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What will this talk be about?

A set of tools to compute String Theory amplitudes on AdS

There has been great progress regarding amplitudes in flat space,
and it’s interesting to see how much we can say about AdS.

More specifically:

Scattering of four massless strings (gravitons) on AdS5 × S5.

Flat space review.

AdS curvature corrections (efficiently).
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Scattering amplitudes

Scattering Amplitudes

Probability that two particles/strings colliding (with momenta p1, p2)
result into two other particles (with momenta p3, p4).
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P1
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P2
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P3
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P4

= A(g , s, t, u)

A(g , s, t, u) depends on many things:

The parameters of your theory g .
The particles you are scattering (their masses, polarisations, etc)
The momenta of the particles being scattered:

s = −(p1 + p2)2, t = −(p1 − p3)2, u = −(p1 − p4)2
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Four-graviton amplitude - Flat space

4pt graviton amplitude in flat space

The parameters of the theory are gs and α′.
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The amplitude depends on the momenta pi and polarisations εi of
the (external) gravitons.

SUSY fixes the dependence on the polarisations:

A(gs , α
′, pi , εi ) = pref (εi , pi )︸ ︷︷ ︸

simple prefactor

×A(gs , α
′, s, t, u)︸ ︷︷ ︸

we focus on this
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String theory scattering amplitudes

The computation organises in a genus expansion

+ + ...+

A(genus 0)(α′, s, t, u)+g2
s A

(genus 1)(α′, s, t, u)+g4
s A

(genus 2)(α′, s, t, u)+· · ·

In flat space we can use the world-sheet theory to compute these
amplitudes:

A(genus 0)(α′, s, t, u) ∼
∫
CP1

|z |2α′s−2|1− z |2α′t−2d2z

Note: already at genus-one the expressions are tremendously
complicated!

Luis Fernando Alday The AdS Virasoro-Shapiro Amplitude



Four-graviton amplitude - Flat space

Leading order in gs : Virasoro-Shapiro amplitude

AVS(α′, s, t, u) = α′3
Γ(−α′s)Γ(−α′t)Γ(−α′u)

Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u)

Crossing symmetric (s + t + u = 0)

Poles due to the exchange of particles (of mass m = 2
√
n/α′ and

spin `)

AVS(α′, s, t, u) ∼ P`(t, u)

α′s − n
Regge behaviour

AVS(α′, s, t, u) ∼ s−2+α′ t
2 , for large |s|

Low energy expansion (powers of α′)

AVS(α′, s, t, u) ∼ 1

s t u︸︷︷︸
sugra

+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
stringy corrections
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Four-graviton amplitude - Flat space

A less known property...

Only odd ζ-values appear in the expansion:

AVS(α′, s, t, u) =
1

s t u
exp

(
2
∞∑
n=1

ζ(2n + 1)

2n + 1
α′2n+1(s2n+1+t2n+1+u2n+1)

)

Quite deep from a mathematical point of view!
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VS and single-valued periods

Zeta values (MZV) can be defined in terms of sums

ζ(n) =
∞∑
k=1

1

kn

Or in terms of polylogarithms evaluated at z = 1

Lin(z) =
∑
k=1

zk

kn
→ Lin(1) = ζ(n)

While these series converge for |z | < 1, polylogarithms can be
analytically continued to the whole complex plane:

Li1(z) = − log(1− z), Lin(z) =

∫ z

0
Lin−1(t)

dt

t

However these functions are not single-valued!
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VS and single-valued periods

Single-valued polylogarithms

Unique map from multi-valued to single-valued polylogarithms

Lin(z)→ Ln(z , z̄)

Ln(z , z̄) is a weight preserving linear combination of Liw (z)Liw ′(z̄)

Differential relations are preserved.

log z → log z + log z̄

Li2(z , z̄)→ L2(z) = Li2(z)− Li2(z̄)− log(1− z̄) log |z |2
Li3(z , z̄)→ L3(z) = Li3(z) + Li3(z̄) + · · ·

Luis Fernando Alday The AdS Virasoro-Shapiro Amplitude



VS and single-valued periods

Single-valued multiple zeta values

Single-valued polylogarithms evaluated at z = 1 define what we
call single-valued zeta values:

ζsv (2) = L2(1) = 0, ζsv (3) = L3(1) = 2ζ(3)

More generally

ζsv (2n) = 0, ζsv (2n + 1) = 2ζ(2n + 1)

Odd zeta values are single valued, while ζ(2n) are not! single
valued zetas are a subset of the usual zeta values.

Important message

The α′ expansion of the VS amplitude contains only single-valued zetas.

Not an accident, also true for higher-points and higher genus!
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VS in AdS

In curved backgrounds we don’t have a world-sheet theory...but for the
special case of AdS5 × S5 we can make a lot of progress!
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String Amplitudes
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World-sheet intuition
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Number theory
<latexit sha1_base64="Faelg8hqkrc9VYvQnqmRM7u0tXw=">AAACCHicbVDLSgMxFM3Ud31VXbow2Aqu6oyIulQEcSUVrQptKZnMbQ1mkiG5I5ahSzf+ihsXirj1E9z5N6aPhVYPBA7n3MvNOWEihUXf//JyY+MTk1PTM/nZufmFxcLS8qXVqeFQ5Vpqcx0yC1IoqKJACdeJARaHEq7C26Oef3UHxgqtLrCTQCNmbSVagjN0UrOwVke4x6x0GJ1vHR1flCjXxoBNtIpAceg2C0W/7PdB/5JgSIpkiEqz8FmPNE9jUMgls7YW+Ak2MmZQcAndfD21kDB+y9pQc1SxGGwj6wfp0g2nRLSljXsKaV/9uZGx2NpOHLrJmOGNHfV64n9eLcXWfiMTKknRxRocaqWSoqa9VmgkDHCUHUcYN8L9lfIbZhhH113elRCMRv5LLrfLwW45ONspHpwO65gmq2SdbJKA7JEDckIqpEo4eSBP5IW8eo/es/fmvQ9Gc95wZ4X8gvfxDeammVI=</latexit>

AdS/CFT correspondence
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Soft graviton theorems
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Integrability
<latexit sha1_base64="xaIjnpW1keVlicZfZZ8fuGu1+CY=">AAAB+HicbVBNS8NAEN34WetHox69LLaCp5KIqMeKF09S0X5AG8pms2mXbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9GWbm+YngGhzn21paXlldWy9sFDe3tndK9u5eU8epoqxBYxGrtk80E1yyBnAQrJ0oRiJfsJY/vJr4rQemNI/lPYwS5kWkL3nIKQEj9exSF9gjZLHElcvgrjLu2WWn6kyBF4mbkzLKUe/ZX90gpmnEJFBBtO64TgJeRhRwKti42E01Swgdkj7rGCpJxLSXTQ8f4yOjBDiMlSkJeKr+nshIpPUo8k1nRGCg572J+J/XSSG88DIukxSYpLNFYSowxHiSAg64YhTEyBBCFTe3YjogilAwWRVNCO78y4ukeVJ1z6ru7Wm5dpPHUUAH6BAdIxedoxq6RnXUQBSl6Bm9ojfryXqx3q2PWeuSlc/soz+wPn8A8lGSqQ==</latexit>

on AdS
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AdS/CFT

String amplitudes on AdS ↔ Correlators of local operators
in the CFT at the boundary.
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<latexit sha1_base64="G4Ij5Z1DfMFl5nTkFP3AFHdx5pQ=">AAAB9HicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZkaIuC27c2YJ9QDuUTJppQzPJmGSKZSj4L9y4UMStP8ad/8b0sdDWA4GPc27IzQlizrRx3W8ns7a+sbmV3c7t7O7tH+QPjxpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBmmjdHVGkmxb0Zx9SPcF+wkBFsrOWnHYI5upsUH7vl826+4JbcmdAqeAsowELVbv6r05MkiagwhGOt254bGz/FyjDC6STXSTSNMRniPm1bFDii2k9nS0/QmXV6KJTKHmHQzP19I8WR1uMosJMRNgO9nE3N/7J2YsJrP2UiTgwVZP5QmHBkJJo2gHpMUWL42AImitldERlghYmxPeVsCd7yl1ehcVHyLkterVyo1J7mdWThBE6hCB5cQQVuoQp1IPAAz/AKb87IeXHenY/5aMZZVHgMf+R8/gC8wJHg</latexit>O(x4)

A(gs , α
′, s, t, u)↔ 〈O(x1)O(x2)O(x3)O(x4)〉
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AdS/CFT

String theory on AdS5 × S5 ↔ 4d N = 4 SYM
(gs ,R) (gYM ,N)

gs ≈
1

N
,

R2

α′
=
√
g2
YMN ≡

√
λ

<latexit sha1_base64="Mz96czhTHzUPlEPW3NVH8xywbpg=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjNifewqblxJpVaFTi2ZzG0NzWSG5I5Yhn6LG3/FjQtFXQl+jGntQq0HAodz7uXkniCRwqDrfji5qemZ2bn8fGFhcWl5pbi6dmHiVHNo8FjG+ipgBqRQ0ECBEq4SDSwKJFwGveOhf3kL2ohYnWM/gVbEukp0BGdopXbx0E9VCHq4nvkId5jVUQvVpSyy8ZiGYGis6IAehfV2hfooIqvUryuDdrHklt0R6CTxxqRExqi1i29+GPM0AoVcMmOanptgK2MaBZcwKPipgYTxHutC01LFbFIrG504oFtWCWkn1vYppCP150bGImP6UWAnI4Y35q83FP/zmil2DlqZUEmKoPh3UCeVFGM67IuGQgNH2beEcS3sXym/YZpxtK0WbAne35MnycVO2dsre2e7perpuI482SCbZJt4ZJ9UyQmpkQbh5J48kmfy4jw4T86r8/49mnPGO+vkF5zPL8hwpGY=</latexit>

String amplitudes on AdS5 ⇥ S5 <latexit sha1_base64="cDlikFmsU9V8F+ljNMFQtWp9wDk=">AAACIXicbVDLSgMxFM34rPVVdekmWARXZUZE3QhCN24URVuVTimZ9LYNZpIhuSOWYX7Fjb/ixoUi3Yk/Y/pY+DoQOJxzLjf3RIkUFn3/w5uanpmdmy8sFBeXlldWS2vrdatTw6HGtdTmJmIWpFBQQ4ESbhIDLI4kXEd31aF/fQ/GCq2usJ9AM2ZdJTqCM3RSq3QYpqoNZjiehQgPmFW1MSAZamOpUDTPQs4kPcuP9ug4QC9vT/O8VSr7FX8E+pcEE1ImE5y3SoOwrXkag0IumbWNwE+wmTGDgkvIi2FqIWH8jnWh4ahiMdhmNrowp9tOadOONu4ppCP1+0TGYmv7ceSSMcOe/e0Nxf+8Roqdw2YmVJIiKD5e1EklRU2HddG2MMBR9h1h3Aj3V8p7zDCOrtSiKyH4ffJfUt+tBPuV4GKvfHw2qaNANskW2SEBOSDH5ISckxrh5JE8k1fy5j15L967NxhHp7zJzAb5Ae/zC8GYpHw=</latexit>

Correlators in N = 4 SYM

<latexit sha1_base64="opKGMJwqWz5lcY6UddQA79eftfM=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIVmFXRC0DFlpJBPOAJITZyU0yZHZ2mbkrCWsKf8XGQhFbf8POv3GSbKGJBwYO55zLvXP8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7VhLHmUOGhDHXdZwakUFBBgRLqkQYW+BJq/uBq4tceQBsRqnscRdAKWE+JruAMrdTOHzQRhphcg4oNhWHE1CQ6bucLbtGdgi4SLyUFkqLczn81OyGPA1DIJTOm4bkRthKmUXAJ41wzNhAxPmA9aFiqWACmlUzvH9Njq3RoN9T2KaRT9fdEwgJjRoFvkwHDvpn3JuJ/XiPG7mUrESqKERSfLerGkmJIJ2XQjtDAUY4sYVwLeyvlfaYZR1tZzpbgzX95kVRPi9550bs7K5Ru0zqy5JAckRPikQtSIjekTCqEk0fyTF7Jm/PkvDjvzscsmnHSmX3yB87nD9IPlqk=</latexit>

Genus expansion

<latexit sha1_base64="IIZ09ZddgXHDHwg3y1PQqlktk6I=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw40oq2ge0oUymk3ToZBJmbsQQ+gFu/BU3LhRx6we482+ctFlo64GBwzn3cuccLxZcg21/W6Wl5ZXVtfJ6ZWNza3unurvX1lGiKGvRSESq6xHNBJesBRwE68aKkdATrOONL3O/c8+U5pG8gzRmbkgCyX1OCRhpUK31gT1AdguKyyDFNFKK0dzSGCKsk0CRiZmy6/YUeJE4BamhAs1B9as/jGgSMglUEK17jh2DmxEFnAo2qfQTzWJCxyRgPUMlCZl2s2mYCT4yyhD7kTJPAp6qvzcyEmqdhp6ZDAmM9LyXi/95vQT8CzfjMk6ASTo75Cciz5k3g4c8jy5SQwhV3PwV0xFRhILpr2JKcOYjL5L2Sd05qzs3p7XGdVFHGR2gQ3SMHHSOGugKNVELUfSIntErerOerBfr3fqYjZasYmcf/YH1+QPso5w0</latexit>

Stringy corrections to sugra

<latexit sha1_base64="PDE4zvrh/pDK7pOeRZxPmdogirE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXVZcaErqWgf0A4lk8m0oZnMkNwplrELf8WNC0Xc+hvu/BvTx0JbD/fC4Zx7yc3xE8E1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajlNFWZXGIlYNn2gmuGRV4CBYI1GMRL5gdb93OfLrfaY0j+U9DBLmRaQjecgpASO17b0WsAfIrhTpc4glNnUR3A3bdtEpOWPgeeJOSRFNUWnbX60gpmnEJFBBtG66TgJeRhRwKtiw0Eo1SwjtkQ5rGipJxLSXje8f4kOjBDiMlWkJeKz+3shIpPUg8s1kRKCrZ72R+J/XTCE89zIukxSYpJOHwlRgiPEoDBxwxSiIgSGEKm5uxbRLFKFgIiuYENzZL8+T2nHJPS25tyfF8s00jjzaRwfoCLnoDJXRNaqgKqLoET2jV/RmPVkv1rv1MRnNWdOdXfQH1ucP6syWEQ==</latexit>

Graviton on AdS

<latexit sha1_base64="v9pclniZuiwWTSs/KFXMKiSl5uY=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyCqzojoi4LblyVCvYBbSmZ9LYNzWSG5I60DAV/xY0LRdz6He78GzNtF9p6IHA451zuzfEjKQy67reTWVldW9/Ibua2tnd29/L7BzUTxppDlYcy1A2fGZBCQRUFSmhEGljgS6j7w9vUrz+CNiJUDziOoB2wvhI9wRlaqZM/8s7LtIUwwoTCKGIqTU46+YJbdKegy8SbkwKZo9LJf7W6IY8DUMglM6bpuRG2E6ZRcAmTXCs2EDE+ZH1oWqpYAKadTM+f0FOrdGkv1PYppFP190TCAmPGgW+TAcOBWfRS8T+vGWPvpp0IFcUIis8W9WJJMaRpF7QrNHCUY0sY18LeSvmAacbRNpazJXiLX14mtYuid1X07i8LpfK8jiw5JifkjHjkmpTIHamQKuEkIc/klbw5T86L8+58zKIZZz5zSP7A+fwBwiWVaw==</latexit>

1/N expansion

<latexit sha1_base64="hNtXlzH/2nMzLsEpBUKe1KHUPjo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFc1UREXRbcuJIK9gFNKJPJtB06yYSZG7GErtz4K25cKOLWb3Dn3zhps9DWAwOHc+7lzjlBIrgGx/m2FhaXlldWS2vl9Y3NrW17Z7epZaooa1AppGoHRDPBY9YADoK1E8VIFAjWCoZXud+6Z0pzGd/BKGF+RPox73FKwEhd+8A98YQZDwn2gD1AhqlUitHc1eOuXXGqzgR4nrgFqaAC9a795YWSphGLgQqidcd1EvAzooBTwcZlL9UsIXRI+qxjaEwipv1sEmOMj4wS4p5U5sWAJ+rvjYxEWo+iwExGBAZ61svF/7xOCr1LP+NxkgKL6fRQLxUYJM47wSHPE4uRIYQqbv6K6YAoQsE0VzYluLOR50nztOqeV93bs0rtpqijhPbRITpGLrpANXSN6qiBKHpEz+gVvVlP1ov1bn1MRxesYmcP/YH1+QMrj5kA</latexit>

1/� corrections

<latexit sha1_base64="ni8X8WHa+s3xEI/qh2yWW+Q9vso=">AAACF3icbZA9SwNBEIb3/DZ+RS1tFqNgddwFUbEK2Fj5gUaFJIS5zZwu7t0eu3NiOPIvbPwrNhaK2Grnv3ETU/g11cP7zjAzb5QpaSkIPryR0bHxicmp6dLM7Nz8Qnlx6czq3AisC620uYjAopIp1kmSwovMICSRwvPoeq/vn9+gsVKnp9TNsJXAZSpjKYCc1C77TcJbKtaKpgDFD3vt6touP3EMhusMDZB2EPOOTHxe7bXLlcAPBsX/QjiEChvWUbv83uxokSeYklBgbSMMMmoVYEgKhb1SM7eYgbiGS2w4TCFB2yoGf/X4ulM6PHYXxDolPlC/TxSQWNtNIteZAF3Z315f/M9r5BTvtAqZZjlhKr4WxbnipHk/JPetQUGq6wCEke5WLq7AgCAXZcmFEP5++S+cVf1wyw+PNyu1g2EcU2yFrbINFrJtVmP77IjVmWB37IE9sWfv3nv0XrzXr9YRbzizzH6U9/YJz6OeeQ==</latexit>O2: Scalar operator of dim. 2
<latexit sha1_base64="JvLUKzA39ikyQ9kXqS5Ayr3GZQw=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARsDLsiahmwsZII5gHJEmYnd5Mhsw9m7ophyRfY+Cs2ForYWtv5N06SLTTxVIdz7uXec/xECo2O820tLa+srq0XNoqbW9s7u/befkPHqeJQ57GMVctnGqSIoI4CJbQSBSz0JTT94dXEb96D0iKO7nCUgBeyfiQCwRkaqWuXOwgPmImI4gCoRgVanyBEOlY0TCWKRAKOu3bJqThT0EXi5qREctS69lenF/M0hAi5ZFq3XSdBL2MKBZcwLnZSDQnjQ9aHtqERC0F72TTOmJaN0qOB+SCII6RT9fdGxkKtR6FvJkOGAz3vTcT/vHaKwaVnsiapSchnh4JUUozppBvaEwo4ypEhjCthfqV8wBTjaBosmhLc+ciLpHFacc8r7u1ZqXqT11Egh+SIHBOXXJAquSY1UiecPJJn8krerCfrxXq3PmajS1a+c0D+wPr8AXXunQw=</latexit>

in the stress-tensor multiplet

Consider 〈O2(x1)O2(x2)O2(x3)O2(x4)〉 in a 1/N expansion.
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4d N = 4 SYM - Kinematics

The symmetry

Maximal SUSY + conformal symmetry.

PSU(2, 2|4) ⊃ SO(2, 4)︸ ︷︷ ︸
conformal symmetry

⊕ SO(6)︸ ︷︷ ︸
R-symmetry

External operators

OIJ(x) = Trϕ(IϕJ)

Protected with ∆ = 2

Intermediate operators

K(x) = TrϕIϕI

<latexit sha1_base64="g0CSInjcsYmYF0HHgDh/JdBp4hM=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxpVUsA9oQ5lMbtqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkA1Ci6xZbgR2E0V0jgQ2AnGtzO/84RK80Q+mkmKfkyHkkecUWOlTl/YaEgH1Zpbd+cgq8QrSA0KNAfVr36YsCxGaZigWvc8NzV+TpXhTOC00s80ppSN6RB7lkoao/bz+bpTcmaVkESJsk8aMld/T+Q01noSBzYZUzPSy95M/M/rZSa68XMu08ygZIuPokwQk5DZ7STkCpkRE0soU9zuStiIKsqMbahiS/CWT14l7Yu6d1X3Hi5rjfuijjKcwCmcgwfX0IA7aEILGIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AEJZj48=</latexit>

�

<latexit sha1_base64="3ffNQLsqdoLNhhCWgPH1d9qpk8c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGgB09SwX5AG8pmu2nXbnbD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPBDXret1NYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5ZAzkK1k40I3EoWCscXU/91hPThiv5gOOEBTEZSB5xStBKze4NE0h65YpX9WZwl4mfkwrkqPfKX92+omnMJFJBjOn4XoJBRjRyKtik1E0NSwgdkQHrWCpJzEyQza6duCdW6buR0rYkujP190RGYmPGcWg7Y4JDs+hNxf+8TorRVZBxmaTIJJ0vilLhonKnr7t9rhlFMbaEUM3trS4dEk0o2oBKNgR/8eVl0jyr+hdV//68UrvL4yjCERzDKfhwCTW4hTo0gMIjPMMrvDnKeXHenY95a8HJZw7hD5zPH2Ygjw4=</latexit>

�

<latexit sha1_base64="xZjECXn80Mv1BMvC4XeIUzRa+1I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9bs8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AIG1jMg=</latexit>

2

<latexit sha1_base64="fMdJ/p5W7xwFnGH6REZXsbEUR0M=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBKHOlKIuC25cSQX7gM5YMplMG5pJhiQjlKFu/BU3LhRx61+4829M21lo64HA4ZxzubknSBhV2nG+rcLS8srqWnG9tLG5tb1j7+61lEglJk0smJCdACnCKCdNTTUjnUQSFAeMtIPh1cRvPxCpqOB3epQQP0Z9TiOKkTZSzz6oQo+ZeIjuM/esNoan0MOh0Kpnl52KMwVcJG5OyiBHo2d/eaHAaUy4xgwp1XWdRPsZkppiRsYlL1UkQXiI+qRrKEcxUX42vWAMj40SwkhI87iGU/X3RIZipUZxYJIx0gM1703E/7xuqqNLP6M8STXheLYoShnUAk7qgCGVBGs2MgRhSc1fIR4gibA2pZVMCe78yYukVa245xX3tlau3+R1FMEhOAInwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PWbRg5TP74A+szx9Ef5WK</latexit>

2�1/4 + · · ·

<latexit sha1_base64="DK6l2KgADyPCWHQ1oQ27k1o8YIE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6kkKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9fNeqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Xx6pfl6m0eRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AHVRjLM=</latexit>�
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4d N = 4 SYM - Kinematics

The observable

〈OI1J1(x1)OI2J2(x2)OI3J3(x3)OI4J4(x4)〉

Fixed by symmetries up to a function of two cross-ratios:

〈OI1J1(x1)OI2J2(x2)OI3J3(x3)OI4J4(x4)〉 = pref (Ii , Ji , xi )× G(U,V )︸ ︷︷ ︸
we focus on this

U =
x2

12x
2
34

x2
13x

2
24
,V =

x2
14x

2
23

x2
13x

2
24

Similar structure to scattering of gravitons in flat space!

Luis Fernando Alday The AdS Virasoro-Shapiro Amplitude



1/N expansion

Consider the 4pt correlator in a 1/N expansion (at fixed λ)

Genus-0 → leading non-trivial term in the 1/N expansion.

G(U,V ) = Gdisc(U,V )︸ ︷︷ ︸
disconnected

+
1

N2
Gtree(U,V )︸ ︷︷ ︸
tree−level

+ · · ·

Complicated function of λ:

Gtree(U,V ) = G(sugra)(U,V ) +
1

λ3/2
G(1)(U,V ) + · · ·︸ ︷︷ ︸

Virasoro-Shapiro on AdS

We are interested in the whole tower.
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The right language: Mellin space

Gtree(U,V )→Mtree(s, t, u), with s + t + u = 4.

Gtree(U,V ) =

∫ i∞

−i∞
dsdtUsV t Γ(s, t, u)︸ ︷︷ ︸

prefactor

Mtree(s, t, u)︸ ︷︷ ︸
VS amplitude in AdS5 × S5

1 Crossing symmetric.
2 Exchanged operators lead to simple poles:

Mtree(s, t) = C 2
∆,`

∞∑
m=0

Q`,m(u, t)

s − (∆− `)− 2m
+ regular

3 Regge limit

Mtree(s, t) ∼ s−2, for large |s| and Re(t) < 2

4 Low energy expansion

Mtree(s, t) =
1

(s − 2)(t − 2)(u − 2)
+ stringy corrections on AdS
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AdS Virasoro-Shapiro around flat space

Consider Mtree(s, t) around flat space

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
VS in flat space

+
α′

R2
A(1)(s, t) +

α′2

R4
A(2)(s, t) + · · ·︸ ︷︷ ︸

curvature corrections

Where each bit admits a low energy expansion

A(0)(s, t) =
1

s t u
+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·

A(1)(s, t) =
s2 + t2 + u2

(s t u)2︸ ︷︷ ︸
gravity on AdS

+α1α
′4 + α2α

′6(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
unknown coefficients

Key assumption: unknown coefficients are also single-valued zetas!
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AdS Virasoro-Shapiro around flat space

Very powerful when supplemented with the correct structure of poles!

While A(0)(s, t) has single poles, corrections are more complicated:

A(1)(s, t) ∼ r
(0)
n (t)

(α′s − n)4
+

r
(1)
n (t)

(α′s − n)3
+ · · ·

This follows from the AdS-propagator around flat-space (and also
the dispersive sum rules). In general

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
simple poles

+
α′

R2
A(1)(s, t)︸ ︷︷ ︸
quartic poles

+
α′2

R4
A(2)(s, t)︸ ︷︷ ︸

seventh order poles

+ · · ·
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AdS Virasoro-Shapiro amplitude

Poles + Single-valuedness + World-sheet intuition

⇓
Proposal order by order

A(0)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2

A(1)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2 W3(z , z̄)︸ ︷︷ ︸
SV polylogs of weight 3

A(2)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2 W6(z , z̄)︸ ︷︷ ︸
SV polylogs of weight 6

...

Also consistent with soft graviton theorems.
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AdS Virasoro-Shapiro amplitude

A(1)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2 W3(z , z̄)︸ ︷︷ ︸
SV polylogs of weight 3

Convenient basis La,b,c(z , z̄), with a, b, c = 0, 1.

∂

∂z
La,b,c(z , z̄) =

1

z − a
Lb,c(z , z̄)

Our ansatz:

<latexit sha1_base64="MupNm1rO9b9m1upAmlaTRg6M9ik="></latexit>

W3(z, z̄) = P0,0,0(s, t)L0,0,0(z, z̄) + · · · + P1,1,1(s, t)L1,1,1(z, z̄) + P (s, t)⇣(3)

<latexit sha1_base64="oumtyIFcEXMPyig1DO+eQt0Sfy0=">AAACFHicbVA9SwNBEN3zM8avqKXNYhAEIdyJqGXAxkoiGBWSEPb2Jsnifhy7c2I48iNs/Cs2ForYWtj5b9zEFJr4YODx3gwz8+JUCodh+BXMzM7NLywWlorLK6tr66WNzStnMsuhzo009iZmDqTQUEeBEm5SC0zFEq7j29Ohf30H1gmjL7GfQkuxrhYdwRl6qV3abyLcY+6AG51QYxOwtGeU6YIGkzmaGtnXRgkm3aBdKoeVcAQ6TaIxKZMxau3SZzMxPFOgkUvmXCMKU2zlzKLgEgbFZuYgZfyWdaHhqWYKXCsfPTWgu15JaMdYXxrpSP09kTPlXF/FvlMx7LlJbyj+5zUy7Jy0cqHTDEHzn0WdTFI0dJgQTYQFjrLvCeNW+Fsp7zHLOPociz6EaPLlaXJ1UImOKtHFYbl6Po6jQLbJDtkjETkmVXJGaqROOHkgT+SFvAaPwXPwFrz/tM4E45kt8gfBxzehz5/c</latexit>

second order homogeneous polynomials

Structure of poles so constraining, that fixes W3(z , z̄) completely!
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AdS Virasoro-Shapiro amplitude

We fixed A(0)(s, t),A(1)(s, t),A(2)(s, t) fully by our procedure!

Crossing symmetric X

Correct Regge behaviour X

Single-valued low energy expansion X

The ’structure’ of poles is already very constraining! the answer
can be fully fixed by e.g. localisation results.

From the answer we can read of a wealth of CFT-data, e.g.

∆K = 2λ1/4 − 2 +
2

λ1/4
+

1/2− 3ζ(3)

λ3/4
+ · · ·

In agreement with the results from integrability for planar N = 4 SYM!
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Conclusions

Computing the full AdS VS amplitude seems now within reach!

The best way to package the CFT data for short/stringy operators.

Single valuedness plays an important role in understanding and
constructing scattering amplitudes in flat space. Now also in AdS!

New connections between standard bootstrap techniques,
localisation, integrability and number theory.

In the near future

All orders/exact in 1/λ?

What about open strings?

Other AdS backgrounds?
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