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Motivation

Eur. Phys. J. Spec. Top. 228,
1306.6352[hep-ph]

» Anticipated high precision measurement for o(ete™ — ZH): (0.4%-1.1%) 1811.10545 [hep-ex]
» Theoretical uncertainty up to NNLO(EW+QCD): 0.8%, greater than expected

experimental one Phys.Rev.D 96 (2017) 5
» NNLO(EW+EW) corrections must be included

USM(€+€— ~ ZH) :IOLO 1 AGNLOEW) | A NNLO(EW+QCD) HAONNLO(EW—I—EW) 1[ o

» NNLO(EW+EW) corrections can involve 6 mass scales: {my, mz, mp, mw,s,t}
» Special technique must be developed for complex multi-scale amplitude
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Motivation

» Our method is a semi-numerical method based on
Feynman parameterization and dispersion relation.

» A few subtraction terms are introduced to deal with
UV divergence.

» The Feynman integrals are reduced to <3-fold
numerical integral, which can be evaluated with
typically 3-4 digits precision within minutes(6 digit,
~seconds) on a single CPU core.

» Our method has been cross-checked by calculating
some simple diagrams

» Choose two-loop double box diagram(UV finite) and
two-loop VZH vertex diagram(UV div) to
demonstrate our method
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Examples of two loop Feynman diagrams
with fermion loops



UV finite diagram: Planar double-box diagram

» For simplicity, numerator = 1

Ipian :/dﬁdg 2 2 2 2 1 2 2 2 2
(gi —mi, )((q1 +p1)? —m%)((q1 +p1 +p2)? —my, ) (@1 — g2)* —m,
1
(g3 —m7)((g2 + k1)? = m7)((g2 + k1 + k)2 — m3)
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UV finite diagram: Planar double-box diagram

» use Feynman parametrization to simplify the denominators e
only involve g2

Iplan :/d(?ldqz 5 5 5 5 . > 5 5 > (I1+P1T
(g1 —mi, ) ((q1 +p1)? — m%)((q1 +p1 + p2)? —my, ) (@1 — g2)* —my,
1
Sq% —m3)((g2 + k1)%2 — m?)((g2 + k1 + k2)? —m%)} e

~"

1 l—=z 1 e 1 l—2z 2 1
Jo d= o dy((q2+k’)2—m’2)3 =Jo dz Jo 7" YO, 2 (g2+k")2—m'2
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UV finite diagram: Planar double-box diagram

» use Feynman parametrization to simplify the denominators

only involve g2

d

1

D 4D
lan — dg,d
p / q17q2 (q% — m%,]) (g1 +p1)? — m?u)((‘]l + p1 + p2)?

1
\.(qg —mi)((qg2 + k1)? — m7)((q2 + k1 + k2)? —m7)

z

v
1 1— 1 1—
fo dx 0 “ dy((q2+k’)12—m’2)3 — fo dx f() * dya?n/

6/28/23

1

(g2+k")2—m'2
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UV finite diagram: Planar double-box diagram

» use Feynman parametrization to simplify the denominators
only involve g2

1
b 5

D 4D
lan — d, d
’ / U (qf = mi,) (@ + p1)? —m) (g1 +py+p2)? = mif) (a1 — q2)* —

1
(@5 —m3)((q2 + k1)2 — m7)((q2 + k1 + k2)2 — m3)

1 l—2 1 l—2o 1
Jo d= Jo dy((q2+k’)2—m’2)3 fo dz Jo dyam | (aa+k")2—m'2

b-a o - Bo((q1 + k') mumz)
/ dl/ e /2/d Y —miy) (@ +p1)? —m?) (@ + pr+p2)? —mi)

» integrate over g2: BO function
» loop momentum gl appears in BO function,
how to integrate over gl1? dispersion relation
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UV finite diagram: dispersion relation

m%ZO,m%ZO mf>0,m§<0
A integration L me arXiv:2101.00308
e ~ contours -7 N
p N / AN
% / \
/ . / \
/¢ \ /C \
I/ p* + ie \ / P’ + e
X
| :NM_’___‘ Reo Lo 4 - =" - » Reo
\ R
(my+my)? /
\\ / <+— branch cut from
N / BO function
/
N - P

Bo(n2 2 m2) — 1 p By (o, m3, m3) formulas Bo(p?, m?.m2) — 1 j{dUBo(a,m%,mg)
o(p ’ml’mZ)_2m' ’ o—p?—ic O T T2 = o c o —p? —ie
+o0 2 2
B /OO dUABO(J, m3, m3) _ 21. 15 Bolo; ”7;1,7’@)
- - T ) oo o — p* — 1€
(m1+m2)? o —p? —ie P
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UV finite diagram: dispersion relation

N =0

~N-

P X ABy(o,m7,m3),m? >0Am3 >0

Bo(o, mi, m3),mi >0V m3 >0
independent on p!
6/28/23

LoopFest XXI, Jun 26-28



UV finite diagram: Planar double-box diagram

q1+p1+p2 / q1+p1+p2 7
—_— / kb = xki-+H(1—y)k — / kb = xki-+(1—y)k
W il p;\\«\rvwvv /K= aht -y,

e
l q+K % q1+p1 T" Y lt ' X
(]

D D
V \ ki = (1—x)ki+yks VV:%W% ki = (1—x)ki+yks

q1+D1 T‘

: R 2 D Bo((q1 + £')%, I»mlz)
/ dx / dy0; 1, / dg, 73 5 2 D) > 2 )
0 0 (a1 _mvl)((‘h + p1)? —m?% )((g] + p1 + p2) —sz)

<

l—x o0
— / d:v/ dyo?, ,2/ | do Do (k?; mvl m?,«, my,,0) X ABy(o, m2, ,m'?)
/—I—m’ 2

m
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UV finite diagram: Planar double-box diagram

Ipla /dq d 5
n= D qL
1

(a3 —m§)((g2 + k1)* — m§) (g2 + k1 + k2)? — m7)

numerator = {g3,q2 - q1,¢2 - P1...} # 1

1 l—x 00
Iplan = / dCIZ/ dy@fn,g / daABO(s,m’z,mg,)DO(...,a)
0 0 (m/+m )2

integrand is much more complicated
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UV finite diagram: Planar double-box diagram

1 l—x o’}
Lspan :/ da:/ dy(?fn,z/ dIABO(s,m’2,mg,)l|>O(...,a)
0 0 (

m/+m,)?

@
g3 — m?][(q2 +p)? — m?2/]

” {307p'u 17g’uVBOO7pIUJpVBlla e }

analytical formulas are known

1 1—=x oo
0 0 ( /—I—’rqu/)2

m

X [C()A() —|—61B0 + CQC() + - ]
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UV finite diagram: Planar double-box diagram

1 l—x o0
Lspan :/ d:):/ dy@fnlzf daABO(s,m’z,mg,:DO(...,a)
0 0 ( ’+mq/)2

L A

[Q%_m%/l][(ql _|_p)2_0_] >{A0,Bojco...}

1 1—=x 00
Iplan = / da:/ dya,%ﬂ / dO’[boABo +b1AB; + QOOABOO + .. ]
0 0 (

m’+m, )3

X [C()A() —|—61B0 + CQC() + - ]

implement LoopTools

6/28/23 LoopFest XXI, Jun 26-28



UV finite diagram: Planar double-box diagram

1 l—x o’}
Tspsw :/ dx/ dy@fn,2/ daABO(s,m'Z,mg,)Do(...,a)
0 0 (m/+m,r)?

1 l1—x 00
Iplan — / dx / dy@%& /
0 0 (m/+mr)?

|—'_l

numerically integrated in C++

6/28/23

integrand are obtained with private code

X [C()A() +c1Bg + coCy + - - ]

dg|boABy + biAB; + booABgo + |

integrand must be UV finite!
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UV divergent diagram

» Subtraction terms to deal with UV divergence:
1 subtract few simple terms(/sybirs) to make it UV finite

Q Isubtra must be simple enough to be integrated analytically
3 add Isubira back analytically

| My M5 | N/dx/dy/da X |lintegrand]
N
UV div

— / dx / dy / do x  [integrand — Isybtra)

UV finite, integrate numerically

—|—/dx/dy/d0 X [Isubtra]
N——

UV div, integrate analytically
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UV divergent diagram

» Subtraction terms to deal with UV divergence:
1 subtract few simple terms(/sybirs) to make it UV finite

Q Isubtra must be simple enough to be integrated analytically
3 add Isubira back analytically
» 3 types subtraction terms < 1 global divergence(highest order divergence)
+ 2 local divergences(divergence from subloops)
» Use two-loop VZH vertex diagram as an example /2/

dcontains 1 global and 2 local divergences

, most complicated UV divergence
13 types subtraction terms are needed P 5

structure at two-loop
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UV divergent diagram: VZH vertex

6/28/23

UV finite,
numerically integrate in C++
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UV divergent,

analytically integrate

— all divergences cancel after
combine counter-term diagrams
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UV divergent diagram: VZH vertex

» vacuum diagram is used to cancel the global divergence

» vacuum diagram has same intermediate particles, external momenta set to 0

» Add vacuum diagram back analytically
 tensor decomposition: reduce tensor integral to scalar integral
 reduce scalar integral to master one using FIRE Comput.Phys.Commun. 247 (2020) 106877
J master integral can be evaluated analytically with TVID JHEP 01 (2020) 024
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UV divergent diagram: VZH vertex

» Subtract two “diagrams” to cancel divergence from fermionic loop(loop momenta q1)
» “diagrams” = mathematical formulas at UV divergence limit, set all momenta in g1
propagators to 0
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f2 A~ fa _ oAy
Vi Vi
fl Afz pm— fl Afz —_ ﬂin —I— ﬂi
Va Va
f - f -
Example:
7L // qt
—mi, ) (g2 +p)? = m3, ) (g2 + @1)? — m3 ) (67 —m7,)((q1 — pn) 2)((q1 — p)? —m3,

JV divergent diagram: VZH vertex
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JV divergent diagram: VZH vertex

fa F---- J2 >----

f2 A~ fa _ oAy
Vi Vi

fi 4 [ — fi Af2 — 4 —|— A
Vs Vs

Example:
4
It // 2 2 2Q1 2 p) 3
mv2 (g2 +p)? _mvl) (2 +q1) — my, (g1 —’me) (g1 — pn)? —
qi
Toubra T // "2 ((ga — )2 —m2 ) (@ — 2@ = 2 ) (@ — 2 ) —m
v) (a2 vi )\ = g, JYdr = Mg, )L — T, )4 — Ty

— [Bo(p 7m%/2’m%/1) T BO(()? m%/é?m%/l)] X [C]_A()(miel) —|— C2A0(m?€2)]
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UV divergent diagram: VZH vertex

_|_

e | - ]

» Subtract two “diagrams” to cancel divergence from bosonic loop(loop momenta g2)
» “diagrams” = mathematical formulas at UV divergence limit, set all momenta in g2
propagators to 0
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UV divergent diagram: VZH vertex

F2 oAy f2 oAy
i i

fi 4 [ — fi 4 f2 — —|— A
\Z V,

fa > ---- Ja >----

_|_

M;/ﬂ\

q2
) // 5 —mi, )| (g2 +p)? —mi ) (g2 + ¢1)? — m3 Nai —m3,) (@1 — pr)* —m3,) (1 —

Iq2 // q% 1
subtra] = mi, (a3 —my, ) (@5 —m?)| (¢ —m3,) (e = pn)* = m3,) (a1 — p)* —m3,)
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UV divergent diagram: VZH vertex

fa
\ 41
f 1 A
Va
fa

1
q2 _
Isubtra _/ dﬁlf
0
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om?
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\ 2

D

fa

fl A

fa

_I_

1
Boo(m2,mi,m§:1)00—/o dy

9,
om?

Y
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UV divergent diagram: VZH vertex

cancel global divergence

UV finite, cancel local divergence ~
numerically integrate in C++
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Summary

» Two-loop Electroweak corrections must be included because of expected high precision at
future eTe ™ colliders

» Our evaluation method is based on Feynman parametrization and dispersion relation, a
few subtraction terms are introduced to deal with UV divergence

» With our method, amplitude is simplified to <3-fold numerical integral

dispersion relation
UV finite, numerical integral

1 1 O A
1= / dl‘/ dy / do F<$7 Y, 0-) — Faubtra  + Fsubtra
Jo 0o o0 —

UV div,analytical

Feynman Parametrization

» Numerical integration can be evaluated with typically 3-4 digits precision within minutes
on a single CPU core.
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Thank you!
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Unphysical divergence from lower bound

Integrating over gl gets the DO function.
Use Leibiniz’s rule to put the derivative inside the integral: AB is divergent at the lower bound, it can be
fixed by subtracting one term to make the integrand become 0 at the lower bound.

1 1—x 00
- :/ dx/ dy@i,Q/ da/dﬁABO(s,mﬂ,mg,)
0 0 (m/+m)?2

1
(g —mi,) (@1 +p1)* —m% ) (@ + p1+p2)® —m3, ) (s — (1 + K)?)

1 l—x o’}
T / d-’E/ arzn'Q / doABy(o, m,2a mgz)Do(p%,pg, klé? k/?’ s, t, m%ﬁ ’ m?”m%@’ o)
0 0 (m/+m )2

m

Leibiniz’s rule:

d b(z) B b(z) 5 db(x) da(x)
= St = / g @0+ S ) T — S al@)
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Unphysical divergence from lower bound

0o ABy(s,m%,m3) 1
82 ’o / dO‘ABo(O' m’ /2 ,m /)(D()( ) — @Do(...,Oo) + @Do(...,(f@)) ’ ’ ‘SZS(): 6
(m/+mgs)? o o S — 850
= 831,2 / doABy(o,m’ 2 m )(Do(...,0) — @DO(..., o)) — 0 atthe lower bound, so derivative van be put
(m’+mgs)? g inside the integral
+02,, / do ABy(co,m'” ,m; )22 Dy(...,00) - integrate over o gives By (0, m'2, mg,) (dispersion relation)
(m’+mq/)2 o

1 1—x (e%e)
2 2 2
Iplan :/ d:l?/ dyafn’2/( + )2 dUABO(Svm, 7m3’)D0(p%7P§7k/27k‘llasat’m%/’lamﬁlam%/gaa)

m’

1 1—x
/ d:p/ dy/ dod? ,2AB0(3 m2 m )(Do(...,0) — ?Do(m,(fo))
0 m '4+m /)2

_|_

1 l—2z
/ d:z:/ dyooDo(..., JO)BER,QBO(O, m', mg,)
0 0
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Tensor two-point functions

qn
42

/ T o —mPlg—aqr — k)P —m2]

w v
q- (12
d4
/ 212 =P — g — k)2 — m2)]

_ ,uvazB (~2 m/2 m2) ~u~uazB (zmzz mz)
_ g m'+00 q]_) ) q ql q]_ 11 ql) ) q’ ]
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Subtraction term: local divergence

S S

W W
div: (-2.808566*107-6 + 1.176922*10/7-6*1)/€ div: (2.808566*107-6 - 1.176922*107-6*1 )/e
finite: 2.871395*10A-5 - 1.562527*10"-5%*| finite: (-2.317469*10/-5 + 1.049388*10/-5*1)

-(1.288853*107-4 - 5.102569*10"-5*)*deltaAlpha

Sum of loop and CT is UV finite
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