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[Chen et al. '22]

Fully differential predictions for LHC

Fully-differential description of LHC cross SCET+NNLOJET pp-WH*(=1%v) + X VE=13Tev
sections for color singlet production has os Lo NNLO
reached third order in perturbative QCD. ' NLO N3LO

o
»

= Higgs production [Chen et al. '21]
= Drell-Yan [Chen et al. '22], [Chen et al. 22]

NNPDF31 nnlo
7-point scale variation
MF = Hg = My

e
¥}

.. as well as re-computation including
resummation

= Drell-Yan N*LL, + N°LO o0

o
[Neumann et al. '22] = 1001 af"=20Gev — gf*=15Gev — qf*'=100GeV

do/dm¥* [nb/GeV]
(=]
w

e
i

These computations are vital for precise
studies at the LHC.

0 20 40 60 80 100
m¥* [GeV]
One (of many) challenges: explicit vs. |mpI|C|t IR singularities

P ky P

do
E - E>AA > FodPy + + 8040 + ..

P2 P2

wl/e—
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Handling IR divergences Ll

= subtract and add back a term that — slice phase space into divergent and finite
approximates the divergent behavior region
0 1 x) —f(0
—]%+/0 dxf—()xf(>+ﬁ(8) = [nl +In( 5cut] +/me x)+0(8,¢)
© local regularisation of divergences ® small cut-off leads to large
© numerically stable numerical cancellations and requires
® complex construction, tedious to implement precise control of f
for example © achievable at N3LO
« CoLoRFull [Somogyi et al. '05] for example
« Antenna [Gehrmann-De Ridder et al. '05] * gr-slicing [Catani et al. '07]
« STRIPPER [Czakon '10] » N-jettiness slicing [Boughezal et al. '15]
 Nested soft-collinear subtraction ° ...

[Caola et al. ’17]

« Local Analytic Sector Subtraction Other schemes

[Magnea et al. 18] * projection-to-Born [Cacciari et al. '15]
. ... « local unitarity [Capatti et al. '20]
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https://arxiv.org/abs/hep-ph/0505111
https://arxiv.org/abs/1005.0274
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Zero-jettiness slicing T

Introduce [see Riccardo’s talk]

T—Z ngm}{q kit , q-k —ko( TFcos6) for g =n,n
gef{n

where T =0 < all emitted partons unresolved (soft/collinear to incoming partons).
Write cross-section as

ONLO = /— dt

and slice phase-space

fully unresolved emission > 1 resolved emission

ONLO = fOTC“t do 5 + fT

cut

p1

b2

P2

Teut
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Zero-jettiness factorization T

The below-cut region factorizes [Stewart et al. '09]

dc=B®B ® S ® H ® dogon+0(7)

| Soft function
» collinear emission off « soft, non-collinear e contains virtual
incoming partons emission corrections
« known through N3LO « known through N2LO
[Behring et al ’19] [Kelley et al. "11]
[Ebert et al. 20] [Monni et al. ’11]
[Baranowski et al "22] « RRV N3LO [Chen et al. '22]

= factorisation allows for explicit computation and cancellation of 1/¢ IR poles
= remaining ¢ (%) coefficient yields below-cut cross section

= potential linear power corrections, see e.g. [Alekhin et al. '21]

Missing ingredient is the triple-real contribution to the soft function.

S(3) — /dq)3 ‘Jggg‘z +/dq)3 ’ng[}’z

Maximilian Delto | Loopfest XXI | 27th of June, 2023 5


https://arxiv.org/abs/0910.0467
https://arxiv.org/abs/1910.10059
https://arxiv.org/abs/2006.03056
https://arxiv.org/abs/2211.05722
https://arxiv.org/abs/1105.3676
https://arxiv.org/abs/1105.4560
https://arxiv.org/abs/2206.12323
https://arxiv.org/abs/2104.02400

Three-gluon-emission contribution

The maximally non-abelian 3g contribution

§888

=2 [ a0y T koske) P + 6 [ a0y (kKo k)
c,C

« triple-soft eikonal function |J|? [Catani et al. '19] contains {q - k; , q-kij, q ki, ki-kj, k%23}, qg=n,n
« zero-jettiness T =} min ¢y, 531q - &}
J

has two distinguishable configurations

o 3
1) APy = [dk] &[T — ki3 -n][ ] Ok
i=1

n
i o 2
2) ddygy = [dk] 8[t—kio-n—ks-n] [ O[ki-7—
i=1
f3(ks-n—ks- i)
where [dk] = [T3_, d%%; & [k?]
n
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Integration-by-parts relations

. q<{ki,...k,p1,---,PE}, Oy € Z,[Chetyrkin,Tkachov '81]

- set of linearly independent propagators {D,} defines topology uniquely
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]
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TUTI

Integration-by-parts relations
0= /Hddkl P [ “’f[an“n

. q<{ki,...k,p1,---,PE}, Oy € Z,[Chetyrkin,Tkachov '81]

- set of linearly independent propagators {D,} defines topology uniquely
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

1. &-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—27i) 8 [q* —m*] = i =
(—27i) 8|g"—m”| = 60t |2 —m2+ic @ —mP—ic 2 —m?].
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TUTI

Integration-by-parts relations
0= /Hddkl P [ “’f[an“n

. q<{ki,...k,p1,---,PE}, Oy € Z,[Chetyrkin,Tkachov '81]

- set of linearly independent propagators {D,} defines topology uniquely
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

1. &-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—27i) 8 [q* —m*] = i =
(—27i) 8|g"—m”| = 60t |2 —m2+ic @ —mP—ic 2 —m?].

2. O-function:
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Integration-by-parts relations
0= /Hddkl P [ “’f[an“n

- set of linearly independent propagators {D,} defines topology uniquely
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

TUTI

, q€ki,...kr,p1,...,PE}, @y € Z,[Chetyrkin,Tkachov '81]

1. &-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—27i) 8[q* —m?] = 1i =
(—27i) 8|g"—m”| = et [q 2-mltic ¢ -mi—ic| |g¢—m?],

2. O-function:

Parametric representation

[Caola et al. ’18] [Angeles-Martinez et al. ’18]
[Bizon et al. '20] [Baranowski "20]

1
G[b—a]:/ dz8[z-b—dlb ab>0
0

[Chen ’20]
21i) 0|D| = dx
(27i) 6(D)] e X+10T
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Integration-by-parts relations
0= /Hddkl P [ “’fIan“n

- set of linearly independent propagators {D, } defines topology uniquely
« IBP relations relate different integrals within a given topology
= reduce given problem to minimal set of “master integrals” [AIR,FIRE,Reduze,LiteRed,Kira,..]

TUTI

, q€ki,...kr,p1,...,PE}, @y € Z,[Chetyrkin,Tkachov '81]

1. &-function: reverse unitarity [Anastasiou,Melnikov '02]

1 1 1
—2mi) 8§ [q* —m?*] = 1i =
(—27i) 8|g"—m”| = et [q 2-mltic ¢ -mi—ic| |g¢—m?],

2. O-function:

Parametric representation Extended notion of IBPs

[Caola et al. ’18] [Angeles-Martinez et al. 18] [Baranowski et al. "21]

[Bizon et al. 20] [Baranowski ’20] hom inhom

2 {s(0) 0F(K))) = 70 +557

1
0[b—dl :/ dz8[z-b—dlb ab>0
L ® proliferation of topologies

[Chen "20] | ® manual generation of IBP identities
(21i) 8[D] = oo e e-P © no auxiliary integration
Jiw  x4i0T (see also [Luo et al. 19])
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddkz—kql,,,
okl

Maximilian Delto | Loopfest XXI | 27th of June, 2023



Integration-by-parts - example @ NNLO

do7 g
/ (kyn) (klfét))e(klzﬁ) , Ay = [dk| O[T — ki2n] O[k171 — kin] Okt — kon|

e reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddkz Wkﬁ‘...
1
yields

0=[(d—4)—-7"6"—3"5" 437 T 10111

9

7] (szl — kzn)

iy a4 Ya—n n—kKkn)| X
[ [ =B — k)] X
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

e reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddb—kﬁ‘...
ok

yields

777777

d d o 0 (szl — kzn)
+ [ et (@) () (2 —kam) (kam) (kat) (k1)
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

e reverse unitarity

/ ddkl ddkz e(klfl — kln) 9(1{2]71 — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

J
0= /ddklddb—kﬁ‘...
ok

yields

0=[(d—4)—776" —3"5"+37] ET0.1.11

d d o 0 (szl — kzn)
+ [ et (@) () (2 —kam) (kam) (kat) (k1)

= “conventional” IBP relation
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Integration-by-parts - example @ NNLO

ddy —
| Gty Gy 0% = (88l —kan ftan—kun ftan— ko

* reverse unitarity

/ dY%; d%; O (k17 — kin) 8 (kyii — kon) e
[(k%>(k%)(’f o k12n)i| c (k2n) (klfl) (klzfl) 1’1’17071’171
« IBP relation
0
O:/ddk A%y ——n* ...
1 2 8kfn
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Integration-by-parts - example @ NNLO

do’ _
/ (kon) (klfi))e(klzﬁ) , APy = [dk| 6[7 — ki2n] O kit — kin] Okaii — ko]

e reverse unitarity

/ dY%; d%; O (k17 — kin) 8 (kyii — kon) e
[(k%>(k%)(’f o k12n)i| c (kzn) (klfl) (klzfl) 1’1’17071’171
« IBP relation
0
O:/ddk A%y ——n* ...
1 2 8kfn

yields

0=ni[T" —6"+176" — 1] 7% 1011,
G(kzﬁ—kzn)

_ d d n—kinl X
i [ 'tk Sl ki (K2)(K2) (7 — kyam) (kan) (kaft) (K 127)
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Integration-by-parts - example @ NNLO

do?) _
/ o (klf(j)e(kﬂﬁ) , d®Y = [dk] 8|t — kion) O [ky7i — kyn] O[koft — kon]

e reverse unitarity

/ ddkl ddkz ) (klfl — kln) ) (szl — kzn) B ox
() (B)(z— kiom)] (ko) (k1) (kiam) 10!

« |IBP relation

0
O:/ddk dd%, — n* ...
T

yields

0=ni|7T"—6"+176 — 17| 7% 10111

bR A Rl b}

1 6 (kzr_l — kzn)

+ nit / d%; d% X
S R i k) " Y (7 — kian) (ko) (ki) (kiah)

= additional inhomogeneous term that requires partial fraction decomposition
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Integration-by-parts - example @ NNLO Tum

o = ) )
AT 0011 = / (kan) (klfj)e(kuﬁ) , APy = [dk] 8[t — kionl i [ki7i — kinlfa[kaft — kon]

A

topology witﬁrze—functions

0= [(d—4)=-7"6 =35 +3"| 7% 0111

0:nﬁ[7+—6++1+6——1+]%ef10111+/dq)g?[ : + ! ]
(kion1) | (kin) (ko) |

topology with 16-function

« because of inhomogeneous terms (~ d,0), we need new type of topologies:
— come from all possible ways of replacing 6 — 0

— fall into a hierarchical structure: {66} % {66,606} % {60}

— relations for 66 topologies have no inhomogeneous terms
- feed relations to Kira®FireF1ly [Maierhofer et al. "17][Klappert et al. *19] (“user-defined equations”)
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Integration-by-parts - example @ NNLO Tum

o = ) )
AT 0011 = / (kan) (klfj)e(kuﬁ) , APy = [dk] 8[t — kionl i [ki7i — kinlfa[kaft — kon]

A

topology witﬁrze—functions

0= [(d—4)=-7"6 =35 +3"| 7% 0111

0:nﬁ[7+—6++1+6——1+]%ef10111+/dq)g?[ : + ! ]
(kion1) | (kin) (ko) |

topology with 16-function

« because of inhomogeneous terms (~ d,0), we need new type of topologies:
— come from all possible ways of replacing 6 — 0

— fall into a hierarchical structure: {66} % {66,606} % {60}

— relations for 66 topologies have no inhomogeneous terms
- feed relations to Kira®FireF1ly [Maierhofer et al. "17][Klappert et al. *19] (“user-defined equations”)

Reduction v
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Master integral computation - example @ NNLO

e consider

dq)nn
Iy's0 = / =
’ (klkz)(kzn) (klzn)

Maximilian Delto | Loopfest XXI | 27th of June, 2023 11


https://arxiv.org/abs/hep-ph/0507094
https://arxiv.org/abs/1403.3385

=5 - =

TUTI

Master integral computation - example @ NNLO

e consider

dq)nn
1%9 = / -
k1k2 kzn)(klzn)

- employ Sudakov variables k! = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

€ 1 _
m :2JV2/d[31 4B, dosy Bi *(0aBa) ¢ 8[1 — 1 — B2] 0o — o]
R PN (024 B — 4/ prerey) B (1 + o)
Py 2F2 1-2¢) / l—e/q1 _ g \—1-2¢
= (1= 4e) dé& ¢, (1 F(&)
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Master integral computation - example @ NNLO

e consider

dq)nn
1%9 - / -
k1k2 kzn)(klzn)

- employ Sudakov variables k! = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

€ 1 _
m :2JV2/d[31 4B, dosy Bi *(0aBa) ¢ 8[1 — 1 — B2] 0o — o]
R PN (024 B — 4/ prerey) B (1 + o)
Py 2F2 1-2¢) / l—e/q1 _ g \—1-2¢
= (1= 4e) dé& ¢, (1 F(&)

« regulate both endpoint singularities

F(0)

=5 = =

TUTI

B I2(1—2¢) F(&) F(0) F(1)
T >{/ d@[ -Gt gt (-t

nn
Iy 50 s
T—1
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=5 = =

TUTI

Master integral computation - example @ NNLO

e consider

dq)nn
1%9 - / -
k1k2 kzn)(klzn)

- employ Sudakov variables k! = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

£6[1— -
ol = / 4B, > das Bl (aaB2) ¢ 8[1 — B — o] [ax — B
RN E AN 052 + B — 4y OC2[3231 82 ﬁ2 + 052)
Py 2F2 1-2¢) / l—e/q1 _ g \—1-2¢
= (1= 4e) dé& ¢, (1 F(&)
« regulate both endpoint singularities

r2(1-2e) F(&) F(1) F(1)
nn _ 2 . . S
14,59 o 2‘/1/ 1—*(1 4¢e ){/ d§2 [ 21+8(1 _§2)1—|—28 (1 _52)1—|—28 + + e
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Master integral computation - example @ NNLO

e consider

dq)nn
1%9 - / -
k1k2 kzn)(klzn)

- employ Sudakov variables k! = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

nn Ch 2 B > (0aBs) ¢ 8[1 — Bi — ] 6o — B2
14’59 r—>1_2JV /dﬁldﬁzdaz (r+Br—4v/ 062[3281 82 )B2(B1 + o)
2(
B2—>:052‘§2 ZF 11 i‘z / 5 &21 € 1_ —1- 28F(§2)

« regulate both endpoint singularities

I2(1—2¢) F(&) F(0)
__2/2 eT(1 e ){/ d§2[ 21+g(1_rg'2)1+28_§21+8_

nn
Iy 50
7—1
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Master integral computation - example @ NNLO

e consider

dq)nn
1%9 - / -
k1k2 kzn)(klzn)

- employ Sudakov variables k! = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

€ 1 _
m :2JV2/d[31 4B, dosy Bi *(0aBa) ¢ 8[1 — 1 — B2] 0o — o]
R PN (024 B — 4/ prerey) B (1 + o)
Py 2F2 1-2¢) / l—e/q1 _ g \—1-2¢
= (1= 4e) dé& ¢, (1 F(&)

« regulate both endpoint singularities

F(0)

=5 = =

TUTI

B I2(1—2¢) F(&) F(0) F(1)
T >{/ d@[ -Gt gt (-t

nn
Iy 50 s
T—1
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Master integral computation - example @ NNLO

consider

o _/ dpm
4,06 k1k2 kzn)(klzfl)

employ Sudakov variables ki = 1 {ocl-n“ + Bitt 42~/ i B; ef"L]

By (0a2) " 8[1— 1 — Bo] O] — Bo]
1 (2 + B2 — 4/ oPrerey)Ba(fi + )

201 —
Bt /zf (1=2¢) / 46 & (1= &) TFF(8)

nn

4,60

=24 / dfidBrday

regulate both endpoint singularities

r2 1-2 ! F F F(1
el'(1—4¢) It _g)iv2e glte (1-§&)It2%
expand with HypExp [Huber et al. '05] & integrate with HyperInt [Panzer '14]

19376
810

- F(0)  F(1)
4.56 + e + Y
T—1

2w 17mte?

—2713 90

nn

4,80

e [-6m* L3 —26¢5] —€* [ + 64§32] +0(€)

7—1
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Complications for three-gluon emission

General complexity

» more “level”: 060, 660, 660, 600, ...
 0'(400) topologies
« integral relations
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Complications for three-gluon emission

General complexity

« more “level”: 6660, 660, 660, 600, ...
 0'(400) topologies
« integral relations

Rapidity divergences

« known to appear for certrain observables (e.g. g7) in the limit of large rapidity
« only cancel in soft+collinear
 obey a rapidity renormalisation-group formalism [Chiu et al.]

in case of zero jettiness

= we find individual integrals that are not regulated dimensionally

= require analytic regulator
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Complications for three-gluon emission

General complexity

« more “level”: 6660, 660, 660, 600, ...
 0'(400) topologies
« integral relations

Rapidity divergences

« known to appear for certrain observables (e.g. g7) in the limit of large rapidity
« only cancel in soft+collinear
 obey a rapidity renormalisation-group formalism [Chiu et al.]

in case of zero jettiness

= we find individual integrals that are not regulated dimensionally

= require analytic regulator

Master integrals

« more complicated master integrals
= resort to numerical calculation and PSLQ reconstruction

\)
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Integral relations at N3LO

APy ~8lt—ki-n—ky-n—kz-n] fi(ky-ii—ki-n)fa(ky - i—ka-n)f3 (ks - — k3 - n)
Ay, ~O[t—ki-n—ky-n—ks-) fi(ki -7t — ki -n) ok i — ko n) f3(ks - n— ks - 7t)

nnmn nni

000 000 P

Caaj 056/<— 006 s500l<—956]  |6@s ‘?’E“:/ l \E’j“‘

460 o0 gdo

leﬂj ) e (1) U
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Integral relations at N3LO

ayt ~ 5l -

| filky-n—ky-n)fo(ky-n—ko-n)fz(ks -t — k3 - n)

d@}‘;}% ~O[T—ky-n—ky-n—kz-n|fi(ki-n—ky-n)folka-ii—ky-n)f3(ks-n—kz-i)

nnn nnf
660 660
000 <—— 060 <——064 000 660 064
leﬂj ) e (1) @H) o0 gdo
040 040
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Integral relations at N3LO

APt ~8[t—ki-n—ky-n—ks-n] fi(ki-i—ki-n)folka-i—ky-n)fs(ks -7t — k3 -n)
dq’}%ﬁ ~O[t—ky n—ky n—ky-nlfilki-n—ki-n)falka-n—ky-n)f3(ks-n—k;-n)

nnn nnf
660 660
000 <—— 060 <——064 000 660 064
@ ) e (1) @ o0 gdo
040 040
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Integral relations at N3LO Tm

APy s ~ O[T —ki-n—ky-n—ks-n|fi(ki-n—ki-n)fo(ky-n—ky-n)6lks-n—ks-n
APy ~ [T —ki-n—ky-n—ks i) fi(ky - —ky-n) falka -7t — ko) Slkes -n — ks -]
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Rapidity divergences at N3LO
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Rapidity divergences at N3LO

e can in principle arise, when k;-n>k;-nork;-n < k;-n
— for f; = 0, ki-n = k; - i, gluon i confined to transverse plane =
— forfi=0,ki-n<k;-n(exceptnnin: kz-n<kj-n)=
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Rapidity divergences at N3LO

e can in principle arise, when k;-n>k;-nork;-n < k;-n
— for f; = 0, ki-n = k; - i, gluon i confined to transverse plane =
— forfi=0,ki-n<k;-n(exceptnnin: kz-n<kj-n)=

 break dimensional regularization and are hard to detect
— original integrals with three 6 functions in soft function are finite
— master integrals are finite

— numerical checks showed that certain reduction relations are wrong
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Rapidity divergences at N3LO

e can in principle arise, when k;-n > k;-nork;-n < k;-n
— for f; = 0, ki-n=k; - i, gluon i confined to transverse plane = X
— forfi=0,ki-n<k;-n(exceptnnin: kz-n<kj-n)=

« break dimensional regularization and are hard to detect
— original integrals with three 6 functions in soft function are finite

— master integrals are finite
— numerical checks showed that certain reduction relations are wrong

Introduce analytic regulator

[ adpn — tim [ o, (an)” (kn)” (kn)”

v—0

/ 4o — lim [ A (kyn)” (kan)” (ksi)”

v—0

« modifies IBP relations (again)
9.
oky

« IBP reduction in limit v — 0

S8 =Y crli+v Y ek (v=0)+O(v)
k k

16,
kl-n

0=I'0+I(A—n)*06, — 0= [I‘Gl—l—l(ﬁ—n)“51+Vn“ (...)Y
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Rapidity divergences at N3LO

e can in principle arise, when k;-n > k;-nork;-n < k;-n
— for f; = 0, ki-n=k; - i, gluon i confined to transverse plane = X
— forfi=0,ki-n<k;-n(exceptnnin: kz-n<kj-n)=

« break dimensional regularization and are hard to detect
— original integrals with three 6 functions in soft function are finite

— master integrals are finite
— numerical checks showed that certain reduction relations are wrong

Introduce analytic regulator

[ adpn — tim [ o, (an)” (kn)” (kn)”

v—0

/ 4o — lim [ A (kyn)” (kan)” (ksi)”

v—0

0
RYT ki -
oki “v = 0”-reduction ~1/v e

e IBP reduction in limit v — 0
S888 — chlk—l— VZE‘kjk(V I~ O) + ﬁ(\/)
k k

« modifies IBP relations (again)
16
0=I'0+I(A—n)*06, — 0= [I‘Gl—l—l(ﬁ—n)“51+Vn“ 1]()v
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Rapidity divergences at N3LO
_Example

« consider the following master integral

. Aoy’
! _/(k1k3)(k1n)(k12ﬁ)(k3fl)
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Rapidity divergences at N3LO
_ Example |

« consider the following master integral

I’ll’ll’l 1%

_ / Pos0
k1k3 kln klzn k3n)
- employ Sudakov variables k; = % [ocln“ + Bin* — 24/ o Pie; }

e Use 6[062 — [32]

« introduce fraction §; = ;/a;,i = 1,3

v _ : , BB\ By % 81 — Bi23] (B1Bo3)Y
! _/dQ/o [14B:dG1de (5153) (E1+ & —2+v/EEzeiex ) Bi(B1+E1B2) Bs
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Rapidity divergences at N3LO T
 Example .

« consider the following master integral

I’ll’ll’l 1%

_/ Pos0
k1k3 kln klzn k3n)

- employ Sudakov variables k; = % [ocln“ + Bin* — 24/ o Pie; }
e Use 6[062 — [32]
« introduce fraction §; = ;/a;,i = 1,3

v _ : , BB\ By % 81 — Bi23] (B1Bo3)Y
! _/dQ/o [14B:dG1de (5153) (E1+ & —2+v/EEzeiex ) Bi(B1+E1B2) Bs

« consider the region By ~ &1 ~ &~ A —0

_ dA A2\ °© 1
vV _ _ | = v boo Ay ——
! _/dg/x (ML) DRSS
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Rapidity divergences at N3LO
_ Example |

« consider the following master integral

I’ll’ll’l 1%

_/ Pos0
k1k3 kln klzn)(k3}7l)

- employ Sudakov variables k; = % [ocln“ + Bin* — 24/ o Pie; }

e Use 6[062 — [32]

« introduce fraction §; = ;/a;,i = 1,3

v _ " BB\ B;2 8[1 — B2 (BiBaB3)Y
r=] dQ/o [105 ’déldé’(élés) (&1+ & — 2 /E1Eseie) B (B + &12) Bs

« consider the region By ~ &1 ~ &~ A —0

_ dA A2\ °© 1
vV _ _ | = v boo Ay ——
! _/dg/x (ML) DRSS

= describes a situation where g(k;) is emitted in the transverse plane kyn = ki
and gluons g(k;), g(k3) are very forward
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Rapidity divergences at N3LO
_ Example |

« consider the following master integral

I’ll’ll’l 1%

_/ Pyso
k1k3 kln klzn)(kgfl)

employ Sudakov variables k; = % [ocln“ + Bin* — 24/ o Pie; }

use 5[062 — [32]

introduce fraction &; = B;/a;,i=1,3

v _ " BB\ B;2 8[1 — B2 (BiBaB3)Y
r=] dQ/o [105 ’d&dé’(&és) (&1+ & — 2 /E1Eseie) B (B + &12) Bs

consider the region By ~ & ~ & ~ A — 0

_ dA A2\ ° 1
v skl AVX o —
! / dQ/ A (ML) Y
= describes a situation where g(k;) is emitted in the transverse plane kyn = ki
and gluons g(k;), g(k3) are very forward

= 1 /v-pole gets multiplied with reduction coefficient ¢ ~ v
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Master integrals at N3LO

Divide according to propagator k%23 = 2 [k1ky + k1k3 + koks]

« without k%,5: compute along the lines discussed for NNLO

|
- / (kika) (kiks) -

« with k3,5 difficult to compute analytically

Numerical computation of Ml (see also )

» add parameter m? to ‘complicated’ propagator see also [Henn et al. '13]

T doz .,
2 2 2
L Ky +m?] ..

« using the IBP technology for 6-functions, derive differential equation

d,2J =KJ

- compute boundary conditions in m?> — o, where the “bad” propagator simplifies

« solve differential equation numerically, compute the limit m — 0, and recover I from
Taylor-branch cggg in

J — Z Cn1n2n3 (mz)n1+n28 lnn3 (mz)

« result with 2000 digits, allows to reconstruct analytic expression with PSLQ
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Results

24 308 1 3380\ 1 4407 10048
som— = 4 +—<—12n2+—)+?<—1000C3+ + )

5 3et T €3 9 9 9
N 1/ 2377z N 440¢; N 719272 N 253252
£ 45 3 27 81

1972872 638x*
15

132080 7884872 1925074
In(2
g H90(2)+ — 2 )

1
+ (-2806465 + +4224Liy (§> +3696431n(2) — 1767 1n*(2) 4 1761n*(2)

673517°

te <2304 {51 —4464851n(2) + 2578483 — o

— 6336G(0,0,72,1,—1)

268895(s
3

1 1 1
45056 Lis (5) —45056Liy <5> In(2) + 176 Cly (g) 7 — 105683 Li (Z) 3982, 72

4400CL (%) 2 N 887*In(2)
27 45

— 6336G(0,0,1,r5,—1) —3168Gg(0,0,1,r2,74) — 6336Gg(0,0, 75, —1)In(2) +

218248 1n2(2) + 21128 In(2) In(3) — 1584 C12 (g) In(3) —

6167*In(3) N 1126472 1n%(2)  225281n°(2)
27 9 15
107272 In*(2) N 10721n*(2) N 55403243 73037872
3 3 27 243

N 140881681 V3 <1923{Li3 (—GXP(;”B)) } + 160C12(§) In(2) — 16x1n%(2) — 5651”3» +0(e)

1
+8576Li4 (§> +7504¢31n(2) +

—327%1n(2) + —3841n?(2) 4 8321n(2)

« most master integrals for nni-configuration computed, checks in progress
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One-jettiness @ NLO

S = /dd_lkiZJ'TiTj(qi .CZ‘).(Z.]() 6[t—k-q1]0[k-(q2—q1)] Ok~ (g3 — q1)]

function of two angular ratios

q1
Y12 Y13 . 42
X|=—",xn=""
Y23 Y23 ’

where
Vi = qi- qg;j ‘ ,
v EiEj //
5q3

six master integrals, canonical basis [Henn ‘13]
dJ=¢ ) dlog(w)J A = {xl,xz,l—xl,l—xz,l(l,xl,xz%
wed
VAL x1,x) +x1 —xp — 1,
\/ l(l,xl,xz) — X1 +XxX2— 1}

boundary conditions from equal-angle limit

yij:1 1

r(2—-2¢e) 27% 1 3 1
Fil{z—¢,= e
2171 [{2 872+8}7{2 8}’4]

Jr ~
2 1“2(1—8)Jr T

(numerical computations through N2LO [Jouttenus et al. '11] [Boughezal et al. '15] [Campbell et al. *17])
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Conclusion L

extended notion of IBP relations & reverse unitarity
« enables us to reduce phase-space integrals that contain Heaviside functions to master integrals

« provides the means to derive differential equations, which we solve numerically

= with this, we computed the same-hemisphere configuration (nnn) for three-gluon emission of the
zero jettiness function

Outlook for zero-jettiness

¢ missing master integrals with k%23-propagator in configuration nni to finish ggg contribution

« other contributions are
— RRR: ggg-emission: only reduction, master integrals identical
— RRV: one-loop corrections to gg- and gg-emission: re-compute [Chen et al. 22]
— RVV: two-loop correction to g-emission

General outlook

« extension to 1-jettiness under investigation
— analytic structure, regularity conditions, ...

 other phase-space integrals containing Heaviside functions (soft counter terms in subtraction
schemes, ...)
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