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ØAnticipated high precision measurement for                            : (0.4%-1.1%)
ØTheoretical uncertainty up to NNLO(EW+QCD): 0.8%, greater than expected 

experimental one
ØNNLO(EW+EW) corrections must be included 

     

ØNNLO(EW+EW) corrections can involve 6 mass scales: 
Ø Special technique must be developed for complex multi-scale amplitude
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Examples of two loop Feynman diagrams 
with fermion loops

(a) (b) (c)

(d) (e) (f)

(h)(g) (i)

ØOur method is a semi-numerical method based on 
Feynman parameterization and dispersion relation. 

ØA few subtraction terms are introduced to deal with 
UV divergence.   

ØThe Feynman integrals are reduced to ≤3-fold 
numerical integral, which can be evaluated with 
typically 3-4 digits precision within minutes(6 digit, 
~seconds) on a single CPU core.

ØOur method has been cross-checked by calculating 
some simple diagrams

ØChoose two-loop double box diagram(UV finite) and 
two-loop VZH vertex diagram(UV div) to 
demonstrate our method



Ø For simplicity, numerator = 1
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UV finite diagram: Planar double-box diagram
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Ø use Feynman parametrization to simplify the denominators
     only involve q2
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UV finite diagram: Planar double-box diagram
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Ø use Feynman parametrization to simplify the denominators
     only involve q2
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UV finite diagram: Planar double-box diagram
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Ø use Feynman parametrization to simplify the denominators
     only involve q2

Ø integrate over q2: B0 function
Ø loop momentum q1 appears in B0 function, 
     how to integrate over q1? dispersion relation
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UV finite diagram: Planar double-box diagram
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UV finite diagram: dispersion relation
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UV finite diagram: dispersion relation
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<latexit sha1_base64="2NQ/qhRPJWfiEKzwp9UcJRrSYi8=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwY0mKr2XRjcsK9gFNLJPppB06MwkzE6GG4K+4caGIW//DnX/j9LHQ1gMXDufcy733hAmjSrvut7WwuLS8slpYK65vbG5t2zu7DRWnEpM6jlksWyFShFFB6ppqRlqJJIiHjDTDwfXIbz4QqWgs7vQwIQFHPUEjipE2Usfe9yOJcOblWXJfOfEV7XGUd+ySW3bHcOaJNyUlmKLWsb/8boxTToTGDCnV9txEBxmSmmJG8qKfKpIgPEA90jZUIE5UkI2vz50jo3SdKJamhHbG6u+JDHGlhjw0nRzpvpr1RuJ/XjvV0WWQUZGkmgg8WRSlzNGxM4rC6VJJsGZDQxCW1Nzq4D4ycWgTWNGE4M2+PE8albJ3Xj67PS1Vr6ZxFOAADuEYPLiAKtxADeqA4RGe4RXerCfrxXq3PiatC9Z0Zg/+wPr8AV8XlTA=</latexit>

1

p2 � �

independent on p!



10LoopFest XXI, Jun 26-28

UV finite diagram: Planar double-box diagram

6/28/23

<latexit sha1_base64="QEGnOUtsxs0jbuvHuN2tC9QMDfg=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaRttO6KblxWtA9oQ5lMJ+3QySTOTIQS+gluXCji1i9y5984fQgqeuDC4Zx7ufeeIOFMacf5sJaWV1bX1nMb+c2t7Z3dwt5+U8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB6HLqt+6pVCwWt3qcUD/CA8FCRrA20s1dr9QrFB3bLZcrJQ8Z4lZLlXNDPMf1nDJybWeGIixQ7xXeu/2YpBEVmnCsVMd1Eu1nWGpGOJ3ku6miCSYjPKAdQwWOqPKz2akTdGyUPgpjaUpoNFO/T2Q4UmocBaYzwnqofntT8S+vk+qw6mdMJKmmgswXhSlHOkbTv1GfSUo0HxuCiWTmVkSGWGKiTTp5E8LXp+h/0izZ7qntXVeKtYtFHDk4hCM4ARfOoAZXUIcGEBjAAzzBs8WtR+vFep23LlmLmQP4AevtE1hRjd0=</latexit> q 2

<latexit sha1_base64="PWsP1kAifZkfqly3l/EJQwiR4ik=">AAAB83icdVDLSsNAFJ34rPVVdelmsAiCEJK20borunFZwT6gCWEynbRDZyZxZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733RCmjSjvOh7W0vLK6tl7YKG5ube/slvb22yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlEo6up37knUtFE3OpxSgKOBoLGFCNtJP8urJyOQl/RAUdhqezYbrVaq3jQELdeqV0Y4jmu51ShazszlMECzbD07vcTnHEiNGZIqZ7rpDrIkdQUMzIp+pkiKcIjNCA9QwXiRAX57OYJPDZKH8aJNCU0nKnfJ3LElRrzyHRypIfqtzcV//J6mY7rQU5Fmmki8HxRnDGoEzgNAPapJFizsSEIS2puhXiIJMLaxFQ0IXx9Cv8n7YrtntneTa3cuFzEUQCH4AicABecgwa4Bk3QAhik4AE8gWcrsx6tF+t13rpkLWYOwA9Yb5/bQpGZ</latexit> q 2
+

k �

<latexit sha1_base64="8RhmYsDwjXbQ2+YpSFVOQEarqmY=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiRto3VXdOOygn1AG8pkOmmHTiZxZiKU0J9w40IRt/6OO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0H46uZ376nUrFY3OpJQv0IDwULGcHaSJ1xv6fYMML9Ysmx3UqlWvaQIW6tXL0wxHNcz6kg13bmKMESjX7xvTeISRpRoQnHSnVdJ9F+hqVmhNNpoZcqmmAyxkPaNVTgiCo/m987RSdGGaAwlqaERnP1+0SGI6UmUWA6I6xH6rc3E//yuqkOa37GRJJqKshiUZhypGM0ex4NmKRE84khmEhmbkVkhCUm2kRUMCF8fYr+J62y7Z7Z3k21VL9cxpGHIziGU3DhHOpwDQ1oAgEOD/AEz9ad9Wi9WK+L1py1nDmEH7DePgFzcZBE</latexit>

k�

<latexit sha1_base64="Io+MuF0q8XVE/6kTSl+un0kaMf8=">AAAB+nicdZDLSsNAFIYn9VbrLdWlm8EiuApJ2mhdCEU3LivYC7QxTKbTduhkEmYmSol9FDcuFHHrk7jzbZxeBBX9YeDjP+dwzvxhwqhUtv1h5JaWV1bX8uuFjc2t7R2zuNuUcSowaeCYxaIdIkkY5aShqGKknQiCopCRVji6mNZbt0RIGvNrNU6IH6EBp32KkdJWYBZHQVfSQYRu3LM5BGbJtpxyueJ6UINTdSunGjzb8ewydCx7phJYqB6Y791ejNOIcIUZkrLj2InyMyQUxYxMCt1UkgThERqQjkaOIiL9bHb6BB5qpwf7sdCPKzhzv09kKJJyHIW6M0JqKH/XpuZftU6q+lU/ozxJFeF4vqifMqhiOM0B9qggWLGxBoQF1bdCPEQCYaXTKugQvn4K/4emaznHlndVKdXOF3HkwT44AEfAASegBi5BHTQABnfgATyBZ+PeeDRejNd5a85YzOyBHzLePgFFOJQJ</latexit>

k2� = �

<latexit sha1_base64="ChN8wiMfeeO0sbw3M53XyEyYtOQ=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARBaEkbaN1V3TjsoJ9QBvCZDpph04ycWailNiFv+LGhSJu/Q13/o3Th6CiBy4czrmXe+/xY0alsqwPIzM3v7C4lF3OrayurW+Ym1sNyROBSR1zxkXLR5IwGpG6ooqRViwICn1Gmv7gfOw3b4iQlEdXahgTN0S9iAYUI6Ulz9zpcG0zEigkBL9Nrz37aHAw8sy8VbBLpXLRgZrYlWL5VBPHsh2rBO2CNUEezFDzzPdOl+MkJJHCDEnZtq1YuSkSimJGRrlOIkmM8AD1SFvTCIVEuunk/hHc10oXBlzoihScqN8nUhRKOQx93Rki1Ze/vbH4l9dOVFBxUxrFiSIRni4KEgYVh+MwYJcKghUbaoKwoPpWiPtIIKx0ZDkdwten8H/SKBbs44JzWc5Xz2ZxZMEu2AOHwAYnoAouQA3UAQZ34AE8gWfj3ng0XozXaWvGmM1sgx8w3j4BgAOWbg==</latexit>  �
��
�

q 1
+

k
0

<latexit sha1_base64="Mpz3hOkPTIDGav9PlnuYU4s0kLM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1u8hjZnrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKoldEmSzayfuiVX6bqS0LYnuTP09kZHYmHEc2s6Y4NAselPxP6+TYnQdZFwmKTJJ54uiVLio3Onrbp9rRlGMLSFUc3urS4dEE4o2oJINwV98eZk0z6r+ZfXi/rxSu8njKMIRHMMp+HAFNbiDOjSAwiM8wyu8Ocp5cd6dj3lrwclnDuEPnM8fuWuPPg==</latexit>⇥<latexit sha1_base64="iL8DgY2ci0ZpTBk1K+17KQX0eZQ=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYns8mQ2Z1lplcJSz7DiwdFvPo13vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoduq3Hrk2QsUPOE64H9FBLELBKFqp09ViMESqtXrqlStu1Z2BLBMvJxXIUe+Vv7p9xdKIx8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y2lMI278bHbyhJxYpU9CpW3FSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TcZIij9l8UZhKgopM/yd9oTlDObaEMi3srYQNqaYMbUolG4K3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMFz/AKbw46L8678zFvLTj5zCH8gfP5A8X7kZc=</latexit>!

<latexit sha1_base64="iL8DgY2ci0ZpTBk1K+17KQX0eZQ=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYns8mQ2Z1lplcJSz7DiwdFvPo13vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoduq3Hrk2QsUPOE64H9FBLELBKFqp09ViMESqtXrqlStu1Z2BLBMvJxXIUe+Vv7p9xdKIx8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y2lMI278bHbyhJxYpU9CpW3FSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TcZIij9l8UZhKgopM/yd9oTlDObaEMi3srYQNqaYMbUolG4K3+PIyaZ5Vvcvqxf15pXaTx1GEIziGU/DgCmpwB3VoAAMFz/AKbw46L8678zFvLTj5zCH8gfP5A8X7kZc=</latexit>!
<latexit sha1_base64="i2iuJsponG/VSDMo0g+EORY0+No="></latexit>Z 1

0
dx

Z 1�x

0
dy@2

m02

Z 1

(mq0+m0)2
d� D0(k

2
i ;m

2
V1
,m2

f 0 ,m2
V2
,�)⇥�B0(�,m

2
q0 ,m

02)
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UV finite diagram: Planar double-box diagram

<latexit sha1_base64="acMtuUMpfSzSG/vu+abHMP3HfC0="></latexit>

numerator = {q22 , q2 · q1, q2 · p1...} 6= 1

integrand is much more complicated

6/28/23



<latexit sha1_base64="tTLxBagI++u2UeBo94cfgBqNZF4="></latexit>

Iplan =

Z 1

0
dx

Z 1�x

0
dy@2

m02

Z 1

(m0+mq0 )
2

d�[b0�B0 + b1�B1 + b00�B00 + · · · ]

⇥ [c0A0 + c1B0 + c2C0 + · · · ]

12LoopFest XXI, Jun 26-28

UV finite diagram: Planar double-box diagram

6/28/23

<latexit sha1_base64="Cvhrji3T+INTSdG3vd5a/up0Cx8="></latexit>

qµ2 · · · q⌫2
[q22 �m02][(q2 + p)2 �m2

q0 ]
! {B0, p

µB1, g
µ⌫B00, p

µp⌫B11, · · · }

analytical formulas are known



13LoopFest XXI, Jun 26-28

UV finite diagram: Planar double-box diagram

6/28/23

<latexit sha1_base64="jyncJfSWEMwDRlJ6zGEP0DnN24M="></latexit>

qµ1 · · · q⌫1
[q21 �m2

V1
] · · · [(q1 + p)2 � �]

! {A0, B0, C0 · · · }

implement LoopTools

<latexit sha1_base64="tTLxBagI++u2UeBo94cfgBqNZF4="></latexit>

Iplan =

Z 1

0
dx

Z 1�x

0
dy@2

m02

Z 1

(m0+mq0 )
2

d�[b0�B0 + b1�B1 + b00�B00 + · · · ]

⇥ [c0A0 + c1B0 + c2C0 + · · · ]
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UV finite diagram: Planar double-box diagram

6/28/23

numerically integrated in C++ integrand must be UV finite!

<latexit sha1_base64="tTLxBagI++u2UeBo94cfgBqNZF4="></latexit>

Iplan =

Z 1

0
dx

Z 1�x

0
dy@2

m02

Z 1

(m0+mq0 )
2

d�[b0�B0 + b1�B1 + b00�B00 + · · · ]

⇥ [c0A0 + c1B0 + c2C0 + · · · ]

integrand are obtained with private code



<latexit sha1_base64="qbS7NgZyfBhSFyTYOEPXT+Igeqo="></latexit>

|M0M
⇤
2 | ⇠

Z
dx

Z
dy

Z
d� ⇥ [integrand]| {z }

UV div

=

Z
dx

Z
dy

Z
d� ⇥ [integrand� Isubtra]| {z }

UV finite, integrate numerically

+

Z
dx

Z
dy

Z
d� ⇥ [Isubtra]| {z }

UV div, integrate analytically

15

Ø Subtraction terms to deal with UV divergence: 

LoopFest XXI, Jun 26-28

UV divergent diagram

q subtract few simple terms(             ) to make it UV finite 
q              must be simple enough to be integrated analytically 
q add              back analytically

<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra

6/28/23
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Ø Subtraction terms to deal with UV divergence: 

Ø 3 types subtraction terms          1 global divergence(highest order divergence)
                                                          + 2 local divergences(divergence from subloops) 
Ø Use two-loop VZH vertex diagram as an example

LoopFest XXI, Jun 26-28

UV divergent diagram

q subtract few simple terms(             ) to make it UV finite 
q              must be simple enough to be integrated analytically 
q add              back analytically

<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="fJl7GP+E5Kxw/jkEqSw1a1lqiWI="></latexit>

Isubtra
<latexit sha1_base64="xsvAYSN7mcNLpC9FEpuMp7WmvgU="></latexit>$

6/28/23

qcontains 1 global and 2 local divergences
q3 types subtraction terms are needed

<latexit sha1_base64="NAN6G/oLezyfYoTShU1H2Oz4yV4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV8NMnbZ2V3XjsoJ9QFtLJs20oZlkSDJCGQr+ihsXirj1O9z5N6YPQUUPXDiccy/33hPEjCrtuh9WZml5ZXUtu57b2Nza3rF39xpKJBKTOhZMyFaAFGGUk7qmmpFWLAmKAkaawehy6jfviFRU8Bs9jkk3QgNOQ4qRNlLPPoCdUCKcnk/SDokVZYLfFiY9O+865aJfdkvQdU5LJd+tGOKVK75XgJ7jzpAHC9R69nunL3ASEa4xQ0q1PTfW3RRJTTEjk1wnUSRGeIQGpG0oRxFR3XR2/gQeG6UPQyFNcQ1n6veJFEVKjaPAdEZID9Vvbyr+5bUTHZ51U8rjRBOO54vChEEt4DQL2KeSYM3GhiAsqbkV4iEycWiTWM6E8PUp/J80Co5XcorXfr56sYgjCw7BETgBHiiDKrgCNVAHGKTgATyBZ+veerRerNd5a8ZazOyDH7DePgG8X5YH</latexit>

A

✏2

<latexit sha1_base64="ZF9XuUB4eOkQi/qFbYWtIriLy78=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBFchaSmtt2VunFZwT6gCWUynbRDJ5MwMxFCqL/ixoUibv0Qd/6N04egogcuHM65l3vvCRJGpbLtD2NtfWNza7uwU9zd2z84NI+OuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILpldzv3dHhKQxv1VZQvwIjTkNKUZKS0OzBL1QIJy3ZrlHEklZzGdDs2xbFbfqNBrQttzqhVuva1KzKzWnAR3LXqAMVmgPzXdvFOM0IlxhhqQcOHai/BwJRTEjs6KXSpIgPEVjMtCUo4hIP18cP4NnWhnBMBa6uIIL9ftEjiIpsyjQnRFSE/nbm4t/eYNUhXU/pzxJFeF4uShMGVQxnCcBR1QQrFimCcKC6lshniAdhtJ5FXUIX5/C/0m3YjmXVvXGLTdbqzgK4AScgnPggBpogmvQBh2AQQYewBN4Nu6NR+PFeF22rhmrmRL4AePtE5P6lWs=</latexit>

B

✏
<latexit sha1_base64="xzqznnSKdovJte9nYbVwUczETiE=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYE21zqGSb61Zpf92dAyyQoSA0KNPvVr95AkVRQaQnHxnQDP7FhhrVlhNNppZcammAyxkPadVRiQU2YzW6dohOnDFCstCtp0Uz9PZFhYcxERK5TYDsyi14u/ud1UxtfhxmTSWqpJPNFccqRVSh/HA2YpsTyiSOYaOZuRWSENSbWxVNxIQSLLy+Tx7N6cFm/uD+vNW6KOMpwBMdwCgFcQQPuoAktIDCCZ3iFN094L9679zFvLXnFzCH8gff5AyLvjlE=</latexit>⇠ <latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

most complicated UV divergence 
structure at two-loop

<latexit sha1_base64="xsvAYSN7mcNLpC9FEpuMp7WmvgU="></latexit>$
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UV divergent diagram: VZH vertex

UV finite, 
numerically integrate in C++

UV divergent, 
analytically integrate
 → all divergences cancel after 
combine counter-term diagrams

6/28/23
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UV divergent diagram: VZH vertex

Ø vacuum diagram is used to cancel the global divergence
Ø vacuum diagram has same intermediate particles, external momenta set to 0 
Ø Add vacuum diagram back analytically 

6/28/23

q tensor decomposition: reduce tensor integral to scalar integral 
q reduce scalar integral to master one using FIRE
q master integral can be evaluated analytically with TVID JHEP 01 (2020) 024

Comput.Phys.Commun. 247 (2020) 106877
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UV divergent diagram: VZH vertex

Ø Subtract two “diagrams” to cancel divergence from fermionic loop(loop momenta q1)
Ø “diagrams” = mathematical formulas at UV divergence limit, set all momenta in q1 

propagators to 0

6/28/23
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UV divergent diagram: VZH vertex

<latexit sha1_base64="ooLL6xl403VyYMkBbjoO5J47DNI="></latexit>

I =

Z Z
q41

(q22 �m2
V2
)((q2 + p)2 �m2

V1
)((q2 + q1)2 �m2

f1
)(q21 �m2

f2
)((q1 � ph)2 �m2

f2
)((q1 � p)2 �m2

f2
)

lim
q1!1

I =

Z Z
1

(q22 �m2
V2
)((q2 � p)2 �m2

V1
)

q41
(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f1
)

6/28/23

Example: 
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UV divergent diagram: VZH vertex

6/28/23

Example: 
<latexit sha1_base64="ooLL6xl403VyYMkBbjoO5J47DNI="></latexit>

I =

Z Z
q41

(q22 �m2
V2
)((q2 + p)2 �m2

V1
)((q2 + q1)2 �m2

f1
)(q21 �m2

f2
)((q1 � ph)2 �m2

f2
)((q1 � p)2 �m2

f2
)

lim
q1!1

I =

Z Z
1

(q22 �m2
V2
)((q2 � p)2 �m2

V1
)

q41
(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f2
)(q21 �m2

f1
)

<latexit sha1_base64="QLIwRwUKV1EEh5a9QXlEE8T03lg=">AAACCnicbVC5TsNAEF2HK4TLQEljiJCoIhtxlRE00AWJHFJsrPVmnayyPtgdIyLLNQ2/QkMBQrR8AR1/wzpxAQlPGunpvRnNzPNiziSY5rdWmptfWFwqL1dWVtfWN/TNrZaMEkFok0Q8Eh0PS8pZSJvAgNNOLCgOPE7b3vAi99v3VEgWhTcwiqkT4H7IfEYwKMnVd+0Aw4Bgnl5lt+mda2VuagN9gFQmHgicZa5eNWvmGMYssQpSRQUarv5l9yKSBDQEwrGUXcuMwUmxAEY4zSp2ImmMyRD3aVfREAdUOun4lczYV0rP8COhKgRjrP6eSHEg5SjwVGd+uJz2cvE/r5uAf+akLIwToCGZLPITbkBk5LkYPSYoAT5SBBPB1K0GGWCBCaj0KioEa/rlWdI6rFkntePro2r9vIijjHbQHjpAFjpFdXSJGqiJCHpEz+gVvWlP2ov2rn1MWktaMbON/kD7/AEUbpvO</latexit>

Iq1
subtra

<latexit sha1_base64="v/BYTa5vOnHIY2ViImF1GF5h7/E="></latexit>

[B0(p
2,m2

V2
,m2

V1
)�B0(0,m

2
V2
,m2

V1
)]⇥ [c1A0(m

2
f1) + c2A0(m

2
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UV divergent diagram: VZH vertex

Ø Subtract two “diagrams” to cancel divergence from bosonic loop(loop momenta q2)
Ø “diagrams” = mathematical formulas at UV divergence limit, set all momenta in q2 

propagators to 0

6/28/23
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UV divergent diagram: VZH vertex

<latexit sha1_base64="HGal3PaJBqHhyUVdI01nJFaZuiY="></latexit>

I =

Z Z
q22

(q22 �m2
V2
)((q2 + p)2 �m2

V1
)((q2 + q1)2 �m2

f1
)(q21 �m2

f2
)((q1 � ph)2 �m2

f2
)((q1 � p)2 �m2

f2
)

lim
q2!1

I =

Z Z
q22

(q22 �m2
V2
)(q22 �m2

V1
)(q22 �m2

f2
)

1

(q21 �m2
f2
)((q1 � ph)2 �m2

f2
)((q1 � p)2 �m2

f2
)

6/28/23

<latexit sha1_base64="Je0jMfhTEPR7mvxbgw+OtedSYqE=">AAACCnicbVC5TsNAEF1zhnAZKGkMERJVZEdcZQQNdEEihxQba71ZJ6usD3bHiMhyTcOv0FCAEC1fQMffsE5cQMKTRnp6b0Yz87yYMwmm+a3NzS8sLi2XVsqra+sbm/rWdktGiSC0SSIeiY6HJeUspE1gwGknFhQHHqdtb3iR++17KiSLwhsYxdQJcD9kPiMYlOTqe3aAYUAwT68yN7WBPkAqEw8EzrLb9M6tZa5eMavmGMYssQpSQQUarv5l9yKSBDQEwrGUXcuMwUmxAEY4zcp2ImmMyRD3aVfREAdUOun4lcw4UErP8COhKgRjrP6eSHEg5SjwVGd+uJz2cvE/r5uAf+akLIwToCGZLPITbkBk5LkYPSYoAT5SBBPB1K0GGWCBCaj0yioEa/rlWdKqVa2T6vH1UaV+XsRRQrtoHx0iC52iOrpEDdREBD2iZ/SK3rQn7UV71z4mrXNaMbOD/kD7/AEaiZvP</latexit>

Iq2
subtra

<latexit sha1_base64="E+7xxHxGw/IHKbHCZikJQG70K+U=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzEOSdZmdzCZDZmaXmVkhLPkKLx4U8ernePNvnCR70MSChqKqm+6uMOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4upn67SeqNIvlvRkn1Bd4IFnECDZWehBBFgXe5LEWlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRlZ8xmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpFWrehfV87uzSv06j6MIR3AMp+DBJdThFhrQBAICnuEV3hzlvDjvzse8teDkM4fwB87nD2W7kCg=</latexit>

m2
f1



24LoopFest XXI, Jun 26-28

UV divergent diagram: VZH vertex

6/28/23
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UV divergent diagram: VZH vertex

cancel local divergence

6/28/23
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cancel global divergence

UV finite, 
numerically integrate in C++
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Ø Two-loop Electroweak corrections must be included because of expected high precision at 
future 𝑒!𝑒" colliders

Ø Our evaluation method is based on Feynman parametrization and dispersion relation, a 
few subtraction terms are introduced to deal with UV divergence

Ø With our method, amplitude is simplified to ≤3-fold numerical integral

Ø Numerical integration can be evaluated with typically 3-4 digits precision within minutes 
on a single CPU core.

LoopFest XXI, Jun 26-28

Summary

6/28/23
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Thank you!
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Integrating over q1 gets the D0 function.
Use Leibiniz’s rule to put the derivative inside the integral: ∆𝐵! is divergent at the lower bound, it can be 
fixed by subtracting one term to make the integrand become 0  at the lower bound.
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Unphysical divergence from lower bound

6/28/23



→ 0	at the lower bound, so derivative van be put 
inside the integral 

→ integrate over 𝜎 gives 𝐵!(0,𝑚"#, 𝑚$"
# ) (dispersion relation)
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LoopFest XXI, Jun 26-28

Unphysical divergence from lower bound
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Tensor two-point functions

6/28/23
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W

W

Z
W

W

Z

div: (-2.808566*10^-6 + 1.176922*10^-6*I)/𝜖
finite: 2.871395*10^-5 - 1.562527*10^-5*I

div: (2.808566*10^-6 - 1.176922*10^-6*I )/𝜖
finite: (-2.317469*10^-5 + 1.049388*10^-5*I) 

-(1.288853*10^-4 - 5.102569*10^-5*)*deltaAlpha

Sum of loop and CT is UV finite

LoopFest XXI, Jun 26-28

Subtraction term: local divergence

6/28/23


