RI-(SIMOM - MS Matching for Bk at Two-Loop Order

Sandra Kvedaraité
In collaboration with Sebastian Jager and Martin Gorbahn

LoopFest XXI, June 2023

University of Cincinnati



Overview

INntroduction
Momentum space subtraction schemes
Calculation of the two-loop amplitude

Results

Sandra Kvedaraite, (SIMOM - MS Matching for Bk at NNLO, 06/28/2023



Introduction - Kaon bag parameter Bk

Parametrizes matrix element of local AS=2 operator

0y, = (51,47) ® (5,r'd))
+Arises via Kaon mixing
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- Enters dominant contribution to indirect CP violation €.

. Wilson coefficients known up to NNLL in QCD and NLL in QED in MS NDR scheme
(JHEP 12 (2021) 198 (2108.00017) and JHEP 12 (2022) 014 (2207.07669)).
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Introduction - Kaon bag parameter Bk

+ Can be computed non-perturbatively on the lattice, renormalized using some
iNntermediate scheme A.

For phenomenological applications have to transform to renormalization-
group-invariant (RGI) bag parameter

(K| 0%, | K°)(w)

BK — évRGI—>A(//t) 8
3Sxmg

. Current value: B, = 0.7625(97) (N; = 2 + 1 FLAG global average)
(Eur. Phys. J. C 82 (2022) 10, 869)

- Intermediate schemes - momentum space subtraction schemes (S)MOM.
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Momentum space subtraction schemes

Rl scheme kinematics: d(p1)
MOM  pr=py=—p° q*=(p,—p)* =0

SMOM  p?=pi=q*=—u? 5(p2)
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Momentum space subtraction schemes

Rl scheme kinematics: d(p1) d(p1)

MOM — pi=py=—p" ¢ =(p—p)° =0 ><

A
. SMOM  pP=pi=qg®= -4 5(ps) _:zq 5(ps)
Amp. of two-point functions SA:
P P SAp) _ q
1 [0S Yp) Ap) 1 Ay—1

(Aa ) p— ( Jﬁ)

o\ = 16Tr _’7“ 8})“ _ o — 4p2 1r [<S ) (p)p] 0'("47/7) — 1
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Momentum space subtraction schemes

Rl scheme kinematics: d(p1) d(p1)

MOM P12=P22=—ﬂ2 QZE(P1_P2)2=O ><

A

SMOM  pi=p;=q*=—u’ 5(p2) iy 5(p2)

Amp. of two-point functions SA:
P D ) S(AP) _ 1
1 [ 008N p) Ap) 1 Ay—1
o = T |V = o) = 2 EDT@P s =
Amp Of fOur_point functions AA pid:kl _ (7'/)504(71/)57 + (7V75)5a(71/75)575
(V) sB,76 256NC(NC + 1)

(A,RD) — A A,ijkl gpsijkl (tree),ijkl opijkl _ . () ga(q) sy + (d7°) ga(gY°)

/ B Aaﬂ;«? @Rlaﬂ,yé Aaﬁyé @Rlaﬂ,ﬁ Lor B8 = L 24?2 Nc(g]\?c f 1)%’7 650k

Sandra Kvedaraité, (SIMOM - MS Matching for Bk at NNLO, 06/28/2023

17Okl



Matching between schemes

+ Any two renormalization schemes A and B are related by

OA — %IgaBOB
RI-SMOM ch ) = A (64) ) sle {4,7)
R“MOM Cé_)RI-MOM — )\Aﬂ’ (O-Aa7)2
RI’-MOM Cé—)RI’—MOM _ \An ( UA,g)Z
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LO amplitude

plv.]a p17l75 P1, .77 p]_,l,5

el e

p2737a p27](.)’\l p27](.7’\l p27i7a

(Q) = AZZ,5(Q) =2 ((},ﬂP L)Olﬂ(y//tp L)}/ééijékl - (yﬂPL)@(yMPL)Vﬁéﬂékj)

=2/"PL®y,PL1®1 —2y"P,Qy,PL1®1=(0),+(0),
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LO amplitude

p1’.77 p17la5 P1, .77 p17l75

Sl

pz,z,a p27](.7’\l p27](.7ﬁl pQ,Z.,Oé

(Q) = Agg,é(Q) =2 ((},MP L)aﬂ(y//tp L)755ij5kl - (yﬂPL)aé(yMPL)VﬁéilékO

=2/"PL®y,PL1®1 —2y"P,Qy,PL1®1=(0),+(0),

P(Q)y « Ir(Xy"P Yy, Pp) “direct’
P(Q), & Ir(Xy*P)Ir(Yy,P)  “crossed’
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MS NDR scheme and ¥

- Define traces over ys consistently
Tr(y*y*yPy°ys) = 4iet*P° 4 dimensions
Tr(yHy*yPy?ys) =0 D dimensions

- Evanescent operators, €.9.  E, = (5iymp, d)( P,d") — (16 — 4e — 4¢*)Q

=k
5 y//i 1M2 13
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MS NDR scheme and ¥

- Define traces over ys consistently

Tr(yty¥yPyys) = 4ie!™r° 4 dimensions
Tr(y#y*yPy°ys) = 0 D dimensions

- Bvanescent operalors, €.9. E| = (3'y#pP d)\$Yy, ,  Prd) — (16 — 4e — 46*)Q

+ For “single” trace use “Greek projections” to project out the evanescent part of
the result (A. J. Buras and P. H. Weisz (1989), N. Tracas and N. Vlachos
(1982)).

y'Pry'y,PL= Q2 —d)yy'Pp [y T =0

- No way to define the "double” traces.
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“Direct” amplitude method

For a set of operators (J; and Qi, where tilde means ® <> & for color, and

“greek” projectors 11,

Full amplitude

4
A=) (A(Q,) +A(0))) + evanescent
=1
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“Direct” amplitude method

For a set of operators (J; and Qi, where tilde means ® <> & for color, and

“greek” projectors 11,

Full amplitude “Direct” amplitude

1 4
A=) (A(Q) +A(0Q)) +evanescent A, = ) (A(Q), +A(0,),) + evanescent
i=1 =1
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“Direct” amplitude method

For a set of operators (J; and Qi, where tilde means ® <> & for color, and

“greek” projectors 11,

Full amplitude "Direct” amplitude
1 1
A=) (ALQ) +A(0) + evanescent A, = ) (A{Q), +A(Q;),) + evanescent
=1 =1
4
Can compute  TI(A,) = Z (AjHi((Qj)l) +AjHi((Qj)1))
j=1
4 3 3 4 3 3
=Y B, (41®1+4101)=) (C1&1+(1@1)
j=1 j=1
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NNLO amplitude

- Direct part - 103 diagrams

M W %i{
W e B S
§>< % M . Reduction into a set of master integrals
W E‘< M ®< - Partially numerical evaluation

R ST Pl S L Renomalization

I e IR sl

OL5 OL6
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Master integrals and evaluation

s - All bubble and triangle diagrams have
o—oo——<) <3 gle diag

been calculated analytically by N. |.

. - Box diagrams are obtained via sector
' ¢ decomposition method using
PySecDec.
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Results



NNLO (S)MOM to MS NDR conversion factors

S ngK,NLo Cng,NNLO
N.=3 (Y d) | 8log2 —8 = —2.45482... 3.88N; + 21.05 =+ 0.08
(Yu,7:) | 8log2 —16/3 = 0.211844... | —0.42N; + 86.41 + 0.08
u® =v*=3GeV (4,4) | 8log2—6 = —0.454823... 0.90N; + 52.78 & 0.09
(4,7, | 8log2—10/3=2.21184... | —3.39N; + 123.47 & 0.09
RI'-MOM | 8log2 —14/3 = 0.878511... | 0.17N; + 61.71+ 0.07
RI-MOM | 8log2 — 14/3 = 0.878511... | —4.49N; + 94.04 + 0.07
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NNLO (S)MOM to MS NDR conversion factors

S CgK,NLo Cng,NNLO
N.=3 (v d) | 8log2 —8 = —2.45482... 3.88N; + 21.05 =+ 0.08
(Yu,7.) | 8log2 —16/3 = 0.211844... | —0.42N; + 86.41 + 0.08
- u?=v*=3GeV (4,4) | 8log2—6 = —0.454823... 0.90N; + 52.78 & 0.09
(4,7, | 8log2—10/3=2.21184... | —3.39N; + 123.47 + 0.09
L(u,v) = log(v/p) RI-MOM | 8log?2 —14/3 = 0.878511... | 0.17N; + 61.71+0.07
RI-MOM | 8log2 — 14/3 = 0.878511... | —4.49N; + 94.04 + 0.07
2
CgK(ﬂ» v) =1+ OZ(:) C;K,NLO — 4L, V)| + 01[S6(7:2) [C;K,NNLO

+ C;K’NLOL(,M, 1/)(18—% )+ L(u, 1/){ (7—§f ) — L(u, v)(72—19—2f ) }]

Sandra Kvedaraité, (SIMOM - MS Matching for Bk at NNLO, 06/28/2023



Renormalization scale dependence of conversion factors
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Renormalization scale dependence of Bk
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Bk average

fl. | Ref. Scheme u (GeV) B;?Cheme) m B%}NLO

4 | ETM 15 RI-MOM 3 0.498(16) 0.717(24)

3 | SWME 15A | MS 3 0.519(26) 0.735(36)

3 | RBC/ (4, ¢) 3 0.5341(18)  0.7499(152)
UKQCD 14B | (74, 7,) 3 0.5166(18) -

3 | Laiho 11 MS 2 0.5572(152)  0.7628(208)

3 | BMW 11 RI-MOM 3.5 0.5308(61)  0.7727(117)
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Bk average

fl. | Ref. Scheme u (GeV) Bﬁ?Cheme) (1) B&@NLO B%:B) Bg:él)

4 | ETM 15 RI'-MOM 3 0.498(16) 0.717(24) 0.733(25) 0.745(25)

3 | SWME 15A | MS 3 0.519(26)  0.735(36) | 0.735(36)*  0.747(37)

3 | RBC/ (4, 4) 3 0.5341(18)  0.7499(152) | 0.7625(52)  0.7748(78)
UKQCD 14B | (7, 7.) 3 0.5166(18) - 0.7549(79)  0.7650(98)

3 | Laiho 11 MS o0 0.5572(152)  0.7628(208) | 0.7628(208)* 0.7750(219)

3 | BMW 11 RLEMOM 35  0.5308(61)  0.7727(117) | 0.791(13)  0.804(15)
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Bk average - preliminary
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fl. | Ref. Scheme u (GeV) BSCheme) (1) Bg)NLO Bgzg) Bg:4)

4 | ETM 15 RI'-MOM 3 0.498(16) 0.717(24) 0.733(25) 0.745(25)

3 | SWME 15A | MS 3 0.519(26) 0.735(36) | 0.735(36)*  0.747(37)

3 | RBC/ (4, ¢) 3 0.5341(18)  0.7499(152) | 0.7625(52)  0.7748(78)
UKQCD 14B | (v, v.) 3 0.5166(18) - 0.7549(79)  0.7650(98)

3 | Laiho 11 MS 2 0.5572(152)  0.7628(208) | 0.7628(208)* 0.7750(219)

3 | BMW 11 RI-MOM 3.5 0.5308(61)  0.7727(117) | 0.791(13) 0.804(15)

N,=2+1:  Bg=0.7625(57)  (prev. By = 0.7625(97))  y?/dof = 1.941
N;=2+1+1:  Bg=074525)  (prev. By = 0.717(24))
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Conclusion

. Conversion factors between momentum space subtraction schemes and MS
NDR and RGI values.

+ Conversion between different numbers of flavours including threshold
corrections.

Uncertainty on the Kaon bag parameter down from 1.3% to 0.75% (exp.
e | =2.228(11) X 10~ =~ 0.5 % uncertainty).

- Gomplimentary to existing two-loop QCD and QED corrections to € as well
as the upcoming three-loop QCD corrections.
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