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I. Introduction
.

G vacuum diagram in massless 44 theory .

We are interested in its residues in dimensional
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.

fiver by

Ig = J da
,

. . .
dan . ,

[ go ]
" '

%&/an=z

° Edges of G labelled I
,

.
. ,N

° 4g E KK , , . . . . ,
an ]

Kirchhoff 1847

4g =
I IT he

Symazik

TEG EET

• Ig finite if 21g

Weinberg
{ TIE! > 2g tree



2

•
•

ooo ••
O 00 ⑥ ⑧② O 0

•G • • ••• ••
Ig 6513 ) 20515 ) 363131

'
. . .

513,5) . . .

s 6 8

weight
3

S 7 9

No -3 3

Broadhurst - Kreiner ,
Schulz

,
. . .

what kind of graph invariants are there ?

- what propertiesde they here ?

- Hew car we predict Ianpwle Ia ?

- Do there exist simpler ,
related invariants ?
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Properties :

two - vertex join
- Multiplicative :
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Related invariants of graphs .

Combinatorial

- Point aunts over finite fields Fq , q =p
'

p prime
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Today :

A single object
,

Mellin - Feynman integral
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determines all the others
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Ca invariants

(G) : { prime powers} → IN Katuiich
, Stanley

qi→ # { a
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calc ) contains the right information
.

B - shek .  - Yeats
⑦

'

B .

- Doyn

Exempla : caky -=o Ig has lower then

expected transcendental weight

Gnjedwe CB
.

- Schatz) : Calo , ) = cake ) if E,
= I

.

Hu - Yeats p=2
all pines p .{Panzer -

Yeats

pine powers .unkrewu for

B
.

- Schutz : Using ca ,
exhibited graphs aith

8 loops with nodular point courts .

⇒ Not MZV 's !

The ca -
invariant erodes

information

about
the

top weight part of the residue Ia .
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 . Diagonal sequence

Define :

In
: =

coefficient ofaiad.i.hn
"

in 4Th

Defines a sequence
of integers :

Do = ( do
,

I
,
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,

03 ,
.  - -

)

:

Et : G = 4 Xg= 2,2 ,
-144+224+444%4

AG = (I
,
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63504,853776 ,

. . . )
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Martin invariant and of (Panzer -
Yeats)

•did
(G) only depends on d

,
anpktia .

or lol =
2

.

Mcd )
2

n

I 4 - regular graph .

Martin
invariant

.

n÷.÷s=n÷: tnc: :Ltnc:
'

,
STU relation

.•ducal = ⇐ ) McGary
in

replace each edge with

n apies .
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related to graph permanent sequence .
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w Integral interpretation .
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Mellin - Feynman @primitive log - divergent) it
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'
are flipped

° Domain of integration is different
.

PropositionIacs ) is uniquely determined by
-

:

{ Iolul ,
for integers n >

ofIa ( ol = Ia residue

A

Ig ( Ll = J a . . . Ln - I
da

, .  .
dan - I

.

( 44A )
Feynman periods .O
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,
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"
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New sequence of real numbers

YG = ( Io ,
Ichi

,
Iakl , . .

. . )

Theorem :
The sequences ya

& So are dud

helouemic
.

More precisely ,

there exist polynomials

pi E Q Cn ] ,

Isiah

such that the polynomial recurrence

polar) un tPitlane,
t . .  .

1-pkHun+k=o
is

satisfied
by

Un = Idu - I) It n > > o

& U - u
= A Glu) n > I

.
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Moe precisely , pen
obtained from

Picard - Fuchs equation of

Tae - tying = o

i. e.
,

Differential operator

Dee
Qft such that

Dt ( a
.

?: Iii ) = dye

is exact
.

( Subtle point : me deman of integration ! )



•
14

Example :

G=
•

•
•

S
④ n Un

- 212nA)(6Sn4t 130ns -1105 nd +40N ) Unt ,

+ (4nt2H4nt3X4nt4)(4ntSK4nt6 ) Untz

( B . 2014 )

ma =/6TH
, EM

-

Foo , foot
' H - Effort

④ has two fundamental solutions

a. = ( LlgotIgto ' 404¥00 '
- - - )

b
.

= ( 0
, Ito , 7¥60 ' - -

- )

Cemespardiy to two fundamental periods 1,67131
.
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Coefficients of 6513 )
.

a. = ( 11£0Igtoo ' 404¥00 '
- - - )

Diagonal coefficients :

AG = ( I
,

12
,

756
,

78960 ,
. . . )

Splice them together

Un = { an ,
i n > I

In : ne o

④ nez

= ( - . . ,
756,12 , 1,2 , To I goto ' - - - )

- -

Diagonals
Coefficients of

both )

6713
) in Iola )

Is a
solution to ex I for all nek

.
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Aping
limits :

Ight = an 6513 ) t bn

~ In exponential decay .

X smallest root of characteristic polynomial of ⇐ )

Xg =

102412
- 2602 t I

= I 2562 - 2) ( 47 . z )

⇒
The residue Ia = 65131

may
he obtained as the limit

Ia -

- him
.
that

an
,

bn solutions to ⑦ Cenveyhce

"
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Summary

Mellin - Feynman Integrals

Ids )

PFInterpolation'  '

of minimal
operator solution

Polynomial recurrence

kEpik
) untie
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Arey limit§MuIh¥hz, n > o
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Residue ez - invariant

IG Marlin ,
permanent


