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| will explain how a recent mathematical result on
volumes of orthoschemes by Rudenko 2012.05599
can be used to analytically evaluate one-loop
scalar n-gon integrals in n-dimensions (for even n)
with massless or massive internal and external
edges.
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Outline

1. One-loop n-gon integral as a hyperbolic volume

2. Rudenko’s formula for volume of hyperbolic
orthoscheme

3. Dissecting a simplex into orthoschemes and
our final formula



D=6 hexagon integral

Around a decade ago there was a brief flurry of
interest in hexagon integrals in six dimensions.

Del Duca Duhr Smirnov 1104.2781
Dixon Drummond Henn 1104.2787

Del Duca Duhr Smirnov 1105.1333

all with massless propagators
DDDDHS 1105.2011
Spradlin, AV 1105.2024
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Hexagons

« Part of the motivation was simply that GSVV
symbol technology 1006.5703 had made it
possible to perform these previously difficult
calculations—so people did them.

« But more practically, these integrals are related
by simple differential equations to certain

four-dimensional integrals of interest.
Dixon Drummond Henn 1104.2787
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ABSTRACT: We explore the correspondence between one-loop Feynman integrals
and (hyperbolic) simplicial geometry to describe the all-mass case: integrals with

generic external and internal masses. Specifically, we focus on n-particle integrals in
exactly n space-time dimensions, as these integrals have particularly nice geometric

properties and respect a dual conformal symmetry. In four dimensions, we leverage

this geometric connection to give a concise dilogarithmic expression for the all-mass
box in terms of the Murakami-Yano formula. In five dimensions, we use a generalized
Gauss-Bonnet theorem to derive a similar dilogarithmic expression for the all-mass

entagon

for all n.

We also use the Schlafli formula to write down the symbol of these integrals

Finally, we discuss how the geometry behind these formulas depends on

space-time signature, and we gather together many results related to these integrals

from the mathematics and physics literature.




Hexagons

« However, the problem of evaluating the “fully
general” hexagon integral-with all external legs
massive-remained unsolved; even with all

propagators massless.
« This integral is of particular interest because it is

related to a well studied example (the simplest
with massless propagators) of an elliptic polylog

integral. Paulos, Spradlin, AV 1203.6362
Morales, Spiering, Wilhelm, Yang, Zhang 2212.09762
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n-gon integral in n-dimensions

the hexagon is a special case of
n-gon integral in n-dimensions
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n-gon integral in n-dimensions

The one-loop n-gon scalar integral in n-dimensions,
with propagators having arbitrary masses, can be
written in terms of dual momenta pi=Xi+1-Xi

In(.’ll'l,... /ﬂ-n/21_.[ (13—:132 —|—m

Introducing Feynman parameters and integrating x,

) i —n/2
I(Gy) =T (g) /000 [ [ desid(an = 1) (Z Gz‘a‘ai"‘j)
t=1

1,7=1

Gij = 3((zi — ;)* + mi + mj)

the integral can be viewed as function of Gii.



n-gon integral as a hyperbolic volume

It has long been known [Davydychev, Delbourgo
9709216] that this integral computes the volume
of a hyperbolic simplex

ny Vol(Q)

-n/2
Vol(Q) = —~|d2etQ|/0 Hdai5(an —1) (Z Qijaiaj)
i=1 i,j=1

where Q is the the Gram matrix associated to
the simplex in n-1 dimensional hyperbolic space
with vertices vi, v2... vn

Qij = Q(vi, vj)


https://arxiv.org/abs/hep-th/9709216
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1. One-loop n-gon integral as a hyperbolic volume

2. Rudenko’s formula for volume of hyperbolic
orthoscheme
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our final formula



Orthoscheme

An orthoscheme is a special kind of simplex that is
basically a higher dimensional generalization of a
right triangle:

An (n-1) dimensional hyperbolic orthoscheme is a
hyperbolic symplex for which the bounding
hyperplanes Hi can be ordered (H1,Hz2,..Hn) in such
a way that Hi is orthogonal to H;j for |i-j|>1
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Volumes of Orthoschemes

Rudenko 2012.05599 gave an explicit formula for

the volume of hyperbolic orthoschemes in
terms of a new (to physics) class of functions
called alternating polylogarithms.
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Volumes of Orthoschemes

Rudenko 2012.05599 gave an explicit formula for
the volume of hyperbolic orthoschemes in
terms of a new (to physics) class of functions
called alternating polylogarithms.

We can compute the volume of our full simplex
by recursively slicing it into orthoschemes.
[Spradlin, Ren, Vergu, AV]


https://arxiv.org/abs/2012.05599

Example 1:
3d orthoscheme/4d box

1 ) 201225 223245 ) 201245 214223
—per [ALiy 1 | — ,— —ALij 1 | — ,—
4 205212 225234 205214 212234

. 203245 201223
+ ALll,l (_ y
205234 203212

)
)



Othoscheme geometry (z)

— Rudenko showed that there is a bijection
between (n-1) dim orthoschemes and
configurations z=(zo,z1,..zn+1) in Mo,n+2; the moduli
space of n+2 points in p.

— Under this bijection, Gram matrix of the
orthoscheme can be expressed as

Qi = Qji=cicj(z0— 2)(2j — Zny1), 1<i<j<n
— Inverting we can represent every cross-ratio in

terms of Gram matrix

ZabZed . Qg,c(Qg,b - Qa,aQb,b)(Qg,d - QC,ch,d)
Za,dZc,b B Qb,ch,c(Qgtd — Qa,a Qd,d)(Qg,c — Qb,ch,c)




Arborification Map

A map T from z and any even subset P to the
ordered set of words is defined recursively

4 . .
Z Tioijon+1) ® (T(O--~i) * Ti;...5) *T(j,..2n+1)) if pg is even,
0<i<j<2n+1
i is odd
J 1s even

Tp(2) = < Z {T(l,i,j,2n+2) ® (T(1...4) * Tioj) * T(j2n42))
1<i<j<2n+2

i is even
7 is odd

+ T1,ij,2n+2) ° (T(l...z-) * Ti;...5) *T(j...2n+2)) } if pg is odd,

where

Zoo 12 i Do

B {Mll if po is even,
Z 2

B P0,p3 2p2,p1
T(Po,pl;PQ,pS)(z) o yA Z
[M’ 1] if po is odd
Zp0,p14p2,p3

T(Po,Pl)(z) =1.



Aborification Map (T)

— Weighted letters [y, m]
— Words [¢1,mi]®[p1,mi], or [p1,mi|er, mi]

— Star product

([ip1, m1] ® w1) x ([p2, m2] ® w2) := [p1,M1] ® ((w1) * ([p2, M2] ® w2))
+ 2, m2] ® (([01,m1] ® w1) * (w2)) + (1, M1] - [P2, M2]) ® (w1 * wo)

— Alternating polylogs associated to a word

k
: €\ ;.
ALi([pp1, ma] - - - |k, mi]) := > (H 5) Lim,,...m (€18/P1, . ., €kv/Prk)

€1,-e€{—1,1} \i=1



Example 1:
3d orthoscheme/4d box

201225

P=(0,1,2,3,4,5) Tr(2) = Lm’l L

1

223245 1] 3 [Zmzzzs
’ )
225243 205241

214232 203245
1]+
212234

201223 1]

’ ’
205243 203221

1 . 201225 223245 . 201245 214223
Vol(Qn=4) = — per |ALij; [ — , — —ALij 3 | — , —
1 205212 225234 205214 212234

. 203245 201223
+ ALll,l (_ y
205234 203212




Example 2:
5d orthoscheme/6d hexagon

1 ) 201247 214723245267 ) 201267 216223245
VOl(Qn=6) = per AL11,2 — ’ = AL11,2 — ~
16 207214 212234247256 207216 212234256

) 203247 201223245267 ) 203267 201223236245
— ALij o (— 3 ) + ALi; 2 (— ] )
207234 203212247256 207236 203212234256

. 201227 223247 245267 . 201227 223267 236245
—AL11,1,1 (— — L — + AL11,1,1 — . L —
207212 227234 247256 207212 227236 234256
. 201227 225267 223245 . 201247 214223 245267
—AL11,1,1 (— y — y ) + ALI1,1,1 (— y )
207212 227256 225234 207214 212234 247256
. 201247 245267 214223 . 201267 216223 236245
+AL11,1,1 (_ y y ) — AL]l)l’l (_ N L )
207214 247256 212234 207216 212236 234256
. 201267 216225 223245 . 201267 216245 214223
+ALij 1,1 (— y — y — —ALiy11 | — y — —
207216 212256 225234 207216 214256 212234
. 203247 201223 245267 . 203247 245267 201223
—AL11,1,1 (— g — y — ) — AL11,1,1 (— y — y — )
207234 203212 247256 207234 247256 203212
203267 201223 236245 . 203267 236245 201223
—I—AL11’1,1 (— 5= y — ) + ALll,l,l (_ y )
207236 203212 234256 207236 234256 203212
. 205267 201225 223245 . 205267 201245 214223
—ALij 1 (— y — y — + ALiy 11 | — y — —
207256 205212 225234 207256 205214 212234
. 205267 203245 201223
—ALiy 11 (— — g — ) ]
207256 205234 203212






Real periods (per)

The real period can be defined via coproduct
structure [Goncharov 1996]

w(G)

per(G) := (2m)* @ Y~ N (-1)F'V(Aq,,a(Q))

k=1 a)+--+ar=w(G)

m m—1
\Y% (@ fz) :=Re (]:! (zm)w(fi)) fm ((Zwi)w(f"‘))

w is the weight
coproduct A, (G) =G


https://www.ams.org/journals/jams/1999-12-02/S0894-0347-99-00293-3/S0894-0347-99-00293-3.pdf

Examples
Weight One

Ai(log(z)) = log(z)

per(log(z)) = —27V(log(z)) = 2w Im (102g7£;1:)) = — Re(log(z)) = — log(|z|)

Weight Two
AQ(Liz(m)) = Lig(m) , Al,l(Liz(x)) =Li; (:L‘) X log(m)
per(Liz(z)) = 472 {V(Lig(a:)) — V (Lij(z) ® log(x)) }

i o () e (52 (32)
= —Im Liy(z) + Im Li;(z) Relog(z)

per(Lij i1(z,y)) = —Im Lij 1(z,y) — Re Li;(1/z) Im Li;(zy)
+ Im Li;(y) Re Li;(z) + Re Li;(y) Im Li;(zy)



Weight Three

per(Liz(z)) = Re Lisg(z) + (R,elog(:z:))2 Re Lij(z) — Relog(xz) Re Liz(x) ,
per(Lii2(x,y)) = Re Lii2(z,y) + Relog (1/y) Re Lii1(=,y)
— Im Li; (1/z) Relog (1/y) Im Lii(zy) + Im Li; (y) Relog (1/y) Im Lii(zy)
—+ Im Li; (1/2z) Im Lii(zy) Relog (1/xy) — Im Lis (1/z) Im Lii(zy)
+ Im Lis(y) Im Li; (zy) — Re Li; () Re Liz(y) + Re Li; (1/2) Re Lix(zy)
— 2 Re Li;(z) Re Li;(y) Relog (1/y) + Re Li; (1/x) Relog (1/y) Re Liy (zy)
+ Re Li; (1/z) Re Lij(zy) Relog (1/zy) — Re Lii(y) Relog (1/y) Re Lii(zy),
per(Liz i (x,y)) = Re Lisi(z,y) — Relog (1/y) Re Lii1(=x, v)
+ Relog (1/xy) Re Liy1(z,y) — Im Lii(z) Im Lii(y) Relog (1/vy)
+ Im Li; (1/z) Relog (1/y) Im Li; (zy) — Im Li; (y) Relog (1/y) Im Li, (zy)
+ Im Li;(x) Im Li; (y) Relog (1/xy) + Im Li; (1/z) Im Li;(zy) Relog (1/xy)
+ Im Liz(z) Im Li;(y) — Im Lis(y) Im Liij(zy) + Im Lii(zy) Im Lis (1/x)
— Re Lii(y) Re Liz(zy) + Re Lii(z) Re Lii(y) Relog (1/y)
— Re Lii(z) Re Lii(y) Relog (1/xzy) — Re Li; (1/z) Relog (1/y) Re Lii(zy)
+ Re Li; (1/x) Re Li;(zy) Relog (1/xy) + Re Li; (y) Relog (1/y) Re Li;(zy)
— 2 Re Lii(y) Re Lii(zy) Relog (1/xy),
per(Lii,1(xz,y,2)) = Im Lii(z) Im Lij 1(z,y) — Im Liii (v, 1/xy) Im Li; (zy=)
+ Im Liy,1(y, 2) Im Lii(xyz) + Re Liy (1/y) Re Liy 1 (z,y=)
— Re Lii(2) Re Liii(x,yz) — Re Lii(z) Re Li11(y, 2)
+ Re Li; (1/xz) Re Li; 1(xy, z) — Re Liy () Re Liy 1(zy, 2) + Re Liy 1.1 (2, v, 2)
+ Im Li;(2) Re Li; (1/z) Im Li;(xy) — Im Li;(y) Im Li; (2) Re Lii(x)
— Im Li; (1/x) Re Li; (1/y) Im Li;(zy=)
+ Re Li; (1/y) Im Li;(yz) Im Liij(zyz) — Im Lii(2) Re Lii(y) Im Li; (zy)
+ Re Lii(y) Im Li; (1/xzy) Im Lii(zyz) — Im Lii(z) Re Lii(y) Im Li; (zy=)
+ Im Li; (1/x) Re Li; (1/zy) Im Li;(zyz) — Re Li;(2) Im Li;(y2z) Im Li;(zy=)
+ Re Lii(z) Re Lii(y) Re Lii(z) — Re Li; (1/z) Re Lii(z2) Re Lii(zy)
+ Re Lii(y) Re Lii(2) Re Lii(zy) — 2 Re Lii(x) Re Li; (1/y) Re Lii(y=2)
+ 2 Re Lii(z) Re Lii(2) Re Lii(yz) + Re Li; (1/x) Re Lii (1/y) Re Lii(zy=)
— Re Li; (v) Re Li; (1/zy) Re Liy (zy=)
+ Re Li; (1/x) Re Li; (1/zy) Re Liy(zy=z)
— 2 Re Li1 (1 /) Re Lii(2) Re Lii(zyz) + Re Lii(y) Re Lii(z) Re Lii(zy=z)
— Re Li; (1/y) Re Lii(yz) Re Lii(zyz) + Re Lii1(2) Re Li;(yz) Re Lii (zy=) .



— %Re sv(G(d; z)), |d| is odd,
per(G(d; z)) = p
— §Imsv(G(d'; z)), |ad| is even.

Brown 2004
Dixon Duhr Pennington 1207.0186
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Dissecting a simplex into orthoschemes

Figure 1. Dissection of a hyperbolic tetrahedron into six orthoschemes. The point h; denotes the
point where the altitude from v4 intersects the boundary (I), defined as the convex hull of vertices
{vi|i € I'}. The six orthoschemes are {conv(vy, h1 23, hi j,vi)|%,j € {1,2,3}, @ # j}.



Explicit Formula

[Spradlin, Ren, Vergu, AV]

Vol(Q) = sgn(o) sgn(det Q7) Vol(Q°)
GESZH sgn(det Q)

Q7 := conv(Vg (1) ho(1),0(2) Po(1),0(2),03) -+ 3 Ro(1),0(2), o(n-2)>

ha(l),a(2),--- o(n—1) — h1,2,--- n—1, vn)

_ detQ[o(1),...,0(i),n]
det Q[o(1),...,0(?)] Qnn’

zi =1

1<1<n—-1

2§ =0,2z; =1,and 2, | = 00



Box Integral

1 (Q12Q1,4 — Q1,1Q2.4)Q3.4 )
1(Qn=4) = — - = -
e, 4 {Sgn ((Q1,2Q1,4 —Q22Q14— Q11Q24 + Q12Q24)(Q14+ Q24+ Q3.4)
. Q4,4Q4.4 24Q34
AL — S 273, _
* per ( S [1 A? 7 (Q12Q14 — Q11Q24)%(A? — Q4,4Q4,4)]
o[ Q2@ — Q11Q22) Q3.4
+ALiLy _(Q1,2Q1,4 — Q1,1Q2,4)%" A2(QF 5 — Q1,1Q2,2)
AL; {4 (Q% 4 — Q1,1Q44)QR3 4
—Allll | 55 ' A2 2
_Q1,4 —Q11Q44 A?(Q12Q14 — Q1,1Q24)

+ (perm 132s3) )

Q,;,j = (—1)’:+jdetQ[1-~i-~-n;1-~j~--n], A :=detQ



In the massless limit: Qi,i—0

ideal :1 ( Q1,4Q3,4 ) .
Vol(Q,2%) 1 {Sgn (Qrat Q2,4)(Q1,4 n Q2,4 n Q3,4) per (ALll’l

@34
1’_’
5))]

+(perm 1,2,3).

it evaluates to
the usual four-mass box function

1 (w4 v—u+ VA Cfw+v—u—VA
— | Lis — Lis
A w+v—u+ VA

+ (cyclic u, v, w)

u=Q12Q34, v=0Q14Q23, w=Q13Q24, A =uv +v*+w®—2uwv+uw+vw)



Hexagon integral: numerical check

(» Choose Random Kinematics and Propagator Masses «)

Set[x[#], Table[Random[Integer, {-9, 9}], {6}]] &/@Range[6]

((8, 3, 4, 2, -5, 4), (-3,5, -4, 8,1, 5}, (-9, -9,0, -3, -1, 3}, (3, 2, 3,3, -9, 9), (-4, 4, -2, -5, 5, 5), (4, -8, -2, 4, 4, 1))
Set[m[#], Random[Integer, {0, 9}]] & /@ Range [6]

{9,4,6,9, 2, 6)

(» Construct the Gram Matrix =)

Q = Table[(x[1] -x[]]).(x[1]-x[]]) + m[i]A2 + m[j]*2, {7, 6}, {], 6}]/2

359 231 359 429 211 315 429 527

{{81, 304, =, 208, 192}, {‘757’ 16, -, 166, —-, ”E{’}’ {304, 36, o, 141, 162},
231 527 439 477 211 439 315 477

{37,me,77,8L 77,4{},{mm, 5 ,M1,7?,4,1n},p9L o 162, 37,1n,3Q}

(+ Numerically Integrate the Feynman Integral =)

A = {al, a2, a3, a4, a5, 1};
NIntegrate[Sqrt[-Det[Q]] /2 (A.Q.A) A (-3), {al, 0, Infinity}, {a2, 0, Infinity}, (a3, 0, Infinity), {a4, 0, Infinity}, {a5, 0, Infinity}
0.00335374

(* Our Analytic Formula x)

HexagonIntegral[Q]
35762 096 579 469 688 ) 5051 691588 837 016 169 =
1 \/ 6677417 669 446 330823 944 861 449 165 1 \/ 153879312497 380722 661 745 988 319
- mIm|Polylog|2, - 7 Im|Polylog|2,
64 ! L 49 11 64 L t 13555
, [GBT35TT38058073656949 |, 32 2 189973 644 626 397 280 i
! relpotviogls. - ) 16812997771 J943 92746494 059 638514 546 039 518 214 341041
T bl B 667 357738 058 073 B56 949
777 7 4
e b 16 812997 771 - 83 831 325668 942 592
72355 14 471 /2203411690 545077 279 261284 977

Full expression not avallable (original memory slize: 495.5 MB)

N[%]
9.00335343



Conclusion

We used Rudenko’s formula for the volume
of hyperbolic orthoschemes to provide an
explicit analytic result for the one-loop
scalar n-gon integral in n-dimensions.



Open Questions

« Is there a more “canonical” formula for
the n-gon: one that doesn’t rely on an
ad hoc dissection?

o Do individual terms in the orthoscheme
dissection relate to any meaningful
pieces of other integrals via differential
equations?

o Are there other applications of
alternating polylogs in amplitudes?



Thank youl!



