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- Dispersion relations


- On-shell recursion relations


- Perturbative & non-perturbative 
bootstrap

MOTIVATION

How can we exploit the analyticity properties of Feynman integrals?
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- Generalized unitarity


- Differential equations


- Boostrap Feynman integrals



WHAT ARE THE CONSTRAINTS 
FOR FEYNMAN-INTEGRAL BOOTSTRAP?

(i) Location and types of singularities → letters


(ii) Physical-sheet constraints → 1st entry conditions


(iii) Asymptotic expansions → last entry conditions


(iv) Discontinuities, Steinmann, extended Steinmann: → adjacency of letters
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SIMPLE EXAMPLE: MASSLESS 6D BOX

4

Massless box

- Symmetric in s and t

- Potential singularities at s, t, u ∈ {0,∞}
- Polylogarithmic, weight at most 3

- lims→0 I = log2(s)
2t

- u = 0 is not a singularity of I (but potentially of DiscI)

- Depends only on x = s
t up to an overall mass scale

The function is fixed to be I = log2 �st � + ⇡2

2(s + t)

Massless box
- Symmetric in s and t

- Potential singularities at s, t, u ∈ {0,∞}
- Polylogarithmic, weight at most 3

- lims→0 I = log2(s)
2t

- u = 0 is not a singularity of I (but potentially of DiscI)

- Depends only on x = s
t up to an overall mass scale

The function is fixed to be I = log2 �st � + ⇡2

2(s + t)

s

t

The function becomes

<latexit sha1_base64="BCh+Cckn/28LUtl9g04zy6pqk3Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgJWFXRb0IAS8eI5gHJCHMTmaTMbM7y0yvEJb8gxcPinj1f7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aBiVaMbrTEmlWz41XIqI11Gg5K1Ycxr6kjf90e3Ubz5xbYSKHnAc825IB5EIBKNopUZyUzZl7BVLbsWdgSwTLyMlyFDrFb86fcWSkEfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNvSiIbcdNPZtRNyYpU+CZS2FSGZqb8nUhoaMw592xlSHJpFbyr+57UTDK67qYjiBHnE5ouCRBJUZPo66QvNGcqxJZRpYW8lbEg1ZWgDKtgQvMWXl0njrOJdVs7vL0pVksWRhyM4hlPw4AqqcAc1qAODR3iGV3hzlPPivDsf89ack80cwh84nz/ak46P</latexit>

u = �s� t
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Multiple Polylogarithms

Multiple polylogarithms F : functions s.t. dF = ∑i F
sid log si.

Symbol: upgrade differential to a tensor product: S(F ) = ∑i S(F si)⊗ si

Examples:

Li1(z) = − log(1 − z), Lim(z) = � z

0

Lim−1(t)
t

dt

S�Lim(z)� = −(1 − z)⊗ z ⊗�⊗ z

HOW TO ENCODE THE INFORMATION?
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Algebraic functions

Also a multiple polylogarithm

[Goncharov, Spradlin, Vergu, Volovich 2010]

[See talk by Tancredi]



ANALYTIC STRUCTURE: SYMBOL
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Symbol

Symbol makes sequential-discontinuity structure manifest

Li2(z)→ −(1 − z)⊗ z

Here: Investigate constraints on consecutive symbol entries

[Goncharov, Spradlin, Vergu, Volovich 2010]



(i) Landau singularities restrict letters ai(p)

 

(ii) From the front: Physical sheet restricts first entries a1(p)

 

(iii) From the back: Asymptotic expansions restrict last entries an(p), an−1(p), …

 

(iv) In the middle: Sequential discontinuities restrict adjacent entries

CONSTRAINTS ON THE SYMBOL
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Multiple Polylogarithms

Symbol map exposes the analytic structure of
polylogarithmic Feynman integrals I(p):

first discontinuity second discontinuity

S�I(p)� =�
�������������
�a1(p)⊗

�������������
�a2(p)⊗

��������������
�a3(p)⊗�⊗ �an−2(p)�������������������������������

⊗ �an−1(p)������������������������������
⊗�an(p)���������������

second derivative first derivative



OUTLINE

2. Physical-sheet constraints

3. Asymptotic expansions

1. Singularities of amplitudes

5. Bootstrapping 
Feynman integrals

4. Sequential discontinuities
Figure 4.4. Example Landau curves: Leading singularity for the ⌅0

c⇤
+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –

25

Nowadays we have powerful algebraic geometry tools
to address such questions [SM, Telen ‘21]

[hep-ph/2107.14180]
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Landau Equations

A ∝ � ∞
0

dE↵e�
�
dLdkN exp ��↵e(q2e −m2

e)�
Saddle-point analysis → branch points when

↵e(q2e −m2
e) = 0, and �

loop
↵eq

µ
e = 0

Solutions give codimension � 1 constraints on external kinematics

(As opposed to UV/IR singularities, for any kinematics)

FIND BRANCH POINTS: LANDAU EQUATIONS

[Bjorken 1959; Landau 1959; Nakanishi 1959; Brown 2009, Mühlbauer 2020; 
Klausen 2021; Mizera, Telen 2021]

Set N=1

11

Loop momenta



TYPES OF SINGULARITIES OF FEYNMAN INTEGRALS
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<latexit sha1_base64="8TkuEQdwvcCN/giPFxAtHMngGkY="></latexit>

Ibox = lim
"!0+

N

st

⇢
2

✏2
⇥
(�s� i")�✏ + (�t� i")�✏

⇤
� log2

✓
�s� i"

�t� i"

◆�
+O(✏)

<latexit sha1_base64="3eI+0yR9LfCsSUfcAfl6KRkPqi8="></latexit>

For massless box integral, get Landau singularities at s = 0, t = 0

Infrared singularity Kinematic/Landau singularities



Landau Equations

Determine potential branch points of A ∝ ∫ dDLki
1

�↵1`21−m2
1+�+↵E`2E−m2

1�E

p3 ↵1

↵3

↵4

↵2

↵6

↵5

p2

p1

Either ↵i = 0 or `2i =m2
i , & ∑±↵i`i = 0 around every loop.

LANDAU EQUATIONS IN MOMENTUM SPACE

`

p� `

p

↵1

↵2

s

Figure 3.1. Bubble diagram labelled by the loop momentum ` (left) and the Schwinger
parameters ↵1 and ↵2 (right). The internal particles have masses m1 and m2.

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.4)

+ (p2 � 2` · p)↵2 � (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

Since the exponent is quadratic in the loop momentum `µ, we can attempt to perform

the Gaussian integral which has its peak at

`µ = pµ
↵2

↵1+↵2

. (3.5)

However, since the integration contour in the loop-momentum space runs over `µ 2

R1,D�1 with `2 = (`0)2 � ~̀2, the argument of the exponent in (3.4) varies between being

positive and negative along this contour. But in order to perform the Gaussian integral,

we must make sure that the integrand decays su�ciently fast as `µ ! ±1, which is

ambiguous when `2 does not have a definite sign. Hence, before evaluating the Gaussian

integral, we use Wick rotation to deform the integration contour from Lorentzian R1,D�1

to Euclidean RD. One needs to be careful, because this deformation must be done

without encountering any singularities.

Let us explain how to perform the Wick rotation. We start with changing variables

with `µ ! `µ + pµ ↵2
↵1+↵2

, resulting in

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.6)

+ s
↵1↵2

↵1 + ↵2

� (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

The roots of the polynomial in `0 in the numerator are at

`0± = ±

s
~̀2 � s

↵1↵2

(↵1 + ↵2)
2
+

m2

1
↵1 +m2

2
↵2

↵1 + ↵2

� i". (3.7)

By expanding in ", we see that for any real value of ~̀, the root `0
+
lies in the fourth

– 29 –

For bubble integral,

Solutions are codimension      constraints on external kinematics: 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<latexit sha1_base64="bocN3f4wyUgWXQbOMjsXZox5mN0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WpiiWpom6EghuXFewD2hgmk2k7dCZJZyZCCf0HN/6KGxeKuHXjzr9x2gbR1gMXDufcy733eBGjUlnWl5GZm19YXMou51ZW19Y3zM2tmgxjgUkVhywUDQ9JwmhAqooqRhqRIIh7jNS93tXIr98TIWkY3KpBRByOOgFtU4yUllzzUMJLWOCuDY8gd0sHdyXY6vdj5MMf4zg1XDNvFa0x4CyxU5IHKSqu+dnyQxxzEijMkJRN24qUkyChKGZkmGvFkkQI91CHNDUNECfSScY/DeGeVnzYDoWuQMGx+nsiQVzKAfd0J0eqK6e9kfif14xV+8JJaBDFigR4sqgdM6hCOAoI+lQQrNhAE4QF1bdC3EUCYaVjzOkQ7OmXZ0mtVLTPiic3p/nyfhpHFuyAXVAANjgHZXANKqAKMHgAT+AFvBqPxrPxZrxPWjNGOrMN/sD4+AZjSplj</latexit>

s = (m1 +m2)
2 s = (m1 �m2)

2

<latexit sha1_base64="634rC+9pZV8qpk3ZWREy42/nRPw=">AAAB7XicbVBNS8NAEJ34WetX1aOXxaJ4KomKeix48VjBfkAbymY7adduNnF3I5TQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUanT4+Eq9bKrsVdwqySLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCRwXO6nGhLIh7WPbUkkj1H42vXZMjq3SI2GsbElDpurviYxGWo+iwHZG1Az0vDcR//PaqQmv/YzLJDUo2WxRmApiYjJ5nfS4QmbEyBLKFLe3EjagijJjAyraELz5lxdJ46ziXVbO7y7K1ZM8jgIcwhGcggdXUIVbqEEdGDzAM7zCmxM7L8678zFrXXLymQP4A+fzB89/jow=</latexit>� 1

Landau Equations

A ∝ � ∞
0

dE↵e�
�
dLdkN exp ��↵e(q2e −m2

e)�
Saddle-point analysis → branch points when

↵e(q2e −m2
e) = 0, and �

loop
↵eq

µ
e = 0

Solutions give codimension � 1 constraints on external kinematics

(As opposed to UV/IR singularities, for any kinematics)

<latexit sha1_base64="j+JC4DexpeJaq5qEOP7EEQAz3QY="></latexit>

k2 = m2
1 (p� k)2 = m2

2 ↵1k
µ + ↵2(k � p)µ = 0

<latexit sha1_base64="Mc7WF9vSa+69+252sDwdQQu/Fio=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulilt15yCrxMtJBXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LqredfWycVWplfM4CnAKZTgHD26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy4GM1w==</latexit>

k

<latexit sha1_base64="vJ/tBte43F0KYZqe4An1OpeFu/Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwYklU1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0kJyNeqWKW3VnIMvEy0kFctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9eL+slIr53EU4BjKcAoeXEMN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcEao2I</latexit>

p� k
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LANDAU DIAGRAMS

Correspond to any subdiagrams of original diagram, where lines are on shellBox, triangle, bubble

Box singularity:

Triangle singularities:

Bubble singularities:
<latexit sha1_base64="77PaUKU41vCVqwXksjKJuRy/SzU=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlKBA27MagXIeDFYwTzgCSG2dnZZMjsw5leIYTcvfgrXjwo4tUf8ObfOEkW0cSChqKqm+4uJxJcgWV9GamFxaXllfRqZm19Y3PL3N6pqTCWlFVpKELZcIhiggesChwEa0SSEd8RrO70L8d+/Z5JxcPgBgYRa/ukG3CPUwJa6phZhfPquIT92+LhhXWEW3cxcTHgPPyIHTNnFawJ8DyxE5JDCSod87PlhjT2WQBUEKWathVBe0gkcCrYKNOKFYsI7ZMua2oaEJ+p9nDyywjva8XFXih1BYAn6u+JIfGVGviO7vQJ9NSsNxb/85oxeOftIQ+iGFhAp4u8WGAI8TgY7HLJKIiBJoRKrm/FtEckoaDjy+gQ7NmX50mtWLBPCyfXpVz5IIkjjfZQFuWRjc5QGV2hCqoiih7QE3pBr8aj8Wy8Ge/T1pSRzOyiPzA+vgGaUZbk</latexit>

s(s� 4m2) = 0, t(t� 4m2) = 0

<latexit sha1_base64="gp6BL+tbUw+F49U54CPZz5a1kPU=">AAACH3icbZBNS0JBFIbn2pfZ162WbYakMCq518TaBEKbNoFBfoCazB1HHZz70cy5gVz8J236K21aFBHt/DeNehelHjjw8L7nMHNeJxBcgWWNjMTS8srqWnI9tbG5tb1j7u5VlB9KysrUF76sOUQxwT1WBg6C1QLJiOsIVnX6N2O/+syk4r73AIOANV3S9XiHUwJaapkFhTPqPI/vHnPY1X2qKX9ybZ3hxlNI2hhwBhbYLTNtZa1J4XmwY0ijuEot86fR9mnoMg+oIErVbSuAZkQkcCrYMNUIFQsI7ZMuq2v0iMtUM5rcN8RHWmnjji91e4An6t+NiLhKDVxHT7oEemrWG4uLvHoInatmxL0gBObR6UOdUGDw8Tgs3OaSURADDYRKrv+KaY9IQkFHmtIh2LMnz0Mll7UL2Yv7fLp4HMeRRAfoEGWQjS5REd2iEiojil7QG/pAn8ar8W58Gd/T0YQR7+yjf2WMfgFCu5w6</latexit>

s(s� 4M2m2 +M4) = 0, t(t� 4M2m2 +M4) = 0

<latexit sha1_base64="fWx/As18kfd7GxeWQxwvXYclBn0=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2BRKmKZaUt1IxTcuBEq2Au0Y8mkaRuauZCcEUrpg7jxVdy4UMSNC8G3MZ3OQlsPJHz8/zkk53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvboKIklZjQYikE2XKCa4z2rAQbBmKBnxXMEa7vBq6jcemFQ88O9gFDLHI32f9zgloKWOWVQYcG56neESVti7L8QEMZ1iu4xvNMRySWPp5NLqmFkrb8WFF8FOIIuSqnbMz3Y3oJHHfKCCKNWyrRCcMZHAqWCTTDtSLCR0SPqspdEnHlPOOF5ugo+00sW9QOrjA47V3xNj4ik18lzd6REYqHlvKv7ntSLoXThj7ocRMJ/OHupFAkOAp0nhLpeMghhpIFRy/VdMB0QSCjrPjA7Bnl95EeqFvF3OF29L2cpxEkcaHaBDlEM2OkcVdI2qqIYoekTP6BW9GU/Gi/FufMxaU0Yys4/+lPH1A0NfmpA=</latexit>

st(st� 4sm2 � 4tm2 + 16M2m2 � 4M4) = 0

<latexit sha1_base64="hxDJUKfoprpoZd3giqULzFnS3Qk=">AAAB6HicbVDLSgNBEOyNrxhfUY9ehgTBU9hVUY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3imW34s5BVomXkTJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JadW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZ5xbuqXNQvy9VSFkceTqAEZ+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP54JjLk=</latexit>

M
<latexit sha1_base64="hxDJUKfoprpoZd3giqULzFnS3Qk=">AAAB6HicbVDLSgNBEOyNrxhfUY9ehgTBU9hVUY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3imW34s5BVomXkTJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JadW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZ5xbuqXNQvy9VSFkceTqAEZ+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP54JjLk=</latexit>

M

<latexit sha1_base64="hxDJUKfoprpoZd3giqULzFnS3Qk=">AAAB6HicbVDLSgNBEOyNrxhfUY9ehgTBU9hVUY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3imW34s5BVomXkTJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JadW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZ5xbuqXNQvy9VSFkceTqAEZ+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP54JjLk=</latexit>

M
<latexit sha1_base64="hxDJUKfoprpoZd3giqULzFnS3Qk=">AAAB6HicbVDLSgNBEOyNrxhfUY9ehgTBU9hVUY8BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3imW34s5BVomXkTJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JadW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZ5xbuqXNQvy9VSFkceTqAEZ+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP54JjLk=</latexit>

M

<latexit sha1_base64="JXJ5L/GtcHwEXkZUNiXJ0shkGRw=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1Sxa26c5BV4uWkAjnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNyZpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE976GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaF1XvunrZuKrUynkcBTiFMpyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzomM2Q==</latexit>m
<latexit sha1_base64="JXJ5L/GtcHwEXkZUNiXJ0shkGRw=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1Sxa26c5BV4uWkAjnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNyZpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE976GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaF1XvunrZuKrUynkcBTiFMpyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzomM2Q==</latexit>m

<latexit sha1_base64="JXJ5L/GtcHwEXkZUNiXJ0shkGRw=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1Sxa26c5BV4uWkAjnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNyZpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE976GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaF1XvunrZuKrUynkcBTiFMpyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzomM2Q==</latexit>m

<latexit sha1_base64="JXJ5L/GtcHwEXkZUNiXJ0shkGRw=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIV9Vjw4rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1Sxa26c5BV4uWkAjnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNyZpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE976GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpaF1XvunrZuKrUynkcBTiFMpyDBzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzomM2Q==</latexit>m
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LANDAU DIAGRAMS

Box, triangle, bubble

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}Correspond to any subdiagrams of original diagram, where lines are on shell

<latexit sha1_base64="77PaUKU41vCVqwXksjKJuRy/SzU=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlKBA27MagXIeDFYwTzgCSG2dnZZMjsw5leIYTcvfgrXjwo4tUf8ObfOEkW0cSChqKqm+4uJxJcgWV9GamFxaXllfRqZm19Y3PL3N6pqTCWlFVpKELZcIhiggesChwEa0SSEd8RrO70L8d+/Z5JxcPgBgYRa/ukG3CPUwJa6phZhfPquIT92+LhhXWEW3cxcTHgPPyIHTNnFawJ8DyxE5JDCSod87PlhjT2WQBUEKWathVBe0gkcCrYKNOKFYsI7ZMua2oaEJ+p9nDyywjva8XFXih1BYAn6u+JIfGVGviO7vQJ9NSsNxb/85oxeOftIQ+iGFhAp4u8WGAI8TgY7HLJKIiBJoRKrm/FtEckoaDjy+gQ7NmX50mtWLBPCyfXpVz5IIkjjfZQFuWRjc5QGV2hCqoiih7QE3pBr8aj8Wy8Ge/T1pSRzOyiPzA+vgGaUZbk</latexit>

s(s� 4m2) = 0, t(t� 4m2) = 0

<latexit sha1_base64="gp6BL+tbUw+F49U54CPZz5a1kPU=">AAACH3icbZBNS0JBFIbn2pfZ162WbYakMCq518TaBEKbNoFBfoCazB1HHZz70cy5gVz8J236K21aFBHt/DeNehelHjjw8L7nMHNeJxBcgWWNjMTS8srqWnI9tbG5tb1j7u5VlB9KysrUF76sOUQxwT1WBg6C1QLJiOsIVnX6N2O/+syk4r73AIOANV3S9XiHUwJaapkFhTPqPI/vHnPY1X2qKX9ybZ3hxlNI2hhwBhbYLTNtZa1J4XmwY0ijuEot86fR9mnoMg+oIErVbSuAZkQkcCrYMNUIFQsI7ZMuq2v0iMtUM5rcN8RHWmnjji91e4An6t+NiLhKDVxHT7oEemrWG4uLvHoInatmxL0gBObR6UOdUGDw8Tgs3OaSURADDYRKrv+KaY9IQkFHmtIh2LMnz0Mll7UL2Yv7fLp4HMeRRAfoEGWQjS5REd2iEiojil7QG/pAn8ar8W58Gd/T0YQR7+yjf2WMfgFCu5w6</latexit>

s(s� 4M2m2 +M4) = 0, t(t� 4M2m2 +M4) = 0
<latexit sha1_base64="fWx/As18kfd7GxeWQxwvXYclBn0=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2BRKmKZaUt1IxTcuBEq2Au0Y8mkaRuauZCcEUrpg7jxVdy4UMSNC8G3MZ3OQlsPJHz8/zkk53dDwRVY1reRWlpeWV1Lr2c2Nre2d8zdvboKIklZjQYikE2XKCa4z2rAQbBmKBnxXMEa7vBq6jcemFQ88O9gFDLHI32f9zgloKWOWVQYcG56neESVti7L8QEMZ1iu4xvNMRySWPp5NLqmFkrb8WFF8FOIIuSqnbMz3Y3oJHHfKCCKNWyrRCcMZHAqWCTTDtSLCR0SPqspdEnHlPOOF5ugo+00sW9QOrjA47V3xNj4ik18lzd6REYqHlvKv7ntSLoXThj7ocRMJ/OHupFAkOAp0nhLpeMghhpIFRy/VdMB0QSCjrPjA7Bnl95EeqFvF3OF29L2cpxEkcaHaBDlEM2OkcVdI2qqIYoekTP6BW9GU/Gi/FufMxaU0Yys4/+lPH1A0NfmpA=</latexit>

st(st� 4sm2 � 4tm2 + 16M2m2 � 4M4) = 0
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MASSLESS LANDAU EQUATIONS

For massless particles, use Newton polytope to approach 
the integration boundaries in Schwinger-parameter space 

 
Solve the Landau equations at every boundary 

(subdiagrams not a useful classification)

[Klausen 2021; Fevola, Mizera, Telen]

<latexit sha1_base64="hSpPWvewMZ/TDK6WLXxbLGopMTU=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGJRMJMFPUiBLx4jGAWSCahp9OTNOlZ6O4JGYb8iRcPinj1T7z5N3aWg0YfFDzeq6KqnhtxJpVlfRmZldW19Y3sZm5re2d3z9w/qMswFoTWSMhD0XSxpJwFtKaY4rQZCYp9l9OGO7yb+o0RFZKFwaNKIur4uB8wjxGstNQ1Ta8wPk/ObsedcnFcTDrlrpm3StYM6C+xFyQPC1S75me7F5LYp4EiHEvZsq1IOSkWihFOJ7l2LGmEyRD3aUvTAPtUOuns8gk60UoPeaHQFSg0U39OpNiXMvFd3eljNZDL3lT8z2vFyrtxUhZEsaIBmS/yYo5UiKYxoB4TlCieaIKJYPpWRAZYYKJ0WDkdgr388l9SL5fsq9LFw2W+crqIIwtHcAwFsOEaKnAPVagBgRE8wQu8GqnxbLwZ7/PWjLGYOYRfMD6+AW4rkic=</latexit>

f(x, y) = x2 + x+ y2

X

Y

1 2

2
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LETTERS ↔︎ LANDAU SINGULARITIES

Conjecture letters of the form ……………… 
 

Logarithmic (………  ) and algebraic (Q) branch points 
are solutions to the Landau equations 

 
Galois symmetry:  … ……………


Example:  ……………………………………………………….

[Manteuffel, Tancredi 2017; Heller, Manteuffel, Schabinger 2019]

<latexit sha1_base64="MctvgeAAK8vD2RfAb4RpLgV1CFI=">AAACC3icbVC7TsMwFHV4lvIKMLJYrUAsVAkgYKzEwlgk+pCaqHJcp7XqOMG+Qaqi7iz8CgsDCLHyA2z8DW6bgbYcydLROffq+pwgEVyD4/xYS8srq2vrhY3i5tb2zq69t9/Qcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQxuxn7zkSnNY3kPw4T5EelJHnJKwEgdu+TpBwWZF6RCMBhhD2J8Oqt17LJTcSbAi8TNSRnlqHXsb68b0zRiEqggWrddJwE/Iwo4FWxU9FLNEkIHpMfahkoSMe1nkywjfGSULg5jZZ4EPFH/bmQk0noYBWYyItDX895Y/M9rpxBe+xmXSQpM0umhMBXYBB4Xg7tcMQpiaAihipu/YtonilAw9RVNCe585EXSOKu4l5Xzu4ty9Tivo4AOUQmdIBddoSq6RTVURxQ9oRf0ht6tZ+vV+rA+p6NLVr5zgGZgff0CC4qbmw==</latexit>p
• ! �

p
•

<latexit sha1_base64="+pqVYGMlgAOqXyF0vHaqfOXSrN8=">AAACKHicbVDLSgMxFM34rPU16tJNsCiCtMzUom7EghuXFewDOrVk0kwbmnmY3BHKMJ/jxl9xI6JIt36J6QPR1gMXTs65l9x73EhwBZY1NBYWl5ZXVjNr2fWNza1tc2e3psJYUlaloQhlwyWKCR6wKnAQrBFJRnxXsLrbvx759UcmFQ+DOxhErOWTbsA9TgloqW1ekUsHPEloYp846kFC4oxfKl/y74tpotI0Tez8jIV/vLaZswrWGHie2FOSQ1NU2uab0wlp7LMAqCBKNW0rglZCJHAqWJp1YsUiQvuky5qaBsRnqpWMD03xoVY62AulrgDwWP09kRBfqYHv6k6fQE/NeiPxP68Zg3fRSngQxcACOvnIiwWGEI9Swx0uGQUx0IRQyfWumPaITgN0tlkdgj178jypFQv2WeH0tpQrH03jyKB9dICOkY3OURndoAqqIoqe0At6Rx/Gs/FqfBrDSeuCMZ3ZQ39gfH0DkzSndQ==</latexit>

a =
1+

q
s�4m2

s

1�
q

s�4m2

s

m

m

s

<latexit sha1_base64="0AcbXK1M2O4ycQCNFdP+BxtYc6M=">AAACC3icbZDLSsNAFIYn9VbrLerSTWhRBLEkKupGKLhxmYK9QBPCZDpph04uzpwIJWTvxldx40IRt76AO9/G6QXR1h8GPv5zDmfO7yecSTDNL62wsLi0vFJcLa2tb2xu6ds7TRmngtAGiXks2j6WlLOINoABp+1EUBz6nLb8wfWo3rqnQrI4uoVhQt0Q9yIWMIJBWZ5exh67ciAQmGT2kSPvBGT1PM/s4x/29IpZNccy5sGaQgVNZXv6p9ONSRrSCAjHUnYsMwE3wwIY4TQvOamkCSYD3KMdhREOqXSz8S25sa+crhHEQr0IjLH7eyLDoZTD0FedIYa+nK2NzP9qnRSCSzdjUZICjchkUZByA2JjFIzRZYIS4EMFmAim/mqQPla5gIqvpEKwZk+eh+ZJ1TqvntbPKrWDaRxFtIfK6BBZ6ALV0A2yUQMR9ICe0At61R61Z+1Ne5+0FrTpzC76I+3jG99ym4M=</latexit>

ai =
P+

p
Q

P�
p
Q

<latexit sha1_base64="DfislUNhjSo3Q502ORHkFH5zZ5U=">AAAB7HicbVBNTwIxEJ31E/EL9eilkWi8SHbRqEcSLx4hcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upv6rSeqNIvlgxknNBB4IFnECDZW8uuP1YtGr1R2K+4MaJl4OSlDjnqv9NXtxyQVVBrCsdYdz01MkGFlGOF0UuymmiaYjPCAdiyVWFAdZLNjJ+jUKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVIT3QYZk0lqqCTzRVHKkYnR9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJrVindduWxclWtneRwFOIYTOAcPbqAG91AHHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDTpo32</latexit>

P 2 �Q
<latexit sha1_base64="DfislUNhjSo3Q502ORHkFH5zZ5U=">AAAB7HicbVBNTwIxEJ31E/EL9eilkWi8SHbRqEcSLx4hcYEEVtItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upv6rSeqNIvlgxknNBB4IFnECDZW8uuP1YtGr1R2K+4MaJl4OSlDjnqv9NXtxyQVVBrCsdYdz01MkGFlGOF0UuymmiaYjPCAdiyVWFAdZLNjJ+jUKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVIT3QYZk0lqqCTzRVHKkYnR9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJrVindduWxclWtneRwFOIYTOAcPbqAG91AHHwgweIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwDTpo32</latexit>

P 2 �Q
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a)

k1

k2p1

p2

p3

p4 p5

b)

k1 k2
p1

p2
p4

p5

p3

Figure 1: On the left, with label a), we depict the hexa-box integral family and on the

right, with label b), the double pentagon integral family.

1 Introduction

Scattering amplitudes for multi-particle processes start to play an increasingly important

role in future collider physics analyses, as processes at higher multiplicity are being probed

more and more accurately. Recently, rapid progress has been achieved for five-particle pro-

cesses at next-to-next-to-leading order. This concerns several areas, such as the efficient

computation of loop integrands [1–4], the analytic computation of the Feynman integrals

[5–7] as well as advances in integral reduction techniques [8–16]. Most recently, two in-

dependent numerical determinations of all planar five-gluon scattering amplitudes [4, 17]

have been achieved.

Non-planar corrections are unfortunately considerably more difficult to handle, due

to a variety of reasons. Owing to the richer cut-structure of non-planar amplitudes, they

can contain a larger number of rational factors in the external invariants, leading to more

complicated algebraic expressions, both in the integrand reduction and in the determination

of the integrals. This article addresses the second challenge, specifically at the level of

the computations of non-planar Feynman integrals. The first steps in this direction were

taken in [18], where three of the present authors conjectured the function space describing

the Feynman integrals, and proposed a bootstrap method for determining the functions.

Furthermore, individual integrals were computed in ref. [19], using a method based on

conformal symmetry.

There are two non-planar integral families for five particles at two loops, namely the

hexa-box integral family a) and the double pentagon integral family b), shown in Fig. 1.

In this paper, we analytically compute all master integrals for this first one, namely the

hexa-box integral family a).

We begin by deriving a basis of integrals with constant leading singularities, also known

as d-log integrals [20–22]. This is done by adapting the algorithm described in [23] to the

five-particle kinematics. We then use integral reduction programs to find a basis of 73 d-log

integrals.

We follow this up by computing the differential equations for the basis integrals, and

find that they obey the canonical form of [21], as expected by the conjecture made therein.

We find that the differential equations can be expressed in terms of the non-planar pentagon

alphabet of reference [18].

– 2 –

[See Chicherin, Gehrmann, Henn, Lo 
Presti, Mitev, Wasser 2018]
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to address such questions [SM, Telen ‘21]
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Nowadays we have powerful algebraic geometry tools
to address such questions [SM, Telen ‘21]

[hep-ph/2107.14180][See Abreu, Ita, Page, Tschernow 2021]

Example: Hexabox integral

Adding a mass gives a new letter 
at the Landau-equation solution 



OUTLINE

2. Physical-sheet constraints

3. Asymptotic expansions

1. Singularities of amplitudes

5. Bootstrapping 
Feynman integrals

4. Sequential discontinuities
Figure 4.4. Example Landau curves: Leading singularity for the ⌅0

c⇤
+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –
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Figure 4.4. Example Landau curves: Leading singularity for the ⌅0
c⇤

+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –

[Figure from HSH, Mizera ’22]

LANDAU SINGULARITIES AND PHYSICAL SHEET

alpha

Constrain symbol letters; must be consistent with Landau solutions

Singularities on physical sheet special: Only for solutions with ↵i � 0

Landau Equations

A ∝ � ∞
0

dE↵e�
�
dLdkN exp ��↵e(q2e −m2

e)�
Saddle-point analysis → branch points when

↵e(q2e −m2
e) = 0, and �

loop
↵eq

µ
e = 0

Solutions give codimension � 1 constraints on external kinematics

(As opposed to UV/IR singularities, for any kinematics)

<latexit sha1_base64="dKr+ypM2sIsTWexepMKLh42ggMU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEonkqioh4LXjxWsB/QhLDZTtqlm03c3Qg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0o7zbZVWVtfWN8qbla3tnd2qvbffVkkmKbRowhPZDYkCzgS0NNMcuqkEEoccOuHoZup3HkEqloh7PU7Bj8lAsIhRoo0U2FWP8HRIAsDeAB6wE9g1p+7MgJeJW5AaKtAM7C+vn9AsBqEpJ0r1XCfVfk6kZpTDpOJlClJCR2QAPUMFiUH5+ezwCT42Sh9HiTQlNJ6pvydyEis1jkPTGRM9VIveVPzP62U6uvZzJtJMg6DzRVHGsU7wNAXcZxKo5mNDCJXM3IrpkEhCtcmqYkJwF19eJu2zuntZP7+7qDVOijjK6BAdoVPkoivUQLeoiVqIogw9o1f0Zj1ZL9a79TFvLVnFzAH6A+vzB6qgklw=</latexit>

↵e � 0
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c ⇤+

c

⌅0
c ⌅0
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z

z⇤
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Symbol

Symbol makes sequential-discontinuity structure manifest

Li2(z)→ −(1 − z)⊗ z

Here: Investigate constraints on consecutive symbol entries

LANDAU SINGULARITIES AND PHYSICAL SHEET

First entry condition: α-positive solutions only 
ones that can appear for Feynman integrals

α-positive

α-positive or negative 
or complex



OUTLINE

2. Physical sheet constraints

3. Asymptotic expansions

1. Singularities of amplitudes

5. Bootstrapping 
Feynman integrals

4. Sequential-discontinuities
Figure 4.4. Example Landau curves: Leading singularity for the ⌅0

c⇤
+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –
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Expansion around saddle

We can expand polylogarithms around branch points

Liq+1(1 −')→ 'q log'

More generally, for a symbol term of the form

S(A) ⊃ a1 ⊗ ⋅ ⋅ ⋅ ⊗ ak ⊗'⊗ b1 ⊗ ⋅ ⋅ ⋅ ⊗ bq ,

the leading non-analytic behavior is

A ∼ 'q log'

EXPANSION OF SYMBOL ENTRIES

23



Expansion around saddle

Expansion around saddle-point shows in generic-mass case,

A ∼
���������
'� log' for � ∈ Z+ ∪ {0}
'� otherwise

with branch point at ' = 0 (e.g. ' = s − 4m2)

� = Ld−E−1
2

Expansion around saddle

Expansion around saddle-point shows in generic-mass case,

A ∼
���������
'� log' for � ∈ Z+ ∪ {0}
'�

otherwise

With branch point at ' = 0 (e.g. ' = s − 4m2
)

� = Ld−E−1
2

ASYMPTOTIC EXPANSIONS

24

Assume isolated Landau curves

Assume UV&IR finiteness 

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

} L: number of loops 
d: dimensions

E: number of edges in Landau diagram

For sufficiently generic masses, we can do the asymptotic expansion:

[Landau 1959]



COROLLARY ON TRANSCENDENTAL WEIGHT

25

Corollary on transcendental weight

For generic-mass polylogarithmic Feynman integrals,

A ∼ '� log', with � = Ld−E−1
2 ,

S(A) ⊃ a1 ⊗ ⋅ ⋅ ⋅ ⊗ ak ⊗'0 ⊗ b1 ⊗ ⋅ ⋅ ⋅ ⊗ bq

Bound on transcendental weight: �Ld

2
�

[HSH, McLeod, Schwartz, Vergu 2021]

For polylogarithmic Feynman integrals with sufficiently generic masses,



All-Mass Example

○ The branch cuts that develop near the two-particle thresholds of all-mass
Feynman integrals in different dimensions thus behave as

d = 3 ∼ log' d = 4 ∼ ' 1
2

d = 5 ∼ ' log' d = 6 ∼ ' 3
2

⋮ ⋮

All-Mass Example

○ The branch cuts that develop near the two-particle thresholds of all-mass
Feynman integrals in different dimensions thus behave as

d = 3 ∼ log(s − 4m2) d = 4 ∼ (s − 4m2) 12

d = 5 ∼ (s − 4m2) log(s − 4m2) d = 6 ∼ (s − 4m2) 32

⋮ ⋮

SADDLE-POINT EXPANSION

26

Example: expansion around two-particle threshold 
for polygons with sufficiently generic masses:



ASYMPTOTIC EXPANSIONS

27

More generally: - solve the Landau equations for kinematics and α


- use method of regions or direct expansions 
around the singular surfaces

In practice: different singularities may be easy or hard to expand around

[work in progress with G. Salvatori]

[See also Binoth, Heinrich 2000, Jantzen, Smirnov, 
Smirnov 2011, Heinrich, Jahn, Jones, Kerner, 

Langer, Magerya, Poldaru, Schlenk, Villa 2021]

↵i

↵j

Landau singularity



GENERAL STRATEGY FOR MASSLESS INTEGRALS

28

Study behavior of 
symbol near branch 

points

Study behavior of 
Feynman integral 
near branch points

Constrain symbol

Summary so far

S(A) ⊃ a1 ⊗ ⋅ ⋅ ⋅ ⊗ ak ⊗'0 ⊗ ⋅ ⋅ ⋅ ⊗'0������������������������������������������������������������
j instances

⊗b1 ⊗ ⋅ ⋅ ⋅ ⊗ bq

��→
'→0

'q logj '

A ��→
'→0

'� logl '

Summary so far

S(A) ⊃ a1 ⊗ ⋅ ⋅ ⋅ ⊗ ak ⊗'0 ⊗ ⋅ ⋅ ⋅ ⊗'0������������������������������������������������������������
j instances

⊗b1 ⊗ ⋅ ⋅ ⋅ ⊗ bq

��→
'→0

'q logj '

A ��→
'→0

'� logl '

Summary so far

S(A) ⊃ a1 ⊗ ⋅ ⋅ ⋅ ⊗ ak ⊗'0 ⊗ ⋅ ⋅ ⋅ ⊗'0������������������������������������������������������������
j instances

⊗b1 ⊗ ⋅ ⋅ ⋅ ⊗ bq

��→
'→0

'q logj '

A ��→
'→0

'� logl '



OUTLINE

2. Physical-sheet constraints

3. Asymptotic expansions

1. Singularities of amplitudes

5. Bootstrapping 
Feynman integrals

4. Sequential discontinuities
Figure 4.4. Example Landau curves: Leading singularity for the ⌅0

c⇤
+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –
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Nowadays we have powerful algebraic geometry tools
to address such questions [SM, Telen ‘21]
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Analytic Structure of A - Example

I = p1

p2

p3

∝ Li2(z) − Li2(z̄) + 1

2
ln(zz̄) ln�1 − z

1 − z̄ �
with zz̄ = p22�p21, (1 − z)(1 − z̄) = p23�p21

Dilogarithm Li2(z) = − ∫ z
0

ln(1−x)
x dx has a branch cut for z > 1:

Discz=1Li2(z) = 2⇡i ∫ z
1

1
xdx = 2⇡i ln (z)

Logarithm ln(z) = ∫ z
1

1
xdx has a branch cut for z < 0:

Discz=0 ln(z) = 2⇡i
Structure & new branch points in sequential discontinuities

p23

p21

p22

1
2 3

z

z⇤

z

z⇤

30

SIMPLE EXAMPLE: MASSLESS TRIANGLE
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3d fig

L1 L2
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t

k

KEY POINT ON SEQUENTIAL DISCONTINUITIES

Whenever Landau singularities do not intersect in 
integration space, the sequential discontinuity is zero

[Fotiadi, Froissart, Lascoux and Pham 1965; HSH, McLeod, 
Schwartz, Vergu 2022; Berghoff, Panzer 2022]

Sequential discontinuities restrict adjacent symbol letters



No sequential discontinuities in partially overlapping channels in the physical region

s

t

s

Here: A cannot have a term of the form log(s − 4m2) log(t − 4m2)
Important for bootstrapping amplitudes

SPECIAL CASE: STEINMANN RELATIONS

32

[Steinmann 1960]
No sequential discontinuities in partially overlapping channels in the physical region

s

t

s

Here: A cannot have a term of the form log(s − 4m2) log(t − 4m2)
Important for bootstrapping amplitudes<latexit sha1_base64="OFPiQcesJN+iS8Gq31jwl9oirLQ="></latexit>

Important constraint in N = 4 bootstrap program

[Caron-Huot, Dixon, McLeod, von Hippel 2016]



OUTLINE

2. Physical sheet constraints

3. Asymptotic expansions

1. Singularities of amplitudes

5. Bootstrapping 
Feynman integrals

4. Sequential-discontinuities
Figure 4.4. Example Landau curves: Leading singularity for the ⌅0

c⇤
+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –
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WHAT ARE THE CONSTRAINTS 
FOR FEYNMAN-INTEGRAL BOOTSTRAP?

(i) Location and types of singularities → letters


(ii) Physical-sheet constraints → 1st entry conditions


(iii) Asymptotic expansions → last entry conditions


(iv) Discontinuities, Steinmann, extended Steinmann: → adjacency of letters


34

[See Caron-Huot, Chicherin, Dixon, Drummond, Dulat, Foster, Gürdoğan, Henn, 
von Hippel, Mitev, McLeod, Liu, Papathanasiou, Wilhelm, …]



BOOTSTRAPPING THE DOUBLE BOX W/MASSIVE RUNG

35

[Caron-Huot, Henn 2014]

Letters formed using Landau singularities at

Alphabet 2

s = 0, s = 4m2, t = 0, t = 4m2, m2 = 0, (6)

s + t = 0, st + 4sm2 + 4tm2 = 0 (7)

s = 0, s = 4m2, t = 0, t = 4m2, m2 = 0, (8)

s + t = 0, st + 4sm2 + 4tm2 = 0 (9)

s

t

m

Alphabet3

L1 = u, L2 = v, L3 = 1 + u, L4 = 1 + v, L5 = u + v, (17)

L6 = �u − 1
�u + 1 , L7 = �v − 1

�v + 1 , L8 = �uv − 1
�uv + 1 , L9 = �uv − �u

�uv + �u
, L10 = �uv − �v

�uv + �v
,

(18)

u = −4m2

s , v = −4m2

t , �u =√1 + u, �v =√1 + v, �uv =√1 + u + v (19)

Alphabet3

L1 = u, L2 = v, L3 = 1 + u, L4 = 1 + v, L5 = u + v, (17)

L6 = �u − 1
�u + 1 , L7 = �v − 1

�v + 1 , L8 = �uv − 1
�uv + 1 , L9 = �uv − �u

�uv + �u
, L10 = �uv − �v

�uv + �v
,

(18)

u = −4m2

s , v = −4m2

t , �u =√1 + u, �v =√1 + v, �uv =√1 + u + v (19)



ANSATZ
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Alphabet3

L1 = u, L2 = v, L3 = 1 + u, L4 = 1 + v, L5 = u + v, (17)

L6 = �u − 1
�u + 1 , L7 = �v − 1

�v + 1 , L8 = �uv − 1
�uv + 1 , L9 = �uv − �u

�uv + �u
, L10 = �uv − �v

�uv + �v
,

(18)

u = −4m2

s , v = −4m2

t , �u =√1 + u, �v =√1 + v, �uv =√1 + u + v (19)

I = 1
s2t
√
1+u√1+u+v� ci1,i2,i3,i4Li1 ⊗Li2 ⊗Li3 ⊗Li4�������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������S(I)

(16)s

t

m



BOOTSTRAPPING THE DOUBLE BOX
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integrable weight four symbols 2597
Galois symmetry 306
vanishing s→ 0 limit 284
only L1, L3, L6, L9, L10 in second entry after L6 230
only L2, L4, L7, L9, L10 in the second entry after L7 213
only L1, L3, L6, L9, L10 in second entry after L3 182
only L2, L4, L7, L9, L10 in the second entry after L4 160
without L2 or L3 in last entry 102
without L7 or L10 in last entry 83
without L7 or L10 in second-to-last entry 73
no L1, L2, L5, L8, or L9 in the first entry 1

integrable weight four symbols 2597
Galois symmetry 306
vanishing s→ 0 limit 284
only L1, L3, L6, L9, L10 in second entry after L6 230
only L2, L4, L7, L9, L10 in the second entry after L7 213
only L1, L3, L6, L9, L10 in second entry after L3 182
only L2, L4, L7, L9, L10 in the second entry after L4 160
without L2 or L3 in last entry 102
without L7 or L10 in last entry 83
without L7 or L10 in second-to-last entry 73
no L1, L2, L5, L8, or L9 in the first entry 1



BOOTSTRAPPING THE DOUBLE BOX

38

integrable weight four symbols 2597
Galois symmetry 306
vanishing s→ 0 limit 284
only L1, L3, L6, L9, L10 in second entry after L6 230
only L2, L4, L7, L9, L10 in the second entry after L7 213
only L1, L3, L6, L9, L10 in second entry after L3 182
only L2, L4, L7, L9, L10 in the second entry after L4 160
without L2 or L3 in last entry 102
without L7 or L10 in last entry 83
without L7 or L10 in second-to-last entry 73
no L1, L2, L5, L8, or L9 in the first entry 1

integrable weight four symbols 2597
Galois symmetry 306
vanishing s→ 0 limit 284
only L1, L3, L6, L9, L10 in second entry after L6 230
only L2, L4, L7, L9, L10 in the second entry after L7 213
only L1, L3, L6, L9, L10 in second entry after L3 182
only L2, L4, L7, L9, L10 in the second entry after L4 160
without L2 or L3 in last entry 102
without L7 or L10 in last entry 83
without L7 or L10 in second-to-last entry 73
no L1, L2, L5, L8, or L9 in the first entry 1

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}
<latexit sha1_base64="MctvgeAAK8vD2RfAb4RpLgV1CFI=">AAACC3icbVC7TsMwFHV4lvIKMLJYrUAsVAkgYKzEwlgk+pCaqHJcp7XqOMG+Qaqi7iz8CgsDCLHyA2z8DW6bgbYcydLROffq+pwgEVyD4/xYS8srq2vrhY3i5tb2zq69t9/Qcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQxuxn7zkSnNY3kPw4T5EelJHnJKwEgdu+TpBwWZF6RCMBhhD2J8Oqt17LJTcSbAi8TNSRnlqHXsb68b0zRiEqggWrddJwE/Iwo4FWxU9FLNEkIHpMfahkoSMe1nkywjfGSULg5jZZ4EPFH/bmQk0noYBWYyItDX895Y/M9rpxBe+xmXSQpM0umhMBXYBB4Xg7tcMQpiaAihipu/YtonilAw9RVNCe585EXSOKu4l5Xzu4ty9Tivo4AOUQmdIBddoSq6RTVURxQ9oRf0ht6tZ+vV+rA+p6NLVr5zgGZgff0CC4qbmw==</latexit>p
• ! �

p
•

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}

Steinmann 
constraints

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}

Expansion 
constraints

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}α-positive 
constraints

<latexit sha1_base64="6T7c7JwzLsyyZfT+am6OAWVvEfs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ3fSK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX1/P6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH6EojW8=</latexit>

}α-positive 
constraints



BOOTSTRAPPING THE DOUBLE BOX
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dbox Symbol

S(I) = −L6 ⊗L1 ⊗L6 ⊗L9 −L6 ⊗L1 ⊗ L9 ⊗L6 +L6 ⊗L3 ⊗L6 ⊗L9 (10)

+L6 ⊗L3 ⊗L9 ⊗L6 +L6 ⊗L6 ⊗L1 ⊗L9 +L6 ⊗L6 ⊗L2 ⊗L9 (11)

−L6 ⊗L6 ⊗L3 ⊗L9 −L6 ⊗L6 ⊗L5 ⊗L9 +L6 ⊗L6 ⊗L8 ⊗L6 (12)

+L6 ⊗L9 ⊗ L2 ⊗L6 −L6 ⊗L9 ⊗L5 ⊗L6 +L6 ⊗L9 ⊗L8 ⊗L9 (13)

+L7 ⊗L10 ⊗L2 ⊗L6 −L7 ⊗L10 ⊗L5 ⊗L6 +L7 ⊗ L10 ⊗L8 ⊗L9 (14)

+L7 ⊗L7 ⊗L1 ⊗ L9 −L7 ⊗L7 ⊗L5 ⊗L9 +L7 ⊗L7 ⊗L8 ⊗L6 (15)
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m
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Takeaway point: We can bootstrap Feynman integrals, but 
 

What is the simplest set of constraints needed? 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Takeaway point: We can bootstrap Feynman integrals, but 
 

What is the simplest set of constraints needed? 
(don’t need expansions around all singularities, 

adjacency constraints for every letter, …)



3d fig
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CONCLUSIONS & OUTLOOK

42

- How to extend to dimensional regularization? 
- How to implement for elliptic integrals? 

- How to incorporate numerators?

We can use constraints on analytic structure to determine 
polylogarithmic Feynman integrals 

(Location and types of singularities, Physical-sheet constraints, 
Asymptotic expansions, Sequential Discontinuities/Steinmann)

s

t

m

↵i

↵j

Figure 4.4. Example Landau curves: Leading singularity for the ⌅0
c⇤

+
c ! ⌅0

c⇤
+
c process

illustrated in Fig. 4.3 (right).

Sec. 3.1] one finds the leading singularity in terms of sij = (pi + pj)2:

�tbox = (s12s15 � s12s23 � s15s45 + s34s45 + s23s34)
2
� 4s23s34s45(s34�s12�s15), (4.34)

which reproduces the branch point identified in [133, Eq. (2.7)].

In order to give a hint at how quickly the Landau singularities get out of hand, let us

consider the Standard Model process illustrated in Fig. 4.3 (right). Its analytic solution

is presently intractable analytically, but we can numerically plot the singularities in the

real st-plane using the tools from [104]. The results for the leading singularities are

shown in Fig. 4.4 at two di↵erent magnifications. The ↵-positive singularities are shown

in orange and the remaining ones in blue. One can observe that some components of the

↵-positive singularities lie within the physical regions denoted in gray, which means they

contribute on the physical sheet. Of course this specific process is highly suppressed

compared to lower-loop and lower-point processes for ⌅0

c⇤
+

c scattering, because of the

three-loop phase-space factor, and since each of the vertex factors indicated in Fig. 4.3

(right) corresponds to multiple interactions.

Summary. We can summarize the condition on V that determine di↵erent aspects of

analyticity as follows:

V = 0 for any ↵’s , branch cut (4.35)

@↵eV = 0 for any ↵’s , branch point (4.36)

– 63 –
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