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Let’s start with some beautiful formula



Resummation of off-shell massless ladders
[Broadhurst, Davydychev ’10]

∑
n

⋯
p1

p2 p3

p4

λn



Resummation of off-shell massless ladders
[Broadhurst, Davydychev ’10]

∑
n

⋯
p1

p2 p3

p4

λn

=

The solution to this equation has already been worked out in [3]. One considers an expansion

in powers the ’t Hooft coupling �J

G(x, y) =
1X

k=0

gk(x, y) , gk(x, y) ⇠ O(�k

J
) . (B.8)

The leading order term satisfies the massless propagator equation

�2xg0 = �(4)(x� y) ) g0 =
1

4⇡2

1

|x� y|2
, (B.9)

whereas the remaining terms obey

�2xgk+1 +m2gk = 0 , (B.10)

where we have omitted the arguments for simplicity. It is simple to obtain iteratively the

perturbative solution at any order k

gk(x, y) = (�1)k
 

kY

n=1

Z
d4zn m

2(zn)g0(zn, zn+1)

!
g0(x, z1) , (B.11)

where we defined zk+1 ⌘ y. More explicitly, this is equivalent to

gk(x, y) =
�
�4g2

�k (x1 � x2)2

4⇡2(x� x1)2(y � x2)2
F (k)(z, z̄) (B.12)

where F (k)(z, z̄) stems from a ladder type integral and can be pictorially represented by:
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Here the integration points are represented by the black dots while the white dots are unin-

tegrated external points. The conformal cross-ratios z, z̄ are given by

zz̄ ⌘
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Resummation of off-shell massless ladders

λ→∞∼ e− λ

• Exponential suppression at strong coupling.

• Reminiscent of “stringy” behavior often seen in AdS/CFT

⟨W⟩ λ→∞∼ e− λArea

• A physical set up which leads to this resummation was not known.

[Broadhurst, Davydychev ’10]
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cf. [Arkani-Hamed, Henn, Trnka ’21]



Refinement [Caetano, SK, Wang]
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Refinement

∑
n

[Caetano, SK, Wang]

= ∑
m

Massless loops

Massive propagators

Why?



Punchline

• I will present a physical setup which naturally explains all 
these features.

• Large charge ’t Hooft limit of  super Yang-Mills𝒩 = 4
Far from the planar limit: SU(2) gauge group
Large number of particles

• The limit is surprisingly rich and exhibits surprising 
similarity with the planar limit.

cf. Talk by Korchemsky  
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Systems with large # of d.o.f

• Systems with large # of d.o.f often exhibit emergent phenomena.

• Two ways to introduce large # of d.o.f.

1. Consider a family of theories (parametrized by “ ”) and take 
.

2. Consider a state in a given theory in which a large number of 
particles are excited.

Nc
Nc → ∞

• The former is the large  limit. The latter is common in cond-mat.Nc



Large # of particles

g

For  and  small: 
perturbation around free system

g N Effective interaction strength 
λeff ∼ g N



Large # of particles

λeff ∼ g N
• Even if the fundamental interaction is weak ( ), the sector 

with a large # of particles can be strongly coupled.
g ≪ 1

• Suggests a double scaling limit, , and  .λeff : fixed N → ∞

• Formally this looks like a ’t Hooft limit…..

• Is there any similarity with the standard ’t Hooft limit….?



“Duality”
[Polchinski, Silverstein ’12]

 brane (NS5)1

 stringsN
⟷ AdS3 × S3 × T4

• When viewed from fundamental strings, this is a standard large N 
limit of 2d theory.

• When viewed from NS5, this is a large density state in 6d.

• It suggests that the large charge and the large  can be sometimes 
dual descriptions of the same system.

Nc

• There is also a diagrammatic understanding based on open-closed-
open triality. [Gopakumar, unpublished], [Gopakumar, Mazenc ’22]

[Goel, Verlinde ’21], [WIP]



Large # of particles
• Relevant in various physically interesting set ups.

• Amplitudes with many legs
• multi-particle production

• Large chemical potential, high densityCond-mat

High energy (ph)

High energy (th) • Large charge state in CFT

⋯
⋯



Set up:  SYM at large charge𝒩 = 4

• 4d  SYM with  gauge group.𝒩 = 4 SU(2)

• 1/2 BPS operator  with large R-charge  and take tr (ϕJ) J

 with fixed .J → ∞ λJ = g2
YMJ

• Study near BPS spectrum and correlation functions (heavy-heavy-
light-light etc) in this limit.

[Bourget,Rodriguez-Gomez, Russo’18]

cf. Talk by Korchemsky  
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Physics of large charge limit in CFTd

•  at large charge  large charge state on  ⟨𝒪J𝒪̄J⟩ ↔ Rt × Sd−1
L

t𝒪J : minimal dim op. for a given charge J

•        Estate =
Δmin

L
→ ϵstate =

Δmin

Ld
, jmin =

J
Ld−1

• Large charge limit:  ,  with  finite.J → ∞ L → ∞ jmin

• Lowest energy state in flat space with finite charge density.

[Alvarez-Gaume, Cuomo, Dondi, Giombi, Hellerman, 
Kalogerakis, Loukas, Monin, Orlando, Pirtskhalava, 

Rattazzi, Reffert, Sannino, Watanabe.…]



Physics of large charge limit in CFTd

• Generic (nonsupersymmetric) CFT  :  d jstate ∼ ϵstate ∼ O(1)

ϵstate =
Δmin

Ld
, jmin =

J
Ld−1

Δ J→∞∼ J
d

d − 1
[Alvarez-Gaume, Cuomo, Dondi, Giombi, Hellerman, 

Kalogerakis, Loukas, Monin, Orlando, Pirtskhalava, 
Rattazzi, Reffert, Sannino, Watanabe.…]

• CFT with a moduli space of vacua:  .jstate ∼ O(1), ϵstate = 0

e.g. BPS operator in SUSY CFT: Δ ∝ J
[Arias-Tamargo, Beccaria, Bourget, 

Hellerman, Maeda, Orlando, Rodriguez-
Gomez, Reffert, Russo, Watanabe.…]



Large charge limit from path integral
• Consider two point function of charged scalars OJ = ϕJ

•  : path integral dominated by a saddle pointJ → ∞

∫ 𝒟ϕ exp (−S + J log(ϕ)δd(x − x1) + J log(ϕ̄)δd(x − x2))

• In theories with coupling constant  : gYM ⟨ϕ⟩ ∼ gYM J
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•  : path integral dominated by a saddle pointJ → ∞

∫ 𝒟ϕ exp (−S + J log(ϕ)δd(x − x1) + J log(ϕ̄)δd(x − x2))

• In theories with coupling constant  : gYM ⟨ϕ⟩ ∼ gYM J

• In supersymmetric gauge theories, the theory is effectively on the 
Coulomb branch.

• Mass of BPS W-bosons:  mW ∼ gYM J → ∞ (J → ∞)

• Derivative expansion of (Coulomb branch) EFT =  expansion1/J
1

p2 + m2
W

=
1

m2
W

−
p2

m4
W

+ ⋯ ∼
#
J

+
#p2

J2
+ ⋯



Large charge ’t Hooft limit
• Large charge limit + EFT : powerful, universal predictions

• But it is insensitive to physics of massive (BPS) excitations

• Alternative limit:

 with  fixed.J → ∞ λJ = g2
YMJ

•  is finite. They contribute to obs even at .mW ∼ λJ J → ∞

[Bourget,Rodriguez-Gomez, Russo’18]

• Results in the literature so far : supersymmetric (BPS) observables.

• Our work: non-supersymmetric (near BPS) observables.
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Heavy-heavy-(light)  correlatorsn

• Consider higher-point functions (HHLLLL….)

⟨OJ(0)Oi1(x1)…Oin(xn)OJ(∞)⟩ = ⟨J |Oi1(x1)…Oin(xn) |J⟩

• Examples: light BPS ,  Konishi tr ((YIϕI)ℓ) K ∼ tr (ϕIϕI)
• Large charge ’t Hooft limit:

⟨J |Oi1(x1)…Oin(xn) |J⟩ → ⟨Oi1(x1)…Oin(xn)⟩large charge bkd

• Basic building block: propagator in the background

⟨ϕ(x)ϕ(y)⟩bkd

⟨ϕ⟩ ≠ 0



⟨ϕ(x)ϕ(y)⟩bkd

Propagator in the background

• Satisfies a (complicated-looking) differential equation.

𝒟⟨ϕ(x)ϕ(y)⟩bkd = δ4(x − y)
• Surprisingly, the solution is given by a resummation of ladders!

[Giombi, Hyman ’20]

⟨ϕϕ⟩bkd ∼
J

J

…

∑ = ∑
k

λk
J F(k)(z, z̄)
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Physical explanation of e− λJ
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SUSY

�c

Figure 2: The Compton wavelength `c of a particle in a short representation of psu(2|2)2

scales inversely with the large charge ’t Hooft coupling
p

�J in units of the S3 radius L.
The standard large charge limit (fixed gYM and J ! 1) corresponds to �J ! 1. In this
limit, the sphere flattens out, resulting in a BPS particle protected by the flat space Poincaré
supersymmetry.

morphing into the centrally-extended Poincaré supersymmetry. Correspondingly the short

representations of the former symmetry become the BPS particle representations of the

contracted symmetry. This group-theoretical understanding provides a solid foundation for

the relationship between the large charge limit of SCFTs and the dynamics on the Coulomb

branch discussed in the literature. For more explanation, see Figure 2 and Section 3.1.4.

In addition to determining the large charge spectrum, we compute the three-point func-

tion of the Konishi operator and two large-charge BPS operators, and heavy-heavy-light-light

(HHLL) four-point functions of two large-charge BPS operators and two light BPS operators.

The three-point function is given by a simple integral involving the Bessel function,

C(1)

K = �8g2 + 4g

Z
1

0

dw
4gw � J1(8gw)

sinh2(w)
, (1.4)

which nevertheless exhibits a rich structure interpolating between the perturbative series at

weak coupling (�J ⌧ 1) and the worldline instantons at strong coupling (�J � 1).5 See

equation (5.30) for the explicit result and also Figure 3 for a summary. The HHLL four-point

5See (1.2) for the relation between �J and g.
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Figure 2: Left Panel: The three-point function of the Konishi operator and two large-charge
BPS operators at leading order in the large charge expansion as a function of the large ’t
Hooft coupling is depicted. The blue line represents the exact result from weak to strong
large charge ’t Hooft coupling. The green and orange dashed lines correspond to the weak
and strong coupling perturbative expansions, respectively. The weak coupling expansion is
truncated to the first ten terms, while the strong coupling expansion incorporates a single
worldline instanton contribution. Remarkably, the strong coupling expansion yields a highly
accurate result, even at small coupling. The zoomed-in box highlights the weak coupling
region. Right Panel: The integrated correlator of two large-charge BPS operators and
two light BPS operators at leading order in the large charge expansion as a function of the
large charge ’t Hooft coupling is illustrated. The blue line corresponds to the exact result
that interpolates from weak to strong large charge ’t Hooft coupling. The green and orange
dashed lines represent the weak and strong coupling perturbative expansions, respectively.
Similarly, the weak coupling expansion is truncated to the first ten terms, whereas the strong
coupling expansion includes a single worldline instanton contribution.

inspiration from it, we express the resummed conformal ladder integrals as a sum over

magnons,

t(z, z̄) =
(1 � z)(1 � z̄)

p
zz̄

1X

a=1

ae��
p

a2+16g2

p
a2 + 16g2

sin(a')

sin(')
, (1.7)

with e�� =
p

zz̄ and ei' =
p

z/z̄, and use this to read o↵ the operator-product-expansion

(OPE) data. In addition, we derive a strong coupling expansion of the resummed ladder

integrals,

t(z, z̄) =
(1 � z)(1 � z̄)

p
zz̄

1X

n=0

W (' + 2⇡n) + W (2⇡ � ' + 2⇡n) ,

W (x) =
4gxK1(4g

p
x2 + �2)

sin(x)
p

x2 + �2
.

(1.8)

This expression has two remarkable features;

1. It provides an exact rewriting of the resummed conformal ladder integrals in terms of

8

W(x) =
xK1( λJ x2 + σ2)

sin x x2 + σ2

Figure 3: An illustration of the worldline instanton representation (1.8) of the HHLL four-
point function from summing massive propagators. The blue and red curves depict the two
distinct terms, representing the worldline instanton’s wrapping of the cylinder in opposite
directions. The varying tones of blue and red correspond to di↵erent winding numbers
(n = 0, 1, 2) for each respective direction.

the worldline instanton contributions W (x) depending on the orientation (blue versus

red) and the winding number n of the instanton. See Figure 3.

2. The worldline instantons have the same functional form as the massive propagator in

flat space (i.e. Bessel K1). This provides a concrete link between the large charge limit

in the CFT and the physics on the Coulomb branch.

See Section 5.1 for further discussions on these points.

We also compute the integrated four-point functions for arbitrary SU(N) gauge groups

by recasting results from supersymmetric localization into a matrix integral of size J/2. The

matrix integrals can be evaluated by saddle-point techniques and the answers are in precise

agreement with the results in the literature obtained by other methods [52, 53]. For N = 2,

we derive the same answer from our un-integrated HHLL four-point function by explicitly

carrying out the integral over the conformal cross-ratios z, z̄, thus providing a nontrivial

consistency check of our formulae. See Figure 2 for an illustrative summary. Note that the

large charge ’t Hooft limit corresponds to a standard ’t Hooft limit of this matrix integral,

thereby o↵ering another evidence for the similarity between the two limits.

The rest of this paper is organized as follows. In Section 1.2, we explain generalities of

the large charge limit and the large charge ’t Hooft limit in SCFTs and discuss similarities

9

Physical explanation of e− λJ

J

J

…

∑

=

Worldline instantons 
wrapping cylinder



Some other nice results



Result for Konishi 3pt

CKJJ = − 8λ + 4 λ ∫
∞

0
dw

4 λw − J1(8 λw)
sinh2(w)

• Using the propagator, we computed the 3pt function ⟨𝒪J K 𝒪J⟩

(K ∼ tr (ϕIϕI))

• Weak coupling expansion: finite radius of convergence  .|λ | < 1/16
1 + 16λ“magnon” becoming massless, tachyonic instability

• Strong coupling expansion:

CKJJ =
λ

2π2 (γE + log
λ

4π2 ) −
2λ
π2

∞

∑
n=1

(K1(2n λ) + K0(2n λ))
• Similar expressions seen in the planar limit (cusp anomalous dim etc)



Spectrum around large charge operator
• The spectrum of excitations around the large charge operator.

𝒪 = tr (ϕJ) + corrections

• Result: 
(Gauge invariant) combinations of “magnons” with energy

Emagnon = 1 + 16λJ



Spectrum around large charge operator

𝒪 = tr (ϕJ) + corrections

• Result: 
(Gauge invariant) combinations of “magnons” with energy

Emagnon = 1 + 16λJ

• Planar limit: 
(Gauge invariant) combinations of magnons with momentum p

Emagnon = 1 + 16λJ sin2 p/2

• In both limits, the spectrum is fully fixed by centrally-extended 
𝔭𝔰𝔲(2 |2)2 [Beisert ’06]

• The spectrum of excitations around the large charge operator.



Diagrammatic interpretation of “duality”

• Large charge limit and large N limit are sometimes dual.

• Q: Is there a “planar” expansion at large charge?

• A: planar “dual graphs” (at least in some cases)

Large charge op
New double line

• Studied before in the conventional large N limit: “open-
closed-open triality”

[Polchinski, Silverstein ’12]

[WIP + Dondi]



Outline

1. Intro / motivation

2. Large charge limit vs large charge ’t Hooft limit

3. Results

4. Conclusion and future directions



• Large charge ’t Hooft limit provides an interesting solvable corner 
of  SYM.𝒩 = 4

Conclusion

• Various observables can be computed exactly as a function of .λJ

• Underlying centrally extended symmetry.

Integrated correlators in terms of  matrix integral.J × J

• Other limits? Large spin ’t Hooft limit g2
YM log S

Many more to explore!

Effective description in terms of 2d YM.
Similarity with BFKL limit.

It’s likely that the limit can be studied also in QCD(?)

[Alday, Maldacena 08]

• Holography for large density, large # of particles, large # of legs?



• Large charge ’t Hooft limit provides an interesting solvable corner 
of  SYM.𝒩 = 4

Conclusion

• Various observables can be computed exactly as a function of .λJ

• Underlying centrally extended symmetry.

Integrated correlators in terms of  matrix integral.J × J

• Other limits? Large spin ’t Hooft limit g2
YM log S

Many more to explore!

Effective description in terms of 2d YM.
Similarity with BFKL limit.

It’s likely that the limit can be studied also in QCD(?)

[Alday, Maldacena 08]

• Holography for large density, large # of particles, large # of legs?

• We might not need large N for AdS/CFT.  AdS/CFT for collider?



Back up slides



Centrally-extended 𝔭𝔰𝔲(2 |2)2

• Consider a large charge BPS op and perturb it:

|Z…Z χ Z…Z χ Z…Z⟩
• Subgroup of superconformal symmetry preserved by large charge 

1/2 BPS state  → 𝔭𝔰𝔲(2 |2)2

• Excitations are classified by irreps of .𝔭𝔰𝔲(2 |2)2

• But (as expected) it is not powerful enough to constrain the 
dynamics. No  dependence.gYM

• The actual symmetry is larger : centrally-extended 𝔭𝔰𝔲(2 |2)2



Centrally-extended 𝔭𝔰𝔲(2 |2)2

• In general superconformal algebra, .{Q, Q} = 0

• This is true when acting on gauge inv states. But not true for 
individual fields.

{Q, Q}χ ∼ [Z, χ]

• Maximally centrally extended 𝔭𝔰𝔲(2 |2)2

{Qa
α, Qb

β} = ϵabϵαβ P , {Sα
a, Sβ

b} = ϵabϵαβ K

P ⋅ χ ≡ [Z, χ] , K ⋅ χ ≡ [Z−1, χ]

{Q, S} ∼ D − ̂J



Centrally-extended 𝔭𝔰𝔲(2 |2)2

{Qa
α, Qb

β} = ϵabϵαβ P , {Sα
a, Sβ

b} = ϵabϵαβ K
P ⋅ χ ≡ [Z, χ] , K ⋅ χ ≡ [Z−1, χ]

• In the planar limit,  and  can be identified with translations on 
spin chain.

P K

• In the large charge ’t Hooft limit, the action of  and  are 
determined by VEV of  induced by the charge.

P K
Z

ially charged15 with respect to P . As we see later in section ??, the scalar expectation value

induced by the large charge state on Rt ⇥ S3 is given by

hZi =
p
2Zcl =

 
gYM

p
J

2⇡
ei' 0

0 �
gYM

p
J

2⇡
ei'

!
, (3.9)

where ei' is a (time-dependent) phase which does not a↵ect the spectrum. Thus the upper

and lower o↵-diagonal components of fundamental fields have charges ±gYM

p
Jei'/⇡ under

P respectively while the diagonal components are uncharged16:

M =

 
m0 m+

m�
�m0

!
, (3.10)

P ·m± = ±2gei' m± , P ·m0 = 0 . (3.11)

Now, on Rt ⇥ S3, supersymmetry generators Q’s are Hermitian conjugate to supercon-

formal generators S’s. This implies that the anti-commutator of superconformal generators

also get extended in the following way:

{Sa

↵
, Sb

�
} = {Ṡ ȧ

↵̇
, Ṡ ḃ

�̇
} = ✏ab✏↵�[Z

�1, ] . (3.12)

As shown above, the transformation involves an inverse of the field Z, which might seem

unusual at first sight. However, such a transformation is possible once we include quantum

corrections. In fact, this relation was originally found in planar N = 4 SYM through the

two-loop analysis of superconformal generators. Here we do not have such a direct field-

theoretical derivation; instead we simply assume its presence, motivated by the closure of

the algebra. In what follows, we denote this action by K · = [Z�1, ]. The action of K on

fundamental fields can be deduced from the Hermiticity of the algebra. Namely by taking a

Hermite conjugate of (3.11), we obtain

K ·m± = ±2ge�i'm± , K ·m0 = 0 . (3.13)

Together with the global psu(2|2)⇥ psu(2|2)nR discussed earlier, these generators con-

stitute the centrally extended psu(2|2)⇥ psu(2|2) symmetry, which has new nontrivial anti-

15Of course, physical observables are always gauge invariant and are given in terms of gauge-invariant
combinations of these excitations as we see below.

16Recall the definition of g: g =
p
�J/(4⇡) = gYM

p
J/(4⇡)
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gYM
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where ei' is a (time-dependent) phase which does not a↵ect the spectrum. Thus the upper
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Jei'/⇡ under

P respectively while the diagonal components are uncharged16:

M =
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m�
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!
, (3.10)

P ·m± = ±2gei' m± , P ·m0 = 0 . (3.11)

Now, on Rt ⇥ S3, supersymmetry generators Q’s are Hermitian conjugate to supercon-

formal generators S’s. This implies that the anti-commutator of superconformal generators

also get extended in the following way:
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↵
, Sb

�
} = {Ṡ ȧ

↵̇
, Ṡ ḃ

�̇
} = ✏ab✏↵�[Z

�1, ] . (3.12)

As shown above, the transformation involves an inverse of the field Z, which might seem

unusual at first sight. However, such a transformation is possible once we include quantum

corrections. In fact, this relation was originally found in planar N = 4 SYM through the

two-loop analysis of superconformal generators. Here we do not have such a direct field-

theoretical derivation; instead we simply assume its presence, motivated by the closure of

the algebra. In what follows, we denote this action by K · = [Z�1, ]. The action of K on

fundamental fields can be deduced from the Hermiticity of the algebra. Namely by taking a

Hermite conjugate of (3.11), we obtain

K ·m± = ±2ge�i'm± , K ·m0 = 0 . (3.13)

Together with the global psu(2|2)⇥ psu(2|2)nR discussed earlier, these generators con-

stitute the centrally extended psu(2|2)⇥ psu(2|2) symmetry, which has new nontrivial anti-

15Of course, physical observables are always gauge invariant and are given in terms of gauge-invariant
combinations of these excitations as we see below.

16Recall the definition of g: g =
p
�J/(4⇡) = gYM

p
J/(4⇡)
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χ =
• ,  .{Q, Q} m± ∼ ± 2λm± {Q, Q} m0 = 0



Centrally-extended 𝔭𝔰𝔲(2 |2)2

• By requiring that the centrally-extended algebra closes on 
 (BPS rep)|Z…m±…Z⟩

(D − ̂J ) |Z…m±…Z⟩ = 1 + 16 λ |Z…m±…Z⟩

(D − ̂J ) |Z…m0…Z⟩ = |Z…m0…Z⟩

• To construct a gauge inv state, we require # m+ = # m−

|Z…Z m− m− m0 Z…Z m+ m+ Z…Z⟩e.g.

Δ − J = 1 + 4 1 + 16 λEnergy =  individual energies

(interactions )
∑

∼ 1/J

{Qa
α, Qb

β} = ϵabϵαβ P , {Sα
a, Sβ

b} = ϵabϵαβ K
{Q, S} ∼ D − ̂J



Spectrum at 1/J

|Z…Z m− m− m0 Z…Z m+ Z…Z m+ Z…Z⟩

ℏ ∼
1
J

• At , there is 2-body interaction among excitations (“magnons”). 1/J

• Since we are not in the planar limit, the interaction is “all-to-all”.

• Centrally-extended  is still powerful: It determines the 
interaction Hamiltonian up to a few overall coefficient.

𝔭𝔰𝔲(2 |2)



Result for Konishi 3pt


