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Overview

• Introduction 

• Momentum space subtraction schemes 

• Calculation of the two-loop amplitude 

• Results
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Introduction - Kaon bag parameter BK

• Parametrizes matrix element of local ΔS=2 operator
QS2 = (sα

Lγμdα
L) ⊗ (sβ

Lγμdβ
L)

• Arises via Kaon mixing

• Enters dominant contribution to indirect CP violation . 

• Wilson coefficients known up to NNLL in QCD and NLL in QED in  NDR scheme 
(JHEP 12 (2021) 198 (2108.00017) and JHEP 12 (2022) 014 (2207.07669)).

ϵK

MS
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Introduction - Kaon bag parameter BK

• Can be computed non-perturbatively on the lattice, renormalized using some 
intermediate scheme A. 

• For phenomenological applications have to transform to renormalization-
group-invariant (RGI) bag parameter

B̂K = ĈRGI→A(μ)
⟨K̄0 |QA

S2 |K0⟩(μ)
8
3 f 2

Km2
K

• Current value:                                                    (  FLAG global average) 

• Intermediate schemes - momentum space subtraction schemes (S)MOM. 

Nf = 2 + 1B̂K = 0.7625(97)
(Eur. Phys. J. C 82 (2022) 10, 869)
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Momentum space subtraction schemes

RI scheme kinematics: 

• MOM 

• SMOM 

p2
1 = p2

2 = − μ2 q2 ≡ (p1 − p2)2 = 0

p2
1 = p2

2 = q2 = − μ2
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Momentum space subtraction schemes

RI scheme kinematics: 

• MOM 

• SMOM 

Amp. of two-point functions : SA

p2
1 = p2

2 = − μ2 q2 ≡ (p1 − p2)2 = 0

p2
1 = p2

2 = q2 = − μ2
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Momentum space subtraction schemes

RI scheme kinematics: 

• MOM 

• SMOM 

Amp. of two-point functions : 

Amp. of four-point functions :

SA

ΛA

p2
1 = p2

2 = − μ2 q2 ≡ (p1 − p2)2 = 0

p2
1 = p2

2 = q2 = − μ2

λ(A,RI) ≡ ΛA,ijkl
αβγδ 𝒫ijkl

RIαβ,γδ Λ(tree),ijkl
αβγδ 𝒫ijkl

RIαβ,γδ = 1
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Matching between schemes

• Any two renormalization schemes A and B are related by 

• RI-SMOM 

• RI-MOM 

• RI’-MOM

OA = 𝒞A→B
O OB
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LO amplitude

⟨Q⟩ ≡ Λijkl
αβγδ(Q) = 2 ((γμPL)αβ(γμPL)γδδijδkl − (γμPL)αδ(γμPL)γβδilδkj)

≡ 2γμPL ⊗ γμPL 1 ⊗ 1 − 2 γμPL ⊗̃ γμPL 1 ⊗̃ 1 = ⟨Q⟩2 + ⟨Q⟩1
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LO amplitude

⟨Q⟩ ≡ Λijkl
αβγδ(Q) = 2 ((γμPL)αβ(γμPL)γδδijδkl − (γμPL)αδ(γμPL)γβδilδkj)

≡ 2γμPL ⊗ γμPL 1 ⊗ 1 − 2 γμPL ⊗̃ γμPL 1 ⊗̃ 1 = ⟨Q⟩2 + ⟨Q⟩1

Pαβ,γδ ∝ XβαYδγδijδkl
P⟨Q⟩1 ∝ Tr(XγμPLYγμPL)
P⟨Q⟩2 ∝ Tr(XγμPL)Tr(YγμPL)

“direct”
“crossed”
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 NDR scheme and MS γ5

• Define traces over  consistently 

• Evanescent operators, e.g.

γ5

Tr(γμγνγργσγ5) = 4iϵμνρσ

Tr(γμγνγργσγ5) = 0
4 dimensions
D dimensions

E1 = (s̄iγμ1μ2μ3PLdj)(s̄kγμ1μ2μ3
PLdl) − (16 − 4ϵ − 4ϵ2)Q
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 NDR scheme and MS γ5

• Define traces over  consistently 

• Evanescent operators, e.g. 

• For “single” trace use “Greek projections”  to project out the evanescent part of 
the result (A. J. Buras and P. H. Weisz (1989), N. Tracas and N. Vlachos 
(1982)).   

• No way to define the “double” traces.  

γ5

Tr(γμγνγργσγ5) = 4iϵμνρσ

Tr(γμγνγργσγ5) = 0
4 dimensions
D dimensions

ΓγτΓ′ = 0γμPLγτγμPL = (2 − d)γτPL

E1 = (s̄iγμ1μ2μ3PLdj)(s̄kγμ1μ2μ3
PLdl) − (16 − 4ϵ − 4ϵ2)Q
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“Direct” amplitude method

For a set of operators  and , where tilde means for color, and 
“greek” projectors  

               Full amplitude                                       

Qi Q̃i ⊗ ↔ ⊗̃
Πi

Λ =
4

∑
i=1

(Ai⟨Qi⟩ + Ãi⟨Q̃i⟩) + evanescent

8Sandra Kvedaraitė, (S)MOM -  Matching for BK at NNLO, 06/28/2023 MS



“Direct” amplitude method

For a set of operators  and , where tilde means for color, and 
“greek” projectors  

               Full amplitude                                             “Direct” amplitude 

Qi Q̃i ⊗ ↔ ⊗̃
Πi

Λ =
4

∑
i=1

(Ai⟨Qi⟩ + Ãi⟨Q̃i⟩) + evanescent Λ1 =
4

∑
i=1

(Ai⟨Qi⟩1 + Ãi⟨Q̃i⟩1) + evanescent
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“Direct” amplitude method

For a set of operators  and , where tilde means for color, and 
“greek” projectors  

               Full amplitude                                             “Direct” amplitude 

Can compute

Qi Q̃i ⊗ ↔ ⊗̃
Πi

Λ =
4

∑
i=1

(Ai⟨Qi⟩ + Ãi⟨Q̃i⟩) + evanescent Λ1 =
4

∑
i=1

(Ai⟨Qi⟩1 + Ãi⟨Q̃i⟩1) + evanescent

Πi(Λ1) =
4

∑
j=1

(AjΠi(⟨Qj⟩1) + ÃjΠi(⟨Q̃j⟩1))

=
4

∑
j=1

Bij (Aj1 ⊗̃ 1 + Ãj1 ⊗ 1) =
4

∑
j=1

(Ci1 ⊗̃ 1 + C̃i1 ⊗ 1)
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NNLO amplitude

• Direct part - 103 diagrams 

• Trace over  in D dimensions 

• Tensor reduction - via IBP 

• Reduction into a set of master integrals 

• Partially numerical evaluation 

• Renormalization

γ5
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Master integrals and evaluation

• All bubble and triangle diagrams have 
been calculated analytically by N. I. 
Ussyukina and A. I. Davydychev (1994). 

• Box diagrams are obtained via sector 
decomposition method using 
PySecDec.
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Results



NNLO (S)MOM to  NDR conversion factorsMS

•  

•  GeV

Nc = 3

μ2 = ν2 = 3
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NNLO (S)MOM to  NDR conversion factorsMS

•  

•  GeV 

•

Nc = 3

μ2 = ν2 = 3

L(μ, ν) = log(ν/μ)

CS
BK

(μ, ν) = 1 +
αs(ν)
4π [CS

BK,NLO − 4L(μ, ν)] +
α2

s (ν)
16π2 [CS

BK,NNLO

+CS
BK,NLOL(μ, ν)(18− 3

9 f ) + L(μ, ν){(7− 4
9 f ) − L(μ, ν)(72− 12

9 f )}]
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Renormalization scale dependence of conversion factors

 GeV and μ = 3 f = 3ĈS
BK

= U(0)
( f )(ν) 1 +

α( f )
s (ν)
4π

J(1)
( f ) + ( α( f )

s (ν)
4π )

2

J(2)
( f ) CS

BK
(ν)
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Renormalization scale dependence of BK

RBC/UKQCD 14B, RBC/UKQCD 16, BMW 11
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BK  average
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BK  average
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BK  average - preliminary

Nf = 2 + 1 : B̂K = 0.7625(57) (prev. B̂K = 0.7625(97))

Nf = 2 + 1 + 1 : B̂K = 0.745(25) (prev. B̂K = 0.717(24))

χ2/dof = 1.941
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Conclusion

• Conversion factors between momentum space subtraction schemes and MS 
NDR and RGI values. 

• Conversion between different numbers of flavours including threshold 
corrections. 

• Uncertainty on the Kaon bag parameter down from 1.3% to 0.75% (exp. 
uncertainty). 

• Complimentary to existing two-loop QCD and QED corrections to  as well 
as the upcoming three-loop QCD corrections.

|ϵK | = 2.228(11) × 10−3 ≈ 0.5 %

ϵK
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