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 I will explain how a recent mathematical result on 
volumes of orthoschemes by Rudenko 2012.05599 
can be used to analytically evaluate one-loop 
scalar n-gon integrals in n-dimensions (for even n) 
with massless or massive internal and external 
edges.

https://arxiv.org/abs/2012.05599


Outline

1. One-loop n-gon integral as a hyperbolic volume

2. Rudenko’s formula for volume of hyperbolic 
orthoscheme

3. Dissecting a simplex into orthoschemes and   
our final formula



D=6 hexagon integral

Around a decade ago there was a brief flurry of 
interest in hexagon integrals in six dimensions.

        Del Duca Duhr Smirnov 1104.2781

        Dixon Drummond Henn 1104.2787

                                               Del Duca Duhr Smirnov 1105.1333

                                               DDDDHS 1105.2011

                                               Spradlin, AV 1105.2024

all with massless propagators

https://arxiv.org/abs/1104.2781
https://arxiv.org/abs/1104.2787
https://arxiv.org/abs/1105.1333
https://arxiv.org/abs/1105.2011
https://arxiv.org/abs/1105.2024


Hexagons

● Part of the motivation was simply that GSVV 
symbol technology 1006.5703 had made it 
possible to perform these previously difficult 
calculations–so people did them.

● But more practically, these integrals are related 
by simple differential equations to certain 
four-dimensional integrals of interest.

Dixon Drummond Henn 1104.2787

D D

https://arxiv.org/abs/1006.5703
https://arxiv.org/abs/1104.2787




Hexagons

● However, the problem of evaluating the “fully 
general” hexagon integral-with all external legs 
massive-remained unsolved; even with all 
propagators massless.

● This integral is of particular interest because it is 
related to a well studied example (the simplest 
with massless propagators) of an elliptic polylog 
integral. Paulos, Spradlin, AV 1203.6362

Morales, Spiering, Wilhelm, Yang, Zhang 2212.09762

https://arxiv.org/abs/1203.6362
https://arxiv.org/abs/2212.09762


n-gon integral in n-dimensions

               the hexagon is a special case of 

n-gon integral in n-dimensions 



n-gon integral in n-dimensions

    The one-loop n-gon scalar integral in n-dimensions, 
with propagators having arbitrary masses, can be 
written in terms of dual momenta pi=xi+1-xi

   Introducing Feynman parameters and integrating x,

   the integral can be viewed as function of Gij.



n-gon integral as a hyperbolic volume

It has long been known [Davydychev, Delbourgo 
9709216] that this integral computes the volume 
of a hyperbolic simplex

where Q is the the Gram matrix associated to 
the simplex in n-1 dimensional hyperbolic space 
with vertices v1, v2… vn 

https://arxiv.org/abs/hep-th/9709216
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Orthoscheme

An orthoscheme is a special kind of simplex that is 
basically a higher dimensional generalization of a 
right triangle:

An (n-1) dimensional hyperbolic orthoscheme is a 
hyperbolic symplex for which the bounding 
hyperplanes Hi can be ordered (H1,H2,..Hn) in such 
a way that Hi is orthogonal to Hj for |i-j|>1



Volumes of Orthoschemes

Rudenko 2012.05599  gave an explicit formula for 
the volume of hyperbolic orthoschemes in 
terms of a new (to physics) class of functions 
called alternating polylogarithms.

https://arxiv.org/abs/2012.05599


Volumes of Orthoschemes

Rudenko 2012.05599  gave an explicit formula for 
the volume of hyperbolic orthoschemes in 
terms of a new (to physics) class of functions 
called alternating polylogarithms.

We can compute the volume of our full simplex 
by recursively slicing it into orthoschemes. 
[Spradlin, Ren, Vergu, AV]

https://arxiv.org/abs/2012.05599


Example 1:  
3d orthoscheme/4d box 



Othoscheme geometry (z)
– Rudenko showed that there is a bijection 
between (n-1) dim orthoschemes and 
configurations z=(z0,z1,..zn+1) in M0,n+2;  the moduli 
space of n+2 points in P.  

– Under this bijection, Gram matrix of the 
orthoscheme can be expressed as

– Inverting we can represent every cross-ratio in 
terms of Gram matrix

1



Arborification Map

A map T from z and any even subset P to the 
ordered set of words is defined recursively



Aborification Map (T)

– Weighted letters

– Words 

– Star product 

– Alternating polylogs associated to a word



Example 1:  
3d orthoscheme/4d box 



Example 2: 
5d orthoscheme/6d hexagon





Real periods (per)

The real period can be defined via coproduct 
structure [Goncharov 1996]

w is the weight
coproduct  

https://www.ams.org/journals/jams/1999-12-02/S0894-0347-99-00293-3/S0894-0347-99-00293-3.pdf


Examples
Weight One

Weight Two



Weight Three



Brown 2004

Dixon Duhr Pennington 1207.0186

https://www.sciencedirect.com/science/article/pii/S1631073X04000780
https://arxiv.org/pdf/1207.0186.pdf
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Dissecting a simplex into orthoschemes



Explicit Formula
[Spradlin, Ren, Vergu, AV]



Box Integral



In the massless limit:   Qi,i→0

it evaluates to 
the usual four-mass box function



Hexagon integral: numerical check 



Conclusion

We used Rudenko’s formula for the volume 
of hyperbolic orthoschemes to provide an 
explicit analytic result for the one-loop 
scalar n-gon integral in n-dimensions.



Open Questions

● Is there a more “canonical” formula for 
the n-gon: one that doesn’t rely on an 
ad hoc dissection?

● Do individual terms in the orthoscheme 
dissection relate to any meaningful 
pieces of other integrals via differential 
equations?

● Are there other applications of 
alternating polylogs in amplitudes?



Thank you!


