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3  Loop  Anomalous  Dimension &   The   E F T    
For  Q E D   Corrections   To   Beta Decay
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PA RT  2

PA RT  3

PA RT  1

M O T I VAT I O N

• Who cares about beta decays?  

• Why this is an interesting theory problem.  

• Requirements and challenges for theory.

• Hierarchy of scales + heavy particle EFT.  

• Gauge invariant subclasses & bkg field model. 

• All orders/exact resummation of leading  series. 

• Control over " -enhanced" contributions to amplitude.  

• New master integrals & computation of anomalous dim. 

Zα

π2

E F T  S E T U P

R E S U LT S



Beta  Decays   &   Particle  Physics
๏ Most precise extraction of   comes from super 

allowed beta decays.  
Vud

δVud ∼ 10−4

๏ Unresolved problem/anomaly 
with first row CKM unitarity. 

๏ Important input to SMEFT fits.  
3



C K M    Unitarity 

4

|Vud |2 + |Vuc |2 + |Vub |2 = 1

F I R S T  R O W  U N I TA R I T Y

1 − λ2
ud + λ2

uc + O(λ6) = 1

I N  W O L F E N S T E I N  N O TAT I O N

๏ Percent-level accuracy in Kaon decay demands 
100 ppm accuracy in  beta decays 0+ → 0+

|Vud |2

|Vuc |2



C K M    Unitarity 

|Vud |2 + |Vuc |2 + |Vub |2 = 1

F I R S T  R O W  U N I TA R I T Y

1 − λ2
ud + λ2

uc + O(λ6) = 1

I N  W O L F E N S T E I N  N O TAT I O N

๏ Percent-level accuracy in Kaon decay demands 
100 ppm accuracy in  beta decays 0+ → 0+

|Vud |2

|Vuc |2

2-3    Tensionσ
๏ C.-Y. Seng, M. Gorchtein, H. H. Patel, and M. J. 

Ramsey-Musolf (2018)  

๏ A. Czarnecki, W. J. Marciano, and A. Sirlin (2019) 
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W-mass

Lepton Energy

50 MeV

1 GeV

80 GeV

Nuclear Radius

∫
d4L

(2π)4
๏ Loops run over 

many scales }
}

Zα

α

A  Multiscale  Problem
QCD-scale

Fermi-motion 200 MeV

5   MeV

๏ Naturally suited 
to EFT methods. 

A

B

e
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Effective  Field  Theory  

∫short
[dL] + ∫long

[dL]

๏ Separate scales in loops.  

๏ EFTs  Regions.   ↔

W-mass

Lepton Energy

50 MeV

1 GeV

80 GeV

Nuclear Radius

}
}

14O

N
QCD-scale

Fermi-motion 200 MeV

5   MeV

} q, q̄, g
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Factorization   Of    Amplitude 

50 MeV

1 GeV

80 GeV

}
}

14O

N200 MeV

5   MeV

} q, q̄, g๏  decays fixed by symmetry  
with isospin + CVC (up to QED corr.) 

๏ Short-distances calculable with pQCD  
and nucleon-level EFT. 

0+ → 0+

ℳ = C(μ)ℳ(μ, pF, RA, p, λ)
L O N G  D I S TA N C E  

M AT R I X  E L E M E N T

S H O RT  D I S TA N C E  
W I L S O N  C O E F F.
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50 MeV

1 GeV

80 GeV

}
}

14O

N200 MeV

5   MeV

} q, q̄, gℳ(μ, pF, RA, p, λ)

๏  structure dependent O(α) μ ∼ pF

๏  structure dependent O(Zα) μ ∼ 1/RA

๏  universal/Coulomb O(Zα) μ ∼ p

๏  IR/atomic effects O(Zα) μ ∼ λ

Further    Factorization  At   Low   Energies

T H I S  TA L K  
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50 MeV

1 GeV

80 GeV

}
}

14O

N200 MeV

5   MeV

} q, q̄, gℳ(μ, pF, RA, p, λ)

C(μ1)ℳ1(μ1, μ2pF)ℳ2(μ2, μ3, RA)ℳ3(μ3, μ4, p)ℳ4(μ4, λ)

Leading   Power   Structure   Of   Amplitude

1 0

C R I G L I A G N O  E T.  A L .

S E N G  E T.  A L .   
T R I U M F  G R O U P  ( A B  I N I T I O )

S T R U C T U R E  
D E P E N D E N C E  

T H I S  TA L K  

U N I V E R S A L   
S O F T  F U N C T I O N

๏ Improved theory input is active!

https://arxiv.org/abs/2306.03138
https://arxiv.org/abs/1812.03352
https://www.int.washington.edu/sites/default/files/schedule_session_files/Gennari_M2.pdf
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.B516
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.B516


λ ≳ Rα → Zα for L ≪ 1/R
L O O P  M O M E N T U M .

๏ At long wavelengths the nucleus can 
couple coherently to photons.  

๏ Radiative corrections are enhanced by the 
the charge of the nucleus. 

๏ These corrections arise from long 
distance regions (low energy EFT). 

Coherent   Enhancements   

1 1



   Enhancementsπ2

1 2

๏ In non-relativistic theory Coulomb effects can 
be captured using Schrodinger wavefunction.

FNR(Z, E) = |ψ(0) |2 = 1 + π
Zα
v

+
π2

3
Z2α2

v2
+ …

๏ Violates naive counting in   by systematic factors of . 
Comes from IR logs & reduced dimensionality.  

๏ How do we systematically account for large  terms? 

α/π π2

π2



Working  To High  Order

1 3

Z ∼ 10 log(2p/me) ∼ log(2pR) ∼ 5

Z ∼ 𝖫 ∼ 1/ α

๏ Let us aim for  precision O(α3/2)

๏ Conservative: ignores . (1/π)n

D E F I N E  P O W E R  C O U N T I N G δVud ∼ 10−4
๏ 2-loops 
α2𝖫 , (Zα)α

๏ 3-loops 
α3𝖫3 , (Zα)2α𝖫 , (Zα)α2𝖫2 , (Zα)3

๏ 4-loops 
(Zα)3α𝖫2 , (Zα)4𝖫

๏ 5-loops 
(Zα)5 𝖫2

๏ 6-loops 
(Zα)6 𝖫3



Working  To High  Order

1 4

Z ∼ 10 log(2p/me) ∼ log(2pR) ∼ 5

Z ∼ 𝖫 ∼ 1/ α

๏ Let us aim for  precision O(α3/2)

๏ Conservative: ignores . (1/π)n

D E F I N E  P O W E R  C O U N T I N G δVud ∼ 10−4
๏ 2-loops 
α2𝖫 , (Zα)α

๏ 3-loops 
α3𝖫3 , (Zα)2α𝖫 , (Zα)α2𝖫2 , (Zα)3

๏ 4-loops 
(Zα)3α𝖫2 , (Zα)4𝖫

๏ 5-loops 
(Zα)5 𝖫2

๏ 6-loops 
(Zα)6 𝖫3

Q E D  W I T H  Q C D  L I K E  
D E M A N D S  O F  

P E RT U R B AT I O N  T H E O RY



T H E O R E T I C A L   
C H A L L E N G E S

S E PA R AT E  P O W E R  C O U N T I N G  I N  α vs Zα

C O H E R E N C E  E F F E C T S S L O W  C O N V E R G E N C E

A L L - O R D E R S  S T R U C T U R E  O F  A M P L I T U D E  FA C T O R I Z AT I O N

" L A R G E "  L O G S  &  R G

S U B - L E A D I N G  P O W E R

I N T E R FA C I N G  W I T H  N U C L E A R  T H E O RY  

 E N H A N C E Dπ2

3 - D  C O U L O M B  M O D E S

1 5

M I X E D  D I M ' S

A L L  O R D E R S  I N  Zα
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Effective   Theory   For   Outer   Corrections



Definition   Of     The  Effective   Theory 

1 7

ℒ = h†
A(iv ⋅ ∂ − ZAv ⋅ A)hA + h†

B(iv ⋅ ∂ − ZBv ⋅ A)hB

−
1
4

FμνFμν + ψ̄e(iγμDμ + me)ψe

๏ Largest QED corrections arise from the long-distance dynamics

𝒪ext = − 2GF h†
BhA ψ̄evμγμψe

H Q E T  F E Y N M A N  R U L E S

S TAT I C  L I M I T  vA = vB

S TA N D A R D  Q E D  

W E A K  C H A R G E D  C U R R E N T



Example  Diagram  At   3  Loops

1 8

=
i

v ⋅ q + iε

= i(Ze)vμ

A

B

e



Strategy    For   Amplitude

1 9

ℳ = C(μ) ℳEFT(p, μ) S(μ, λ)

Single scale matrix element

Wilson Coefficient Soft function 



Strategy   For   Amplitude

2 0

ℳ = C(μH) ×
C(μ)
C(μH)

ℳEFT(p, μ) S(μ, λ)

Input from UV matching

Re-sum logs with RG
All orders in PT

μ ∼ 2p → minimize logs

γ𝒪 Anomalous dimension
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Gauge  Invariant   Subclasses



Mapping    To    Background   Field

2 2

๏ Can use new eikonal identities to identify gauge invariant 
sub-classes of diagrams. Class-I & Class-II

๏ Class-I  reproduces  order-by-order ( )ℒbkg ∴ gauge inv .

ℒbkg ⊂ h†
Aiv ⋅ ∂hA + h†

B(iv ⋅ ∂ − ev ⋅ A)hB + eγ0𝒜(x)e

๏ Class-II vanishes diagram-by-diagram in Coulomb gauge.  
( )∴ vanishes in all gauges
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Resummation   Of    Leading-Z



Fermi   Function 

2 4

AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα
๏ Historically done with finite-distance regulator 

⟨e− | ψ̄(x) |0⟩ ∼ ( 1
|x | )

ν

ν = 1 − Z2α2 − 1



Fermi   Function 

2 5

AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα
๏ Historically done with finite-distance regulator 

⟨e− | ψ̄(x) |0⟩ ∼ ( 1
|x | )

ν

ν = 1 − Z2α2 − 1

Pros   
๏ Manifests universal point-charge limit.  

๏ Resums series in .  Zα



Fermi   Function 

2 6

AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα
๏ Historically done with finite-distance regulator 

⟨e− | ψ̄(x) |0⟩ ∼ ( 1
|x | )

ν

ν = 1 − Z2α2 − 1

Cons
๏ Regulator dependent.  Is this even physical?  

๏ No clear way to interface with UV except compute full  
answer and then divide. Convention dependent etc. 



Direct  Computation At    2 -Loops

2 7

๏ No obvious pattern.  Resummation unlikely by brute force. 

๏ Complicated interplay of IR & UV logs, non-trivial Dirac structure etc.



Wavefunctions  And   Feynman  Diagrams

2 8

๏ Wavefunctions admit a loop-expansion (Lippmann-Schwinger Eq).  

Loop With A Phase Factor!

⟨x |ψ(±)
p ⟩ = eip⋅x (1 + ∫

d3Q
(2π)3

1
2P ⋅ Q + Q2 ± iε

Zα
Q2

eiQ⋅x + . . . )

|ψ(±)
p ⟩ = |ϕp⟩ +

1
H − Ep ± iε

V |ϕp⟩ +
1

H − Ep ± iε
V

1
H − Ep ± iε

V |ϕp⟩ + . . .



Factorization   Of    Dirac   Wavefunction

2 9

ℳ = ℳS(μS)ℳH(μS, μH)ℳUV(μH, Λ)

Ψ(x) = ℳS(μS)ℳH(μS, μH)ℳ̃x(μH, x)

S A M E

๏ Wavefunctions satisifies same factorization theorem as amplitude



Short    Distance  Matrix   Element

3 0

ℳ̃x(μH, x)

๏ Finite distance acts as regulator. 

๏ Compute at threshold ( )p = 0

๏ Iteratively one-loop at all orders in PT.  Re-sum!



Factorization   Of    Dirac   Wavefunction

3 1

ℳ̃x(μH, x) C L O S E D  F O R M  I N T E G R A L S  AT  
A R B I T R A R I LY  H I G H  O R D E R  



Factorization   Of    Dirac   Wavefunction

3 2

ℳ̃x(μH, x) B A R E  A M P L I T U D E  M AY  B E  
S U M M E D  T O  A L L  O R D E R S



Factorization   Of    Dirac   Wavefunction

3 3

ℳ̃x(μH, x) B A R E  A M P L I T U D E  M AY  B E  
S U M M E D  T O  A L L  O R D E R S



Factorization   Of    Dirac   Wavefunction

3 4

ℳ̃x(μH, x) R E S U LT  C A N  B E  R E N O R M A L I Z E D  
AT  A L L - O R D E R S  I N  Zα



Extraction  Of   Hard  Matrix  Element

3 5

Ψ(x) = ℳS(μS)ℳH(μS, μH)ℳ̃x(μH, x)

K N O W N  T O  A L L  O R D E R S



All-Orders  Hard  Matrix  Element

3 6๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)



AT T R A C T E D  T O  N U C L E U S   

๏ Largest effects are  a series in Zα

N E W  R E S U LT  I N  E F T

๏ η = 1 − Z2α2 ๏ ξ = Zα/β ๏ M = (E + m)(1 + iξm/E)/(E + ηm)

A L L  O R D E R S  I N  Zα

๏ Well defined EFT matrix element.  Can be evolved with RG to re-sum logs. 

Coulomb   Enhancement

3 7



Large    Factors   &  I R   Logsπ2



Origin  Of        Factorsπ2

3 9

∫ [d4q] (2πi)δ(q0)
1

2p ⋅ Q + Q2
1

Q2

C O U L O M B  " P I N C H "  

I R - L O G S

iZα log(−2p/μ) = iZα log(2p/μ) + Zαπ



Origin  Of        Factorsπ2

4 0

ℳEFT(p, μ) S(μ, λ) → ℳEFT(p, − μ) S(−μ, λ)

๏ UV logs of soft function match IR logs of  EFT matrix element. 

๏ Soft function exponentiates. Known to all orders!

S(−μ, λ) = eπZα/βeiϕC



Example  With   Neutron   Decay 

4 1

n → p e− ν̄e

๏ Relate amplitudes with charged particles in initial/final state. 

N− → P0 e− ν̄e

R E A L   H A D R O N S F I C T I C I O U S  H A D R O N S

E I K O N A L  A L G E B R A

Re ℳ(1) = 27.8 Re ℳ(1) = − 0.15
μ2 = − 4p2

eμ2 = 4p2
e

๏ Example at one loop. 



Anomalous   Dimension  



+ α3(Z3γ(3,3) + Z2γ(3,2) + Zγ(3,1) + γ(3,0)) + …

Anomalous  Dimension  

4 3

γC =
dC(μ)
d log μ

S O LV E  D I R A C  E Q ’ N

(Z, Z − Q, Q) (Z + Q, Z, − Q)
S Y M M E T RY  I N  M A S S L E S S  L I M I T

Z = 0  R E D U C E S  T O  H E AV Y- L I G H T  C U R R E N T  I N  H Q E T

γC = α(Zγ(1,1) + γ(1,0)) + α2(Z2γ(2,2) + Zγ(2,1) + γ(2,0))



4 4

α1 α2 α3

Z0

Z1

Z2

Z3

γ(1,0)

α4

Z4

γ(2,0) γ(3,0) γ(4,0)

0

−

α0

0

0

γ(2,2)−

−

−

− −

− − − γ(4,4)

γ(4,3)

γ(4,1)

γ(4,2)

γ(2,1)

−

γ(3,2)

γ(3,1)

TA K E  F R O M  H Q E T  L I T. S O LV E  D I R A C  E Q ’ N S Y M M E T RY

N E W  R E S U LT S  

γ𝒪

F R O N T I E R



New    Master   Integrals   

4 5

I(n)
⃗ν
= ∫ [d4q][d3L1][d3L2]

ωn( 1
D1 )

ν1

( 1
D2 )

ν2

( 1
D3 )

ν3

( 1
D4 )

ν4

( 1
D5 )

ν5

( 1
D6 )

ν6

( 1
D7 )

ν7

( 1
D8 )

ν8

D1 = L2
1

D2 = L2
2

D3 = ω2 + (L1 + Q)2

D4 = ω2 + (L2 + Q)2

D5 = ω2 + Q2

D6 = (L1 − L2)2 + λ2

D7 = L2
1 + λ2

D8 = ω2 + Q2 + λ2

๏ Mixed dimensionality  
(3-d Coulomb photons)  
(4-d dynamical photons)

๏ Reference vector breaks 
Lorentz invariance. 

๏ IBP relations, convolution 
theorem, & brute force. 



Summary /  Status  Report



Status    Of    Ingredients    For   Amplitude

4 7

ℳ = C(μH) ×
C(μ)
C(μH)

ℳEFT(p, μ) S(μ, λ)

1. pQCD 

2. Nucleon 

3. Nucleus

All orders in PT

μ ∼ 2p → minimize logs

1. 1-loop 

2. 2-loops 

3. 3-loops  

4. 4-loops 3/5 
2/5

S E N G  E T.  A L .   
T R I U M F  G R O U P  ( A B  I N I T I O )

1. 1-loop 

2. 2-loops 

3. 3-loop  

4. 4-loop 

(Zα)3

(Zα)4

O N G O I N G  W I T H  P.  VA N D E R  G R I E N D  

https://arxiv.org/abs/1812.03352
https://www.int.washington.edu/sites/default/files/schedule_session_files/Gennari_M2.pdf


Working  To High  Order

4 8

Z ∼ 10 log(2p/me) ∼ log(2pR) ∼ 5

Z ∼ 𝖫 ∼ 1/ α

๏ Let us aim for  precision O(α3/2)

๏ Conservative: ignores . (1/π)n

D E F I N E  P O W E R  C O U N T I N G
δVud ∼ 10−4

๏ 2-loops 
α2𝖫 , (Zα)α

๏ 3-loops 
α3𝖫3 , (Zα)2α𝖫 , (Zα)α2𝖫2 , (Zα)3

๏ 4-loops 
(Zα)3α𝖫2 , (Zα)4𝖫

๏ 5-loops 
(Zα)5 𝖫2

๏ 6-loops 
(Zα)6 𝖫3

O N G O I N G  W I T H  P.  VA N D E R  G R I E N D  

 S I R L I N  &  Z U C H I N I  I N  D I F F.  S C H E M E

π2 − enhancements under control

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.57.1994


Necessary   Inputs   For   Beta  Decay 

4 9

W-mass

Lepton Energy

50 MeV

1 GeV

80 GeV

Nuclear Radius

}
}

14O

N
QCD-scale

Fermi-motion 200 MeV

5   MeV

} q, q̄, g

T H I S  TA L K  

๏ Beta decay important 
for CKM & SMEFT.  

๏ Low energy theory 
demands multi-loops. 

๏  enhancements 

๏ Point-like theory under 
control to . 

π2, Z, 𝖫

O(α3/2)
T O  A P P E A R  T H I S  S U M M E R .    H I L L  &  P L E S T I D  2 0 2 3 . X X X X

C R I G L I A G N O  E T.  A L .

S E N G  E T.  A L .   
T R I U M F  G R O U P  ( A B  I N I T I O )

https://arxiv.org/abs/2306.03138
https://arxiv.org/abs/1812.03352
https://www.int.washington.edu/sites/default/files/schedule_session_files/Gennari_M2.pdf

