Positivity made simple

Amplitudes 2023

2304.02550 [B. Bellazzini, GlI, F. Riva, S. Ricossa]

2211.00085
2108.05896

Giulia Isabella

B. Bellazzini, Gl, M. Riva]

B. Bellazzini, Gl, M. Lewandowski, F. Sgarlata]

% Cub

Irene Joliot-Curie

Laboratoire de Physique
des 2 Infinis

o
universite

PARIS-SACLAY

SACLAY
D
“. .

eTy UNIVERSITE
<Y DE GENEVE

3 August 2023



Positivity constraints: the philosophy

A Energy . Ay — \
Causality .
. ‘o Lorentz
U\; X i Invariance
( (. Unitarity

I T

.

Spaces of

theories Consistent EFTs




Energy CEe —
A
Causality \
. ‘o Lorentz
0\; 2 Invariance
( (. _Unitarity
.S = /
IR —
>
i dlh
Spaces of |
theories Consistent EFTs

Positivity constraints: the philosophy

Assumptions

Lorentz Invariance

Unitarity
Crossing symmetry
Micro-causality/Analyticity

Polynomial boundedness



Positivity constraints: the philosophy

. ol Assumptions
2 nergy . - A.
Causality \
St P L t ! 4 -
UV S A Invc;rr?:nczze o [Lorentz Invariance | Scattering amplltzudes
( .. _Unitarity .. ¢ = (pl -|-p2)
' o - [ o nitari
\ — = Uniiey = (py = ps)’
iy ~/ ® (Crossing Symmetry
IR T
g ® Micro-causality/Analyticity
A‘
Spaces of -
i Consistent EFTs | e Polynomial boundedness




Positivity constraints: the philosophy

Assumptions

® | orentzInvariance

° [Unitarityj SIS=1 M-M =iMM!

® (Crossing symmetry
® Micro-causality/Analyticity

e Polynomial boundedness



Positivity constraints: the philosophy

Assumptions

® | orentzInvariance

® Unitarity

° (Crossing Symmetry)

® Micro-causality/Analyticity

e Polynomial boundedness



Positivity constraints: the philosophy

A

Assumptions

® | orentzInvariance

® Unitarity

® (Crossing symmetry

o [I\/Iicro—causality/AnaIyticity)

e Polynomial boundedness




Positivity constraints: the philosophy

A

/

Assumptions

® | orentzInvariance
® Unitarity
« P | | | | 717

® (Crossing symmetry

o [I\/Iicro—causality/AnaIyticity)

e Polynomial boundedness




Positivity constraints: the philosophy

A

/

Assumptions

® | orentzInvariance
® Unitarity
« P | | | | 717

® (Crossing symmetry

o [I\/Iicro—causality/AnaIyticity)

e Polynomial boundedness




Positivity constraints: the philosophy

A

Assumptions

® | orentzInvariance

® Unitarity

® (Crossing symmetry

® Micro-causality/Analyticity

o (Polynomial bou ndedness)

‘. 0
‘S‘z s—>;o

Froissart bound




Positivity constraints: the philosophy

A

Assumptions

® | orentzInvariance

® Unitarity

® (Crossing symmetry

® Micro-causality/Analyticity

o (Polynomial bou ndedness)

‘. 0
‘S‘z s—>;o

Froissart bound




Positivity constraints: the philosophy

A

y Energy . —_ i
Causality .
L le? R . ‘o— Lorentz
U\; . i Invariance
( (v - Unitarity
e ” = [

\ J

IR

Spaces of A‘

Consistent EFTs !

/
/
,/

theories

—




Positivity constraints: the philosophy

s Energy

SVESE

IR

Spaces of
theories

|

— A. \
Causality .
St o s Lorentz
Invariance
( (v - Unitarity
" - /
\/

\ _/

“A

Consistent EFTs l




Positivity constraints: the philosophy

A

/

s Energy

SVESE

IR

Spaces of
theories

— A. \
Causality .
St o s Lorentz
Invariance
( (e - Unitarity
g e .” = [
\/

2

Consistent EFTs !




Positivity constraints: the philosophy




Positivity constraints: the philosophy




Positivity constraints: the philosophy

A

Crossing Symmetry  M(u,t = 0) = M(s,t = 0)

/\\\S] l:[,{, g l] j:iM(Ts;a)




Positivity constraints: the philosophy

A

Crossing Symmetry  M(u,t = 0) = M(s,t = 0)

[ - [ ] ds M(a - a)

2 |s]|”




Positivity constraints: the philosophy

A

/

’ . [ ds DiscM
U i ‘n
A2




Positivity constraints: the philosophy

A

Unitarity M —M'"=iM™M

T ds DiscM
o

2ri |s|”

/\\\S] l:[,{, y l] j:iM(Ts;a)

ds (a|M"M|a)

7 A

_I_
L
1
/
1



Positivity constraints: the philosophy

A

Unitarity M —M'"=iM™M

T ds DiscM
o

2ri |s|”

/\\\S] l:[,{, y l] j:iM(Ts;a)

ds (a|M"M|a)

> ()
/1 | s]"

_I_
L
1
/
1



Positivity constraints: the philosophy




Moving away from ¢ =0

| f) = R(O)| )

b [ - ] ds M(a~ p)

2 |s|”



Moving away from ¢ =0

Crossing Symmetry

Challenges

® (Crossing for massive spinning states

b A A
M/Mz(u 1) = 2 X/1112,13/14 (5, 7) M/ii/lé (5,7)




Moving away from ¢ =0

Crossing Symmetry — M(u,t) = M(s, t)
Challenges

J': J B [ ds M(a — p)

® (Crossing for massive spinning states 2Tl ‘ \) ‘n
b A AL v i mr
M),2,(u, 1) = inllﬂjﬂjij (5, ) M) (5, )
® Non-forward discontinuities are not positive o
T _ [ ds (a|M'M|p)
a|M'M ¥* 0 —




Moving away from ¢ =0

Challenges

® (Crossing for massive spinning states
L A AxA34y A3y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a|M™M|p) # 0
® Arcsdivergingat t =0

Gs?
A

nyy




Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

Solutions

(Cons'der all helicities contributions \

% 2




Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

Solutions

(Cons'der all helicities contributions \

Spin 1: 17 amplitudes

Spin 2: 97 amplitudes

% 2




Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

ML Y
X o (s, )M, (s, 1)

M/hflz(u’ t) = Z
® Non-forward discontinuities are not positive —__

(a| MM |B) # 0O

.

® Arcsdiverging at =

\
P

k' i

Solutions

(Cons'der all helicities contributions \

Spin 1: 17 amplitudes

Spin 2: 97 amplitudes

® Find positive functional to obtain positivity and

Jdt‘P(t)(a\MTM\ﬁ) > 0

convergence




Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

M/hflz(u’ t) = Z

ML Y
X o (s, )M, (s, 1)

® Non-forward discontinuities are not positive —__

(a| MM |B) # 0O

\
P

.

o

® Arcsdiverging at =

2

Solutions

(Cons'der all helicities contributions \

Spin 1: 17 amplitudes

Spin 2: 97 amplitudes

® Find positive functional to obtain positivity and

dt () {a|MM|B) >0

SDPB  heavy numerics

convergence




Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

M/hflz(u’ t) = Z

ML Y
X o (s, )M, (s, 1)

® Non-forward discontinuities are not positive —__

(a| MM |B) # 0O

\
P

.

o

® Arcsdiverging at =

2

Solutions

(Cons'der all helicities contributions \

Spin 1: 17 amplitudes

Spin 2: 97 amplitudes

® Find positive functional to obtain positivity and

dt () {a|MM|B) >0

N

SDPB  heavy numerics

convergence

Great and optimal bounds!



Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

b A A
M/Mz(u 1) = 2 X/1112,13/14 (5, 7) M/ii/lé (5,7)

® Non-forward discontinuities are not positive —__

(a| MM |B) # 0O

\
P

® Arcsdivergingat t =0 /

k' @

Simpler solutions?

(Cons’der all helicities contributions

Spin 1: 17 amplitudes
Spin 2: 97 amplitudes

\ e

® Find positive functional to obtain positivity and

convergence

Jdt‘P(t)(a\MTM\ﬁ) > 0

e e’/
K SDPB  heavy numerics

2

Great and optimal bounds!

LUt a.lot of nalic kel



Moving away from ¢ =0

Challenges

(Crossing for massive spinning states \

o MAy 34, A3y
M 5, (us 1) = 2 X i (s, DM 2GS, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

Part

Part
11

e 1] > m?

Application to massive gravity

o > 1

Bounding classical observables



Part 1

Large 7 : Bounding Massive Gravity



Gravity asan EF T

M
S = TH'[CIAX\/—Q | R > 2 d.o.f MM (hh — hh) ~ %
Pl

S = —— =
——r e — T e T - e I e - — T
_ —_




Massive Gravity asan EF T

dRGT gravity

2

_MPl 4 2
S_TJ'd x\/—g[R+m V]




Vliassive Gravity asan EFT

dRGT gravity

2

_MPl 4 2
S_TJ'd x\/—g[R+m V]




Massive Gravity asan EF T

dRGT gravity

S=—|d*x\/=g[R+m?V ]

Phase-space of (c3,ds)
Positivity to constrain {
Physical cutoff A



Positivity in dRGT gravity

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i




Positivity in dRGT gravity

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0 «

k' i




Positivity in dRGT gravity

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

Key ldeas

e m’ <« |t| < s Crossingsimplifies!

M/II/IZ(M’ t) — M_/il;tZ(S’ t) =% @ <‘\/;M/S>



Positivity in dRGT gravity

Challenges

(Crossing for massive spinning states \

b A A
M/Mz(u 1) = 2 XAI/12/13/14 (5, 7) M/l{/lé (5,7)

® Non-forward discontinuities are not positive

>

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

Key ldeas

e m’ <« |t| < s Crossingsimplifies!

Mlll/lz(u’ t) — M_ﬂl;tz(s, t) =% @ <‘\/;M/S>

® Unitarity is more than forward positivity!

| (142742 | MTM | 3414%) | < (14242 | MTM | 14127%2)



Positivity in dRGT gravity

Challenges Key ldeas
(Crossing for massive spinning states \ S o m’«x lt| <5 Crossing simplifies!
% M AL A
M, ; (u, 1) = Z X572, 1) M7 (s, 1) M, (u,0)=M_,(s,0)+ O <\/;m/s>
® Non-forward discontinuities are not positive >~ ® Unitarity is more than forward positivity!
<05\MTM\,5> > 0 | (14272 | MTM | 3M4%) | < (14272 | MTM | 14127%2)
® Arcsdivergingat t =0 «
1 )
[A) @) | \tm
A () N[ <140

Aj,2,(0) s

)




Phase-space constraints at =0

0.15
0.10
0.05
0.00

~0.05 - |

~0.10 -

16, Cheung, Remmen



Phase-space constraints at large ¢

m?> < |t| < s

A
|A; (D] 5 1+@<\/;m>
S

A;;,(0)



Phase-space constraints at large ¢

m?> < |t| < s

[
A0 — AG 81.1,(C3, ds)

A
gl <1+@(\ﬁm> )
\)

m
Axll/lz(o) Ay U= A6 J2.2,(€3,ds) > 0
3



Phase-space constraints at large ¢

m? < |t| < s

A,Mz(f) > A6 £5.4,(C35 ds)
| Ay (D] f 3
M4 e
<1l+06 %,
A/Il/lz(o) § A/11/12(O) ¢ Ag ]6/11/12(63’ dS) > 0
(1| =0.1 A7
0.15:— 0.04r
0.02} :
0.10 - :
I 0.00 -
0.05 - 00 :
o o 0 —0.02_— -~ ‘
0.00 4y -0.04
—o.osf— ~0.06 /
-0.10} _
0.1

A=13m
A=16m
A=19m
A=25m
A=28m



Phase-space constraints at large ¢

2
m- << |t <Ks - % N
[A; 2, (D) A <30m
—t/ \?
A; 1,(0) g iy
........ r|=00A%
0.15:- 0.04
0.02F
0.10 - _
I 0.00|
0.05- : | W A=13m
“ : . —0.02F 1 A=16m
~ - S Z ' A=19m
0.00 ooal \ 1 A=25m
: i : A=28m
~0.05" ~0.06 /
—o.1of : :
Iy




What is the regime of validity of dRGT gravity?

dRGT gravity

Phase-space of (€3, ds)
Positivity to constrain {
Physical cutoff A



What is the regime of validity of dRGT gravity?

dRGT gravity
3
. A\
d.o.f MM (hh — hh) ~ ~ Ff(%, ds)
2+3 3
1/3
(X%
1 L 1
MPl A3 Ho

Phase-space of (€3, ds)

Positivity to constrain {
Physical cutoff A < O(10)m



‘Massive gravity does not exist!”

Discussion at Strings 2023 “The future of the S-matrix”

Simon Caron-Huot and Sebastian Mizera



‘Massive gravity does not exist

I/I

Discussion at Strings 2023 “The future of the S-matrix”

Simon Caron-

uot and Sebastian Mizera

, Energy

3, Z

IR

Spaces of
theories

L]

Causality

0

( ‘.__Unitarity
.

\\wes _/

. AN

Consistent EFTs |

=%

| orentz
Invariance

X Xm#0

m=10



Part 11

Large 7 : Bounding classical observables



The large angular momentum limit

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' @




The large angular momentum limit

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i




The large angular momentum limit

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

v

CRNATEM Y. .......
Key ldeas
O
® |arge 7 limit of partial waves

(@|MM|B)y =¥ ) (26 + D){¢a| MM | £B)d(0)



The large angular momentum limit

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

k' i

v

Key ldeas

Large ¢ limit of partial waves

(@|MM|B)y =¥ ) (26 + D){¢a| MM | £B)d(0)

Recover long distance semi-classical scattering

£~ b\/s



The large angular momentum limit

Challenges

(Crossing for massive spinning states \

. VAL, Y
M; ), (u, 1) = 2 X i (s, ) M7 X(s, 1)

® Non-forward discontinuities are not positive

(a| MM |B) # 0O

® Arcsdivergingat t =0

2

v

Key ldeas

Large ¢ limit of partial waves

(@|MM|B)y =¥ ) (26 + D){¢a| MM | £B)d(0)

Recover long distance semi-classical scattering

Fourier transform ~ Smearing in

£~ b\/s



The large angular momentum limit

Challenges Key ldeas

ot A ;
® (Crossing for massive spinning states

® |arge 7 limit of partial waves

M, (u, 1) = Y XEERA(s ) MI(Gs, 1) v

A A3y 142

Recover long distance semi-classical scattering

(@|M™™ | ) # 0 —
ANy
r ~b
® Arcsdivergingat t =0 b \/E
g e

Fourier transform ~ Smearing in

(@|MM|B)y =¥ ) (26 + D){¢a| MM | £B)d(0)

® Non-forward discontinuities are not positive —

‘22, Caron-Huot, Li, Parra-Martinez, Simons-Duffins



From dispersion relations to eikonal scattering




From dispersion relations to eikonal scattering

Project on definite
angular momentum

Jdt‘lff(t) [ = Jdt\Pf(t) J

O =



From dispersion relations to eikonal scattering

Project on definite
angular momentum

Jdt‘lff(t) [ = Jdt\Pf(t) J

O =



From dispersion relations to eikonal scattering

|

O

ds

(s — m?)

Project on definite
angular momentum

-

\_

J'dt ¥, (1) [

~

G

szq MM@(S, qz) e'?"

/

Fourier transform

t=gq°

£ =b\/s

Jdt ¥, (1) J



From dispersion relations to eikonal scattering

A e Ay e,
angular momentum
EL 1l e, o
 — 00 J'dt‘Pf (1) [ = l[dt‘PAt) J
4 O,

/

Amplitude in M/h/l (s, D)
J ds——

the eikonal
regime (s — m?)"

O



From dispersion relations to eikonal scattering

AL T, Ay e,
angular momentum ;
4 e (e i A e

Jdt ¥, (1) J

& O U Iy

; A

Amplitude in M/h/l (s, D)
J ds——

the eikonal
regime (s — m?)"

£ — o0 J'dt‘Pf(t) [

> ()

O



From dispersion relations to eikonal scattering

Positive Eikonal J ds
Ches




From dispersion relations to eikonal scattering

A
A5 5
M b
Positive Eikonal J ds /11/13(S ) > () B
arcs (S p2 m2>”
O
\_ J




From dispersion relations to eikonal scattering

Positive Eikonal

S-Ma

arcs

M(S, b) g 621'5(5,19) —1

0 nl
T/11/13(a)a b) =2—35, ,(s,b) > 0 Positivity of the

rixX principles

Ana

vticity + Unitarity

e MA3 time-delay

> Asymptotic Causality




- )

& 1/A

& /p|

» A

Fxample: asymptotic causality at tree level

.......
..................
.....
L]
o ©
L
o ©®
L]
o °
L)
[ ]
‘.
L)
[ ]
L)
L[]
o ®
L)

b P
T.(s,b) ~ GM (—log— i—) > 0

Causality violationat: b ~ 1/A

2 1/A
Boundon f : |f| £ 1/A“log —

IR

Minimal BE°R
coupling

14, Camanho, Edelstein, Maldacena, Zhiboedov



& /p|

» A

Fxample: asymptotic causality at tree level

.......
..................
.....
L]
o ©
L
o ©®
L]
o °
L)
[ ]
L]
°
L)
[ ]
L)
L[]
o ®
L)

b P
T.(s,b) ~ GM (—log— i—) > 0

Causality violationat: b ~ 1/A

1/A
Boundon f#: |B| S 1/A%log——

IR

Minimal BE°R
coupling

14, Camanho, Edelstein, Maldacena, Zhiboedov



& /p|

» A

Fxample: asymptotic causality at tree level

.......................
o o °®
o ©
o ©®
0o ®
° ©®
°
.
.
°
o O
.
°
°
°
o ®
.

b P
T.(s,b) ~ GM (—log— i—) > 0

Causality violationat: b ~ 1/A

2 1/A
Boundon f : |f| £ 1/A“log —

IR

Minimal BE°R
coupling

Tree-level solution to causality
violation requires tower of higher spin

14, Camanho, Edelstein, Maldacena, Zhiboedov



- )

& 1/m,

& Jp)

» /A

QED docet

)
0.002_ : |_‘
i el ]
0.000} —
=  _.r ]
s N [ | g
—0.002¢} i
I |
| I
AT, —0.004} i
i |
: |
—0.006_- — Helicity flioping -
j Helicity preserving:
—0.008_- -
—0. 1 . ) g B R R A A - T Y ..
o 0.05 0.10 0.50 ]

bm,

Minimal
coupling



& Jp)

» /A

QED docet

)
0.002_ : |_‘
i el ]
0.000} —
=  _.r ]
s N [ | g
—0.002¢} i
I |
| I
AT, —0.004} i
i |
: |
—0.006_- — Helicity flioping -
j Helicity preserving:
—0.008_- -
—0. 1 . ) g B R R A A - T Y ..
o 0.05 0.10 0.50 ]

bm,

Minimal
coupling



 1/m
b

o p

» /A

QED docet

0.002; " RS
. | =
0.000} —
B _ A"I,—" _-
L . ] |
—0.002} :
i [1
: 0
ATy —0.004} :
| [1
: [1
—0.006} — Helicity fliopping -
| Helicity preserving]
—0.008 i
~0.010!

0.05 0.10
bm,

050 -

Minimal
coupling



o p

» /A

QED docet

0.002; " RS
. | =
0.000} —
B _ A"I,—" _-
L . ] |
—0.002} :
i [1
: 0
ATy —0.004} :
| [1
: [1
—0.006} — Helicity fliopping -
| Helicity preserving]
—0.008 i
~0.010!

0.05 0.10
bm,

050 -

Minimal
coupling



QED docet

il i
o ‘ Minimal
.- /“ OOp :._ |- ‘ coupling
b——— o — A | —d
0.000: H 1/192
[ l/me T .~ il : 1
—0.002F ‘ 0
[ i
Z I
- ) AT, —0.004 . ® Causality detects the presence
& R | . of a Landau pole
P o —0.006 — Helicity flioping -
j Helicity preserving;
—0.008_- -
& Ap | -
_0010 . g A TP ! . -, . . ..
> 0.05 0.10 050 -

bm

€



QED docet

il i
. ‘ Minimal
0.002 I OOp :._. |_ ‘ coupling
e ————— — NS I —
0.000] = 1/}2
[ l/me T .~ il : 1
—0.002} o
] i
: g
- ) AT, —0.004 . ® Causality detects the presence
& R | ' _ of a Landau pole
o —0.006 — Helicity flipping - - .
0 008: Helicity preserving: @ Causality violations solved at
P ] ] loop level
. | : _ /
» 0.05 0.10 050 1
bm

€



What could we learn?

a 4

J M,11,13(S9 b)

ds -
o e
s 2,

Positive Eikonal
arcs

> () M(S, b) N 621'5(5,19) |

Many phase-shifts are known for tidal/spins effects in the context of GW

Non optimal bounds, but a much cheaper lunch...



What could we learn?

a 4

J M,11,13(S9 b)

ds -
o e
s 2,

Positive Eikonal
arcs

> () M(S, b) N 621'5(5,19) |

Many phase-shifts are known for tidal/spins effects in the context of GW

Non optimal bounds, but a much cheaper lunch...

Can we learn something about neutron stars physics?
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Backup



Beyond dRGT

INn the decoupling limit

192%) = H(s,t), e
ooy o o H(s,t)=ho(s”" +t“+u*)/2+4+ histu—+ ...

27) = (32)7[14]°G+—(s,1), Gy (s, t)=fo+ fi(s+1t)+ fa(s® +t°) +. ..
<3O4+‘M‘102+> — <41>2 ::-2:2G0+(S, t), Goy(s,t)=go + g1t + 92(32 =+ u2) + gosu + . ..
(<N & N

—8ho|< hiM? < gho,

—fol< f1M? <|fo,
1

—590 < g M? < 3 (10gg + 4ho + 7 fo)
____ \_ y
0 0

Same conclusion, independent of higher derivatives



Fmergence of classical ¢
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