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Object of interest:
Four-point amplitude in planar 

N=4 SYM theory



MOTIVATION
Planar N=4 SYM: playground for new ideas in scattering amplitudes

Four-point amplitudes: restricted kinematics, powerful symmetries
Bern-Dixon-Smirnov (BDS) ansatz
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for n=4, 5

kinematical part fully fixed, leading IR divergence predicted by integrability

The complexity of loop integrand grows fast with the loop order



MOTIVATION
Why is the integrand so complicated while the final amplitude 

is so simple?

Are these data lost after integration (how do they transform into numbers)?

The integrand must be complicated because it contains a lot 
of “data”, infinite number of cuts that must be satisfied

Amplituhedron: new geometric definition for the all-loop integrand
Can we use it to calculate the integrand to all loops?

If yes, can we integrate, resum and explore strong coupling?

Can we extract some IR finite object from the integrand?



THIS TALK

Using the Amplituhedron we define a new geometric 
expansion “loops of loops” for the integrand

At the leading “tree approximation” calculate integrand to 
all loops, integration, resummation, strong coupling

Calculate the integrand at the sub-leading 
“one-loop” to all loops, systematize the expansion

Integrate and resum sub-leading order, 
towards higher (or all) orders
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INTRODUCTION



EARLY RESULTS
One-loop amplitude calculated in 1982, (full) two-loop in 1997

In 2003 Anastasiou, Bern, Dixon and Kosower: 
planar sector (large N limit) of the amplitude

Observed relation between two-loop and 
one-loop in dimensional regularization

Lars Brink
1943-2022



BDS ANSATZ
In 2005, Bern, Dixon and Smirnov calculated 3-loop amplitude 

cusp-anomalous dimension calculated in 2006 by 
Beisert, Eden and Staudacher from integrability

The integrand obtained using unitarity methods, after 
integration they found the same iterative structure

Conjecture:

integrand
already given
in 1997 paper



FOUR AND FIVE-LOOPS
In next two years, 4-loop and 5-loop integrands were constructed
(Bern, Czakon, Dixon, Kosower, Smirnov, 2006) (Bern, Carrasco, Johansson, Kosower, 2007)

✤ analytic results not known, leading IR divergence verified at 4-loops numerically
✤ numerators can be chosen to be invariant under dual conformal symmetry

(Drummond, Henn, Korchemsky, Sokatchev, 2008)



LOOP INTEGRAND
In 2010, we took the planar integrand seriously and formulated recursion 
relations for N=4 SYM in momentum twistor space

✤ the integrand is a unique rational function 

✤ various ways how to expand it

Properties of the loop integrand
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I`�loop
n,k (AB1, AB2, . . ., AB`, Z1, Z2, . . ., Zn)
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hABi j j+1i
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hABiABji

✤ symmetric function of all loop lines
✤ the only poles for MHV are or
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ABi

✤ cuts in momentum twistor space: localizing 
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ABi - intersection with other lines

(Hodges, 2009)

(Arkani-Hamed, Bourjaily, Cachazo, Trnka, 2010) (Bourjaily, Trnka, 2015)
(Bourjaily, Brown, Patatoukos, JT, in progress)



AMPLITUDE LOGARITHM
As we learnt from BDS ansatz logarithm of the amplitude is a special 
function with mild IR divergence
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✓
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✏

◆

It makes sense to construct the integrand for the logarithm from 
products of amplitudes, which makes this property manifest

two-loop 4pt example:
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eI(2)
4 (ABi, Zj) = I(2)

4 (AB,CD)� I(1)
4 (AB)⇥ I(1)

4 (CD)
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eI(2)
4 =

h1234i3(hAB13ihCD24i+ hAB24ihCD13i)
hAB12ihAB23ihAB34ihAB41ihABCDihCD12ihCD23ihCD34ihCD41i

(Arkani-Hamed, Bourjaily, Cachazo, Trnka, 2010) (Drummond, Henn, 2010)

not a planar object!
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ZA ! Z2, ZB ! Z1 + ↵Z3

in fact, only non-zero residue when we move all loop lines in the collinear region
(Arkani-Hamed, Trnka, 2013)(Arkani-Hamed, Bourjaily, Cachazo, JT, 2010)



AMPLITUDES UP TO 10 LOOPS
The 6-loop and 7-loop integrand was constructed using soft-collinear 
bootstrap method applying this IR property on the logarithm

(Bourjaily, DiRe, Skaikh, Spradlin, Volovich, 2011)

✤ hidden properties of “f-graphs”, extraction 
of the amplitude in the light-like limit

✤ new ideas needed at 8-loops: terms which vanish in the collinear regions
(Bourjaily, Heslop, Tran, 2015)

The integrand up to 10 loops using the four-point stress correlator 
(Bourjaily, Heslop, Tran, 2016)

For IR finite objects at higher points (remainder and ratio functions)
Powerful non-integrand methods: hexagon and heptagon bootstraps

(Dixon, McLeod, von Hippel, Caron-Huot, Drummond, Henn, Dulat, Papathanasiou, Gurdogan, Wilhelm, Goncharov, Spradlin, Vergu, Volovich,…..)

Flux tube S-matrix approach, OPE, Y-system, strong coupling, S-matrix bootstrap
(Basso, Sever, Vieira, Tumanov, Wilhelm, Alday, Maldacena, Correia, Zhiboedov,….)



AMPLITUHEDRON
LOOPS OF LOOPS IN THE



AMPLITUHEDRON
In 2013 together with Nima we found a new geometric construction 

for planar integrands in N=4 SYM

This is a generalization of our earlier work on the on-shell diagrams 
and positive Grassmannian and Hodges’ polytopes

(Arkani-Hamed, JT, 2013) (Arkani-Hamed, Thomas, JT, 2017) (Ferro, Lukowski, 2022)

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT, 2012) (Hodges 2009) (Arkani-Hamed, Bourjaily, Cachazo, Hodges, JT, 2010)
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“Volume”: differential form 
with logarithmic singularities 
on the boundaries of the space

Amplituhedron defined 
by a set of inequalities

in the kinematical space

Tree-level amplitudes
and loop integrands
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A`�loop
n,k = ⌦

General Amplituhedron is 
curvy: complicated 
boundary structure

(Franco, Galloni, Mariotti, JT, 2014)

(Lukowski, Moerman, 2020)


(Dian, Heslop, Stewart, 2022)

How to calculate     ?
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⌦



Triangulation in terms of “simplices”: difficult to do in general

AMPLITUHEDRON

This is a generalization of our earlier work on the on-shell diagrams 
and positive Grassmannian and Hodges’ polytopes

(Arkani-Hamed, JT, 2013) (Arkani-Hamed, Thomas, JT, 2017) (Ferro, Lukowski, 2022)

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT, 2012) (Hodges 2009) (Arkani-Hamed, Bourjaily, Cachazo, Hodges, JT, 2010)

In 2013 together with Nima we found a new geometric construction 
for planar integrands in N=4 SYM



FOUR-POINT AMPLITUHEDRON
Definition of the space to all loops: mathematical problem

✤ Each loop described by a constrained line in momentum twistor space
<latexit sha1_base64="RJblMSUzyAw/bWfhnhiTcWJedts="></latexit>

hABi12i, hABi23i, hABi34i, hABi14i > 0, hABi13i, hABi24i < 0
<latexit sha1_base64="94EOWkxz4CLL+hP6ZtEF2L0TkG8="></latexit>

hIJKLi = det|ZIZJZKZL|

✤ Mutual positive condition for any 
pair of lines loop line in one-loop

amplituhedron

mutual positivity
The L-loop integrand:

volume form on this space

<latexit sha1_base64="QttZyqwjXsvtzPZEahXwZbyo5rg=">AAACCXicbVC7TsMwFL0prxJeAUYWixaJqUqQEEyowMJYJPqQmqhyXLc1dZzIdpCqqCsLv8LCAEKs/AEbf4PbZoCWI13p+Jx7dX1PmHCmtOt+W4Wl5ZXVteK6vbG5tb3j7O41VJxKQusk5rFshVhRzgSta6Y5bSWS4ijktBkOryd+84FKxWJxp0cJDSLcF6zHCNZG6jioXLZ9jkWfU3R51WGm7n05e1+4drnccUpuxZ0CLRIvJyXIUes4X343JmlEhSYcK9X23EQHGZaaEU7Htp8qmmAyxH3aNlTgiKogm14yRkdG6aJeLE0Jjabq74kMR0qNotB0RlgP1Lw3Ef/z2qnunQcZE0mqqSCzRb2UIx2jSSyoyyQlmo8MwUQy81dEBlhiok14tgnBmz95kTROKt5pxb09KVWreRxFOIBDOAYPzqAKN1CDOhB4hGd4hTfryXqx3q2PWWvBymf24Q+szx84qpd4</latexit>

hABiABji > 0

<latexit sha1_base64="QttZyqwjXsvtzPZEahXwZbyo5rg=">AAACCXicbVC7TsMwFL0prxJeAUYWixaJqUqQEEyowMJYJPqQmqhyXLc1dZzIdpCqqCsLv8LCAEKs/AEbf4PbZoCWI13p+Jx7dX1PmHCmtOt+W4Wl5ZXVteK6vbG5tb3j7O41VJxKQusk5rFshVhRzgSta6Y5bSWS4ijktBkOryd+84FKxWJxp0cJDSLcF6zHCNZG6jioXLZ9jkWfU3R51WGm7n05e1+4drnccUpuxZ0CLRIvJyXIUes4X343JmlEhSYcK9X23EQHGZaaEU7Htp8qmmAyxH3aNlTgiKogm14yRkdG6aJeLE0Jjabq74kMR0qNotB0RlgP1Lw3Ef/z2qnunQcZE0mqqSCzRb2UIx2jSSyoyyQlmo8MwUQy81dEBlhiok14tgnBmz95kTROKt5pxb09KVWreRxFOIBDOAYPzqAKN1CDOhB4hGd4hTfryXqx3q2PWWvBymf24Q+szx84qpd4</latexit>

hABiABji > 0

(Arkani-Hamed, JT, 2013)

Loop integrand for the logarithm: collection of geometries
(Arkani-Hamed, Henn, JT, 2021)

sum over connected
graphs with L vertices

loop line in one-loop
amplituhedron

mutual negativity
<latexit sha1_base64="svNDExUFUHxNzrfHcrFtpwcNLyw=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CAxVUklBANDgYWxSPQhNVHkuE5r6jiR7SBVUWcWfoWFAYRY+QI2/ga3zQAtR7rS8Tn36vqeMGVUKsf5NkpLyyura+V1c2Nza3vH2t1rySQTmDRxwhLRCZEkjHLSVFQx0kkFQXHISDscXk/89gMRkib8To1S4seoz2lEMVJaCqxD2zY9hnifEXh5FVBd956YvS+gY9p2YFWcqjMFXCRuQSqgQCOwvrxegrOYcIUZkrLrOqnycyQUxYyMTS+TJEV4iPqkqylHMZF+Pj1lDI+10oNRInRxBafq74kcxVKO4lB3xkgN5Lw3Ef/zupmKzv2c8jRThOPZoihjUCVwkgvsUUGwYiNNEBZU/xXiARIIK52eqUNw509eJK1a1T2tOre1Sr1exFEGB+AInAAXnIE6uAEN0AQYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+AJTkl6A=</latexit>

hABiABji < 0

(Arkani-Hamed, JT, 2013)



LOOPS OF LOOPS

Natural hierarchy of geometries: more “loops” = more complicated

General Amplituhedron geometry

Lowest examples:

Reminder: the number 
of spacetime loops 

= number of vertices



TREE-LEVEL
(Arkani-Hamed, Henn, JT, 2021)

Tree-level approximation: only keep geometries with tree graphs

We found a closed form for the numerator of any tree graph!

The numerator takes a factorized form

of the 2-loop numerators

Same formula does not hold for a loop graph

satisfies many consistency 
constraints  but not all 

(vanishing on double pole)

Need to find a specific correction which 
does not spoil any cuts we already matched



ONE-LOOP
(Brown, Oktem, Paranjape, JT, to appear)

One-loop: we found a numerator for a general one-loop graph
✤ First step: find an integrand for a graph with a closed loop

Write the numerator as
<latexit sha1_base64="/aMMPUKAGDFzMm5ps3TWVtxVd+g="></latexit>

NG =
Y

links

N (�)
ij +Rloop

extremely constrained,
write ansatz of all terms

<latexit sha1_base64="9/MpyeHkFkBciPcGmtnPbLHm4ws="></latexit>

R(3)
loop = c1

�
hAB112ihAB134ihAB212ihAB234ihAB312ihAB334i+. . .

 

+ c2
�
hAB112ihAB134i(hAB212ihAB334i+hAB312ihAB234i)(hAB213ihAB324i+hAB313ihAB224i)+. . .

 

For example: for 3-cycle we have two terms

Solve from the double pole cancelation: <latexit sha1_base64="3sztD0jsERk7LkV59Gw4I89VrS8=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWAjuNCSFMVuCgU3LivYB7QhTKaTduhkEmYmQgl146+4caGIW//CnX/jtM1CW8/lwuGce5m5J0gYlcpxvo3Cyura+kZx09za3tnds/YPWjJOBSZNHLNYdAIkCaOcNBVVjHQSQVAUMNIORjdTv/1AhKQxv1fjhHgRGnAaUoyUlnzryLZN7LuwBi/Pe7qwX6lduKZt+1bJKTszwGXi5qQEcjR866vXj3EaEa4wQ1J2XSdRXoaEopiRidlLJUkQHqEB6WrKUUSkl80umMBTrfRhGAvdXMGZ+nsjQ5GU4yjQkxFSQ7noTcX/vG6qwqqXUZ6kinA8fyhMGVQxnMYB+1QQrNhYE4QF1X+FeIgEwkqHZuoQ3MWTl0mrUnavys5dpVSv5nEUwTE4AWfABdegDm5BAzQBBo/gGbyCN+PJeDHejY/5aMHIdw7BHxifP+XmkqY=</latexit>

c1 = 4, c2 = �1 Generalized to any cycle

✤ Second step: add tree branches
<latexit sha1_base64="sw3sJGK0vrMDe0pQQIAwe+pVgXc="></latexit>

NG =

0

@
Y

loop links

N (�)
ij +Rloop

1

A⇥
Y

other links

N (�)
ij

Solved for any one-loop graph!



HIGHER LOOPS
(in progress)

We do not know how to find the numerator for a general higher-loop graph 
= as hard as solving the four-point problem completely

Useful strategy: loop decomposition denote:

<latexit sha1_base64="wfXhOPzUY6nUwmdZcgRhElStwHA="></latexit>

R(134)
loop ⇥N (�)

12 N (�)
24

<latexit sha1_base64="7X8qH0AGe62CWOzHDzPJiVZ2XA4=">AAACGHicbVDLTsJAFJ3iC+sLdelmIpjAQmwRI0sSN64MGnkkFJvpMMCEaaeZmZqQpp/hxl9x40Jj3LLzbxygC0VPcpOTc+7Nvfd4IaNSWdaXkVlZXVvfyG6aW9s7u3u5/YOW5JHApIk546LjIUkYDUhTUcVIJxQE+R4jbW98NfPbj0RIyoN7NQlJz0fDgA4oRkpLbu6sUDDv3NgRPmSch8lDXLQr1fNSAh1FfSLhjRvb1Zl8WkrMQsHN5a2yNQf8S+yU5EGKhpubOn2OI58ECjMkZde2QtWLkVAUM5KYTiRJiPAYDUlX0wDppb14/lgCT7TShwMudAUKztWfEzHypZz4nu70kRrJZW8m/ud1IzWo9WIahJEiAV4sGkQMKg5nKcE+FQQrNtEEYUH1rRCPkEBY6SxNHYK9/PJf0qqU7YuydVvJ12tpHFlwBI5BEdjgEtTBNWiAJsDgCbyAN/BuPBuvxofxuWjNGOnMIfgFY/oNiqqc6A==</latexit>

R(1243)
loop ⇥N (�)

14

new two-loop object<latexit sha1_base64="wbPBJM8qzdGf37rKgnaw/ZPF6mY="></latexit>

R(124)
loop ⇥N (�)

13 N (�)
34

<latexit sha1_base64="FNsf6UpOpLdoagyiFnd1X0DN4rs=">AAACK3icbZDLSsNAFIYn9VbjLerSTbAR6sKSpIpdFt24kgr2Am0Mk+m0HTq5MDMRSsj7uPFVXOjCC259D6dtxNr6w8DHf87hzPm9iBIuTPNdyS0tr6yu5dfVjc2t7R1td6/Bw5ghXEchDVnLgxxTEuC6IILiVsQw9D2Km97wclxv3mPGSRjcilGEHR/2A9IjCAppudqFYajXbmLZ6V1SPDlOJdunv1yeYas8wz++ahiuVjBL5kT6IlgZFECmmqs9d7ohin0cCEQh523LjISTQCYIojhVOzHHEURD2MdtiQH0MXeSya2pfiSdrt4LmXyB0Cfu7EQCfc5Hvic7fSgGfL42Nv+rtWPRqzgJCaJY4ABNF/ViqotQHwendwnDSNCRBIgYkX/V0QAyiISMV5UhWPMnL0LDLllnJfPGLlQrWRx5cAAOQRFY4BxUwRWogTpA4AE8gVfwpjwqL8qH8jltzSnZzD74I+XrG/BGozE=</latexit>

N (�)
12 N (�)

24 N (�)
34 N (�)

13 N (�)
14

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>

)

one-loop (and tree) objects
tree objects

Only few cases solved at the moment, new ideas needed



IR FINITE FUNCTION
AND RESUMMATION



Why is the integrand so complicated while the amplitude takes a 
simple form (with only numbers unfixed, though divergent)?

BEYOND INTEGRAND

Can we extract an IR finite function from the integrand?

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#

<latexit sha1_base64="/PCmZ5Tjv8mwc2tjCNP1lnCxNAQ=">AAAB+XicbVBNS8NAFHypXzV+RT16CTaCp5IURI9FLx4r2FZoQ9lsN+3SzW7Y3bSU0H/ixYMiXv0n3vw3btsctHVgYZh5w3s7Ucqo0r7/bZU2Nre2d8q79t7+weGRc3zSUiKTmDSxYEI+RUgRRjlpaqoZeUolQUnESDsa3c399phIRQV/1NOUhAkacBpTjLSReo7jeXa3LyYcSSkmtuf1nIpf9Rdw10lQkAoUaPScL5PHWUK4xgwp1Qn8VIc5kppiRmZ2N1MkRXiEBqRjKEcJUWG+uHzmXhil78ZCmse1u1B/J3KUKDVNIjOZID1Uq95c/M/rZDq+CXPK00wTjpeL4oy5WrjzGtw+lQRrNjUEYUnNrS4eIomwNmXZpoRg9cvrpFWrBldV/6FWqd8WdZThDM7hEgK4hjrcQwOagGEMz/AKb1ZuvVjv1sdytGQVmVP4A+vzB1+8kjA=</latexit>

#
<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

integrate over

integrate over

rational function

all are
IR finite

IR divergent, BDS ansatz
<latexit sha1_base64="XUaECKPqrJ3046SbMeyYk+Uubkk=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4UKtgPaEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t7+QenwqKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHQz81tjKhWLxaOeJNSP8ECwkBGsjeQ7jt3lAt337mzH6ZXKbsWdA60SLydlyFHvlb66/ZikERWacKxUx3MT7WdYakY4ndrdVNEEkxEe0I6hAkdU+dn86Ck6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+ukOrzyMyaSVFNBFovClCMdo1kCqM8kJZpPDMFEMnMrIkMsMdEmJ9uE4C2/vEqa1Yp3UXEfquXadR5HEU7gFM7Bg0uowS3UoQEEnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDdXiP8A==</latexit>

lnML

integrate over

integrate over

<latexit sha1_base64="aIf4uMzUvDgzGaN2bfccl83ziPw=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FpoQtlsNu3SzSbsbgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcaZ0q77bVU2Nre2d6q79t7+weFR7fikq9JcEtohKU9lL8SKciZoRzPNaS+TFCchp0/h+G7uP02oVCwVj3qa0SDBQ8FiRrA2ku84tj+JUq1sxxnU6m7DXQCtE68kdSjRHtS+/CgleUKFJhwr1ffcTAcFlpoRTme2nyuaYTLGQ9o3VOCEqqBY3DxDF0aJUJxKU0Kjhfp7osCJUtMkNJ0J1iO16s3F/7x+ruOboGAiyzUVZLkozjnSKZoHgCImKdF8aggmkplbERlhiYk2MdkmBG/15XXSbTa8q4b70Ky3bss4qnAG53AJHlxDC+6hDR0gkMEzvMKblVsv1rv1sWytWOXMKfyB9fkDrauQJA==</latexit>...

<latexit sha1_base64="PjeSPqmlXac1l1ZeLlj5viIURgg=">AAACAXicbVDLSsNAFJ34rPEVdSO4GWyEuilJQXRZdKPgooJ9QBPCZDpph04mYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcqoVI7zbSwtr6yurZc2zM2t7Z1da2+/JZNMYNLECUtEJ0SSMMpJU1HFSCcVBMUhI+1weDXx2w9ESJrwezVKiR+jPqcRxUhpKbAObdvMPYwYvBkHtxWPMBa4p6ZtB1bZqTpTwEXiFqQMCjQC68vrJTiLCVeYISm7rpMqP0dCUczI2PQySVKEh6hPuppyFBPp59MPxvBEKz0YJUIXV3Cq/p7IUSzlKA51Z4zUQM57E/E/r5up6MLPKU8zRTieLYoyBlUCJ3HAHhUEKzbSBGFB9a0QD5BAWOnQTB2CO//yImnVqu5Z1bmrleuXRRwlcASOQQW44BzUwTVogCbA4BE8g1fwZjwZL8a78TFrXTKKmQPwB8bnD3lllFM=</latexit>

IL(`1)

<latexit sha1_base64="zFRbf1JThuDXq1S9MizuL36q0sc=">AAAB83icbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiFw8eKthaaELZbCft0s0m7G6EUvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvCjjTGnP+7ZKa+sbm1vlbXtnd2//oHJ41FZpLim2aMpT2YmIQs4EtjTTHDuZRJJEHB+j0c3Mf3xCqVgqHvQ4wzAhA8FiRok2UuC6doCc9+5s1+1Vql7Nm8NZJX5BqlCg2at8Bf2U5gkKTTlRqut7mQ4nRGpGOU7tIFeYEToiA+waKkiCKpzMb546Z0bpO3EqTQntzNXfExOSKDVOItOZED1Uy95M/M/r5jq+CidMZLlGQReL4pw7OnVmATh9JpFqPjaEUMnMrQ4dEkmoNjHZJgR/+eVV0q7X/Iuad1+vNq6LOMpwAqdwDj5cQgNuoQktoJDBM7zCm5VbL9a79bFoLVnFzDH8gfX5Az9sj9w=</latexit>

`L

<latexit sha1_base64="5z/LSHphjEfzboUO1pCG19BDaVc=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhvBjSUpiC6Lbly4qGAf0IYwmd62QycPZiZiCfkVNy4UceuPuPNvnLZZaOuBC4dz7uXee4KEM6kc59sora1vbG6Vt82d3b39A+uw0pZxKii0aMxj0Q2IBM4iaCmmOHQTASQMOHSCyc3M7zyCkCyOHtQ0AS8ko4gNGSVKS75VsW2zD5z72V12nru5adu+VXVqzhx4lbgFqaICTd/66g9imoYQKcqJlD3XSZSXEaEY5ZCb/VRCQuiEjKCnaURCkF42vz3Hp1oZ4GEsdEUKz9XfExkJpZyGge4MiRrLZW8m/uf1UjW88jIWJamCiC4WDVOOVYxnQeABE0AVn2pCqGD6VkzHRBCqdFymDsFdfnmVtOs196Lm3NerjesijjI6RifoDLnoEjXQLWqiFqLoCT2jV/Rm5MaL8W58LFpLRjFzhP7A+PwBMJ2Slw==</latexit>

`L�1

<latexit sha1_base64="0jdPJ6onESiUPpriXAyS9s8XOxc=">AAAB9XicbVBNS8NAEJ3Urxq/qh69BBvBU0kKoseiF48V7Ae0sWy203bpZhN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmtOd9W4W19Y3NreK2vbO7t39QOjxqqjiVFBs05rFsh0QhZwIbmmmO7UQiiUKOrXB8M/NbjygVi8W9niQYRGQo2IBRoo304Lp2FznvZdWp7bq9UtmreHM4q8TPSRly1Hulr24/pmmEQlNOlOr4XqKDjEjNKMep3U0VJoSOyRA7hgoSoQqy+dVT58wofWcQS1NCO3P190RGIqUmUWg6I6JHatmbif95nVQProKMiSTVKOhi0SDljo6dWQROn0mkmk8MIVQyc6tDR0QSqk1QtgnBX355lTSrFf+i4t1Vy7XrPI4inMApnIMPl1CDW6hDAyhIeIZXeLOerBfr3fpYtBasfOYY/sD6/AHiP5DO</latexit>

`2

<latexit sha1_base64="IGyQvDqDQXiHzDlzrzhiZV9c1kA=">AAAB9XicbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgWcPspJMMmX0wM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VJIIr7brfVmFtfWNzq7ht7+zu7R+UDo+aKk4lwwaLRSzbAVUoeIQNzbXAdiKRhoHAVjC+mfmtR5SKx9G9niToh3QY8QFnVBvpwXHsLgrRy7yp7Ti9UtmtuHOQVeLlpAw56r3SV7cfszTESDNBlep4bqL9jErNmcCp3U0VJpSN6RA7hkY0ROVn86un5MwofTKIpalIk7n6eyKjoVKTMDCdIdUjtezNxP+8TqoHV37GoyTVGLHFokEqiI7JLALS5xKZFhNDKJPc3ErYiErKtAnKNiF4yy+vkma14l1U3LtquXadx1GEEziFc/DgEmpwC3VoAAMJz/AKb9aT9WK9Wx+L1oKVzxzDH1ifP+C3kM0=</latexit>

`1

<latexit sha1_base64="Zg2PgAiXPFj4hnBxpjL6kWyaaps=">AAACG3icbVDLSgMxFM34rOOr6tJNsBUUpMwURJeCGxcFK9gHdMqQydzWYOZBckcpQ//Djb/ixoUirgQX/o3pY6HVA4GTc+69yT1BKoVGx/my5uYXFpeWCyv26tr6xmZxa7upk0xxaPBEJqodMA1SxNBAgRLaqQIWBRJawe35yG/dgdIiia9xkEI3Yv1Y9ARnaCS/WC2Xbe9ehIBChpB7lxH02dCv0QMPpPTdo9wLE9TDo/G1dmiXy36x5FScMehf4k5JiUxR94sfZgbPIoiRS6Z1x3VS7OZMoeAShraXaUgZv2V96Bgaswh0Nx/vNqT7RglpL1HmxEjH6s+OnEVaD6LAVEYMb/SsNxL/8zoZ9k67uYjTDCHmk4d6maSY0FFQNBQKOMqBIYwrYf5K+Q1TjKOJ0zYhuLMr/yXNasU9rjhX1dLZ6TSOAtkle+SAuOSEnJELUicNwskDeSIv5NV6tJ6tN+t9UjpnTXt2yC9Yn98Mn59+</latexit>

e⌦L(`1, . . ., `L)

weight 2 function
weight (2L-2) function 
of a single cross ratio

<latexit sha1_base64="KvlqB5W22THtcVq9if8YV8pcqF0="></latexit>

z =
hAB12ihAB34i
hAB23ihAB14i

<latexit sha1_base64="LYiSuArgHiZVirSAUhNQQT4QxHA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIdWFJCmKXBUFcuKhgH9CGMJlO26GTSZiZCDUEN/6KGxeKuPUr3Pk3TtsstHrgwuGce7n3niBmVCrH+TIKS8srq2vFdXNjc2t7x9rda8koEZg0ccQi0QmQJIxy0lRUMdKJBUFhwEg7GF9M/fYdEZJG/FZNYuKFaMjpgGKktORbB7Ztpj2MGLzM/PQ6Pc3crHx/Ytq2b5WcijMD/EvcnJRAjoZvffb6EU5CwhVmSMqu68TKS5FQFDOSmb1EkhjhMRqSrqYchUR66eyFDB5rpQ8HkdDFFZypPydSFEo5CQPdGSI1koveVPzP6yZqUPNSyuNEEY7niwYJgyqC0zxgnwqCFZtogrCg+laIR0ggrHRqpg7BXXz5L2lVK+5Zxbmpluq1PI4iOARHoAxccA7q4Ao0QBNg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDZJ5lO8=</latexit>

FL�1(z)

<latexit sha1_base64="qWeLFW0lqyb4GXRlPo1RFFvLz64=">AAACFnicbVDLSgMxFM34rONr1KWbYEeo0JaZgthlwY1CFxXsA9oyZNK0Dc08SDJCCfMVbvwVNy4UcSvu/BvTaRfaeiBwcs69N7nHjxkV0nG+jbX1jc2t7dyOubu3f3BoHR23RJRwTJo4YhHv+EgQRkPSlFQy0ok5QYHPSNufXM/89gPhgkbhvZzGpB+gUUiHFCOpJc8q2bapehgxeJt69UKPMOa5RdUbRFKkxeyq6qqUuumFaduelXfKTga4StwFyYMFGp71pSfhJCChxAwJ0XWdWPYV4pJiRlKzlwgSIzxBI9LVNEQBEX2VrZXCc60M4DDi+oQSZurvDoUCIaaBrysDJMdi2ZuJ/3ndRA6rfUXDOJEkxPOHhgmDMoKzjOCAcoIlm2qCMKf6rxCPEUdY6iRNHYK7vPIqaVXK7mXZuavka9VFHDlwCs5AAbjgCtTADWiAJsDgETyDV/BmPBkvxrvxMS9dMxY9J+APjM8fjFadEw==</latexit>

IL(`1, . . ., `L�1)



WILSON LOOPS

✤  strong coupling: expansion in         (string tension) 
<latexit sha1_base64="aBPrx7OrDEatrNsbhsRm/2w/Eks="></latexit>

F(g, z) = g
z

(z � 1)3
[2(1� z) + (z + 1) log z] + · · ·+O

✓
1

g

◆

✤ weak coupling: expansion in 
(Alday, Henn, Sikorowski, 2013)(Alday, Heslop, Sikorowski, 2012)

Lagrangian
insertion

<latexit sha1_base64="qjD3O5zw/XTsioHgyHS/x4ufRwQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9OKxgv2Qdi3ZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0upn5rSeqNEvkvRmnNBR4IFnMCDZWevA8d/BYdT2vVyr7FX8OtEqCnJQhR71X+ur2E5IJKg3hWOtO4KcmnGBlGOF06nYzTVNMRnhAO5ZKLKgOJ/ODp+jMKn0UJ8qWNGiu/p6YYKH1WES2U2Az1MveTPzP62QmvgonTKaZoZIsFsUZRyZBs+9RnylKDB9bgoli9lZEhlhhYmxGrg0hWH55lTSrleCi4t9Vy7XrPI4inMApnEMAl1CDW6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP84djnE=</latexit>

g2

<latexit sha1_base64="MiGbu0YHDEtppv7/w+OrGN6LVBE=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnupuQfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ8N7gYuJ7XK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4cTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBZ8e+r5dpNHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH4QyjkE=</latexit>

1/g
(Alday, Buchbinder, Tseytlin, 2011)

Same object appeared in the study of Wilson loops
<latexit sha1_base64="d1MfMnVekj/71wvj4B6O+GPRCBA="></latexit>

hWF (x1, x2, x3, x4)L(x0)i
hWF (x1, x2, x3, x4)i

=
g2

⇡2

h1234i2

hAB12ihAB23ihAB34ihAB41iF(g, z)

(Beisert, Eden, Staudacher, 2006)

We can extract                from this function                <latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
(Alday, Henn, Sikorowski, 2013) (Arkani-Hamed, Henn, JT, 2021)(Henn, Korchemsky, Mistlberger, 2019)

<latexit sha1_base64="w+Uv6UVOUr2tp54t9flFaBX2lQg="></latexit>

g
@

@g
�cusp(g) = � 1

⇡

Z ⇡

�⇡
d�F (g, z = ei�) compare (or even try to derive) an 

exact formula from integrability

(Engelund, Roiban, 2011, 2012)



Negative geometries: freezing one of the loops and integrate the rest

NEGATIVE GEOMETRIES

Simplest two-loop (one-loop integration) result: 

Three-loop result: three different contributions

Tree graphs

One-loop graph

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

<latexit sha1_base64="cm3CSUXDMwD9AQceN+TiiD2HKC8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB6LXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbP+GDYf+zHacfqXq1twF0DrxClKFAq1+5csfJCSLqdCEY6V6npvqIMdSM8LpzPYzRVNMxnhIe4YKHFMV5IujZ+jCKAMUJdKU0Gih/p7IcazUNA5NZ4z1SK16c/E/r5fpqBHkTKSZpoIsF0UZRzpB8wTQgElKNJ8agolk5lZERlhiok1OtgnBW315nXTqNe+q5t7Xq81GEUcZzuAcLsGDa2jCHbSgDQSe4Ble4c2aWC/Wu/WxbC1Zxcwp/IH1+QMFRZBG</latexit>)

Same loop order, tree graphs are simpler - consistent with simple integrand

(Arkani-Hamed, Henn, JT, 2021)

<latexit sha1_base64="LYiSuArgHiZVirSAUhNQQT4QxHA=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIdWFJCmKXBUFcuKhgH9CGMJlO26GTSZiZCDUEN/6KGxeKuPUr3Pk3TtsstHrgwuGce7n3niBmVCrH+TIKS8srq2vFdXNjc2t7x9rda8koEZg0ccQi0QmQJIxy0lRUMdKJBUFhwEg7GF9M/fYdEZJG/FZNYuKFaMjpgGKktORbB7Ztpj2MGLzM/PQ6Pc3crHx/Ytq2b5WcijMD/EvcnJRAjoZvffb6EU5CwhVmSMqu68TKS5FQFDOSmb1EkhjhMRqSrqYchUR66eyFDB5rpQ8HkdDFFZypPydSFEo5CQPdGSI1koveVPzP6yZqUPNSyuNEEY7niwYJgyqC0zxgnwqCFZtogrCg+laIR0ggrHRqpg7BXXz5L2lVK+5Zxbmpluq1PI4iOARHoAxccA7q4Ao0QBNg8ACewAt4NR6NZ+PNeJ+3Fox8Zh/8gvHxDZJ5lO8=</latexit>

FL�1(z)
<latexit sha1_base64="MUUEiREFSe7NVEdDNu5GRzsMsHE=">AAACA3icbVDLSsNAFJ3UV42vqDvdBBvBVUkKYpcFNy4EK9gHNCFMJrft0MmDmYlSQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPkDIqpG1/a6WV1bX1jfKmvrW9s7tn7B+0RZJxAi2SsIR3AyyA0RhakkoG3ZQDjgIGnWB0OfU798AFTeI7OU7Bi/Agpn1KsFSSbxxZlu4+0BAkZSHk7k0EAzzxr3XL8o2KXbVnMJeJU5AKKtD0jS83TEgWQSwJw0L0HDuVXo65pITBRHczASkmIzyAnqIxjkB4+eyHiXmqlNDsJ1xVLM2Z+nsix5EQ4yhQnRGWQ7HoTcX/vF4m+3Uvp3GaSYjJfFE/Y6ZMzGkgZkg5EMnGimDCqbrVJEPMMZEqNl2F4Cy+vEzatapzXrVva5VGvYijjI7RCTpDDrpADXSFmqiFCHpEz+gVvWlP2ov2rn3MW0taMXOI/kD7/AHJBZZK</latexit>

e⌦Lfrom



RESUMMATION

✤ approximate amplitude at each loop order and resum to all loops

Planar N=4 SYM is special: no non-perturbative contributions
<latexit sha1_base64="CDuVDeOMsYwSAzGpJL3rct1bQFY="></latexit>

Mexact
4 =

1X

L=0

g2LM(L)
4

Only known (to me) example is the ladder resummation
(Broadhurst, Davydychev, 2010)

<latexit sha1_base64="1pzhU/aiLYeRR/IHoEDYeyEgR2Y=">AAACFnicbVC7TsMwFHV4lvAqMLJYNEgsrZJKiI6VWBiLRB9SUyrHcVKrdhxsB1FF+QoWfoWFAYRYERt/Q9J2gJYzHZ1zr+65x4sZVdq2v42V1bX1jc3Slrm9s7u3Xz447CiRSEzaWDAhex5ShNGItDXVjPRiSRD3GOl648vC794TqaiIbvQkJgOOwogGFCOdS8Ny1bJMV1EOyW1aDTPo3iXIhy73xEMaCAmt0A1D6FgZhKZlDcsVu2ZPAZeJMycVMEdrWP5yfYETTiKNGVKq79ixHqRIaooZyUw3USRGeIxC0s9phDhRg3T6VgZPc8WHRYpARBpO1d8bKeJKTbiXT3KkR2rRK8T/vH6ig8YgpVGcaBLh2aEgYVALWHQEfSoJ1mySE4QlzbNCPEISYZ03aeYlOIsvL5NOveac1+zreqXZmNdRAsfgBJwBB1yAJrgCLdAGGDyCZ/AK3own48V4Nz5moyvGfOcI/IHx+QNJJJw/</latexit>

⇠ e�g for g � 1

✤ compare to strong coupling expansion (if available)

exponentially suppressed vs linear growth

We can try to resum our tree contributions (if possible to integrate all of them)



TREE-LEVEL CONTRIBUTION
Let us only consider tree graphs

Differential operator acting on the graphs (integrand)

<latexit sha1_base64="X70qxHw7P63Kh6qD6btcmG3qeho="></latexit>

1

2
(z@z)

2
Htree(g, z) + g2eHtree(g,z) = 0

differential equation for the generating function
<latexit sha1_base64="5y+bbi7VWtaHUE8juJxzNAOeVps=">AAACJnicbVDLSgNBEJz1GdfXqkcvg4kQQcJuQPQSCAqSYwTzgCSG2UknGTL7YGZWiMt+jRd/xYuHiIg3P8VJsgdNLGgoqrrp7nJDzqSy7S9jZXVtfWMzs2Vu7+zu7VsHh3UZRIJCjQY8EE2XSODMh5piikMzFEA8l0PDHd1M/cYjCMkC/16NQ+h4ZOCzPqNEaalrlXI5M25TwvFt0o3bwsNKACT5wfnTGS5heIjnbmXJTcxcrmtl7YI9A14mTkqyKEW1a03avYBGHviKciJly7FD1YmJUIxySMx2JCEkdEQG0NLUJx7ITjx7M8GnWunhfiB0+QrP1N8TMfGkHHuu7vSIGspFbyr+57Ui1b/qxMwPIwU+nS/qRxyrAE8zwz0mgCo+1oRQwfStmA6JIFTpZE0dgrP48jKpFwvORcG+K2bL12kcGXSMTlAeOegSlVEFVVENUfSMXtEEvRsvxpvxYXzOW1eMdOYI/YHx/QNgc6NB</latexit>

Ftree(g, z) = eHtree(g,z)

solve with boundary conditions

Same operator does not work for loop graphs: 
search for its generalization

(Arkani-Hamed, Henn, JT, 2021)

trick to avoid integration



STRONG COUPLING

How good is this approximation to the exact result?
Naively, we expect it to be very bad — for infinite L vanishing part of diagrams contribute

Easy to expand at strong coupling:
<latexit sha1_base64="1b1C+aWTrS0Mvdpoa86dFFD7APU="></latexit>

Ftree(g, z) = �
z

(1 + z)2
+O

✓
1

g

◆ misses the leading term

has 1/g expansion

For                we get even more surprising result:
<latexit sha1_base64="9xbkvj1vBGngVEbxhhXXDnJAsAo=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZC3ZSkILosutBlBfuAJoTJdNIOnUnCzEQooeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nTBmVynG+jdLK6tr6RnnT3Nre2d2z9g/aMskEJi2csER0QyQJozFpKaoY6aaCIB4y0glH11O/80CEpEl8r8Yp8TkaxDSiGCktBdaRbZveDeIcBbknOMSZTCfVwZlp24FVcWrODHCZuAWpgALNwPry+gnOOIkVZkjKnuukys+RUBQzMjG9TJIU4REakJ6mMeJE+vnshwk81UofRonQFSs4U39P5IhLOeah7uRIDeWiNxX/83qZii79nMZppkiM54uijEGVwGkgsE8FwYqNNUFYUH0rxEMkEFY6NlOH4C6+vEza9Zp7XnPu6pXGVRFHGRyDE1AFLrgADXALmqAFMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHaJ5W5</latexit>

�cusp(g)
<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

exact

our tree approximation

qualitatively correct behavior at strong coupling

(Arkani-Hamed, Henn, JT, 2021)



OPEN QUESTIONS
How does the subleading (one-loop) contribution 

contribute to the              function?
<latexit sha1_base64="JCx/3tYNMSIhm1nVYSjuweDOhYI=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDZCBSlJQeyyIIjLCvYBbSiT6bQdOnkwMxFiqL/ixoUibv0Qd/6N0zYLrR64cDjnXu69x485k8pxvozC2vrG5lZx29zZ3ds/sA6P2jJKBKEtEvFIdH0sKWchbSmmOO3GguLA57TjT6/mfueeCsmi8E6lMfUCPA7ZiBGstDSwSrZtZn2CObqeVcbnD2embQ+sslN1FkB/iZuTMuRoDqzP/jAiSUBDRTiWsuc6sfIyLBQjnM7MfiJpjMkUj2lP0xAHVHrZ4vgZOtXKEI0ioStUaKH+nMhwIGUa+LozwGoiV725+J/XS9So7mUsjBNFQ7JcNEo4UhGaJ4GGTFCieKoJJoLpWxGZYIGJ0nmZOgR39eW/pF2ruhdV57ZWbtTzOIpwDCdQARcuoQE30IQWEEjhCV7g1Xg0no03433ZWjDymRL8gvHxDeRRkk0=</latexit>

F(g, z)

How do we reconstruct                      behavior at strong coupling? 
<latexit sha1_base64="FAhwBmaUfEDNZUc/+bX6NK8aQB8=">AAACA3icbVDLSsNAFJ3UV42vqDvdDDZCBSlJQeyyIIjLCvYBTSiT6aQdOpOEmYlQQ8GNv+LGhSJu/Ql3/o3TNgttPXDhcM693HtPkDAqleN8G4WV1bX1jeKmubW9s7tn7R+0ZJwKTJo4ZrHoBEgSRiPSVFQx0kkEQTxgpB2MrqZ++54ISePoTo0T4nM0iGhIMVJa6llHtm1mHkYMXk/Kg/OHM+hJyuHAtO2eVXIqzgxwmbg5KYEcjZ715fVjnHISKcyQlF3XSZSfIaEoZmRieqkkCcIjNCBdTSPEifSz2Q8TeKqVPgxjoStScKb+nsgQl3LMA93JkRrKRW8q/ud1UxXW/IxGSapIhOeLwpRBFcNpILBPBcGKjTVBWFB9K8RDJBBWOjZTh+AuvrxMWtWKe1Fxbqulei2PowiOwQkoAxdcgjq4AQ3QBBg8gmfwCt6MJ+PFeDc+5q0FI585BH9gfP4Aka6U3w==</latexit>

F(g, z) ⇠ g

<latexit sha1_base64="t2AsJB5OuY8SyxBVwoqIAD66H/M="></latexit>

�tree(g) ! g

✓
8

⇡
+ �(1) + �(2) + . . .

◆
= 2g

And what about cusp anomalous dimension?

<latexit sha1_base64="7CgmLYGk6hWpRxOobdQouvZ3k30=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4Ckmh2GXBjcsK9gFtKJPppB06M4kzE6XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89Ucqo0r7/bW1sbm3v7Jb27P2Dw6Njp3zSVkkmMWnhhCWyGyFFGBWkpalmpJtKgnjESCeaXM/9zgORiibiTk9TEnI0EjSmGGkjDZyy69p9RTm5h1WvVrNdd+BUfM9fAK6ToCAVUKA5cL76wwRnnAiNGVKqF/ipDnMkNcWMzOx+pkiK8ASNSM9QgThRYb44fQYvjDKEcSJNCQ0X6u+JHHGlpjwynRzpsVr15uJ/Xi/TcT3MqUgzTQReLoozBnUC5znAIZUEazY1BGFJza0Qj5FEWJu0bBNCsPryOmlXvaDm+bfVSqNexFECZ+AcXIIAXIEGuAFN0AIYPIJn8ArerCfrxXq3PpatG1Yxcwr+wPr8ATbGkVY=</latexit>

' 2.55 Is it just a small negative correction?
Do tree graphs dominate or are there massive 

cancelations between various orders?



COMMENT ON LOOPS
How is the loop of loops expansion related to summing 

certain classes of diagrams?
✤ Short answer: NO

✤ Long answer: some limited correspondence via # of internal propagators
<latexit sha1_base64="kA11ERkX8pWtjxnxco090VKBj04=">AAACB3icbVDLSsNAFJ3UV42vqktBBhvBVUkKYpdVNy4r2Ac0IUymk3bsZBJmJkIJ3bnxV9y4UMStv+DOv3HSZqGtB+7lcM69zNwTJIxKZdvfRmlldW19o7xpbm3v7O5V9g86Mk4FJm0cs1j0AiQJo5y0FVWM9BJBUBQw0g3G17nffSBC0pjfqUlCvAgNOQ0pRkpLfuXYskyXIT5kBF5e+TRv966YCaZl+ZWqXbNngMvEKUgVFGj5lS93EOM0IlxhhqTsO3aivAwJRTEjU9NNJUkQHqMh6WvKUUSkl83umMJTrQxgGAtdXMGZ+nsjQ5GUkyjQkxFSI7no5eJ/Xj9VYcPLKE9SRTiePxSmDKoY5qHAARUEKzbRBGFB9V8hHiGBsNLRmToEZ/HkZdKp15zzmn1brzYbRRxlcAROwBlwwAVoghvQAm2AwSN4Bq/gzXgyXox342M+WjKKnUPwB8bnDy8clu4=</latexit>

hABiABji

Standard diagrams for four-loop integrand Negative geometries
✤ Not planar objects
✤ No unphysical cuts

Most complicated internal 
graph is 1-loop (not 2-loop), 

one tree graph missing

more propagators = more complicated

No direct relation



CONCLUSION



SUMMARY
New expansion of the planar N=4 SYM integrand 

using negative geometries: goal is to determine the 
four-point all-loop integrand (and amplitude)

Hierarchy of geometries: loops of loops expansion, 
all-loop integrand for tree-level and one-loop geometries

IR finite function: for trees found differential equation, 
integrated and resummed, interesting strong coupling behavior



OUTLOOK
Finish one-loop calculation, differential operator, 
higher loop integrands — organizing principle

Higher point integrands/integrals from negative geometry

Alternative IR finite object: deformed Amplituhedron

with Taro Brown, Umut Oktem, Shruti Paranjape,…..

with Dmitry Chicherin, Johannes Henn, Antonela Matijasic, Julian Miczajka

with Nima Arkani-Hamed, Wojciech Flieger, Johannes Henn, Anders Schreiber

poster at 
this conference

Amplituhedron and negative geometries for ABJM next talk
(Song He, Yutin Huang, Chia-Kai Kuo, 2023) (Lukowski, Stalknecht, 2023)



Thank you!


