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Who cares about beta decays”

PART 1

Why this Is an interesting theory problem.
MOTIVATION

Requirements and challenges for theory.

PART 2 Hierarchy of scales + heavy particle EF1.

EFT SETUP

Gauge invariant subclasses & bkg field model.

All orders/exact resummation of leading Za series.

PART 3 )

Control over "w~-enhanced" contributions to amplitude.

RESULTS

New master integrals & computation of anomalous dim.



Beta Decays & Partcle Physics

» Most precise extraction of V, ; comes from super

allowed beta decays.
- 6V 4~ 107"

® Unresolved problem/anomaly
with first row CKM unitarity.

@ Important input to SMEFT fits.




CKM Unitarity
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® Percent-level accuracy in Kaon decay demands
100 ppm accuracy in 07 — 0™ beta decays



CKM Unitarity
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A Mulascale Pr()blem

A

d*L

(2m)?

B

LOOpSs run over

many sca

eS

Naturally suited

to EFT methods.

W-mass

QCD-scale

Fermi-motion

Nuclear Radius

Lepton Energy

80 GeV

1 GeV

200 MeV

50 MeV

5 MeV

/Q



Eflectve Feld Theory

Separate scales in loops. W-mass 30 GeV } 9-98
Fermi-motion 200 MeV
Nuclear Radius 50 MeV
Lepton Energy S MeV 140
|dL] + |dL]
short long



Factorizanon Of Amphude

o 07 — 07 decays fixed by symmetry
with isospin + CVC (up to QED corr.)

® Short-distances calculable with pQCD
and nucleon-level EF1.

SHORT DISTANCE
WILSON COEFF.

M = C(u) M (U, pr, Ry, ps 1)

LONG DISTANCE
MATRIX ELEMENT



Further Factorization At Low Energies

t%(IualjFa RAapa /l)

o O(a) structure dependent u ~ py
® O(Za) structure dependent o~ 1/R,
-ff O(Zoc) universal/Coulomb ,u p

sTHIS TALK

® O(Za) \R/atomlc eﬁeots U~ /1



Leading Power Structure Of Amphitude
%(//l’pﬂ RAnpa /1)
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THIS TALK

CRIGLIAGNO ET. AL.
STRUCTURE
DEPENDENCE

UNIVERSAL

' SOFT FUNCTION
SENG ET. AL.

TRIUMF GROUP (AB INITIO)

@ Improved theory input is active!


https://arxiv.org/abs/2306.03138
https://arxiv.org/abs/1812.03352
https://www.int.washington.edu/sites/default/files/schedule_session_files/Gennari_M2.pdf
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.B516
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.B516

Coherent Enhancements

@ At long wavelengths the nucleus can
couple coherently to photons.

@ Radiative corrections are enhanced by the
the charge of the nucleus.

@ [hese corrections arise from long
distance regions (low energy EFT).

a— /Za for L < 1/R




7° Fnhancements

In non-relativistic theory Coulomb effects can
be captured using Schrodinger wavefunction.

2 Zo n* Z*a*
FRZE) = O =1 + 2= + 222
% 3 v

_I_

Violates naive counting in a/m by systematic factors of .
Comes from IR logs & reduced dimensionality.

How do we systematically account for large % terms?



Working To High Order

log(2p/m,) ~ 1og(2pR) ~ 5

/Z ~ 10
DEFINE POWER COUNTING

o Let us aim for O(a>%) precision

e Conservative: ignores (1/x)".

4
¥

SV 4~ 107*

® 2-loops
a’L , (Za)a
® 3-loops
a’L’ , (Za)*aL , (Za)a’L? , (Za)’
® 4-loops

(Za)’al? , (Za)*L

® S5-loops
(Za)> L?

® 0O-loops
(Za)® L



Working To High Order

Z ~ 10 log(2p/m,) ~ log(2pR) ~ 5

DEFINE POWER COUNTING ® 2-loops

a’L , (Za)a

® 3-loops

a’L’ , (Za)*aL , (Za)a’L? , (Za)’
® 4-loops

QED WITH QCD LIKE : R ,
DEMANDS OF (Za)’al” , (Za)'L
PERTURBATION THEORY § -

® S5-loops ® 0O-loops
(Za)® L? (Za)® L° ik



SLOW CONVERGENCE MIXED DIM'S

SEPARATE POWER COUNTING IN a vs Za

ALL ORDERS IN Za . 72 ENHANCED

ING POWER  '=======se;====. THEORETICAL
SUB-EEAD CHALLENGES

INTERFACING WITH NUCLEAR THEORY

ALL-ORDERS STRUCTURE OF AMPLITUDE FACTORIZATION



Eflecave Theory For Outer Corrections

16



Defimiion Of The Eflective Theory
/ N

L =hi(iv-0—2Zyv-Ahy + hli(iv-0—Zg-A)hy
1 .
_ZF AT+ w (y, DF +m)y,

@ext — = \ﬁGF hghA l/_/ev/,tyﬂl//e

| argest QED corrections arise from the long-distance dynamics



Example Diagram At 3 Loops




Strategy For Amphtude

M= C(p) Mepr(p, ) S, 4)

Wilson Coefficient Soft function

Single scale matrix element



Strategy For Amphitude

U ~ 2p — minimize logs
C(u)
Meer(p, 1) S, A)
C(ug)

M = C(pg) X

Input from UV matching All orders in PT

Re-sum logs with RG

7/@ Anomalous dimension



Gauge Invariant Subclasses

21



Mapping To Background Feld

Can use new eikonal identities to identify gauge invariant
sub-classes of diagrams. Class-| & Class-||

ke C hj;iv - Ohy + h;(iv -d—ev-Ahg+ eyyd(x)e

Class-| reproduces Sfbkg order-by-order (.. gauge 1nv .)

Class-|l vanishes diagram-by-diagram in Coulomlb gauge.
(.. vanishes 1n all gauges)



Resummaton Of Leading-

23



Fermm Function

ATTRACTED TO NUCLEUS

o Largest effects are a series in Za

@ Historically done with finite-distance regulator

1 L
<€_|l/7(X)|O>N(—) 1/=\/1—Z2(x2—1

| X|
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, ® Regulator dependent. Is this even physical?

® @ No clear way to intertace with UV except compute full

H' answer and then divide. Convention dependent etc.
e ]

1 L
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Direct Computation At 2-Loops

Zo | . 2p  im i /m | Za\* (-2 1 o im\°
) =14 1 —(— 0—1) — 1
M s, par) B _Z(Ogus 2)+2 E’ _+(5> {12 Q(Ogus 2)

1 2p  im\ (m o 5 1 2p  im\ | o q
2(log )(E’y 1)+_4 2(log )_B}—I—O(a),

Complicated interplay of IR & UV logs, non-trivial Dirac structure etc.

No obvious pattern. Resummation unlikely by brute force.



Wavefunctions And Feynman Diagrams

Wavefunctions admit a loop-expansion (Lippmann-Schwinger Eq).

1 1
Vig,) + H—V—V\ ¢,) + ...
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Factornzauon Of Dirac Wavelunction

Wavetunctions satisifies same factorization theorem as amplitude

M= M S(ﬂs)% H(//tSa ﬂH)% UV(//tHa N)

VY(x) = M (pg) M (1, ﬂH)% x(Upp X)



Short Distance Matrix Element
'%N X (//t H? X)

FIiNite distance acts as regulator.

Compute at threshold (p = 0)

teratively one-loop at all orders in P1. Re-sum!



Factorizauton Of Dirac Wavelunction

CLOSED FORM INTEGRALS AT

ARBITRARILY HIGH ORDER
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Factorizaton Of Dirac Wavelunction
SUMMED TO ALL ORDERS
ppe =21 () e (L) g (¥55).

'%NX(IMHa X)

1

artepe 2 (0) (10 1) g, (B4)




Factorizaton Of Dirac Wavelunction
SUMMED TO ALL ORDERS
ppe =21 () e (L) g (¥55).

'%NX(IMHa X)

1

artepe 2 (0) (10 1) g, (B4)




Factorizaton Of Dirac Wavelunction
AT ALL-ORDERS IN Za

n— 11+"7[ Zo z'”y()’y-x]

'%NX(IMHa X)

R — YE
MUV(“’) (u"re ) 1+ n |X|

n=+/1-(Za)?

2,/




Extracton Of Hard Matrix Element

Y(x) =4 S(ﬂs)% H(ﬂsa ﬂH)% (g X)



All-Orders Hard Matrix Element
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Coulomb Enhancement .
ATTRACTED TO NUCLEUS [ e
ATTRACTED TO NUCLEUS _—
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Large 7 Factors & IR Logs



Origin Of 7 Factors
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Origin Of 7 Factors

Mepr(p,p) S(u, A) = Mger(p, —p) S(—p, 1)

UV logs of soft function match IR logs of EFT matrix element.

Soft function exponentiates. Known to all orders!

S(— u, /1) — eﬂZa/ﬁei¢C



Example With Neutron Decay

n—-pe U, N~ - Ple 1,

Relate amplitudes with charged particles in initial/final state.

Example at one loop.

Re #V =27.8 Re #V = —0.15
u* = 4p; u* = —4p;



Anomalous Dmension



Anomalous Dimension

SOLVE DIRAC EQ’N

- dC(u)

/C = a1
og U (Z,Z-Q,0) (Z+Q,Z,— Q)

Yo = a(z},(l,l) n },(1,0)) L2 (Zz},(z,z) + 72D 4 y(z,o))

+ o’ (ZBy(3’3) + 727y + 7y ¢ )/(3’0)) + ...

Z=0 REDUCES TO HEAVY-LIGHT CURRENT IN HQET



TAKE FROM HQET LIT. | SOLVE DIRAC EQ’N tSYMMETRY

CZO al (12 3

a
1 2

0 y (1.0 g ( ,OV y(3.0)

_ 0 },(2,1) : SV FRONTIER

M NEW RESULTS



New Master Integrals

17) = J[d“q] [d°L,][d°L,]

() ) 5) ) ) &) ) )

Mixed dimensionality
D, = L% D = o + Q* (3-d Coulomb photons)

(4-d dynamical photons)
D,=1; Dy = (L, — Ly)* + 4°
Reference vector breaks

D, = w2 + (L, + Q)? D, = L% 1+ )2 _orentz invariance.

IBP relations, convolution

_ 2 2 _ 2 2, 12
Dy= o+ (L, + Q) Dy = 0+ Q" + 4 theorem, & brute force.




ummary/ Status Report



Status Of Ingredients For Amphitude

U ~ 2p — minimize logs

Mgpr(p, 1) S, 4)
1. 1-loop / 1. 1-loop / All orders in PT‘/

3. 3-loops / 3. 3-loop (Za)’ J
3. Nucleus /*
4. 4-loops 4. 4-loop (Za)4/

2. Nucleon



https://arxiv.org/abs/1812.03352
https://www.int.washington.edu/sites/default/files/schedule_session_files/Gennari_M2.pdf

Working To High Order

Z ~ 10 log(2p/m,) ~ log(2pR) ~ 5

oV 4

SIRLIN & ZUCHINI IN DIFF. SCHEME

ONGOING WITH P. VANDER GRIEND

a’L’ , (Za)*aL , (Za)a’L? , (Za)’
4-l00pS

/ (Za)’al? , (Za)*L

Conservatlve ignores (1/x)". ® 5-loops ® 6-loops

(Zay> L2 a3 =

o Let us aim for O(a>%) precision



https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.57.1994

Necessary Inputs For Beta Decay

Beta decay important \/ W-mass 80 GeV } 4.9, 8
for CKM & SMEFT. J QCD-scale 1 GeV
LOW cnergy theOry /~ Fermi-motion 200 MeV} N

demands multi-loops.

} Nuclear Radius 50 MeV
/Lepton Energy S5 MeV 140

7%, Z. L enhancements

Point-like theory under
control to O(a”'?).
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