6t5zbym1vbO7vm3n5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/ZtJvPBIhacjv1TAiboB8TrsUI6WltnlbcQT1ewoJET5BOHA8JOAA+n7RKf6ywYMTCRoQmPKMzTjSu20WrJI1LbgI7AwUQFbVtvnqdEIcB4QrzJCULduKlJsgoShmZJR3YkkihPvIJy0NOQqIdJPp2iN4rJUO7IZCH67gVP07kaBAymHgaWeAVE/O9ybif71WrLpXbkJ5FCvCcfpQN2ZQhXCSIexQQbBiQw0QFlT/FeIeEggrnXReh2DPr7wI6qcl+6J0fndWKF9nceTAITgCJ8AGl6AMKqAKagCDZzAG7+DDeDHejE/jK7UuGdnMAZgp4/sHNJGqZw==</latexit>

H ! qq̄gg, qq̄q
0
q̄
0
, qq̄qq̄

[Yang, XYZ, 2208.01051 
and in progress work]



EEEC in QCD
• For QCD calculation, we need the topology identification

Xiaoyuan Zhang 20

where

• The phase space parameterization and integration are the same as , and we 
still express the result in terms of GPLs.


• It has been observed that  and QCD shares a lot of common properties, in 
both amplitude level and cross-section level. For LO EEEC,  and QCD turns 
out to have exactly the same function space.

N = 4

N = 4
N = 4



QCD result

21

• To simplify the QCD result, we build the linear relation between the GPL function 
space and the  classical polylogarithmic space via PSLQ, and project the 
QCD result onto it.


• Example: hadrons         6.3 MB 1.2 MB

N = 4

e+e− → →

Xiaoyuan Zhang

200 digits precision within 
4 sec for a regular point

• Comparison with Monte Carlo programs:
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Event2: fifty billion points are sampling; 
NLOJet++: ten billion points 



Kinematic limits
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• Different ways to visualize the kinematic limits:

Xiaoyuan Zhang

Squeezed x30

Squeezed x20

Squeezed x10

Triple collinear

Back-to-Back x31

Back-to-Back x21

Back-to-Back x11

squeezed: !! → #

coplanar: $ → #

triple-collinear:
! → #

!

$!

$"

Its boundary corresponds to the coplanar limit

<latexit sha1_base64="u6zJExXB+ReqSe1YHQogM3OKxGI="></latexit>

x1 = � s

(s+ 1)2
(1� ⌧1)2

⌧1
, x2 = � s

(s+ 1)2
(1� ⌧2)2

⌧2
,

x3 = � s

(s+ 1)2
(1� ⌧1⌧2)2

⌧1⌧2

• For triple-collinear limit: 

• The LP is understood.


• Our result also provides perturbative data for NLP and beyond

• The NLP triple-collinear function space is the same as LP:

<latexit sha1_base64="nr/+KU7Yd0VKV7n51wL6YuNUBwA="></latexit>⇢
lnx1; ⇡

2, 2iD�
2 (z), Li2

✓
1� x2

x1

◆
+

1

2
ln

x1

x3
ln

x1

x2

�
+ permutations



Kinematic limits
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• Squeezed limit:

Xiaoyuan Zhang

<latexit sha1_base64="zB3YgpNrHNxQhuYVSM1dgJKaJoE="></latexit>

1

�tot

d3�

dx1dx2dx3

x1!0,x2,3⇠⌘
⇡

⇣↵s

4⇡

⌘2 1

4⇡
p

�s22

✓
B(⌘)

x1
+O(x0

1)

◆

<latexit sha1_base64="rMBogcehu5B5VPKMNDMxhIbkdqg="></latexit>

B(⌘) = CFnfTF

 
4
�
28⌘2 � 82⌘ + 63

�
log(1� ⌘)

15⌘6
� 67⌘3 � 702⌘2 + 1362⌘ � 756

45(1� ⌘)⌘5

!

+ C2
F

 
�
6
�
12⌘3 � 41⌘2 + 40⌘ � 9

�
log(1� ⌘)

(1� ⌘)⌘6
� 31⌘3 � 288⌘2 + 426⌘ � 108

2(1� ⌘)⌘5

!

+ CACF

 
4
�
166⌘2 � 544⌘ + 441

�
log(1� ⌘)

15⌘6
� 349⌘3 � 4374⌘2 + 9174⌘ � 5292

45(1� ⌘)⌘5

!

• However, the squeeze limit itself is ambiguous since it is path-dependent


• If we take the double limit: triple-collinear +squeezed x1 ∼ x2 ∼ x3 → 0, z → 0
<latexit sha1_base64="tQqnBq7zAhGRDymKLGQPtKjlcyY="></latexit>

1

�tot

d3�

dx1dx2dx3
⇡
⇣↵s

4⇡

⌘2 1

4⇡
p

�s22


C2

F

x3

✓
16

5r2
+

8(1 + t2)

5rt

◆

+
CFCA

x3

✓
5 + 273t2 + 5t4

225r2t2
+

10 + 273t2 + 273t4 + 10t6

450rt3

◆

+
CFTFnf

x3

✓
�10� 39t2 + 10t4

225r2t2
+

�20 + 39t2 + 39t4 � 20t6

450rt3

◆

+ CFnfTF

 
�24t4 � 31t2 + 24

225r2t2
�

4(t� 1)2
�
t2 + 1

�
(t+ 1)2

75rt3

!

+ CACF

 
12t4 + 367t2 + 12

225r2t2
+

2(t� 1)2
�
t2 + 1

�
(t+ 1)2

75rt3

!
+

47C2
F

10r2

�

Re(z)

Im(z)

r ≡ x1 → 0

z

θ

x2

x3
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[Chen, Moult, Zhu, 2104.00009]

x1 → 0, x2 ∼ x3 → η



Kinematic limits
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• There are also various possibilities on slicing the EEEC kinematic space. The 
simplest one is the equilateral limit x1 = x2 = x3 ≡ x

Xiaoyuan Zhang

collinear

coplaner Analytic

Event2

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

500

1000

1500

x
1 σ
0

d3
σ

dx
3

Equilateral EEEC

• It will be interesting to study factorization and the joint resummation of different 
kinematic limits/slicing


• It might be also possible to develop a ENC bootstrap program using all these 
kinematic limits



Simplification game: necessary but challenging 
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• The most difficult part of EEEC calculation is how to simplify the result. It is 
important because:

Xiaoyuan Zhang

• Fast and accurate numerical evaluation  essential for collider physics


• Mathematical structure understanding  physical singularities

⇒
⇒

• Observables involving various cuts (  functions) usually lead to complicate 
symbol and alphabet. It is hard to lift the symbol into simplified polylogarithms.


• Even for standard loop integrals and phase space integrals, the raw expressions 
could involve spurious singularities.

θ/δ

Can Symbolic ML 
help with any step?

e.g. [Hannesdottir, McLeod, Schwartz, Vergu, 2109.09744]



Polylogarithm meets symbolic ML

• Approach 1: Reinforcement learning


• Approach 2: transformer networks
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[Dersy, Schwartz and XYZ, 2206.04115]

[Vaswani et al, 2017]

[Facebook: Deep learning for integration and solving ODEs, Lample, Charton, 1912.01412]



Simplifying polylogarithms with transformer
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• A baby step: consider single-variable expressions without any square root


• Procedure:

• Compute the symbol expressions with PolyLogTools


• Translation task in ML: find the simplest result corresponding a given symbol


• Transformer could give a wrong result, but it is easy to verify

Transformer

“French” “English”

• We do weight-2,3,4, and only calculate the leading transcendental term.


• Training: Generate simple expressions (  1-2M) and compute their symbol∼

[Duhr, Dulat, 1904.07279]



Simplifying polylogarithms with transformer
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• Evaluation: We ask the transformer for  guess (Beam evaluation)N
Sample problemsResult: we can integrate ~90% symbols

• Unlike humans, transformer does NOT care about transcendentally weights!



Conclusions
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• Multi-point energy correlator lives in the intersection of studies involving jet 
substructure, fixed-order calculation and effective field theories.


• We present the analytic calculation of leading order EEEC in both  super 
Yang-Mills theory and QCD (  annihilation and Higgs decays).


• Instead of IBP+DE, we preform direct phase space integration with proper 
parameterization.


• The result is converted to polylogarithms (up to t.w.2) and simplified using 
symbol and symmetries.


• Our analytic result provides perturbative data for various kinematic limits at leading 
power and beyond: triple-collinear, squeezed, back-to-back, coplanar etc. It will be 
useful once we initialize the study on factorization and joint resummation.


• We also initialize the symbolic ML project (mainly transformer) on simplifying 
polylogarithms in Feynman integral calculations.

N = 4
e+e−

Thank you for your attention!




