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Motivation
๏ The precision of current high energy parNcle experiments require very accurate theoreNcal predicNons.

๏ Usually these predicNons are made in a perturbaNve QFT framework, where one has to perform mul$-
loop Feynman integral computaNons.   

๏ It was observed that also funcNons beyond polylogarithms can appear. These funcNons are only properly 
defined on non-trivial geometries:

๏ For the computaNon of amplitudes or cross secNons it is necessary to have these func$on spaces under 
control, e.g. relaNons between them, numerical evaluaNon, etc. .

๏ So far, one of the boWlenecks in amplitude computaNons is a method to derive an -factorized form of 
the differenNal equaNons for these non-trivial funcNons such that their -expansion is under control.

<latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏
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Master Integrals and   -factorized Differential Equations<latexit sha1_base64="dprVdpObJXaTzAaR34kH3IVWxYc="></latexit>‘

๏ Using IBP and symmetry relaNons one finds a minimal set of integrals necessary for a given 
problem. These are called master integrals:

๏ These master integrals can be computed using differenNal equaNons called the 
Gauss-Manin system:

๏ Usually Feynman integrals are divergent, so we have to regularize them. Mostly, one 
takes dimensional regulariza$on:

<latexit sha1_base64="Qstybq1gNyOLByIuI0mNF5YCz7Y="></latexit>

I = (I1, I2, . . . , Ir)
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Ĩ(z, ✏) = T (z, ✏)I(z, ✏)

[Henn]๏ The   -expansion can easily be solved if the GM system is   -factorized:<latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏ <latexit sha1_base64="4qJDpZfKgbRDvJYKfBwA7l1ZIaU="></latexit>✏

such that

and Iterated integrals over
<latexit sha1_base64="Yvhdq6caY0u9HSoKzVHisvd0Ly4="></latexit>

Ĩk(z) =

Get as many orders in -expansion as we want in a controlled way.✏

๏ So far, there is no general method known to get this form, in parNcular for geometries 
beyond polylogarithms. What "canonical-form" means is also only clear for polylogarithms.

[Pögel, Wang, Weinzierl]
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dĨ(z, ‘) = ‘ G̃M(z)Ĩ(z, ‘)
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Ĩ(z, ‘) = P exp
3

‘

⁄ z

z0

G̃M(zÕ)dzÕ
4

Ĩ(z0, ‘)
<latexit sha1_base64="/1KGPPXGtpz5VLc7spqxthHVoxs="></latexit>

G̃Mij(z)

๏ Quite recent, algorithm for equal-mass banana graphs.
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๏ Calabi-Yau manifolds are natural generalizaNons 
of ellipNc curves:

Calabi-Yaus are complex -dim Kähler manifolds 
which have a unique holomorphic          -form.

n
(n, 0)

(X,⌦,!) (E , dx/y, dx ^ dy)

CYs are defined via polynomial constraints.
<latexit sha1_base64="zc8dOOR5Vpp04U26kasVOSgCB5w="></latexit>

{Y 2Z � 4X3 + g2(t)XZ2

+g3(t)Z
3 = 0} ⇢ P2

<latexit sha1_base64="qoZQonWWmOsEmtFw6XMD5MFrE9o="></latexit>

{
4X

i=0

X5
i � X0 · · ·X4 = 0} ⇢ P4

Review of Elliptic Curves and Calabi-Yau Manifolds
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Review of Elliptic Curves and Calabi-Yau Manifolds

๏ Period integrals on Calabi-Yaus can be used to describe their shape and properNes:
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๏ Periods are governed by differenNal equaNons: Picard-Fuchs equa$on or Gauss-Manin system:

Point of maximal unipotent monodromy:

hierarchic logarithmic structure
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Review of Elliptic Curves and Calabi-Yau Manifolds

Using Griffiths transversality we can construct 
relaNons between the periods of a Calabi-Yau:

<latexit sha1_base64="GDdYkkBhQJuaWNl8ZfLdEvMIMiA="></latexit>Z

X
⌦ ^ @k

z⌦ = ⇧T ⌃ @k
z⇧ =

⇢
0, k < n
Cn, k = n

๏ There are quadra$c rela$ons between periods:
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๏ One can express or eliminate some periods (or their derivaNves) through the others:
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๏ We can simplify the inverse Wronskian:
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W(z)�1 = ⌃W(z)TZ(z)

๏ Can write the soluNons for   in terms of iterated period integrals:✏ = 0
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Our Procedure
๏ We can work boWom up and sector-by sector. 

First, maximal cuts of a sector.                    
Then conNnue with the subtopologies.

Pick your start sector.  
Sectors below are already in -form.✏

[1]
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๏ We can work boWom up and sector-by sector. 

First, maximal cuts of a sector.                    
Then conNnue with the subtopologies.

Pick your start sector.  
Sectors below are already in -form.✏

๏ Our procedure has basically 4 different steps:

1) Choose a "good" ini$al basis s.t. the different geometries are visible in              .d = d0

(c.f. polylogs: no higher poles)

2) Split Wronskian into a semi-simple and unipotent part. Rotate with the inverse semi-simple part.
(c.f. polylogs: unit leading singulariNes)

3) Clean up your Sector:

4) Clean up your Subsectors for full -form.✏

a) Perform -rescalings to achieve upper triangular -form.✏ ✏

b) Remove total derivaNves.

c) Introduce new func$ons, if necessary, for full -form. These 
turn out to be iterated integrals of the funcNons introduced 
in the steps before.

✏

[1]
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T(z, ‘) = Tclean2(z, ‘) ◊ Tclean1(z, ‘) ◊ T≠1
ss (z, ‘) ◊ Tinitial(z, ‘)
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Initial Basis
๏ Either trivial or quite complicated. Not unique. But a good iniNal basis simplifies subsequent steps drasNcally.

๏ No power-like UV or IR divergent integrals in              . No non-trivial -dependencies in denominators.✏d = d0

๏ Search for minimally coupled systems in your sector, e.g. check factorizaNons of the Picard-Fuchs operator.

Gives us informaNon about the non-trivial geometries in a sector.Gives us informaNon about the non-trivial geometries in a sector.

[1]
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Integral of (n,0)-form

๏ For each minimally coupled system "good" integrals might be:

๏ Start with the integral having as max. cut the standard period integral of the geometry.

Integral of the first kind

๏ Take further integrals with max. cut related to the other cohomology elements.

"In pracNce, this means one can take dots on massive propagators if no 
UV or IR divergencies are introduced."

๏ For pracNcal reasons, one can go later to a deriva$ve basis.

<latexit sha1_base64="A4vM51p1P57c0plrhtF99FODDh4="></latexit>

E
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๏ Try to separate the different minimally coupled systems:
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Normalize these residues, i.e. integrals of third kind for ellipNc curves.
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[1]
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๏ Start with the integral having as max. cut the standard period integral of the geometry.

Integral of the first kind

๏ Take further integrals with max. cut related to the other cohomology elements.
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UV or IR divergencies are introduced."

๏ For pracNcal reasons, one can go later to a deriva$ve basis.
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Initial Basis: Examples
๏ Banana graphs: Trivial, top sector equals CY             -fold, take dots or derivaNve basis.(l � 1)

๏ Triangle graph: EllipNc top sector with addiNonal residue
<latexit sha1_base64="0LZ7J9UNPwqk/wLAuWB+Elgl6e8="></latexit>

I1,1,1,1,1,1,0 ≥
⁄ dx

y

I1,1,1,1,2,1,0 ≥
⁄

ˆs
dx

y

I1,1,1,1,1,1,≠1 ≥
⁄ dx

y(x ≠ x0)

[1,2]
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z ≠ 2
z 0

4≠z
z(1≠z)(8+z)

8+z2

(1≠z)z(8+z) 0
≠ 2

3z ≠ 4(1≠z)
3z 0

R

db

[Jiang, Wang, 
Yang, Zhao]
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๏ Double box:

[Bonciani et al. 
Primo, Tancredi]

Contains a 4x4 ellipNc block in the sector below the top sector.

<latexit sha1_base64="9/8gwiCeyU1zVKUWrss05fAIkq8="></latexit>

GMd=4
box,s =

Q

cca

0 1 0 0
F1(s, t, M) F2(s, t, M) 0 0
R1(s, t, M) 0 0 0
R2(s, t, M) 0 0 0

R

ddb

๏ Non-planar graph: Contains a 6x6 ellipNc block in the sector below the top sector.
<latexit sha1_base64="hutpZB2+rhFznKdyMy0inUA482I="></latexit>

GMd=4
np,t =

Q

cccccca

0 1 0 0 0 0
F1(s, t) F2(s, t) 0 0 0 0
R1(s, t) 0 0 0 0 0

0 0 0 0 0 0
R2(s, t) 0 0 0 0 0

0 0 0 0 0 0

R

ddddddb

    are standard ellipNc integrals.I1, I2

 is an integral of third kind.I3

is chosen s.t. it vanishes in .d = 4I4

    are standard ellipNc integrals.I1, I2

 from factorizaNon of PF operator.I3

                are residues with unit  
leading singularity.
I4, I5, I6

<latexit sha1_base64="C9nMcQ8WzI6zuvbJVSTN7Esqf5Y="></latexit>

GMd=4
tri,top =

Q

ca
≠ 1

z ≠ 2
z 0

4≠z
z(1≠z)(8+z)

8+z2

(1≠z)z(8+z) 0
≠ 2

3z ≠ 4(1≠z)
3z 0

R

db

[Jiang, Wang, 
Yang, Zhao]
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Inverse Semi-Simple Part
๏ This step generalizes the normalizaNon with leading singulariNes. "akerwards we have pure funcNons"

๏ Take homogeneous diff. eq. in every minimally coupled block in              . 
The corresponding Wronskian saNsfies the same system.

d = d0

<latexit sha1_base64="DBcuIXBZXbJ4AH2K0HvqRt9BT3Y="></latexit>

d
dz

Q

ca
I1,max

...
Ir,max

R

db = GM(z)

Q

ca
I1,max

...
Ir,max

R

db
<latexit sha1_base64="gKtPMUWswG5DZK771jPd454LiY8="></latexit> d
dz

W = GM(z)Wand

[1]
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Inverse Semi-Simple Part
๏ This step generalizes the normalizaNon with leading singulariNes. "akerwards we have pure funcNons"

๏ Take homogeneous diff. eq. in every minimally coupled block in              . 
The corresponding Wronskian saNsfies the same system.

d = d0

<latexit sha1_base64="DBcuIXBZXbJ4AH2K0HvqRt9BT3Y="></latexit>

d
dz

Q

ca
I1,max

...
Ir,max

R

db = GM(z)

Q

ca
I1,max

...
Ir,max

R

db
<latexit sha1_base64="gKtPMUWswG5DZK771jPd454LiY8="></latexit> d
dz

W = GM(z)Wand

๏ Split the Wronskian into a semi-simple (leading singulariNes) and unipotent (logs) part:

<latexit sha1_base64="jurP9bc22TGqzRxKSY2M+Z4T28w="></latexit>W = WssWu with
<latexit sha1_base64="YD6BtcSUFvF4ELaq4kqCEsggZjo="></latexit> d
dz

Wu = ‰GM(z)Wu

<latexit sha1_base64="dG53mOg/AK9v+m2eSVX57gTOIQI="></latexit>

‰GM
k
(z) = 0s.t. (nilpotent)

๏ Splilng is not unique. Normalize diagonal of 
unipotent part to be unity.

๏ For Calabi-Yau manifolds the nilpotent matrix is known:

<latexit sha1_base64="rvQa7+MwhZav96nCWP8q49M/TtA="></latexit>

‰GMCY =

Q

ccccccccccca

0 1 0 0 0 0 0 0
0 0 Y1 0 0 0 0 0
0 0 0 Y2 0 0 0 0

0 0 0 0 . . . 0 0 0
0 0 0 0 0 Y2 0 0
0 0 0 0 0 0 Y1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

R

dddddddddddb

๏ Use rela$ons from Griffiths transversality to simplify the semi-simple part. 
For example for the three-loop banana (K3) we can remove        in         .

<latexit sha1_base64="iKo6pbfUXASOMCt3loqOHvEJacc="></latexit>

ÈÕÕ
0

<latexit sha1_base64="md0gpqkbJ7GJ9aEJPIRJZwaaDck="></latexit>Wss

[1]
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Clean Up
๏ There are two clean ups to do. One inside a sector and one between sectors and subsectors:

a) Perform -rescalings to achieve upper triangular -form.✏ ✏

b) Remove total derivaNves.

c) Introduce new func$ons, if necessary, for full -form. These 
turn out to be iterated integrals of the funcNons introduced 
in the steps before.

✏

[1]
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Clean Up
๏ There are two clean ups to do. One inside a sector and one between sectors and subsectors:

a) Perform -rescalings to achieve upper triangular -form.✏ ✏

b) Remove total derivaNves.

c) Introduce new func$ons, if necessary, for full -form. These 
turn out to be iterated integrals of the funcNons introduced 
in the steps before.

✏

[1]

(i) Inside a minimally coupled block:

(ii) Between minimally coupled blocks:

<latexit sha1_base64="HogY0SSPdXWFGuVTuQvBa88nvWI="></latexit>Q

cca

1 0 0 0
0 1 0 0
0 G2(z) 1 0
0 ≠ 1

2 G2(z)2 ≠G2(z) 1

R

ddb ◊

Q

cca

1 0 0 0
0 1 0 0
0 0 1 0
0 G1(z)

‘ 0 1

R

ddb

<latexit sha1_base64="7Eb+Bs0Uyj/6gaNASDh+Pb6R+KI="></latexit>K3
<latexit sha1_base64="LBciJcKZ1neyHN3la0UP99pryWY="></latexit>

G1(z) =
⁄ z

0
dzÕ

!
2(1 ≠ 8zÕ)(1 + 8zÕ)3"

zÕ2(1 ≠ 4zÕ)2(1 ≠ 16zÕ)2 È2
0(zÕ)

G2(z) =
⁄ z

0
dzÕ G1(zÕ)

(1 ≠ 4zÕ)(1 ≠ 16zÕ) È0(zÕ)

Non-planar
<latexit sha1_base64="wdR3ppgIAbC5e33XXWBlnZhLns8="></latexit>Q

cccccca

1 0 0 0 0 0
G1(s, t) 1 0 0 0 0

0 0 1 0 0 0
2G2(s, t) 0 0 1 0 0

0 0 0 0 1 0
G2(s, t)2 ≠ G1(s,t)2

4 ≠ G1(s,t)
2 0 G2(s, t) 0 1

R

ddddddb

related to integrals of third kind 
<latexit sha1_base64="W8sHXuqueKPyDhlNbMqZqgDv90M="></latexit>

G1(s, t) = ≠
⁄ t

0
dtÕ R1(s, t) È0(s, tÕ)

G2(s, t) = ≠
⁄ t

0
dtÕ R2(s, t) È0(s, tÕ)
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Examples
๏ Example: Triangle graph

18 master integrals

ellipNc top sector 
with residue

<latexit sha1_base64="+LzexFJTVuW3e3q6qORhJ9B0xnU="></latexit>

d = 4� 2✏

<latexit sha1_base64="e7tK8unqU+YMEaVtoelBPIYC1m8="></latexit>

T✏�scalings

<latexit sha1_base64="7T7fUh5zCwIa0Ei5eyqTroGr7xA="></latexit>

Ttot. deri.

<latexit sha1_base64="Zgom6IDV7RZdO7qJwVkxd247mUA="></latexit>

Tnew objects

<latexit sha1_base64="xx0BcAucaelJnVqwi6Q7PafOCsQ="></latexit>

·

0

@
✏4 0 0
0 0 ✏4

0 ✏3 0

1

A

<latexit sha1_base64="mPGgX82omu+Jv5s70ahp13toqIY="></latexit>

·

0

@
z 0 0
0 z 0
0 0 z

1

A

<latexit sha1_base64="MOPxfeza69jxVPY6kNQjG3iANX4="></latexit>

·

0

@
1

$0(z)
0 0

1
8 (z � 8)(z + 1) ($0(z) + z$0

0(z))
1
4 (z � 8)(z + 1)$0(z) 0

0 0 1

1

A

<latexit sha1_base64="cf4eKIkFhGccMUZc2IsTHG6uSQA="></latexit>

·

0

@
1 0 0

� 2
3 (z + 1)$0(z) 1 0

1
24

�
5z2 � 44z � 76

�
$0(z)2 0 1

1

A

<latexit sha1_base64="Z8se6YWKwlPyGBd+Aq9biCkmUSc="></latexit>

T (z, ✏) =

0

@
1 0 0
0 1 0
0 0 1

1

A

<latexit sha1_base64="8e9E9+Po1pqOPKH+kBEOT/a4E3M="></latexit>

z = s/m2

<latexit sha1_base64="ijujYSja6Dy50DovZPN/boblILY="></latexit>

Tinitial

<latexit sha1_base64="Q1OMjpxmKH1q9g9LNBxKmc8B3XE="></latexit>

T ≠1
ss
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Examples
๏ So far, we found the   -form for many graphs having different geometries and number of parameters:✏

achieved   -form up to five loops (CY four-fold), same form as       
also two- and three-mass configuraNon for ellipNc case                         

✏ [Pögel, Wang, Weinzierl]

up to five loops, top sector contains two CYs

analyzed many triangles with different mass 
configuraNons and mulN-parameter

double box including all subsectors and topsector

non-planar double box including all subsectors and topsector

๏ More examples are coming!

[1,2]
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Conclusion

๏ Our method is nearly algorithmic. In parNcular, the steps for a given class of geometries is similar 
independent of the explicit geometry, i.e. for all ellipNc curves, K3, etc. .

๏ To understand the   -structure of Feynman integrals a "good"   -form of the GM system is essenNal.✏ ✏

๏ Understanding the geometries appearing in a Feynman graph is important to achieve   -form.✏

๏ We think, that if the splilng of the Wronskian into semi-simple and unipotent part for the relevant 
geometries is under control, one can derive an   -form following our procedure. ✏
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Conclusion

๏ Our method is nearly algorithmic. In parNcular, the steps for a given class of geometries is similar 
independent of the explicit geometry, i.e. for all ellipNc curves, K3, etc. .

๏ Outlook: Use our bases to try to understand the analyNc structure of amplitudes associated to                                                      
g               non-trivial geometries.

๏ Nevertheless, there are some parts we want to understand beWer:

๏ BeWer understanding of the iniNal basis. How to find enough possible candidates?

๏ What are the properNes of the new funcNons G? Can we predict how many we need?

They are iterated integrals. In ellipNc case they are related to integrals of the third kind. 

For CYs they have integer expansions (magneNc modular forms). Pole structure?

๏ LimitaNons of our procedure? Can we rigorously prove why our method works?

๏ To understand the   -structure of Feynman integrals a "good"   -form of the GM system is essenNal.✏ ✏

๏ Understanding the geometries appearing in a Feynman graph is important to achieve   -form.✏

๏ We think, that if the splilng of the Wronskian into semi-simple and unipotent part for the relevant 
geometries is under control, one can derive an   -form following our procedure. ✏
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