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• Bootstrap method for discovering physics:


geometry/thought experiments?


math question about the S-matrix
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                                         (“elevator-free” derivation of GR)


The amplitudes bootstrap



• Bootstrap method for discovering physics:


geometry/thought experiments?


math question about the S-matrix


                                         get gauge theory, gravity 

                                         (“elevator-free” derivation of GR)


• What is the analogue for string theory?                                                                                   
What is the math question for which string amplitudes are the answer?


• Ultimate goal: Is string theory in some sense unique?

The amplitudes bootstrap



• What do string amplitudes do?


• Ultraviolet-complete low-energy physics by taming Planck-
scale pathologies in amplitudes.


• Accomplish this by adding a tower of massive higher-spin 
degrees of freedom. (Cannot add just one higher-spin state 
without making the problem worse.                           )


String amplitudes

e.g., CEMZ [1407.5597]
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Crossing has been the first ingredient used to make Regge theory a predict ive 

concept in high-energy physics. However, a complete and satisfactory way of imposing 

crossing and crossed-channel uni ta r i ty  is still  lacking. We can look at  the recent inves- 

t igat ions on the properties of Reggeization at  t ~ 0  as giving a first encouraging set of 

results along this line of thinking (1). A technically different approach, based on super- 

convergence, has been also recently invest igated (2), and the possibil i ty of a self-con- 

sistent determinat ion of the physical  parameters,  through the use of sum rules, has 

been stressed. 
In this note we propose a quite simple expression for the relativist ic scattering am- 

pli tude,  tha t  obeys the requirements of Regge asymptotics  and crossing symmetry  in 

the case of l inearly rising trajectories.  I ts  explicit  form is suggested by the work of 

ref. (z) and contains only a few free parameters  (**). 
Our expression contains automat ical ly  Regge poles in families of parallel  t rajectories 

(at all t) with residue in definite ratios. I t  furthermore satisfies the conditions of super- 

convergence (4) and exhibits in a nice fashion the dual i ty  between Regge poles and 

resonances in the scattering ampli tude.  
(*) On  l eave  of absence  f r o m  t h e  W e i z m a n n  I n s t i t u t e  of Science,  R c h o v o t h .  Addre s s  a f t e r  1 Sep- 

t e m b e r  1968:  D e p a r t m e n t  of Phys ic s ,  M.I .T . ,  C a m b r i d g e ,  Mass.  

(1) F o r  a g e n e r a l  r ev i ew  of these  p r o b l e m s  see L. BERTOCCHI: Proe. o! the Heidelberg International 

Conference on Elementary Particles ( A m s t e r d a m ,  1967). 
(2) Such  a n  a p p r o a c h  w a s  p r o p o s e d  i n d e p e n d e n t l y  by" M. AD]~MOLLO, I~. ]:~. RUBINSTEIN', G. VE" 

NEZIANO a n d  M. A.  VIRASORO: Phys. Rev. Left., 19, 1402 (1967) a n d  Phys. Left., 27, B 99 (1968), a n d  

b y  S. MANDELSTAM: Phys. Rev., 166, 1539 (1968). F u r t h e r  d e v e l o p m e n t s  a n d  a n u m b e r  of r e fe rences  

to  r e l a t e d  w o r k s  c a n  be  f o u n d  in  ref .  (3). 
(a) ~r ADEMOLLO, H .  R .  RUBINSTEIN, G. VENEZIANO a n d  M. A.  VIRASORO: ~Veizmann I n s t i t u t e  

p r e p r i n t  (1968), s u b m i t t e d  to  Phys. Rev. 
(**) W e  s h a l l  m o s t l y  w o r k  he re  in  t h e  a p p r o x i m a t i o n  of rea l ,  l i n e a r  t r a j e c to r i e s  a n d  c o n s e q u e n t l y  

of n a r r o w  resonanceS.  W e  br ief ly  d i scuss  t h e  effects of a nonze ro  i m a g i n a r y  p a r t  in  t h e  t r a j e c t o r y  

f u n c t i o n  w h i c h ,  in  a n y  case ,  we d e m a n d  to  h a v e  a l i n e a r l y  r i s i n g  r ea l  p a r t .  

(4) F o r  s u p e r c o n v c r g e n c e  we m e a n  b o t h  t h e  o r ig ina l  s u m  ru les  p r o p o s e d  b y  V. DE ALFARO, S. FU* 

BINI, G. FURLAI~ a n d  C. ROSSETTI: Phys. Left., 21, 576 (1966), a n d  t h e  m o r e  r e c e n t  g e n e r a l i z e d  super* 

c o n v e r g e n c e  ( f in i te -energy)  s u m  ru les  (see rc f .  (*) for  d e t a i l e d  re fe rences) .  A uni f ied  t r e a t m e n t  of a l l  

s u p e r c o n v c r g e n c c  s u m  ru l e s  h a s  b e e n  g i v e n  b y  S. FUBINI: NUOVO Cimento, 52 A,  224 (1967). 

• What do string amplitudes do?


• Ultraviolet-complete low-energy physics by taming Planck-
scale pathologies in amplitudes.


• Accomplish this by adding a tower of massive higher-spin 
degrees of freedom. (Cannot add just one higher-spin state 
without making the problem worse.                           )


• So string theory answers the question of how to build an amplitude 
exchanging higher-spin modes consistently at high energies:


  Veneziano amplitude:


String amplitudes

e.g., CEMZ [1407.5597]

(1968)
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• What do string amplitudes do?


• Ultraviolet-complete low-energy physics by taming Planck-
scale pathologies in amplitudes.


• Accomplish this by adding a tower of massive higher-spin 
degrees of freedom. (Cannot add just one higher-spin state 
without making the problem worse.                           )


• So string theory answers the question of how to build an amplitude 
exchanging higher-spin modes consistently at high energies:
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• Veneziano’s amplitude was constructed to solve several phenomenological 
puzzles of the late 1960s:


• The strong coupling associated with nuclear-mediated processes 
made perturbative methods seem impractical (prior to the discovery 
of asymptotic freedom)

Bootstrap and QCD prehistory



• Veneziano’s amplitude was constructed to solve several phenomenological 
puzzles of the late 1960s:


• The strong coupling associated with nuclear-mediated processes 
made perturbative methods seem impractical (prior to the discovery 
of asymptotic freedom)


• Observations had shown the existence of Regge trajectories in 
meson spectra,               (Chew-Frautschi plot)

Bootstrap and QCD prehistory
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• Veneziano’s amplitude was constructed to solve several phenomenological 
puzzles of the late 1960s:


• The strong coupling associated with nuclear-mediated processes 
made perturbative methods seem impractical (prior to the discovery 
of asymptotic freedom)


• Observations had shown the existence of Regge trajectories in 
meson spectra,               (Chew-Frautschi plot)


• Dolen-Horn-Schmid duality (1967): “dual resonance” 

Bootstrap and QCD prehistory
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

iii) High-Energy Boundedness 

Physical constraints
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

iii) High-Energy Boundedness 

• We will find that the dynamics of string theory—the distinctive form of string 
amplitudes—arise naturally.


• However, we will find that four-point string amplitudes exist in an infinite space 
of new objects that accomplish the same mathematical miracles: 


 generalizations of Veneziano amplitudes.

Physical constraints
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

Colored scalars       cyclic invariant amplitude:


Crossing symmetry
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

  Each exchanged state with mass       exhibits a finite tower of spins, 

  which we take to run from    to   , so that


Polynomial residues
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<latexit sha1_base64="7lV2bxH43aBTvl+H0l2Unj9OzWI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WIoHxvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpyZqBhmTSWqoJMtFUcqRiVH+ORoxRYnhM0swUczeisgEK0yMzadiQ/BWX14nnUbdu65791e1VrOIowxncA6X4MENtOAO2uADAQbP8ApvjnRenHfnY9lacoqZU/gD5/MHfUuOcg==</latexit>
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

  Each exchanged state with mass       exhibits a finite tower of spins, 

  which we take to run from    to   , so that


   We considered other polynomials for generalizations of the Coon     

   amplitude in                             , but will leave the bootstrap approach


to arbitrary polynomials to future work.

   

   Non-polynomial residues would describe an infinitely-extended 

   object; can be of interest, e.g., for the EFThedron.

Polynomial residues

<latexit sha1_base64="7lV2bxH43aBTvl+H0l2Unj9OzWI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WIoHxvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpyZqBhmTSWqoJMtFUcqRiVH+ORoxRYnhM0swUczeisgEK0yMzadiQ/BWX14nnUbdu65791e1VrOIowxncA6X4MENtOAO2uADAQbP8ApvjnRenHfnY9lacoqZU/gD5/MHfUuOcg==</latexit>
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<latexit sha1_base64="7lV2bxH43aBTvl+H0l2Unj9OzWI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WIoHxvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpyZqBhmTSWqoJMtFUcqRiVH+ORoxRYnhM0swUczeisgEK0yMzadiQ/BWX14nnUbdu65791e1VrOIowxncA6X4MENtOAO2uADAQbP8ApvjnRenHfnY9lacoqZU/gD5/MHfUuOcg==</latexit>
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<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0 <latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n
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Huang, GR [2203.00696]; Caron-Huot, Van Duong [2011.02957]; Arkani-Hamed, Huang, Huang [2012.15849]
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

iii) High-Energy Boundedness 
      

  We assume by fiat that            in the Regge limit:       
           ,             fixed 

   Equivalently, no pole at infinity, so we can write a dispersion relation:

High-energy boundedness

<latexit sha1_base64="7lV2bxH43aBTvl+H0l2Unj9OzWI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WIoHxvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpyZqBhmTSWqoJMtFUcqRiVH+ORoxRYnhM0swUczeisgEK0yMzadiQ/BWX14nnUbdu65791e1VrOIowxncA6X4MENtOAO2uADAQbP8ApvjnRenHfnY9lacoqZU/gD5/MHfUuOcg==</latexit>
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<latexit sha1_base64="oRyl+lzIbhE4rSuCaZe4pZ1Mk7Q=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY4YLx4xkUcCK5kdZmHC7OxmpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb2d+84lrI2L1gOOE+xHtKxEKRtFKjzcdLfoDpFrHI+J2iyW37M5BVomXkRJkqHWLX51ezNKIK2SSGtP23AT9CdUomOTTQic1PKFsSPu8bamiETf+ZH71lJxZpUfCWNtSSObq74kJjYwZR4HtjCgOzLI3E//z2imGFX8iVJIiV2yxKEwlwZjMIiA9oTlDObaEMi3srYQNqKYMbVAFG4K3/PIqaVyUvauyd39ZqlayOPJwAqdwDh5cQxXuoAZ1YKDhGV7hzRk5L86787FozTnZzDH8gfP5Axk4kjg=</latexit>
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<latexit sha1_base64="VXSwEseBSTfpEHcn57sJYFC+bNU=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIaI8FLx4r2FZoQ9lsN+3SzW7YnSgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmhYngBjzv2ymtrW9sbpW3Kzu7e/sH7uFRx6hUU9amSih9HxLDBJesDRwEu080I3EoWDecXM/87gPThit5B1nCgpiMJI84JWClgVs1fc1HYyBaq0fc5zKCbODWvLo3B14lfkFqqEBr4H71h4qmMZNABTGm53sJBDnRwKlg00o/NSwhdEJGrGepJDEzQT4/fopPrTLEkdK2JOC5+nsiJ7ExWRzazpjA2Cx7M/E/r5dC1AhyLpMUmKSLRVEqMCg8SwIPuWYURGYJoZrbWzEdE00o2LwqNgR/+eVV0jmv+5d1//ai1mwUcZTRMTpBZ8hHV6iJblALtRFFGXpGr+jNeXJenHfnY9FacoqZKvoD5/MHQ3qVIw==</latexit>
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<latexit sha1_base64="78RmGTQZxhKYy3scJq8HJnsinPY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0QTWERsLGMYD4gOcPeZi9Zsnt37M4J4ciPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VJEvIkCJe8kmlMVSN4Oxrczv/3EtRFx9ICThPuKDiMRCkbRSm28UX33sdovld2KOwdZJV5OypCj0S999QYxSxWPkElqTNdzE/QzqlEwyafFXmp4QtmYDnnX0ogqbvxsfu6UnFtlQMJY24qQzNXfExlVxkxUYDsVxZFZ9mbif143xbDmZyJKUuQRWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUNGG4C2/vEpa1Yp3VfHuL8v1Wh5HAU7hDC7Ag2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwBd2SO+A==</latexit>
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• In this talk, we will derive a class of four-point scalar amplitudes (i.e., dynamics) 
by inputting a spectrum of tree-level exchanged states      , along with a set of 
physical constraints:


i) Crossing Symmetry 

ii) Polynomial Residues 

iii) High-Energy Boundedness 
      

  Tree-level exchanges:


          Dual resonance:

Dual resonance

<latexit sha1_base64="7lV2bxH43aBTvl+H0l2Unj9OzWI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WIoHxvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpyZqBhmTSWqoJMtFUcqRiVH+ORoxRYnhM0swUczeisgEK0yMzadiQ/BWX14nnUbdu65791e1VrOIowxncA6X4MENtOAO2uADAQbP8ApvjnRenHfnY9lacoqZU/gD5/MHfUuOcg==</latexit>
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n
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<latexit sha1_base64="uFklSSbjWXSKe7IJ3Jeyc/6mS2k="></latexit>
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<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)



• Dual resonance is a hallmark of string amplitudes that differentiates them from 
field theory:


• We’re asking: What’s the full space of dual resonant functions?

Dual resonance

<latexit sha1_base64="aBCzsyvefrQ84iOMCuCeMeat3oM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rGC/YA2lM120i7dbOLuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGTS71JT4OKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4GVWGM4Gzcj/VmFA2oSPsWSpphNrP5rfOyLlVhiSMlS1pyFz9PZHRSOtpFNjOiJqxXvZy8T+vl5qw7mdcJqlByRaLwlQQE5P8cTLkCpkRU0soU9zeStiYKsqMjadsQ/CWX14l7cuad13z7q+qjXoRRwlO4QwuwIMbaMAdNKEFDMbwDK/w5kTOi/PufCxa15xi5gT+wPn8ARcDjj4=</latexit>

6=

<latexit sha1_base64="s1h1KcnoTfeWDnysQjH+rh6L3pk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd13xGlflWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIvDjL0=</latexit>=



Integer Spectrum Bootstrap



• Let’s first consider the case of an integer spectrum:


• Implementing crossing symmetry in the dual resonant ansatz is a two-variable 
problem:


Integer spectrum bootstrap

<latexit sha1_base64="tOTlpsq2FhOGwMVdS+JIMm5j1r8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktor0IBS8eK7htpV1LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1ieW8mCQ0EHkoWMYKNlR5EXz7W0DWS/XLFrbpzoFXi5aQCOZr98ldvEJNUUGkIx1p3PTcxQYaVYYTTaamXappgMsZD2rVUYkF1kM0PnqIzqwxQFCtb0qC5+nsiw0LriQhtp8BmpJe9mfif101NVA8yJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lbRqVe+y6t1dVBr1PI4inMApnIMHV9CAW2iCDwQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH31zj4U=</latexit>
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• Let’s first consider the case of an integer spectrum:


• Implementing crossing symmetry in the dual resonant ansatz is a two-variable 
problem:


• Turn into a single-variable problem by choosing special kinematics,


    Crossing becomes:


Integer spectrum bootstrap

<latexit sha1_base64="tOTlpsq2FhOGwMVdS+JIMm5j1r8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktor0IBS8eK7htpV1LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9mfvuJKs1ieW8mCQ0EHkoWMYKNlR5EXz7W0DWS/XLFrbpzoFXi5aQCOZr98ldvEJNUUGkIx1p3PTcxQYaVYYTTaamXappgMsZD2rVUYkF1kM0PnqIzqwxQFCtb0qC5+nsiw0LriQhtp8BmpJe9mfif101NVA8yJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lbRqVe+y6t1dVBr1PI4inMApnIMHV9CAW2iCDwQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH31zj4U=</latexit>
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<latexit sha1_base64="cKZ1s0s8h5FoYqqk4gyOj6SHSng=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZZERLsRCm5cSQX7gCaUyWTSDplM0pmJUEKXbvwVNy4UcesnuPNvnLRZaPXAhcM593LvPV7CqFSW9WWUFhaXllfKq5W19Y3NLXN7py3jVGDSwjGLRddDkjDKSUtRxUg3EQRFHiMdL7zK/c49EZLG/E6NE+JGaMBpQDFSWuqb+wpeQnkSHjujUYp8GEKHcuhESA09L7uZ9M2qVbOmgH+JXZAqKNDsm5+OH+M0IlxhhqTs2Vai3AwJRTEjk4qTSpIgHKIB6WnKUUSkm00fmcBDrfgwiIUuruBU/TmRoUjKceTpzvxCOe/l4n9eL1VB3c0oT1JFOJ4tClIGVQzzVKBPBcGKjTVBWFB9K8RDJBBWOruKDsGef/kvaZ/W7POafXtWbdSLOMpgDxyAI2CDC9AA16AJWgCDB/AEXsCr8Wg8G2/G+6y1ZBQzu+AXjI9vxRKYiw==</latexit>

t = s� k, k 2 N

<latexit sha1_base64="XH7yp296jlPoClO7vWuGrvhrnU8="></latexit>

A(s, s� k) = A(s� k, s) =)
1X

n=0

Rn(s� k)

n� s
=

1X

n=0

Rn(s)

n+ k � s

=)
1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s



 


Integer spectrum bootstrap

<latexit sha1_base64="kEDmlMUtwlXzl+3fpOQOCJoNExc="></latexit>

1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s

finite number of terms, 

no poles at  

<latexit sha1_base64="accJwF664MSd2hvI74ElHV+iKOI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHisYD+kDWWznbRLN5u4uxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKD/padgU+klGvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdvCEnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNW/YzLJDUo2XxRmApiYjL9nvS5QmbE2BLKFLe3EjakijJjMyraELzFl5dJ87ziXVa8u4tyrZrHUYBjOIEz8OAKanALdWgAgwie4RXeHOW8OO/Ox7x1xclnjuAPnM8fXCGQFw==</latexit>

s = n  k



 


Caveats:

• Strictly speaking, neither necessary nor sufficient for crossing:

• Not sufficient: We chose special kinematics                , so crossing could 

conceivably hold on that choice but not away from it.

• Not necessary:   -channel representation of the amplitude converges for       


                     or as a residue on generic  . For         , could break down.

• We will take the residue constraint above as motivation and see what we 

find. All subsequent examples will indeed satisfy this constraint and 
converge.


Integer spectrum bootstrap

<latexit sha1_base64="kEDmlMUtwlXzl+3fpOQOCJoNExc="></latexit>

1X

n=k

Rn(s� k)�Rn�k(s)

n� s
= �

k�1X

n=0

Rn(s� k)

n� s

demanding

no poles at

yields

<latexit sha1_base64="accJwF664MSd2hvI74ElHV+iKOI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHisYD+kDWWznbRLN5u4uxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKD/padgU+klGvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdvCEnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNW/YzLJDUo2XxRmApiYjL9nvS5QmbE2BLKFLe3EjakijJjMyraELzFl5dJ87ziXVa8u4tyrZrHUYBjOIEz8OAKanALdWgAgwie4RXeHOW8OO/Ox7x1xclnjuAPnM8fXCGQFw==</latexit>

s = n  k

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n

<latexit sha1_base64="KWIwkdxEqYf3tcIpMl57K6sOdUk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0V6EghePFUxbaEPZbDft0s0m7E6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo7uZ33ri2ohEPeI45UFMB0pEglG0ko+35mLUK1fcqjsHWSVeTiqQo9Erf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY1YKJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9a6r3sNVpV7L4yjCCZzCOXhwA3W4hwb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AWeijmQ=</latexit>

t = s� k

<latexit sha1_base64="78RmGTQZxhKYy3scJq8HJnsinPY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0QTWERsLGMYD4gOcPeZi9Zsnt37M4J4ciPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VJEvIkCJe8kmlMVSN4Oxrczv/3EtRFx9ICThPuKDiMRCkbRSm28UX33sdovld2KOwdZJV5OypCj0S999QYxSxWPkElqTNdzE/QzqlEwyafFXmp4QtmYDnnX0ogqbvxsfu6UnFtlQMJY24qQzNXfExlVxkxUYDsVxZFZ9mbif143xbDmZyJKUuQRWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUNGG4C2/vEpa1Yp3VfHuL8v1Wh5HAU7hDC7Ag2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwBd2SO+A==</latexit>

t < m2
0

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t

<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s
<latexit sha1_base64="s+xwtyTizuTsfFZBN2pLDrp96gU=">AAAB+HicbVBNSwMxFHxbv2r9aNWjl2ARPJVdEe2x4MWTVLC10C0lm6ZtaDa7JG+FuvSXePGgiFd/ijf/jdl2D9o6EBhm3uNNJoilMOi6305hbX1jc6u4XdrZ3dsvVw4O2yZKNOMtFslIdwJquBSKt1Cg5J1YcxoGkj8Ek+vMf3jk2ohI3eM05r2QjpQYCkbRSv1KGX2hiB9SHAdBejvrV6puzZ2DrBIvJ1XI0exXvvxBxJKQK2SSGtP13Bh7KdUomOSzkp8YHlM2oSPetVTRkJteOg8+I6dWGZBhpO1TSObq742UhsZMw8BOZgnNspeJ/3ndBIf1XipUnCBXbHFomEiCEclaIAOhOUM5tYQyLWxWwsZUU4a2q5ItwVv+8ippn9e8y5p3d1Ft1PM6inAMJ3AGHlxBA26gCS1gkMAzvMKb8+S8OO/Ox2K04OQ7R/AHzucPrpqTFA==</latexit>

t 2 N



We have     conditions


on the           free parameters in the residue ansatz:


Integer spectrum bootstrap

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n

<latexit sha1_base64="hAPhIO18vfYDyr6arQi5ZsMxQB0=">AAACD3icbVDLSgMxFM3UV62vqks3waJUkDIjot0UCm5cVrEP6GPIpGkbmmSG5I5Qhv6BG3/FjQtF3Lp159+YPhZaPXDhcM69yb0niAQ34LpfTmppeWV1Lb2e2djc2t7J7u7VTBhryqo0FKFuBMQwwRWrAgfBGpFmRAaC1YPh1cSv3zNteKjuYBSxtiR9xXucErCSnz2+9VUeTnAJt0ws/USW3HFH4ZawT3SJn6hTOYaO9LM5t+BOgf8Sb05yaI6Kn/1sdUMaS6aACmJM03MjaCdEA6eCjTOt2LCI0CHps6alikhm2sn0njE+skoX90JtSwGeqj8nEiKNGcnAdkoCA7PoTcT/vGYMvWI74SqKgSk6+6gXCwwhnoSDu1wzCmJkCaGa210xHRBNKNgIMzYEb/Hkv6R2VvAuCt7Nea5cnMeRRgfoEOWRhy5RGV2jCqoiih7QE3pBr86j8+y8Oe+z1pQzn9lHv+B8fAN0h5us</latexit>

Rn(t) =
nX

m=0

�n,mtm

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="pq/p2AjSlP8PTaxiD4AOxrXYcIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioj0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlB3nh9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq9511bu/qtRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGsV41e</latexit>

n+ 1



We have     conditions


on the           free parameters in the residue ansatz:


Defining                    and for brevity writing                        for          , we find the 
general solution:


Remarkably, we numerically find that choosing       such that the   -channel 
representation of            converges always yields a crossing-symmetric amplitude:

an infinite-parameter family of dual resonant amplitudes.

Integer spectrum bootstrap

<latexit sha1_base64="hAPhIO18vfYDyr6arQi5ZsMxQB0=">AAACD3icbVDLSgMxFM3UV62vqks3waJUkDIjot0UCm5cVrEP6GPIpGkbmmSG5I5Qhv6BG3/FjQtF3Lp159+YPhZaPXDhcM69yb0niAQ34LpfTmppeWV1Lb2e2djc2t7J7u7VTBhryqo0FKFuBMQwwRWrAgfBGpFmRAaC1YPh1cSv3zNteKjuYBSxtiR9xXucErCSnz2+9VUeTnAJt0ws/USW3HFH4ZawT3SJn6hTOYaO9LM5t+BOgf8Sb05yaI6Kn/1sdUMaS6aACmJM03MjaCdEA6eCjTOt2LCI0CHps6alikhm2sn0njE+skoX90JtSwGeqj8nEiKNGcnAdkoCA7PoTcT/vGYMvWI74SqKgSk6+6gXCwwhnoSDu1wzCmJkCaGa210xHRBNKNgIMzYEb/Hkv6R2VvAuCt7Nea5cnMeRRgfoEOWRhy5RGV2jCqoiih7QE3pBr86j8+y8Oe+z1pQzn9lHv+B8fAN0h5us</latexit>

Rn(t) =
nX

m=0

�n,mtm

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="pq/p2AjSlP8PTaxiD4AOxrXYcIc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioj0WvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlB3nh9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq9511bu/qtRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGsV41e</latexit>

n+ 1

<latexit sha1_base64="CMgjbPHimB/cu4TDm4nmHY7f1aI=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWVGRLssuHFZwT6gHYZMJtOGJpkxyRTKMFs3/oobF4q49Q/c+Tem7Sxq64HA4ZxzubknSBhV2nF+rNLa+sbmVnm7srO7t39gHx61VZxKTFo4ZrHsBkgRRgVpaaoZ6SaSIB4w0glGt1O/MyZS0Vg86ElCPI4GgkYUI20k34Z9ZsIh8jOewz55TOl4QbrguW9XnZozA1wlbkGqoEDTt7/7YYxTToTGDCnVc51EexmSmmJG8ko/VSRBeIQGpGeoQJwoL5tdksMzo4QwiqV5QsOZujiRIa7UhAcmyZEeqmVvKv7n9VId1b2MiiTVROD5oihlUMdwWgsMqSRYs4khCEtq/grxEEmEtSmvYkpwl09eJe3Lmntdc++vqo16UUcZnIBTcA5ccAMa4A40QQtg8ARewBt4t56tV+vD+pxHS1Yxcwz+wPr6Bajvmkg=</latexit>

�m ⌘ �m,m

<latexit sha1_base64="s2CYfSi0aRaxopweCDFihFPaKHs="></latexit>

Rn(t) =
nX

m=0

�m

m!

t!

(t�m)!

n!

(n�m)!

<latexit sha1_base64="rHBitNbQceLxNSn/QlPShhU6gck=">AAAB/XicbVDLSgMxFM3UV62v8bFzEy1CRSgzItplwYUuK9gHdIaSSdM2NMmMSaa0DsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGFXacb6tzNLyyupadj23sbm1vWPv7tVUGEtMqjhkoWwESBFGBalqqhlpRJIgHjBSD/rXE78+IFLRUNzrUUR8jrqCdihG2kgt+2B45JGHmA6gd4M4R4XhmXvasvNO0ZkCLhI3JXmQotKyv7x2iGNOhMYMKdV0nUj7CZKaYkbGOS9WJEK4j7qkaahAnCg/mV4/hidGacNOKE0JDafq74kEcaVGPDCdHOmemvcm4n9eM9adkp9QEcWaCDxb1IkZ1CGcRAHbVBKs2cgQhCU1t0LcQxJhbQLLmRDc+ZcXSe286F4W3buLfLmUxpEFh+AYFIALrkAZ3IIKqAIMHsEzeAVv1pP1Yr1bH7PWjJXO7IM/sD5/ALm0lBI=</latexit>

x! ⌘ �(x+ 1)
<latexit sha1_base64="vRBza0SAzLvS0f0qDtZh4jldgso=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi2mWhG5cV7AOaWCbTSTt0MgkzEzWE/ocbF4q49V/c+TdO2iy09cDA4Zx7uWeOH3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVVEiCe2QiEey72NFORO0o5nmtB9LikOf054/beV+74FKxSJxp9OYeiEeCxYwgrWR7p9cJtwQ64nvZ63ZsFqz6/YcaJU4BalBgfaw+uWOIpKEVGjCsVIDx461l2GpGeF0VnETRWNMpnhMB4YKHFLlZfPUM3RmlBEKImme0Giu/t7IcKhUGvpmMk+olr1c/M8bJDpoeBkTcaKpIItDQcKRjlBeARoxSYnmqSGYSGayIjLBEhNtiqqYEpzlL6+S7kXduao7t5e1ZqOoowwncArn4MA1NOEG2tABAhKe4RXerEfrxXq3PhajJavYOYY/sD5/ANP+krI=</latexit>

x 2 C

<latexit sha1_base64="7IPtmvqBE1NTfYIM5XgeNanTITk=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyoyIdllw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpGBHFSqXs2bA68SvyBVKNAcVL76UUIzyZSlghjT873UBjnRllPBpuV+ZlhK6JgMWc9RRSQzQT5feIrPnRLhONHuKYvn6u+JnEhjJjJ0SUnsyCx7M/E/r5fZuB7kXKWZZYouPoozgW2CZ9fjiGtGrZg4QqjmbldMR0QTal1HZVeCv3zyKmlf1vzrmn9/VW3UizpKcApncAE+3EAD7qAJLaAg4Rle4Q1p9ILe0cciuoaKmRP4A/T5A8C1kFk=</latexit>

�m
<latexit sha1_base64="8xkpNI1w1KF5FBtCDt5aVs6zi60=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3ZuM8w==</latexit>s

<latexit sha1_base64="4MGyBVnLOtO2fBhK2/E5pPGh+J8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuiOYY8eIxgnlAsoTZyWwyZnZ2mekVQsg/ePGgiFf/x5t/4yTZg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rUeujYjVPY4T7kd0oEQoGEUrNa/L5gxPe8WSW3HnIH+Jl5ESZKj3ip/dfszSiCtkkhrT8dwE/QnVKJjk00I3NTyhbEQHvGOpohE3/mR+7ZScWKVPwljbUkjm6s+JCY2MGUeB7YwoDs2yNxP/8zophlV/IlSSIldssShMJcGYzF4nfaE5Qzm2hDIt7K2EDammDG1ABRuCt/zyX9I8r3iXFe/uolSrZnHk4QiOoQweXEENbqEODWDwAE/wAq9O7Dw7b877ojXnZDOH8AvOxzdqIo5X</latexit>

A(s, t)

<latexit sha1_base64="njj9ADeQZmln+PqLwSf+ZsqfpAw=">AAACE3icbVDNS8MwHE3n15xfU49egkPYREcrorsIAy8e53AfsJaSpukMS9MuSYVR9j948V/x4kERr168+d+YbT3o5oOEx3vvR/J7XsyoVKb5beSWlldW1/LrhY3Nre2d4u5eW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9Rjre4Hridx6IkDTid2oUEydEfU4DipHSkls8brq8zE8HFXgFm26q2bjMKyf2cJggH1o2I0M4mN46XDKr5hRwkVgZKYEMDbf4ZfsRTkLCFWZIyp5lxspJkVAUMzIu2IkkMcID1Cc9TTkKiXTS6U5jeKQVHwaR0IcrOFV/T6QolHIUejoZInUv572J+J/XS1RQc1LK40QRjmcPBQmDKoKTgqBPBcGKjTRBWFD9V4jvkUBY6RoLugRrfuVF0j6rWhdV6/a8VK9ldeTBATgEZWCBS1AHN6ABWgCDR/AMXsGb8WS8GO/GxyyaM7KZffAHxucPX5ub9g==</latexit>

Rn(n� k) = Rn�k(n), 1  k  n



• Let us choose 


• The Vandermonde identity 


    then implies


Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
1

m!

<latexit sha1_base64="iID9FwU4voNf9fQsqVU3fUTBel0="></latexit>✓
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<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
(t+ n)!

t!n!



• Let us choose 


• The Vandermonde identity 


    then implies


• The amplitude is thus:

Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
1

m!

<latexit sha1_base64="iID9FwU4voNf9fQsqVU3fUTBel0="></latexit>✓
m+ n

r

◆
=

rX

k=0

✓
m
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◆✓
n

r � k

◆

<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
(t+ n)!

t!n!
<latexit sha1_base64="IPkTT4kei2/43dgq+Bm127kbbkg="></latexit>

A(s, t) =
1X
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1

n� s

✓
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s

1X

n=0

(�s)n(1 + t)n
(1� s)n

1

n!

= �1

s
2F1


�s, 1 + t
1� s

; 1

�

=
�(�s)�(�t)

�(�s� t)



• Let us choose 


• The Vandermonde identity 


    then implies


• The amplitude is thus:

Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
1

m!

<latexit sha1_base64="iID9FwU4voNf9fQsqVU3fUTBel0="></latexit>✓
m+ n

r

◆
=

rX

k=0

✓
m
k

◆✓
n

r � k

◆

<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
(t+ n)!

t!n!
<latexit sha1_base64="IPkTT4kei2/43dgq+Bm127kbbkg="></latexit>

A(s, t) =
1X
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1

n� s
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definition of 
Pochhammer 
symbol:

<latexit sha1_base64="5/9tfSqiLyR9GTTnnNvPWddYae8=">AAACDnicbVDLSgMxFM3UV62vUZdugqXQIpQZEe1GKLjQZQX7gLaUTJppQ5PMkGSkZZgvcOOvuHGhiFvX7vwb03YQbT1w4eSce8m9xwsZVdpxvqzMyura+kZ2M7e1vbO7Z+8fNFQQSUzqOGCBbHlIEUYFqWuqGWmFkiDuMdL0RldTv3lPpKKBuNOTkHQ5GgjqU4y0kXp2oTgu9QS8hB1fIhx3rhHnqDg+EaXk51FKenbeKTszwGXipiQPUtR69menH+CIE6ExQ0q1XSfU3RhJTTEjSa4TKRIiPEID0jZUIE5UN56dk8CCUfrQD6QpoeFM/T0RI67UhHumkyM9VIveVPzPa0far3RjKsJIE4HnH/kRgzqA02xgn0qCNZsYgrCkZleIh8jkok2COROCu3jyMmmclt3zsnt7lq9W0jiy4AgcgyJwwQWoghtQA3WAwQN4Ai/g1Xq0nq03633emrHSmUPwB9bHN+P1mr0=</latexit>

(x)n =
�(x+ n)

�(x)



• Let us choose 


• The Vandermonde identity 


    then implies


• The amplitude is thus:

Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
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<latexit sha1_base64="iID9FwU4voNf9fQsqVU3fUTBel0="></latexit>✓
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◆

<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
(t+ n)!

t!n!
<latexit sha1_base64="IPkTT4kei2/43dgq+Bm127kbbkg="></latexit>
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<latexit sha1_base64="1m7KVyZSzzwSbUW0yCaVMKZDBGc="></latexit>

2F1 [ a,bc ; z] =
P1

n=0
(a)n(b)n

(c)n
zn

n!

definition of 
hypergeometric 
function:



• Let us choose 


• The Vandermonde identity 


    then implies


• The amplitude is thus:

Veneziano amplitude
<latexit sha1_base64="a9PdBinVFvKV6mwcKRS9/s9cclM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GS2Cq5KIaDdCwY3LCvYBTQiTyaQdOjMJMxOhhLjxV9y4UMStf+HOv3HaZqGtBwYO55zLnXvClFGlHefbWlpeWV1br2xUN7e2d3btvf2OSjKJSRsnLJG9ECnCqCBtTTUjvVQSxENGuuHoZuJ3H4hUNBH3epwSn6OBoDHFSBspsA89ZsIRCji8hl4sEc7dIufHRWDXnLozBVwkbklqoEQrsL+8KMEZJ0JjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RsqECfKz6cXFPDUKBGME2me0HCq/p7IEVdqzEOT5EgP1bw3Ef/z+pmOG35ORZppIvBsUZwxqBM4qQNGVBKs2dgQhCU1f4V4iEwN2pRWNSW48ycvks553b2su3cXtWajrKMCjsAJOAMuuAJNcAtaoA0weATP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AYUalkQ=</latexit>

�m =
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<latexit sha1_base64="iID9FwU4voNf9fQsqVU3fUTBel0="></latexit>✓
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◆

<latexit sha1_base64="3fAwwq/eC+CPrNzs6YNniepLrZs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsTEICUK4E9E0QsDGMor5gCSEvc1eXLK3d+zOCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz4sE1+A431ZmaXlldS27ntvY3NresXf3GjqMFWV1GopQtTyimeCS1YGDYK1IMRJ4gjW94dXEbz4wpXko72AUsW5ABpL7nBIwUs8+vO3JIpTwJe74itCkCCeylB8nkJf5cc8uOGVnCrxI3JQUUIpaz/7q9EMaB0wCFUTrtutE0E2IAk4FG+c6sWYRoUMyYG1DJQmY7ibTL8b42Ch97IfKlAQ8VX9PJCTQehR4pjMgcK/nvYn4n9eOwa90Ey6jGJiks0V+LDCEeBIJ7nPFKIiRIYQqbm7F9J6YNMAElzMhuPMvL5LGadk9L7s3Z4VqJY0jiw7QESoiF12gKrpGNVRHFD2iZ/SK3qwn68V6tz5mrRkrndlHf2B9/gCLcZar</latexit>

Rn(t) =
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<latexit sha1_base64="IPkTT4kei2/43dgq+Bm127kbbkg="></latexit>
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Veneziano amplitude



• Let us choose


Hypergeometric amplitude
<latexit sha1_base64="PE8aM3cuQej6z5FIFy1b8V7hEks="></latexit>

�m =
r!

(m+ r)!
, r 2 R

<latexit sha1_base64="l/h+oxpIoV+i72dqclaC0ny1QZA=">AAACGnicbZBNSwMxEIaz9avWr6pHL6lF2FIouyLai1Dw4rGKbYW2LNk024Zms0syK5Slv8OLf8WLB0W8iRf/jenHQVsHAs+8M8NkXj8WXIPjfFuZldW19Y3sZm5re2d3L79/0NRRoihr0EhE6t4nmgkuWQM4CHYfK0ZCX7CWP7ya1FsPTGkeyTsYxawbkr7kAacEjOTl3Q4PzR6m8a0nbSjhS9wJFKGpDWVZVqWCKownbMie5mMvX3QqzjTwMrhzKKJ51L38Z6cX0SRkEqggWrddJ4ZuShRwKtg410k0iwkdkj5rG5QkZLqbTk8b4xOj9HAQKfMk4Kn6eyIlodaj0DedIYGBXqxNxP9q7QSCajflMk6ASTpbFCQCQ4QnPuEeV4yCGBkgVHHzV0wHxDgDxs2cMcFdPHkZmqcV97zi3pwVa9W5HVl0hI6RjVx0gWroGtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoT1tcPfwSd+A==</latexit>

=) Rn(t) =
(t+ n+ r)!r!

(t+ r)!(n+ r)!



• Let us choose


• From the definition of the generalized hypergeometric function,


   the amplitude becomes 


Hypergeometric amplitude
<latexit sha1_base64="PE8aM3cuQej6z5FIFy1b8V7hEks="></latexit>

�m =
r!

(m+ r)!
, r 2 R

<latexit sha1_base64="l/h+oxpIoV+i72dqclaC0ny1QZA=">AAACGnicbZBNSwMxEIaz9avWr6pHL6lF2FIouyLai1Dw4rGKbYW2LNk024Zms0syK5Slv8OLf8WLB0W8iRf/jenHQVsHAs+8M8NkXj8WXIPjfFuZldW19Y3sZm5re2d3L79/0NRRoihr0EhE6t4nmgkuWQM4CHYfK0ZCX7CWP7ya1FsPTGkeyTsYxawbkr7kAacEjOTl3Q4PzR6m8a0nbSjhS9wJFKGpDWVZVqWCKownbMie5mMvX3QqzjTwMrhzKKJ51L38Z6cX0SRkEqggWrddJ4ZuShRwKtg410k0iwkdkj5rG5QkZLqbTk8b4xOj9HAQKfMk4Kn6eyIlodaj0DedIYGBXqxNxP9q7QSCajflMk6ASTpbFCQCQ4QnPuEeV4yCGBkgVHHzV0wHxDgDxs2cMcFdPHkZmqcV97zi3pwVa9W5HVl0hI6RjVx0gWroGtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoT1tcPfwSd+A==</latexit>

=) Rn(t) =
(t+ n+ r)!r!

(t+ r)!(n+ r)!

<latexit sha1_base64="2/SCnVmM49yG2/j8HlPNw8G47ls="></latexit>

A(s, t) =
1X

n=0

Rn(t)

n� s
= �1

s
3F2


1, �s, 1 + t+ r
1� s, 1 + r

; 1

�

<latexit sha1_base64="zI0SYE1MT/xqOLu/WY2mWJeZGWE="></latexit>

mFn


a1, . . . , am
b1, . . . , bn

; z

�
=

1X

k=0

(a1)k · · · (am)k
(b1)k · · · (bn)k

zn

n!

<latexit sha1_base64="1eGtlQhzl/1gt+0R3Iy5eL2JRcE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69rBbBU0mkaI8FLx4r2A9o07LZbtolm03Y3Sg15H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5XsyZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRW0WJJLRFIh7JrocV5UzQlmaa024sKQ49TjtecDPzOw9UKhaJez2NqRvisWA+I1gbadD3JSbp0yDI0uA0G5YrdtWeA60SJycVyNEclr/6o4gkIRWacKxUz7Fj7aZYakY4zUr9RNEYkwCPac9QgUOq3HR+dYbOjTJCfiRNCY3m6u+JFIdKTUPPdIZYT9SyNxP/83qJ9utuykScaCrIYpGfcKQjNIsAjZikRPOpIZhIZm5FZIJNENoEVTIhOMsvr5L2ZdW5qjp3tUqjnsdRhBM4gwtw4BoacAtNaAEBCc/wCm/Wo/VivVsfi9aClc8cwx9Ynz/e5ZK5</latexit>

zk

k!



• Let us choose


• From the definition of the generalized hypergeometric function,


   the amplitude becomes


• Using a Thomae transformation,

Hypergeometric amplitude
<latexit sha1_base64="PE8aM3cuQej6z5FIFy1b8V7hEks="></latexit>

�m =
r!

(m+ r)!
, r 2 R

<latexit sha1_base64="l/h+oxpIoV+i72dqclaC0ny1QZA=">AAACGnicbZBNSwMxEIaz9avWr6pHL6lF2FIouyLai1Dw4rGKbYW2LNk024Zms0syK5Slv8OLf8WLB0W8iRf/jenHQVsHAs+8M8NkXj8WXIPjfFuZldW19Y3sZm5re2d3L79/0NRRoihr0EhE6t4nmgkuWQM4CHYfK0ZCX7CWP7ya1FsPTGkeyTsYxawbkr7kAacEjOTl3Q4PzR6m8a0nbSjhS9wJFKGpDWVZVqWCKownbMie5mMvX3QqzjTwMrhzKKJ51L38Z6cX0SRkEqggWrddJ4ZuShRwKtg410k0iwkdkj5rG5QkZLqbTk8b4xOj9HAQKfMk4Kn6eyIlodaj0DedIYGBXqxNxP9q7QSCajflMk6ASTpbFCQCQ4QnPuEeV4yCGBkgVHHzV0wHxDgDxs2cMcFdPHkZmqcV97zi3pwVa9W5HVl0hI6RjVx0gWroGtVRA1H0iJ7RK3qznqwX6936mLVmrPnMIfoT1tcPfwSd+A==</latexit>

=) Rn(t) =
(t+ n+ r)!r!

(t+ r)!(n+ r)!

<latexit sha1_base64="2/SCnVmM49yG2/j8HlPNw8G47ls="></latexit>

A(s, t) =
1X

n=0

Rn(t)

n� s
= �1

s
3F2


1, �s, 1 + t+ r
1� s, 1 + r

; 1

�

<latexit sha1_base64="Qt8JP9x60t8g2A5fwNyyJUUSlzs="></latexit>

A(s, t) =
�(�s)�(�t)

�(�s� t)
3F2


�s, �t, r

�s� t, 1 + r
; 1

�

New hypergeometric amplitude

<latexit sha1_base64="zI0SYE1MT/xqOLu/WY2mWJeZGWE="></latexit>

mFn


a1, . . . , am
b1, . . . , bn

; z

�
=

1X

k=0

(a1)k · · · (am)k
(b1)k · · · (bn)k

zn

n!

<latexit sha1_base64="1eGtlQhzl/1gt+0R3Iy5eL2JRcE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69rBbBU0mkaI8FLx4r2A9o07LZbtolm03Y3Sg15H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5XsyZ0rb9bRXW1jc2t4rbpZ3dvf2D8uFRW0WJJLRFIh7JrocV5UzQlmaa024sKQ49TjtecDPzOw9UKhaJez2NqRvisWA+I1gbadD3JSbp0yDI0uA0G5YrdtWeA60SJycVyNEclr/6o4gkIRWacKxUz7Fj7aZYakY4zUr9RNEYkwCPac9QgUOq3HR+dYbOjTJCfiRNCY3m6u+JFIdKTUPPdIZYT9SyNxP/83qJ9utuykScaCrIYpGfcKQjNIsAjZikRPOpIZhIZm5FZIJNENoEVTIhOMsvr5L2ZdW5qjp3tUqjnsdRhBM4gwtw4BoacAtNaAEBCc/wCm/Wo/VivVsfi9aClc8cwx9Ynz/e5ZK5</latexit>

zk

k!



• In order for our amplitude to correspond to a physical theory, its residues must 
obey partial wave unitarity.


• Later, we’ll be much more general, but as a preliminary check, let’s consider 
massless external particles in            dimensions.


<latexit sha1_base64="HqFYTbcq4BUXr2G0xX+J2iBqJ4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgB48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2utIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuqUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+hMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyd1n27iulWjWLIw8ncArn4MEV1OAO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/jEGNSQ==</latexit>

D = 4

Partial wave unitarity



• In order for our amplitude to correspond to a physical theory, its residues must 
obey partial wave unitarity.


• Later, we’ll be much more general, but as a preliminary check, let’s consider 
massless external particles in            dimensions.


• Partial wave decomposition:


                  Legendre polynomials


                      Scattering angle
 <latexit sha1_base64="ilXGh2iNqMUQFGYEWnoISefej+w=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeGQ4NrqU07YhakUNBAgRLaiQEWRxJa0fh25reewFih1QNOEghjNlRiIDhDJzW7OAJkvVLZr/hz0FUS5KRMctR7pa9uX/M0BoVcMms7gZ9gmDGDgkuYFruphYTxMRtCx1HFYrBhNr92Ss+d0qcDbVwppHP190TGYmsnceQ6Y4Yju+zNxP+8ToqDapgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUluK4E91flWjWPo0BOyRm5IAG5ITVyR+qkQTh5JM/klbx52nvx3r2PReual8+ckD/wPn8Aou2PJA==</latexit>

✓

<latexit sha1_base64="HqFYTbcq4BUXr2G0xX+J2iBqJ4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgB48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2utIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuqUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+hMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyd1n27iulWjWLIw8ncArn4MEV1OAO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/jEGNSQ==</latexit>

D = 4

<latexit sha1_base64="k3rMH3+sLYWe/b0W5PsOAtgyDK4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCIJSkiPYiFLx4rGA/oAlls920SzfZsDsRSujBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYW9/Y3Cpul3Z29/YP7MOjtpapoqxFpZCqGxDNBI9ZCzgI1k0UI1EgWCcY38z8zgNTmsv4HiYJ8yMyjHnIKQEj9e2yR6X2YMSA4GvsnnuhIjSrwTTT075dcarOHHiVuDmpoBzNvv3lDSRNIxYDFUTrnusk4GdEAaeCTUteqllC6JgMWc/QmERM+9n8iSk+NcoAh1KZigHP1d8TGYm0nkSB6YwIjPSyNxP/83ophHU/43GSAovpYlGYCgwSzxLBA64YBTExhFDFza2YjoiJAUxuJROCu/zyKmnXqu5l1b27qDTqeRxFVEYn6Ay56Ao10C1qohai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzB/Pul6I=</latexit>

cos ✓ = 1 +
2t

s

<latexit sha1_base64="anr0yhTrEVy+3T8CsF02t54X6lM=">AAACH3icbVBNSwMxEM36WetX1aOXYBEqlLIrUr0IBS8eq1grdOuSTadtMJtdklmhLP0nXvwrXjwoIt78N2ZrD2p9EPLy3gyTeWEihUHX/XTm5hcWl5YLK8XVtfWNzdLW9rWJU82hxWMZ65uQGZBCQQsFSrhJNLAolNAO785yv30P2ohYXeEogW7EBkr0BWdopaBUv6yoKh7QU+qbNAoyH6Q8dce3irIgU9X8OabNIL8rPo+Nj0NAdhCUym7NnYDOEm9KymSKZlD68HsxTyNQyCUzpuO5CXYzplFwCeOinxpIGL9jA+hYqlgEpptN9hvTfav0aD/W9iikE/VnR8YiY0ZRaCsjhkPz18vF/7xOiv2TbiZUkiIo/j2on0qKMc3Doj2hgaMcWcK4FvavlA+ZZhxtpEUbgvd35VlyfVjz6jXv4qjcOJnGUSC7ZI9UiEeOSYOckyZpEU4eyBN5Ia/Oo/PsvDnv36VzzrRnh/yC8/kF1aehog==</latexit>

R(n, t) =
nX

`=0

an,`P`(cos ✓)

Partial wave unitarity



<latexit sha1_base64="A3DsxKJefh5K3Z4PkwvYZNL2LMU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RERHssePFYwdZCG8JmO22XbjZxd1Moof/EiwdFvPpPvPlv3H4ctPXBwOO9GWbmRang2njet1NYW9/Y3Cpul3Z29/YP3MOjpk4yxbDBEpGoVkQ1Ci6xYbgR2EoV0jgS+BgNb6f+4wiV5ol8MOMUg5j2Je9xRo2VQtelYS4vOijEpNPHJ+KFbtmreDOQVeIvSBkWqIfuV6ebsCxGaZigWrd9LzVBTpXhTOCk1Mk0ppQNaR/blkoaow7y2eUTcmaVLuklypY0ZKb+nshprPU4jmxnTM1AL3tT8T+vnZleNci5TDODks0X9TJBTEKmMZAuV8iMGFtCmeL2VsIGVFFmbFglG4K//PIqaV5W/OuKf39VrlUXcRThBE7hHHy4gRrcQR0awGAEz/AKb07uvDjvzse8teAsZo7hD5zPH9Vykxs=</latexit>

an,` � 0

<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`
<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`

<latexit sha1_base64="zMPKJ2iNwpZLeI0QLx7lweOfS1c=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwISUpol0W3LisYB/QxjCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8ZpG0RbD1w4c869zL0nSDhT2nG+rKXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk381j2VisXiVo8S6kW4L1jICNZG8u0j7GfirEs5H6OuYhHq/7zvKr5dcsrOFGiRuDkpQY66b392ezFJIyo04Vipjusk2suw1IxwOi52U0UTTIa4TzuGChxR5WXTK8boxCg9FMbSlNBoqv6eyHCk1CgKTGeE9UDNexPxP6+T6rDqZUwkqaaCzD4KU450jCaRoB6TlGg+MgQTycyuiAywxESb4IomBHf+5EXSrJTdi7J7c16qVfM4CnAIx3AKLlxCDa6hDg0g8ABP8AKv1qP1bL1Z77PWJSufOYA/sD6+Ab/TmBA=</latexit>

an,` ⇠ g2n,`

• In order for our amplitude to correspond to a physical theory, its residues must 
obey partial wave unitarity.


• Later, we’ll be much more general, but as a preliminary check, let’s consider 
massless external particles in            dimensions.


• Partial wave decomposition:


                  Legendre polynomials


                      Scattering angle


• Unitarity of partial waves requires              .

<latexit sha1_base64="ilXGh2iNqMUQFGYEWnoISefej+w=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeGQ4NrqU07YhakUNBAgRLaiQEWRxJa0fh25reewFih1QNOEghjNlRiIDhDJzW7OAJkvVLZr/hz0FUS5KRMctR7pa9uX/M0BoVcMms7gZ9gmDGDgkuYFruphYTxMRtCx1HFYrBhNr92Ss+d0qcDbVwppHP190TGYmsnceQ6Y4Yju+zNxP+8ToqDapgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUluK4E91flWjWPo0BOyRm5IAG5ITVyR+qkQTh5JM/klbx52nvx3r2PReual8+ckD/wPn8Aou2PJA==</latexit>

✓

spin-  intermediate state <latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="HqFYTbcq4BUXr2G0xX+J2iBqJ4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgB48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2utIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuqUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+hMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyd1n27iulWjWLIw8ncArn4MEV1OAO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/jEGNSQ==</latexit>

D = 4

<latexit sha1_base64="k3rMH3+sLYWe/b0W5PsOAtgyDK4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCIJSkiPYiFLx4rGA/oAlls920SzfZsDsRSujBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VYW9/Y3Cpul3Z29/YP7MOjtpapoqxFpZCqGxDNBI9ZCzgI1k0UI1EgWCcY38z8zgNTmsv4HiYJ8yMyjHnIKQEj9e2yR6X2YMSA4GvsnnuhIjSrwTTT075dcarOHHiVuDmpoBzNvv3lDSRNIxYDFUTrnusk4GdEAaeCTUteqllC6JgMWc/QmERM+9n8iSk+NcoAh1KZigHP1d8TGYm0nkSB6YwIjPSyNxP/83ophHU/43GSAovpYlGYCgwSzxLBA64YBTExhFDFza2YjoiJAUxuJROCu/zyKmnXqu5l1b27qDTqeRxFVEYn6Ay56Ao10C1qohai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzB/Pul6I=</latexit>

cos ✓ = 1 +
2t

s

<latexit sha1_base64="anr0yhTrEVy+3T8CsF02t54X6lM=">AAACH3icbVBNSwMxEM36WetX1aOXYBEqlLIrUr0IBS8eq1grdOuSTadtMJtdklmhLP0nXvwrXjwoIt78N2ZrD2p9EPLy3gyTeWEihUHX/XTm5hcWl5YLK8XVtfWNzdLW9rWJU82hxWMZ65uQGZBCQQsFSrhJNLAolNAO785yv30P2ohYXeEogW7EBkr0BWdopaBUv6yoKh7QU+qbNAoyH6Q8dce3irIgU9X8OabNIL8rPo+Nj0NAdhCUym7NnYDOEm9KymSKZlD68HsxTyNQyCUzpuO5CXYzplFwCeOinxpIGL9jA+hYqlgEpptN9hvTfav0aD/W9iikE/VnR8YiY0ZRaCsjhkPz18vF/7xOiv2TbiZUkiIo/j2on0qKMc3Doj2hgaMcWcK4FvavlA+ZZhxtpEUbgvd35VlyfVjz6jXv4qjcOJnGUSC7ZI9UiEeOSYOckyZpEU4eyBN5Ia/Oo/PsvDnv36VzzrRnh/yC8/kF1aehog==</latexit>

R(n, t) =
nX

`=0

an,`P`(cos ✓)

Partial wave unitarity



<latexit sha1_base64="A3DsxKJefh5K3Z4PkwvYZNL2LMU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RERHssePFYwdZCG8JmO22XbjZxd1Moof/EiwdFvPpPvPlv3H4ctPXBwOO9GWbmRang2njet1NYW9/Y3Cpul3Z29/YP3MOjpk4yxbDBEpGoVkQ1Ci6xYbgR2EoV0jgS+BgNb6f+4wiV5ol8MOMUg5j2Je9xRo2VQtelYS4vOijEpNPHJ+KFbtmreDOQVeIvSBkWqIfuV6ebsCxGaZigWrd9LzVBTpXhTOCk1Mk0ppQNaR/blkoaow7y2eUTcmaVLuklypY0ZKb+nshprPU4jmxnTM1AL3tT8T+vnZleNci5TDODks0X9TJBTEKmMZAuV8iMGFtCmeL2VsIGVFFmbFglG4K//PIqaV5W/OuKf39VrlUXcRThBE7hHHy4gRrcQR0awGAEz/AKb07uvDjvzse8teAsZo7hD5zPH9Vykxs=</latexit>

an,` � 0

<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`
<latexit sha1_base64="J9qiwMVvr5cA9kBC2yWui2OzGlk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj8N+Ji96KMS0X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr94Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpHVZ9a6r3v1VpV7L4yjCCZzCOXhwA3W4gwY0gYGEZ3iFN0c7L86787FoLTj5zDH8gfP5A4aPkMs=</latexit>gn,`

<latexit sha1_base64="zMPKJ2iNwpZLeI0QLx7lweOfS1c=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwISUpol0W3LisYB/QxjCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8ZpG0RbD1w4c869zL0nSDhT2nG+rKXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk381j2VisXiVo8S6kW4L1jICNZG8u0j7GfirEs5H6OuYhHq/7zvKr5dcsrOFGiRuDkpQY66b392ezFJIyo04Vipjusk2suw1IxwOi52U0UTTIa4TzuGChxR5WXTK8boxCg9FMbSlNBoqv6eyHCk1CgKTGeE9UDNexPxP6+T6rDqZUwkqaaCzD4KU450jCaRoB6TlGg+MgQTycyuiAywxESb4IomBHf+5EXSrJTdi7J7c16qVfM4CnAIx3AKLlxCDa6hDg0g8ABP8AKv1qP1bL1Z77PWJSufOYA/sD6+Ab/TmBA=</latexit>

an,` ⇠ g2n,`

• In order for our amplitude to correspond to a physical theory, its residues must 
obey partial wave unitarity.


• Later, we’ll be much more general, but as a preliminary check, let’s consider 
massless external particles in            dimensions.


• Partial wave decomposition:


• Unitarity of partial waves requires              .

<latexit sha1_base64="ilXGh2iNqMUQFGYEWnoISefej+w=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeGQ4NrqU07YhakUNBAgRLaiQEWRxJa0fh25reewFih1QNOEghjNlRiIDhDJzW7OAJkvVLZr/hz0FUS5KRMctR7pa9uX/M0BoVcMms7gZ9gmDGDgkuYFruphYTxMRtCx1HFYrBhNr92Ss+d0qcDbVwppHP190TGYmsnceQ6Y4Yju+zNxP+8ToqDapgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUluK4E91flWjWPo0BOyRm5IAG5ITVyR+qkQTh5JM/klbx52nvx3r2PReual8+ckD/wPn8Aou2PJA==</latexit>

✓

spin-  intermediate state <latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="HqFYTbcq4BUXr2G0xX+J2iBqJ4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgB48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2utIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuqUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+hMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyd1n27iulWjWLIw8ncArn4MEV1OAO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/jEGNSQ==</latexit>

D = 4

<latexit sha1_base64="VV4ok0ZQTRKEcXaG68xUeIUXNo4="></latexit>

an,` = (2`+ 1)
r!

(r + n)!

nX

j=`

b(j�`)/2cX

s=0

S1(n, j)
2`�j(`+ s)!j!n`+2s(2� n+ 2r)j�`�2s

(j � `� 2s)!s!(2`+ 2s+ 1)!

Partial wave unitarity



<latexit sha1_base64="EUi5lceKmgLs3bD4CUnND7WN15U=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSlqL60UYePE4wX3AVkaapltY2pQkHYyy/8SLB0W8+p94878x+xBU9EHI473fj7y8KOdMaYQ+rLX1jc2t7cpOdXdv/+DQPjpuK1FIQltEcCG7EVaUs4y2NNOcdnNJcRpx2onGN3O/M6FSMZHd62lOwxQPM5YwgrWRBrbdjwSP1TQ1Vymv0Wxg15CDAuQGHkSO5/t+gAzxL+u+50PXQQvUwArNgf3ejwUpUpppwrFSPRflOiyx1IxwOqv2C0VzTMZ4SHuGZjilKiwXyWfw3CgxTIQ0J9NwoX7fKHGq5uHMZIr1SP325uJfXq/QSRCWLMsLTTOyfCgpONQCzmuAMZOUaD41BBPJTFZIRlhiok1ZVVPC10/h/6TtOe6V4975tUawqqMCTsEZuAAuqIMGuAVN0AIETMADeALPVmk9Wi/W63J0zVrtnIAfsN4+ARnUk/I=</latexit>

r = 0

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`

Partial wave unitarity



<latexit sha1_base64="6X1si47GXsWxvvfXz18ypckQ32Y=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieStt9H4SBF48T3AdsZaRpuoWlaUnSwSj7T7x4UMSr/4k3/xvTbYKKPgh5vPf7kZfnJ4xKZdsfxsbm1vbObmGvuH9weHRsnpx2ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOdPb3K/NyNC0pjfq3lCvAiNOQ0pRkpLI9Mc+jEL5DzSVyauncXILNmW41bdpgttq9IsN8r1nNSqTrMMHcteogTWaI/M92EQ4zQiXGGGpBw4dqK8DAlFMSOL4jCVJEF4isZkoClHEZFetky+gJdaCWAYC324gkv1+0aGIpmH05MRUhP528vFv7xBqsKGl1GepIpwvHooTBlUMcxrgAEVBCs21wRhQXVWiCdIIKx0WUVdwtdP4f+k61pOzXLuKqVWY11HAZyDC3AFHFAHLXAL2qADMJiBB/AEno3MeDRejNfV6Iax3jkDP2C8fQI1S5QF</latexit>

r = 1

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`

Partial wave unitarity



<latexit sha1_base64="W4W4zQc1s8wH+CLRIPTQYD62o2s=">AAAB+XicdVDNS8MwHE39nPOr6tFLcAieSlvrPg7CwIvHCe4DtjLSNN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR+EPN77/cjLC1JGpbLtD2NtfWNza7u0U97d2z84NI+OOzLJBCZtnLBE9AIkCaOctBVVjPRSQVAcMNINJjeF350SIWnC79UsJX6MRpxGFCOlpaFpDoKEhXIW6ysX1+58aFZsy3UvGw0H2la1Zledhiaee1X3POhY9gIVsEJraL4PwgRnMeEKMyRl37FT5edIKIoZmZcHmSQpwhM0In1NOYqJ9PNF8jk810oIo0TowxVcqN83chTLIpyejJEay99eIf7l9TMV1f2c8jRThOPlQ1HGoEpgUQMMqSBYsZkmCAuqs0I8RgJhpcsq6xK+fgr/Jx3XcqqWc+dVmvVVHSVwCs7ABXBADTTBLWiBNsBgCh7AE3g2cuPReDFel6NrxmrnBPyA8fYJNY+UBQ==</latexit>

r = 2

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`

Partial wave unitarity



<latexit sha1_base64="ZKTiOYsXWxQ/XUmCfkMVMthYSjk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwVFrXaj0IAy8eJ7gP2MpI03QLpmlJ0sEo+0+8eFDEq/+JN/8b022Cij4Iebz3+5GXF2aMSmXbH0ZlZXVtfaO6Wdva3tndM/cPOjLNBSZtnLJU9EIkCaOctBVVjPQyQVASMtIN769LvzshQtKU36lpRoIEjTiNKUZKS0PTHIQpi+Q00VchrhqzoVm3LdfzfNeDtuXbdsNzNWm4nn/pQsey56iDJVpD830QpThPCFeYISn7jp2poEBCUczIrDbIJckQvkcj0teUo4TIoJgnn8ETrUQwToU+XMG5+n2jQIksw+nJBKmx/O2V4l9eP1exHxSUZ7kiHC8einMGVQrLGmBEBcGKTTVBWFCdFeIxEggrXVZNl/D1U/g/6ZxZzrnl3Lr1pr+sowqOwDE4BQ64AE1wA1qgDTCYgAfwBJ6Nwng0XozXxWjFWO4cgh8w3j4BOfSUCA==</latexit>

r = 3

<latexit sha1_base64="R5lntaqvDO3TzAQFYZniiFXWsKQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1geM7g==</latexit>n

<latexit sha1_base64="ARz+QkvAvQldz8kcwveugljz6w8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWy2k3bpbhJ2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSNsG24E9hKFVAYCu8H0Lve7T6g0j6NHM0vQl3Qc8ZAzanJpgEIMqzW37i5A1olXkBoUaA2rX4NRzFKJkWGCat333MT4GVWGM4HzyiDVmFA2pWPsWxpRidrPFrfOyYVVRiSMla3IkIX6eyKjUuuZDGynpGaiV71c/M/rpyZs+BmPktRgxJaLwlQQE5P8cTLiCpkRM0soU9zeStiEKsqMjadiQ/BWX14nnau6d1P3Hq5rzUYRRxnO4BwuwYNbaMI9tKANDCbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AAxcjjc=</latexit>

`

<latexit sha1_base64="8AcnubLj4CzyrxPnmRX9e/rTmMI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERHssePFYwX5gG8pmO2mXbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKj7SfyYseCjHtlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+ekjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCmp9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqaV1Wveuqd39VqdfyOIpwAqdwDh7cQB3uoAFNYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AH1BkMU=</latexit>an,`

Partial wave unitarity



• In the high-energy, fixed-angle limit,


    the hypergeometric amplitude exhibits the scaling:


Hard scattering

<latexit sha1_base64="NeDfhp/P9Z03B4s8OWvZug63Nn0="></latexit>

|s|, |t| ! 1, t/s fixed

<latexit sha1_base64="YzHpO0JkrG3MOi42cPMQL1Cr5nI="></latexit>

A(s, t) ⇠ eB(s,t) +
r

st
+ · · · , B(s, t) = (s+ t) log(s+ t)� s log s� t log t+ · · ·



• In the high-energy, fixed-angle limit,


    the hypergeometric amplitude exhibits the scaling:


• In the physical region,                                     , one has           , so the amplitude 
falls off as a power law            , unless         , where the exponential decay of the 
string amplitude obtains.


Hard scattering

<latexit sha1_base64="NeDfhp/P9Z03B4s8OWvZug63Nn0="></latexit>

|s|, |t| ! 1, t/s fixed

<latexit sha1_base64="YzHpO0JkrG3MOi42cPMQL1Cr5nI="></latexit>

A(s, t) ⇠ eB(s,t) +
r

st
+ · · · , B(s, t) = (s+ t) log(s+ t)� s log s� t log t+ · · ·

<latexit sha1_base64="IGnuTxoRGiJ6dJqXRHS08GRjFs8=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoMoqGFHRL0IAS8eI5gHZJcwO5lNhszOLjO9QljyCV78FS8eFPHq0Zt/4+Rx0MSChqKqm+6uIJHCgOt+O7mFxaXllfxqYW19Y3OruL1TN3GqGa+xWMa6GVDDpVC8BgIkbyaa0yiQvBH0b0Z+44FrI2J1D4OE+xHtKhEKRsFK7eKhx2LjQY8DxdeYHHsQasqyMxhmZog9oXDrlJwQv10suWV3DDxPyJSU0BTVdvHL68QsjbgCJqkxLeIm4GdUg2CSDwteanhCWZ92ectSRSNu/Gz80BAfWKWDw1jbUoDH6u+JjEbGDKLAdkYUembWG4n/ea0Uwis/EypJgSs2WRSmEkOMR+ngjtCcgRxYQpkW9lbMetQmAjbDgg2BzL48T+pnZXJRJnfnpcrVNI482kP76AgRdIkq6BZVUQ0x9Iie0St6c56cF+fd+Zi05pzpzC76A+fzB1Nym3Q=</latexit>

cos ✓ = 1 + 2t
s 2 [�1, 1]

<latexit sha1_base64="sdh4oMvURwx1bb6YYFNXfWIij4w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVF0MYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpBIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3ItRGxesBJwv2IDpUIBaNopfvrK7dfrrhVdw7yl3g5qUCORr/82RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmKVAQljbUshmas/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88l/SOqt6F1Xv7rxSr+VxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnSenTfnfdFacPKZQ/gF5+MbgaCNQg==</latexit>

B < 0
<latexit sha1_base64="pEQs6uenzmzZbbmlYKfixC83WvQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKjz0jFNEXBvvlilt15yCrxMtJBXI0+uWv3iBmqeIRMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlHFjZ/ND56SM6sMSBhrWxGSufp7IqPKmIkKbKeiODLL3kz8z+umGNb8TERJijxii0VhKgnGZPY9GQjNGcqJJZRpYW8lbEQ1ZWgzKtkQvOWXV0nrsupdV737q0q9lsdRhBM4hXPw4AbqcAcNaAIDBc/wCm+Odl6cd+dj0Vpw8plj+APn8wdk+JAd</latexit>

⇠ r/st
<latexit sha1_base64="tWwAjNddECb9dBqs1q+vGnh+HAA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPagbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/MRY1z</latexit>

r = 0



• In the high-energy, fixed-angle limit,


    the hypergeometric amplitude exhibits the scaling:


• In the physical region,                                     , one has           , so the amplitude 
falls off as a power law            , unless         , where the exponential decay of the 
string amplitude obtains.


• In the unphysical          region,            and we find the scaling:                                                   

Hard scattering

<latexit sha1_base64="NeDfhp/P9Z03B4s8OWvZug63Nn0="></latexit>

|s|, |t| ! 1, t/s fixed

<latexit sha1_base64="YzHpO0JkrG3MOi42cPMQL1Cr5nI="></latexit>

A(s, t) ⇠ eB(s,t) +
r

st
+ · · · , B(s, t) = (s+ t) log(s+ t)� s log s� t log t+ · · ·

<latexit sha1_base64="IGnuTxoRGiJ6dJqXRHS08GRjFs8=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoMoqGFHRL0IAS8eI5gHZJcwO5lNhszOLjO9QljyCV78FS8eFPHq0Zt/4+Rx0MSChqKqm+6uIJHCgOt+O7mFxaXllfxqYW19Y3OruL1TN3GqGa+xWMa6GVDDpVC8BgIkbyaa0yiQvBH0b0Z+44FrI2J1D4OE+xHtKhEKRsFK7eKhx2LjQY8DxdeYHHsQasqyMxhmZog9oXDrlJwQv10suWV3DDxPyJSU0BTVdvHL68QsjbgCJqkxLeIm4GdUg2CSDwteanhCWZ92ectSRSNu/Gz80BAfWKWDw1jbUoDH6u+JjEbGDKLAdkYUembWG4n/ea0Uwis/EypJgSs2WRSmEkOMR+ngjtCcgRxYQpkW9lbMetQmAjbDgg2BzL48T+pnZXJRJnfnpcrVNI482kP76AgRdIkq6BZVUQ0x9Iie0St6c56cF+fd+Zi05pzpzC76A+fzB1Nym3Q=</latexit>

cos ✓ = 1 + 2t
s 2 [�1, 1]

<latexit sha1_base64="sdh4oMvURwx1bb6YYFNXfWIij4w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVF0MYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhUYfDDzem2FmXpBIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxjczv/3ItRGxesBJwv2IDpUIBaNopfvrK7dfrrhVdw7yl3g5qUCORr/82RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+alTcmKVAQljbUshmas/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88l/SOqt6F1Xv7rxSr+VxFOEIjuEUPLiEOtxCA5rAYAhP8AKvjnSenTfnfdFacPKZQ/gF5+MbgaCNQg==</latexit>

B < 0
<latexit sha1_base64="pEQs6uenzmzZbbmlYKfixC83WvQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKjz0jFNEXBvvlilt15yCrxMtJBXI0+uWv3iBmqeIRMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlHFjZ/ND56SM6sMSBhrWxGSufp7IqPKmIkKbKeiODLL3kz8z+umGNb8TERJijxii0VhKgnGZPY9GQjNGcqJJZRpYW8lbEQ1ZWgzKtkQvOWXV0nrsupdV737q0q9lsdRhBM4hXPw4AbqcAcNaAIDBc/wCm+Odl6cd+dj0Vpw8plj+APn8wdk+JAd</latexit>

⇠ r/st
<latexit sha1_base64="tWwAjNddECb9dBqs1q+vGnh+HAA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPagbt1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1UfWuqt79ZaVey+Mowgmcwjl4cA11uIMGNIHBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/MRY1z</latexit>

r = 0

<latexit sha1_base64="vBTkOhsVW8Io6mcjWlJKfPNy9Hc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesAbt1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjU/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5V1bu/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQ1o12</latexit>

t > 0
<latexit sha1_base64="CqmtBfCjGE/O28dzYrCrCH2xdzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3V9fuf1yxa26c5C/xMtJBXI0+uXP3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SE6sMSBhrWwrJXP05kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdW7qHp355V6LY+jCEdwDKfgwSXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9+Eqo1E</latexit>

B > 0

<latexit sha1_base64="yP8rfuRrYyL3q/9CUnscmBAVBiw=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARqtIyI6JdVty4rGAv0BlKJs20oZkLyRmhlL6DG1/FjQtF3Lpx59uYmc5CqwdCPv7/HJLze7HgCizryygsLa+srhXXSxubW9s75u5eW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vfJ36nXsmFY/CO5jEzA3IMOQ+pwS01DdPHBEN8RV2FA9wRZ3CcSpkUFWZp6qQ3dA3y1bNygr/BTuHMsqr2Tc/nUFEk4CFQAVRqmdbMbhTIoFTwWYlJ1EsJnRMhqynMSQBU+4022mGj7QywH4k9QkBZ+rPiSkJlJoEnu4MCIzUopeK/3m9BPy6O+VhnAAL6fwhPxEYIpwGhAdcMgpiooFQyfVfMR0RSSjoGEs6BHtx5b/QPqvZFzX79rzcqOdxFNEBOkQVZKNL1EA3qIlaiKIH9IRe0KvxaDwbb8b7vLVg5DP76FcZH9/MIpw3</latexit>

logA ⇠ (s+ t) log(s+ t)� s log s� t log t

Caron-Huot, Komargodski,  

Sever, Zhiboedov 

[1607.04253]



• In the Regge limit,


    the hypergeometric amplitude exhibits the scaling:


• Expected          Regge scaling when dressed with external polarizations

Regge limit

<latexit sha1_base64="jjYvQK9TXoMfRtA1V9wMwBeQj3s=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUhIRLbgpuHFZwT6gKWUymbRDJ5N05kYtod/gxl9x40IRt67c+TdOHwttPXDhcM693HuPnwiuwXG+rYXFpeWV1dxafn1jc2vb3tmt6ThVlFVpLGLV8IlmgktWBQ6CNRLFSOQLVvd7VyO/fseU5rG8hUHCWhHpSB5ySsBIbftYe4p3ukCUiu+xx2UIgxOv309JgMG7zDwV4ZA/sGDYtgtO0RkDzxN3Sgpoikrb/vKCmKYRk0AF0brpOgm0MqKAU8GGeS/VLCG0RzqsaagkEdOtbPzSEB8aJcBhrExJwGP190RGIq0HkW86IwJdPeuNxP+8ZgphqZVxmaTAJJ0sClOBIcajfHDAFaMgBoYQqri5FdMuUYSCSTFvQnBnX54ntdOie150b84K5dI0jhzaRwfoCLnoApXRNaqgKqLoET2jV/RmPVkv1rv1MWldsKYze+gPrM8f4IqeMQ==</latexit>

s ! 1, t fixed

<latexit sha1_base64="Z1fmdMH4OYjvK/6U+86wI8QHjOo="></latexit>

A(s, t) ⇠ sJ(s,t) +
r

(1 + t)s
+ · · · , J(s, t) = t+ · · ·

<latexit sha1_base64="BfmKzB4z/5ET+KdufWxvj5vTE/w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklEtMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK94/n2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw6qfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJoXFe+q4t1dlmvVPI4CHMMJnIEH11CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEL2o2d</latexit>

j + t

Scaling for          or         .<latexit sha1_base64="vBTkOhsVW8Io6mcjWlJKfPNy9Hc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesAbt1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjU/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5V1bu/rNRreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHQ1o12</latexit>

t > 0
<latexit sha1_base64="N2E9eAGgqPOKRK028FNecSITmT0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ENIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg944/bLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xbDmZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdW7qnr3l5V6LY+jCCdwCufgwTXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/NzI10</latexit>

t < 0



Remarkably, the hypergeometric amplitude has an integral representation,


reminiscent the Koba-Nielsen form for the Veneziano amplitude,

A worldsheet interpretation?

4-point:

<latexit sha1_base64="APa2W/1Y+SAA4062dD17oqDu6j4="></latexit>

A(s, t) = r

Z 1

0

Z 1

0
dx dy

x�s�1yr�1(1� xy)t

(1� x)t+1

<latexit sha1_base64="X9F4ZjhronuyiU414grArbGOKSk="></latexit>

A(4)
Ven =

Z 1

0
dx

x�s�1

(1� x)t+1



<latexit sha1_base64="WnNCNLPMz99OieYFJkvdFCM+nlk="></latexit>

A(5)
Ven =

Z 1

0

Z 1

0
dx dy

x�s12�1y�s45�1(1� xy)s23+s34�s51

(1� x)s23+1(1� y)s34+1

Remarkably, the hypergeometric amplitude has an integral representation,


reminiscent the Koba-Nielsen form for the Veneziano amplitude,

A worldsheet interpretation?

5-point:

<latexit sha1_base64="APa2W/1Y+SAA4062dD17oqDu6j4="></latexit>

A(s, t) = r

Z 1

0

Z 1

0
dx dy

x�s�1yr�1(1� xy)t

(1� x)t+1

<latexit sha1_base64="sKEVsJvHd/aSrs4sbDwbs9AGW84=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeZOMsQ==</latexit>

1

<latexit sha1_base64="DMBteMlN0an+XY6K0Og7tGQl9pE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvpuI1r8v1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AexeMsg==</latexit>

2

<latexit sha1_base64="DSpTIj3MkvCJXi1JIrR7RHrZiCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomK9ljw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqXPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveTcVrXJdr1TyOApzCGVyAB7dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfJuMsw==</latexit>

3

<latexit sha1_base64="pk9OOOSpCaXnZWC2shtQDFh5mDg=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR22PBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua/5tza82G0UYZTiHC7gCH+rQhHtoQRsYILzAG7w7T86r87FqLDnFxBn8gfP5AxPFi4o=</latexit>

4
<latexit sha1_base64="HJyE5elzkrJ404AX67yimh+CuZA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipcd0vld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRVP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqx4NxWvcVWuVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHf6OMtQ==</latexit>

5

<latexit sha1_base64="mMRMJ2jOHSFqWx1N8H2kIT9n2C0=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7UUoePFYwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt9Gj6mVedkhti+qWyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn80vnpJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tiWPMzoZIUuWKLRWEqCcZk9j4ZCM0ZyokllGlhbyVsRDVlaEMq2hC85ZdXSata8a4q3v1luV7L4yjAKZzBBXhwDXW4gwY0gYGCZ3iFN8c4L86787FoXXPymRP4A+fzB0NXj/c=</latexit> s12
= s

<latexit sha1_base64="XjtFZJa267w63IPahUZN5VT2k7k=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexG0VyEgBePEcwDkyXMTibJkNnZZaZXCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33ri2ohIPeAk5n5Ih0oMBKNopUfTSysXU3JDsFcsuWV3DrJKvIyUIEO9V/zq9iOWhFwhk9SYjufG6KdUo2CSTwvdxPCYsjEd8o6liobc+On84ik5s0qfDCJtSyGZq78nUhoaMwkD2xlSHJllbyb+53USHFT9VKg4Qa7YYtEgkQQjMnuf9IXmDOXEEsq0sLcSNqKaMrQhFWwI3vLLq6RZKXtXZe/+slSrZnHk4QRO4Rw8uIYa3EEdGsBAwTO8wptjnBfn3flYtOacbOYY/sD5/AFH7o/6</latexit>s23 = t

<latexit sha1_base64="PNY5jnZ8xZzoJizdN3CsuZzFq6Q=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXi/YiFLx4rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/m6n13VpugWXXj9csWtunOgVeLlpAI5mv3yV28gSRpTYQjHWvuem5ggw8owwum01Es1TTAZ4yH1LRU4pjrI5idP0ZlVBiiSypYwaK7+nshwrPUkDm1njM1IL3sz8T/PT01UDzImktRQQRaLopQjI9HsfzRgihLDJ5Zgopi9FZERVpgYm1LJhuAtv7xK2pdV77rqPdQqjXoeRxFO4BTOwYMbaMA9NKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fUXqP8A==</latexit>

s34 = �1

<latexit sha1_base64="6By0bXXqqMDUd5ygl9SS4+7tBe8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrVXsRCl48VrAfsF1KNs22odlkSWaFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE47uZ33li2nAlH2GSsCAmQ8kjTglYyTf9rHY1xbf4QvfLFbfqzoFXiZeTCsrR7Je/egNF05hJoIIY43tuAkFGNHAq2LTUSw1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiOpBxmWSApN0sShKBQaFZ//jAdeMgphYQqjm9lZMR0QTCjalkg3BW355lbQvq9511XuoVRr1PI4iOkGn6Bx56AY10D1qohaiSKFn9IreHHBenHfnY9FacPKZY/QHzucPtxOQMw==</latexit>s45 = �r

<latexit sha1_base64="m0dakrOW74eE9uyCh5b6lbj1jrs=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBHcWCbioxuh4MZlBfuA6VAyadqGZpIhyQhl6Ge4caGIW7/GnX9j2s5CWw9cOJxzL/feEyWCG+v7397K6tr6xmZhq7i9s7u3Xzo4bBqVasoaVAml2xExTHDJGpZbwdqJZiSOBGtFo7up33pi2nAlH+04YWFMBpL3OSXWSYHpZld4gm7ROe6Wyn7FnwEtE5yTMuSod0tfnZ6iacykpYIYE2A/sWFGtOVUsEmxkxqWEDoiAxY4KknMTJjNTp6gU6f0UF9pV9Kimfp7IiOxMeM4cp0xsUOz6E3F/7wgtf1qmHGZpJZJOl/UTwWyCk3/Rz2uGbVi7AihmrtbER0STah1KRVdCHjx5WXSvKjg6wp+uCzXqnkcBTiGEzgDDDdQg3uoQwMoKHiGV3jzrPfivXsf89YVL585gj/wPn8AT/KP7w==</latexit>

s51 = �1



  -Integer Spectrum Bootstrap

<latexit sha1_base64="vCxBSZbJjzdcFDfryU932mBimIc=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz13BjcsKfUGnlEwm04ZmkjHJCGXoB7jxV9y4UMStH+DOvzHTDr49EDiccy439wQJo0q77ptVmptfWFwqL9srq2vrG5XNrZYSqcSkiQUTshMgRRjlpKmpZqSTSILigJF2MDrP/fY1kYoK3tDjhPRiNOA0ohhpI/UrVR+HQivo+3bBruCMfCom5TpnOY6g57hT/CZVUKDer7z6ocBpTLjGDCnV9dxE9zIkNcWMTGw/VSRBeIQGpGsoRzFRvWx6zATuGSWEkZDmcQ2n6teJDMVKjePAJGOkh+qnl4t/ed1UR6e9jPIk1YTj2aIoZVALmDcDQyoJ1mxsCMKSmr9CPEQSYW36s00J/9/+QVoHjnfseJeH1VqjqKMMdsAu2AceOAE1cAHqoAkwuAF34AE8WrfWvfVkPc+iJauY2QbfYL28A3TTmq4=</latexit> · · ·
· · · q · · ·

· · ·



• Historically, string amplitudes predate the realization that the theory was about 
strings at all. Exploring amplitudes can lead to new physics, as we’ve seen from 
the hypergeometric amplitude.


• Also satisfying our physical constraints is the   -deformed generalization of 
Veneziano discovered by Coon        , unfortunately forgotten for decades:

Coon amplitudes

(1969)

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

Recent surge of interest:

• unitarity 


• string amplitudes with 
similar properties 


• construction and 
generalization 

Figueroa, Tourkine [2201.12331];

Bhardwaj et al. [2212.00764];

Jepsen [2303.02149]

Maldacena, GR [2207.06426]

Cheung, GR [2210.12163, 2302.12263];

Geiser, Lindwasser [2207.08855, 2210.14920]



• Let’s bootstrap an amplitude with spectrum given by the   -deformed integers:


  -bootstrapping

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·
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<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="UDMIcJfcdsb9a8W0fKEtpNQCKLo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rGCaQttKJvtpF262cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE/lgJikGMR1KHnFGjZX8rgz6j/1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5sVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTFQPci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2xD8JZfXiWty5p3XfPur6qNehFHCU7hDC7AgxtowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx+/v46e</latexit>

[n]q

<latexit sha1_base64="1b4k94Zbx/LzTtTlFwG8MyqmtKs=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaC9CwYvHCvYD0hg22027dLNJdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKG5tb2zvF3dLe/sHhUfn4pK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQ39zsTKhWLxaOeJtSL8ECwkBGsjeRFvniqoVvkCs8f++WKXbUXQOvEyUkFcjT98levH5M0okITjpVyHTvRXoalZoTTWamXKppgMsID6hoqcESVly2OnqELo/RRGEtTQqOF+nsiw5FS0ygwnRHWQ7XqzcX/PDfVYd3LmEhSTQVZLgpTjnSM5gmgPpOUaD41BBPJzK2IDLHERJucSiYEZ/XlddKuVZ3rqvNwVWnU8ziKcAbncAkO3EAD7qEJLSAwhmd4hTdrYr1Y79bHsrVg5TOn8AfW5w9wh5E1</latexit>

m2
n = [n]q

<latexit sha1_base64="kvMU/wFTmFm69kMzGht0G/Sf9dw="></latexit>

[n]q =
1� qn

1� q
= 1 + q + q2 + · · · qn�1



• Let’s bootstrap an amplitude with spectrum given by the   -deformed integers:


• Define new auxiliary kinematic variables:


• Assume dual resonant ansatz:


  -bootstrapping

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·

<latexit sha1_base64="F18wvse4ljCfmsMKH0binu/06LE=">AAACCXicbZDLSsNAFIYnXmu8RV26GSyKq5KIaDdCwY3LCvYCSQiT6aQdOrk4cyKU0K0bX8WNC0Xc+gbufBunbRba+sPAz3fO4cz5w0xwBbb9bSwtr6yurVc2zM2t7Z1da2+/rdJcUtaiqUhlNySKCZ6wFnAQrJtJRuJQsE44vJ7UOw9MKp4mdzDKmB+TfsIjTgloFFhY4ZMr7HqK92PiB/fY80yYISC5BoFVtWv2VHjROKWpolLNwPryeinNY5YAFUQp17Ez8AsigVPBxqaXK5YROiR95mqbkJgpv5heMsbHmvRwlEr9EsBT+nuiILFSozjUnTGBgZqvTeB/NTeHqO4XPMlyYAmdLYpygSHFk1hwj0tGQYy0IVRy/VdMB0QSCjo8U4fgzJ+8aNpnNeei5tyeVxv1Mo4KOkRH6BQ56BI10A1qohai6BE9o1f0ZjwZL8a78TFrXTLKmQP0R8bnDzGFmBk=</latexit>

s = [�]q

t = [⌧ ]q

<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)

<latexit sha1_base64="MzK5mN3+LHrGyKpa4aApZ+AQZZw="></latexit>

� = log[1�(1�q)s]
log q

⌧ = log[1�(1�q)t]
log q

<latexit sha1_base64="yZGEvBRhoSCNaX3LtiNQxt50j64="></latexit>

A(�, ⌧) =
1X

n=0

Rn([⌧ ]q)

[n� �]q

<latexit sha1_base64="+R2pisTOaJpNuyZke5JZUcBc/7k=">AAACGnicbZDLSgMxFIYzXmu9VV26CRahLlomItqNUHDjsoK9QGcYMmmmDc1kpklGKMM8hxtfxY0LRdyJG9/GtJ2Fth4I/PzfOZyc3485U9q2v62V1bX1jc3CVnF7Z3dvv3Rw2FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7qZ8s4DlYpF4l5PYuqGeCBYwAjWxvJKyAkkJinK0p6oOooNQux64wxewxxUK6g6PlNTbkBVZV6pbNfsWcFlgXJRBnk1vdKn049IElKhCcdK9ZAdazfFUjPCaVZ0EkVjTEZ4QHtGChxS5aaz0zJ4apw+DCJpntBw5v6eSHGo1CT0TWeI9VAtsqn5H+slOqi7KRNxoqkg80VBwqGO4DQn2GeSEs0nRmAimfkrJENsItEmzaIJAS2evCza5zV0WUN3F+VGPY+jAI7BCagABK5AA9yCJmgBAh7BM3gFb9aT9WK9Wx/z1hUrnzkCf8r6+gH0A6Am</latexit>

1

[n� �]q
=

1� (1� q)s

[n]q � s
<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=) poles at 
<latexit sha1_base64="1b4k94Zbx/LzTtTlFwG8MyqmtKs=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaC9CwYvHCvYD0hg22027dLNJdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKG5tb2zvF3dLe/sHhUfn4pK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQ39zsTKhWLxaOeJtSL8ECwkBGsjeRFvniqoVvkCs8f++WKXbUXQOvEyUkFcjT98levH5M0okITjpVyHTvRXoalZoTTWamXKppgMsID6hoqcESVly2OnqELo/RRGEtTQqOF+nsiw5FS0ygwnRHWQ7XqzcX/PDfVYd3LmEhSTQVZLgpTjnSM5gmgPpOUaD41BBPJzK2IDLHERJucSiYEZ/XlddKuVZ3rqvNwVWnU8ziKcAbncAkO3EAD7qEJLSAwhmd4hTdrYr1Y79bHsrVg5TOn8AfW5w9wh5E1</latexit>

m2
n = [n]q
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<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="UDMIcJfcdsb9a8W0fKEtpNQCKLo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rGCaQttKJvtpF262cTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE/lgJikGMR1KHnFGjZX8rgz6j/1K1a25c5BV4hWkCgWa/cpXb5CwLEZpmKBadz03NUFOleFM4LTcyzSmlI3pELuWShqjDvL5sVNybpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTFQPci7TzKBki0VRJohJyOxzMuAKmRETSyhT3N5K2IgqyozNp2xD8JZfXiWty5p3XfPur6qNehFHCU7hDC7AgxtowB00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx+/v46e</latexit>

[n]q

<latexit sha1_base64="1b4k94Zbx/LzTtTlFwG8MyqmtKs=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaC9CwYvHCvYD0hg22027dLNJdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKG5tb2zvF3dLe/sHhUfn4pK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHQ39zsTKhWLxaOeJtSL8ECwkBGsjeRFvniqoVvkCs8f++WKXbUXQOvEyUkFcjT98levH5M0okITjpVyHTvRXoalZoTTWamXKppgMsID6hoqcESVly2OnqELo/RRGEtTQqOF+nsiw5FS0ygwnRHWQ7XqzcX/PDfVYd3LmEhSTQVZLgpTjnSM5gmgPpOUaD41BBPJzK2IDLHERJucSiYEZ/XlddKuVZ3rqvNwVWnU8ziKcAbncAkO3EAD7qEJLSAwhmd4hTdrYr1Y79bHsrVg5TOn8AfW5w9wh5E1</latexit>

m2
n = [n]q

<latexit sha1_base64="kvMU/wFTmFm69kMzGht0G/Sf9dw="></latexit>

[n]q =
1� qn

1� q
= 1 + q + q2 + · · · qn�1



• As before, choose special kinematics:


• Imposing crossing


•   -generalized residue constraint:


• General solution:

  -bootstrapping

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·

<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)

<latexit sha1_base64="RPV+K2X4qKnnyMYRvfEW5wInDgc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBiyUR0V6EghePFawtNKFMtpt26e4m7G4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeVHKmTae9+2U1tY3NrfK25Wd3b39A/fw6EknmSK0RRKeqE4EmnImacsww2knVRRExGk7Gt3N/PaYKs0S+WgmKQ0FDCSLGQFjpZ7rBgYyfIsDzQYC8MWo51a9mjcHXiV+QaqoQLPnfgX9hGSCSkM4aN31vdSEOSjDCKfTSpBpmgIZwYB2LZUgqA7z+eVTfGaVPo4TZUsaPFd/T+QgtJ6IyHYKMEO97M3E/7xuZuJ6mDOZZoZKslgUZxybBM9iwH2mKDF8YgkQxeytmAxBATE2rIoNwV9+eZU8Xdb865r/cFVt1Is4yugEnaJz5KMb1ED3qIlaiKAxekav6M3JnRfn3flYtJacYuYY/YHz+QP70JKP</latexit>

⌧ = � � k

<latexit sha1_base64="qTCTUnhEsg4ZUCophUad46Gk36Y=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARW7BlRkS7ESpuXFawF2iHkkkzbZgkMyQZoZQ+ghtfxY0LRdy6dOfbmLYjaOuBkJ/vP4fk/H7MqNKO82VllpZXVtey67mNza3tHXt3r6GiRGJSxxGLZMtHijAqSF1TzUgrlgRxn5GmH15P/OY9kYpG4k4PY+Jx1Bc0oBhpg7r28VWho2ifo5PZVQqL8BL+wFKY4mLXzjtlZ1pwUbipyIO0al37s9OLcMKJ0JghpdquE2tvhKSmmJFxrpMoEiMcoj5pGykQJ8obTRcawyNDejCIpDlCwyn9PTFCXKkh900nR3qg5r0J/M9rJzqoeCMq4kQTgWcPBQmDOoKTdGCPSoI1GxqBsKTmrxAPkERYmwxzJgR3fuVF0Tgtu+dl9/YsX62kcWTBATgEBeCCC1AFN6AG6gCDB/AEXsCr9Wg9W2/W+6w1Y6Uz++BPWR/fnXebCg==</latexit>

A(�,� � k) = A(� � k,�)
<latexit sha1_base64="lmvSubWrkKXALjqZcoA43ZuJ0Fk="></latexit>

1X

n=k

Rn([� � k]q)�Rn�k([�]q)

[n� �]q
= �

k�1X

n=0

Rn([� � k]q)

[n� �]q

<latexit sha1_base64="xJMRGXp0+iqTytvitGaDt6le4iQ=">AAACGHicbVDLSgMxFM3UV62vqks3wSJU0Dojot0IBTcua7EP6AxDJk3bMJnMTJIRytDPcOOvuHGhiNvu/BvTdhbaeiDh3HPvIbnHixiVyjS/jdzK6tr6Rn6zsLW9s7tX3D9oyTARmDRxyELR8ZAkjHLSVFQx0okEQYHHSNvz76b99hMRkob8UY0i4gRowGmfYqS05BYvGi4vd/m577jxbcNNNRvrWlenZ3YcJ6gHLZuRGPqzWztKZsWcAS4TKyMlkKHuFid2L8RJQLjCDEnZtcxIOSkSimJGxgU7kSRC2EcD0tWUo4BIJ50tNoYnWunBfij04QrO1N+OFAVSjgJPTwZIDeVibyr+1+smql91UsqjRBGO5w/1EwZVCKcpwR4VBCs20gRhQfVfIR4igbDSWRZ0CNbiysukdVmxrivWw1WpVs3iyIMjcAzKwAI3oAbuQR00AQbP4BW8gw/jxXgzPo2v+WjOyDyH4A+MyQ+ItZ7P</latexit>

Rn([n� k]q = Rn�k([n]q), 1  k  n

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="JNz9fFWr7tqvatUuabyE39QOaL8="></latexit>

Rn([⌧ ]q) =
nX

m=0

�mq
m(m�1)

2

[m]q!

[⌧ ]q!

[⌧ �m]q!

[n]q!

[n�m]q!



• We still have the freedom to dress each term in the sum with a prefactor that 
does not change the poles or residues:


• Doing so, and choosing                        , yields a dual resonant, crossing 
symmetric amplitude:

Prefactor dressing

<latexit sha1_base64="NlqsdoDCbGZf4vfyNffU63P4rzQ=">AAACLXicbZDLSgMxFIYz3q23qks3wSLowjIjol0KunCpYFXo1HImTafBTDImZ5QyzAu58VVEcKGIW1/D9AJefwj8fOcccs4fpVJY9P0Xb2x8YnJqema2NDe/sLhUXl45tzozjNeZltpcRmC5FIrXUaDkl6nhkESSX0TXh/36xS03Vmh1hr2UNxOIlegIBuhQq3x0c5WHCNlmaEWcwLbaKmhoEdi14TIfwtCIuItgjL6jqshDqVX8hQoatMoVv+oPRP+aYGQqZKSTVvkpbGuWJVwhk2BtI/BTbOZgUDDJi1KYWZ66HSDmDWcVJNw288G1Bd1wpE072rinkA7o94kcEmt7SeQ6E8Cu/V3rw/9qjQw7tWYuVJohV2z4USeTFDXtR0fbwnCGsucMMCPcrpR1wQBDF3DJhRD8PvmvOd+pBnvV4HS3clAbxTFD1sg62SQB2ScH5JickDph5J48khfy6j14z96b9z5sHfNGM6vkh7yPT4haqiA=</latexit>

q⌧(��n) �!n�! 1

<latexit sha1_base64="meSu3DOtgc2WpuoG8IwlRJKXGpw="></latexit>

A(�, ⌧) =
1X

n=0

q⌧(��n)

[n� �]q

✓
⌧ + n
n

◆

q

= q�⌧
�q(��)�q(�⌧)

�q(�� � ⌧)

Coon amplitude

<latexit sha1_base64="+kPDrsBjdMh/4KcBercURAhnLO4=">AAACGHicbVDLSsNAFJ3UV62vqEs3o0WoCDUpot0IBTcuK9gHtDFMppN26EySzkyEEvIZbvwVNy4Ucdudf+O0zUJbDwwczjmXO/d4EaNSWda3kVtZXVvfyG8WtrZ3dvfM/YOmDGOBSQOHLBRtD0nCaEAaiipG2pEgiHuMtLzh7dRvPREhaRg8qHFEHI76AfUpRkpLrnnRZTrcQy6HN7DrC4ST0WMyJ7zEz+2zNKmkaZp0uOOOjlPXLFplawa4TOyMFEGGumtOur0Qx5wECjMkZce2IuUkSCiKGUkL3ViSCOEh6pOOpgHiRDrJ7LAUnmqlB/1Q6BcoOFN/TySISznmnk5ypAZy0ZuK/3mdWPlVJ6FBFCsS4PkiP2ZQhXDaEuxRQbBiY00QFlT/FeIB0qUo3WVBl2AvnrxMmpWyfVW27y+LtWpWRx4cgRNQAja4BjVwB+qgATB4Bq/gHXwYL8ab8Wl8zaM5I5s5BH9gTH4ASsWf6Q==</latexit>

�m =
q

m(m+1)
2

[m]q!



Chew-Frautschi plot

<latexit sha1_base64="AiTZxpsCkJxOJjEUS2mS1mD6Z44=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBjSUpoi6LblxWsA9o2jCZTtqhM0mYmQglFDf+ihsXirj1K9z5N07bLLT1wOUezrmXmXuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2GilNJaJ3EPJatACvKWUTrmmlOW4mkWAScNoPhzcRvPlCpWBzd61FCOwL3IxYygrWRfPvQCyUmmfCH3cqZ8J1uZZx5IjXNt0tO2ZkCLRI3JyXIUfPtL68Xk1TQSBOOlWq7TqI7GZaaEU7HRS9VNMFkiPu0bWiEBVWdbHrCGJ0YpYfCWJqKNJqqvzcyLJQaicBMCqwHat6biP957VSHV52MRUmqaURmD4UpRzpGkzxQj0lKNB8Zgolk5q+IDLDJRJvUiiYEd/7kRdKolN2Lsnt3Xqpe53EU4AiO4RRcuIQq3EIN6kDgEZ7hFd6sJ+vFerc+ZqNLVr5zAH9gff4AiUuW4Q==</latexit>

m2
k �m2

0

µ2

<latexit sha1_base64="JslEF0Zjmr3RKZAtBv/ZdXDAOKI=">AAACH3icbZDLSsNAFIYnXmu8RV26GSwWVyWptXVZdOOygr1AE8pkOmmHTiZhZiKUkDdx46u4caGIuOvbOG2zqK0/DPx85xzOnN+PGZXKtqfGxubW9s5uYc/cPzg8OrZOTtsySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8cf3s3rnmQhJI/6kJjHxQjTkNKAYKY36Vq3kQNc1S64KBMJpLUvr2TKoZunNAsCcVLL0OutbRbtszwXXjZObIsjV7Fs/7iDCSUi4wgxJ2XPsWHkpEopiRjLTTSSJER6jIelpy1FIpJfO78vgpSYDGERCP67gnC5PpCiUchL6ujNEaiRXazP4X62XqODWSymPE0U4XiwKEgZVBGdhwQEVBCs20QZhQfVfIR4hnYLSkZo6BGf15HXTrpSdWtl5rBYbd3kcBXAOLsAVcEAdNMADaIIWwOAFvIEP8Gm8Gu/Gl/G9aN0w8pkz8EfG9Bc3L6Cr</latexit>

1
6
7
4
5
2
3

<latexit sha1_base64="OtFut2t1oeeBbCZBcPqXrEbV6x4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMmlzqoxCDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+a0zcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa88TMuk9SgZItFYSqIiUn+OBlyhcyIqSWUKW5vJWxMFWXGxlOxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AA9ejkE=</latexit>

`

<latexit sha1_base64="BMGfJqQHAbhrGMxLis45Jr0yHqg=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQQikzIupGKLpxWcG2Qmcod9K0DU1mhiQjlKErN/6KGxeKuPUb3Pk3pu0stPWEXA7n3EtyTxBzprTjfFu5peWV1bX8emFjc2t7x97da6ookYQ2SMQjeR+AopyFtKGZ5vQ+lhREwGkrGF5P/NYDlYpF4Z0exdQX0A9ZjxHQRurYhyUPeDyAihdQbWofhIDyZcmpmFPu2EWn6kyBF4mbkSLKUO/YX143IomgoSYclGq7Tqz9FKRmhNNxwUsUjYEMoU/bhoYgqPLT6RpjfGyULu5F0txQ46n6eyIFodRIBKZTgB6oeW8i/ue1E9278FMWxommIZk91Es41hGeZIK7TFKi+cgQIJKZv2IyAAlEm+QKJgR3fuVF0jypumdV9/a0WLvK4sijA3SESshF56iGblAdNRBBj+gZvaI368l6sd6tj1lrzspm9tEfWJ8/qfqWqw==</latexit>

(↵,�, �) = (0, 0, 0)

<latexit sha1_base64="maY5H75yoLbHAJO0Qagak9JdQn8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbOLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD3ZWM+w==</latexit>q
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• At high energies, the Coon amplitude goes like


    indicating a branch cut with a double log.


• In                                 , we built string constructions with exactly the                                                                      

                                             form at high energies, so this is physically healthy.


Branch cuts

<latexit sha1_base64="hXYYcmkBnGPieKmFYExpcdOEJFU=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLlpmRLTLihuXFWwrdIaSSTNtaJIZkoxQhu7c+CtuXCji1l9w59+YaWehrQdCTs65l5t7gphRpR3n2yqsrK6tbxQ3S1vbO7t79v5BR0WJxKSNIxbJ+wApwqggbU01I/exJIgHjHSD8XXmdx+IVDQSd3oSE5+joaAhxUgbqW8feywawivoKcphDWavSk1V57eu9u2yU3dmgMvEzUkZ5Gj17S9vEOGEE6ExQ0r1XCfWfoqkppiRaclLFIkRHqMh6RkqECfKT2d7TOGpUQYwjKQ5QsOZ+rsjRVypCQ9MJUd6pBa9TPzP6yU6bPgpFXGiicDzQWHCoI5gFgocUEmwZhNDEJbU/BXiEZIIaxNdyYTgLq68TDpndfei7t6el5uNPI4iOAInoAJccAma4Aa0QBtg8AiewSt4s56sF+vd+piXFqy85xD8gfX5A4I5lyM=</latexit>

logA ⇠ � log(�s) log(�t)

Maldacena, GR [2207.06426]
<latexit sha1_base64="hXYYcmkBnGPieKmFYExpcdOEJFU=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLlpmRLTLihuXFWwrdIaSSTNtaJIZkoxQhu7c+CtuXCji1l9w59+YaWehrQdCTs65l5t7gphRpR3n2yqsrK6tbxQ3S1vbO7t79v5BR0WJxKSNIxbJ+wApwqggbU01I/exJIgHjHSD8XXmdx+IVDQSd3oSE5+joaAhxUgbqW8feywawivoKcphDWavSk1V57eu9u2yU3dmgMvEzUkZ5Gj17S9vEOGEE6ExQ0r1XCfWfoqkppiRaclLFIkRHqMh6RkqECfKT2d7TOGpUQYwjKQ5QsOZ+rsjRVypCQ9MJUd6pBa9TPzP6yU6bPgpFXGiicDzQWHCoI5gFgocUEmwZhNDEJbU/BXiEZIIaxNdyYTgLq68TDpndfei7t6el5uNPI4iOAInoAJccAma4Aa0QBtg8AiewSt4s56sF+vd+piXFqy85xD8gfX5A4I5lyM=</latexit>

logA ⇠ � log(�s) log(�t)



• At high energies, the Coon amplitude goes like


    indicating a branch cut with a double log.


• In                                 , we built string constructions with exactly the                                                                      

                                             form at high energies, so this is physically healthy.


• Branch cuts above an accumulation point suggest an ionization process.


• Recent work has shown an apparent breakdown of unitarity exponentially near 
the branch point, but this may possibly be cured by choosing a different 
dressing prefactor.

Branch cuts

<latexit sha1_base64="hXYYcmkBnGPieKmFYExpcdOEJFU=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLlpmRLTLihuXFWwrdIaSSTNtaJIZkoxQhu7c+CtuXCji1l9w59+YaWehrQdCTs65l5t7gphRpR3n2yqsrK6tbxQ3S1vbO7t79v5BR0WJxKSNIxbJ+wApwqggbU01I/exJIgHjHSD8XXmdx+IVDQSd3oSE5+joaAhxUgbqW8feywawivoKcphDWavSk1V57eu9u2yU3dmgMvEzUkZ5Gj17S9vEOGEE6ExQ0r1XCfWfoqkppiRaclLFIkRHqMh6RkqECfKT2d7TOGpUQYwjKQ5QsOZ+rsjRVypCQ9MJUd6pBa9TPzP6yU6bPgpFXGiicDzQWHCoI5gFgocUEmwZhNDEJbU/BXiEZIIaxNdyYTgLq68TDpndfei7t6el5uNPI4iOAInoAJccAma4Aa0QBtg8AiewSt4s56sF+vd+piXFqy85xD8gfX5A4I5lyM=</latexit>

logA ⇠ � log(�s) log(�t)

Maldacena, GR [2207.06426]
<latexit sha1_base64="hXYYcmkBnGPieKmFYExpcdOEJFU=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLlpmRLTLihuXFWwrdIaSSTNtaJIZkoxQhu7c+CtuXCji1l9w59+YaWehrQdCTs65l5t7gphRpR3n2yqsrK6tbxQ3S1vbO7t79v5BR0WJxKSNIxbJ+wApwqggbU01I/exJIgHjHSD8XXmdx+IVDQSd3oSE5+joaAhxUgbqW8feywawivoKcphDWavSk1V57eu9u2yU3dmgMvEzUkZ5Gj17S9vEOGEE6ExQ0r1XCfWfoqkppiRaclLFIkRHqMh6RkqECfKT2d7TOGpUQYwjKQ5QsOZ+rsjRVypCQ9MJUd6pBa9TPzP6yU6bPgpFXGiicDzQWHCoI5gFgocUEmwZhNDEJbU/BXiEZIIaxNdyYTgLq68TDpndfei7t6el5uNPI4iOAInoAJccAma4Aa0QBtg8AiewSt4s56sF+vd+piXFqy85xD8gfX5A4I5lyM=</latexit>

logA ⇠ � log(�s) log(�t)

Figueroa, Tourkine [2201.12331]

Jepsen [2303.02149]



• Let’s consider a more general choice for the      :


                 -hypergeometric amplitude

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·
<latexit sha1_base64="7IPtmvqBE1NTfYIM5XgeNanTITk=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyoyIdllw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpGBHFSqXs2bA68SvyBVKNAcVL76UUIzyZSlghjT873UBjnRllPBpuV+ZlhK6JgMWc9RRSQzQT5feIrPnRLhONHuKYvn6u+JnEhjJjJ0SUnsyCx7M/E/r5fZuB7kXKWZZYouPoozgW2CZ9fjiGtGrZg4QqjmbldMR0QTal1HZVeCv3zyKmlf1vzrmn9/VW3UizpKcApncAE+3EAD7qAJLaAg4Rle4Q1p9ILe0cciuoaKmRP4A/T5A8C1kFk=</latexit>

�m
<latexit sha1_base64="vRbswmxhO/bXmrN5aCghdlcG5j8="></latexit>

�m = q
m(m+1)

2 +rm [r]q!

[m+ r]q!

<latexit sha1_base64="OAFsgGIQyOWq1yPnzhFm9AFCIEs=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+gQJoPRiuguwsCLxynuBbpS0izdwtK0Jqkwyr6OF7+KFwVFvfpFzLoedPOBhH9+/+chyd+PGZXKsj6NwtLyyupacb20sbm1vWPu7rVllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek44+upn7ngQhJI36nxjFxQzTgNKAYKY08s3Hr8YrTUyhxvfsTeAl7gUA4zUiVV4Wmh062T3KYHaCTexPPLFs1Kyu4KOxclEFeTc987fUjnISEK8yQlI5txcpNkVAUMzIp9RJJYoRHaEAcLTkKiXTT7KcTeKxJHwaR0IsrmNHfEykKpRyHvu4MkRrKeW8K//OcRAV1N6U8ThTheHZRkDCoIjiNDfapIFixsRYIC6rfCvEQ6aiUDrekQ7Dnv7wo2qc1+7xm35yVG/U8jiI4AEegAmxwARrgGjRBC2DwCJ7BG3g3nowX48P4mrUWjHxmH/wp4/sHgTylig==</latexit>

Rn([⌧ ]q) =
[⌧ + n+ r]q![r]q!

[⌧ + r]q![n+ r]q!
<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)



• Let’s consider a more general choice for the      :


• Then using a   -Thomae (-Kummer-Whipple) transformation, we have a new class 
of crossing symmetric, dual resonant amplitudes:


                 -hypergeometric amplitude

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·
<latexit sha1_base64="7IPtmvqBE1NTfYIM5XgeNanTITk=">AAAB8HicbVDLSgMxFL3xWeur6tJNsAiuyoyIdllw47KCfUg7lEwm04YmmSHJCGXoV7hxoYhbP8edf2PazkJbDwQO55xL7j1hKrixnveN1tY3Nre2Szvl3b39g8PK0XHbJJmmrEUTkehuSAwTXLGW5VawbqoZkaFgnXB8O/M7T0wbnqgHO0lZIMlQ8ZhTYp302BcuGpGBHFSqXs2bA68SvyBVKNAcVL76UUIzyZSlghjT873UBjnRllPBpuV+ZlhK6JgMWc9RRSQzQT5feIrPnRLhONHuKYvn6u+JnEhjJjJ0SUnsyCx7M/E/r5fZuB7kXKWZZYouPoozgW2CZ9fjiGtGrZg4QqjmbldMR0QTal1HZVeCv3zyKmlf1vzrmn9/VW3UizpKcApncAE+3EAD7qAJLaAg4Rle4Q1p9ILe0cciuoaKmRP4A/T5A8C1kFk=</latexit>

�m
<latexit sha1_base64="vRbswmxhO/bXmrN5aCghdlcG5j8="></latexit>

�m = q
m(m+1)

2 +rm [r]q!

[m+ r]q!

<latexit sha1_base64="OAFsgGIQyOWq1yPnzhFm9AFCIEs=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+gQJoPRiuguwsCLxynuBbpS0izdwtK0Jqkwyr6OF7+KFwVFvfpFzLoedPOBhH9+/+chyd+PGZXKsj6NwtLyyupacb20sbm1vWPu7rVllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek44+upn7ngQhJI36nxjFxQzTgNKAYKY08s3Hr8YrTUyhxvfsTeAl7gUA4zUiVV4Wmh062T3KYHaCTexPPLFs1Kyu4KOxclEFeTc987fUjnISEK8yQlI5txcpNkVAUMzIp9RJJYoRHaEAcLTkKiXTT7KcTeKxJHwaR0IsrmNHfEykKpRyHvu4MkRrKeW8K//OcRAV1N6U8ThTheHZRkDCoIjiNDfapIFixsRYIC6rfCvEQ6aiUDrekQ7Dnv7wo2qc1+7xm35yVG/U8jiI4AEegAmxwARrgGjRBC2DwCJ7BG3g3nowX48P4mrUWjHxmH/wp4/sHgTylig==</latexit>

Rn([⌧ ]q) =
[⌧ + n+ r]q![r]q!

[⌧ + r]q![n+ r]q!
<latexit sha1_base64="0ilb9wkEa8h3tHMylV8dOKKYlpE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzTHgxWME84BkCbOTTjJkZnadmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZPaXS7dFjS9Utmv+HOQVRLkpAw56r3SV7cfs1SiskxQYzqBn9gwo9pyJnBa7KYGE8rGdIgdRxWVaMJsfu+UnDulTwaxdqUsmau/JzIqjZnIyHVKakdm2ZuJ/3md1A6qYcZVklpUbLFokApiYzJ7nvS5RmbFxBHKNHe3EjaimjLrIiq6EILll1dJ87ISXFeC+6tyrZrHUYBTOIMLCOAGanAHdWgAAwHP8Apv3qP34r17H4vWNS+fOYE/8D5/AEEhkBU=</latexit>

=)

<latexit sha1_base64="0FcyR4JKuyXJmqvhGRD3Z4GxJa0="></latexit>

A(�, ⌧) =
1X

n=0

q⌧(��n)Rn([⌧ ]q)

[n� �]q
= q�⌧

�q(��)�q(�⌧)

�q(�� � ⌧)
3�2


q��, q�⌧ , qr

q���⌧ , q1+r; q; q

�

New   -hypergeometric amplitude<latexit sha1_base64="YGOViEt1t1erXxoejRDv/fd3UK8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkR7bLgxmUF+4B2LJlMpg3NJGOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudR6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mA4qVbfmzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5eaqO5nTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNrnNe+y5t1eVBv1oo4SHMMJnIEHV9CAG2hCCwgoeIZXeHOenBfn3fmYj644xc4R/IHz+QNHn5L+</latexit>q

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q



• Generalizes all of our previous amplitudes:


                 -hypergeometric amplitude

<latexit sha1_base64="2bYPMKUa0kLz7gBXkS9X+TQq4F8=">AAACDHicdVDLSgMxFM3UVx1fVZdugkVwNcyIz11BFy4r2Ad0SslkMm1oJhmTjFCGfoAbf8WNC0Xc+gHu/Bsz7eDbA4HDOedyc0+QMKq0675ZpZnZufmF8qK9tLyyulZZ32gqkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcPT3G9dE6mo4Jd6lJBujPqcRhQjbaReperjUGgFfd8u2BWckk/FpFznJMcB9Bx3gt+kCgrUe5VXPxQ4jQnXmCGlOp6b6G6GpKaYkbHtp4okCA9Rn3QM5SgmqptNjhnDHaOEMBLSPK7hRP06kaFYqVEcmGSM9ED99HLxL6+T6ui4m1GepJpwPF0UpQxqAfNmYEglwZqNDEFYUvNXiAdIIqxNf7Yp4f/bP0hzz/EOHe9iv1o7K+oogy2wDXaBB45ADZyDOmgADG7AHXgAj9atdW89Wc/TaMkqZjbBN1gv73ADmp4=</latexit> · · ·
· · · q · · ·

· · ·

<latexit sha1_base64="0FcyR4JKuyXJmqvhGRD3Z4GxJa0="></latexit>

A(�, ⌧) =
1X

n=0

q⌧(��n)Rn([⌧ ]q)

[n� �]q
= q�⌧

�q(��)�q(�⌧)

�q(�� � ⌧)
3�2


q��, q�⌧ , qr

q���⌧ , q1+r; q; q

�

New   -hypergeometric amplitude<latexit sha1_base64="YGOViEt1t1erXxoejRDv/fd3UK8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkR7bLgxmUF+4B2LJlMpg3NJGOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8nfudR6o0k+LOTBLqx3goWMQINla67weSh3oS2yt7mA4qVbfmzoCWiVeQKhRoDipf/VCSNKbCEI617nluYvwMK8MIp9NyP9U0wWSMh7RnqcAx1X42Sz1Fp1YJUSSVPcKgmfp7I8OxzqPZyRibkV70cvE/r5eaqO5nTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNrnNe+y5t1eVBv1oo4SHMMJnIEHV9CAG2hCCwgoeIZXeHOenBfn3fmYj644xc4R/IHz+QNHn5L+</latexit>q

<latexit sha1_base64="ozrhRt1RBPdbRjCxpAZFTnpoeDI="></latexit>

q-Hypergeometric 3�2

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q
<latexit sha1_base64="sKEVsJvHd/aSrs4sbDwbs9AGW84=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeZOMsQ==</latexit>

1

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="9teLD93H5W2leKcCDbe0twMPER0=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZJIH8uCG5cV7EPaUCbTm3boZBJmJkIN/Qo3LhRx6+e482+cthFU9MCFwzn3cu89QcKZ0o7zYRXW1jc2t4rbpZ3dvf2D8uFRR8WppNCmMY9lLyAKOBPQ1kxz6CUSSBRw6AbTy4XfvQOpWCxu9CwBPyJjwUJGiTbSbQcE3DMi4mG54the1avWPOzYzhKGVJ2LWr2B3VypoBytYfl9MIppGoHQlBOl+q6TaD8jUjPKYV4apAoSQqdkDH1DBYlA+dny4Dk+M8oIh7E0JTReqt8nMhIpNYsC0xkRPVG/vYX4l9dPddjwMyaSVIOgq0VhyrGO8eJ7PGISqOYzQwiVzNyK6YRIQrXJqGRC+PoU/086nu3WbPfaqzQbeRxFdIJO0TlyUR010RVqoTaiKEIP6Ak9W9J6tF6s11VrwcpnjtEPWG+fQ3mQsA==</latexit>

Veneziano
<latexit sha1_base64="A0fX5+pabtAsZNJiQ8JhTM9YVfg=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ6Y4fewK3bisYB/QDiWTZtrQTDIkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89YcKZNgh9OBubW9s7u4W94v7B4dFx6eS0q2WqCO0QyaXqh1hTzgTtGGY47SeK4jjktBfOWrnfu6dKMynuzDyhQYwngkWMYJNLLSnFqFRGLqrWEPIgcn3f964rljQadd+rQM9FS5TBGu1R6X04liSNqTCEY60HHkpMkGFlGOF0URymmiaYzPCEDiwVOKY6yJa3LuClVcYwksqWMHCpfp/IcKz1PA5tZ4zNVP/2cvEvb5CaqB5kTCSpoYKsFkUph0bC/HE4ZooSw+eWYKKYvRWSKVaYGBtP0Ybw9Sn8n3Qrrld1vdtKuVlfx1EA5+ACXAEP1EAT3IA26AACpuABPIFnJ3YenRfnddW64axnzsAPOG+fYS+OcQ==</latexit>

Coon
<latexit sha1_base64="kZVN9mHG05Wmpr0hBwGSK6EN8MA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMpgInpbdJG6SW0CQHCOYByRhmZ10kiGzD2ZmhRBz8Fe8eFDEq7/hzb9xNomgogUNRVU33V1exJlUlvVhrKyurW9sprbS2zu7e/uZg8OmDGNBoUFDHoq2RyRwFkBDMcWhHQkgvseh5Y0vE791C0KyMLhRkwh6PhkGbMAoUVpyM8c1LYohhD4owSjOuYUrN59zM1nLrFwUy1YZW6ZTqjhOQqxCseiUsG1ac2TREnU3897thzT2IVCUEyk7thWp3pQIxSiHWbobS4gIHZMhdDQNiA+yN53fP8NnWunjQSh0BQrP1e8TU+JLOfE93ekTNZK/vUT8y+vEalDuTVkQxQoCulg0iDlWIU7CwH0mgCo+0YRQwfStmI6IIFTpyNI6hK9P8f+kmTdtx7Sv89lqeRlHCp2gU3SObFRCVVRDddRAFN2hB/SEno1749F4MV4XrSvGcuYI/YDx9gkdTZV9</latexit>

Hypergeometric 3F2

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="f/LLCQPbrWAZh0IVWqk4fXw/jlo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3BeM8g==</latexit>r



<latexit sha1_base64="I6ivsgOE2m/lvjb3nGQ7uvGYcBE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48VTFtoY9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsr+WLgPjYG1Zpbd3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQ5cfO0JlVhiiKlS1pUK7+nsiw0HoqQtspsBnrZW8u/uf1UhNdBxmTSWqoJItFUcqRidH8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2o26d1n37i9qzZsijjKcwCmcgwdX0IQ7aIEPBBg8wyu8OdJ5cd6dj0VrySlmjuEPnM8fIdmOPg==</latexit>

m2
0

<latexit sha1_base64="T2PvXihe8MFxw6QKr/VXuAQTUSg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3xmM/A==</latexit>r

<latexit sha1_base64="O18JzNERLXNwyw9EJm1h0zVO5ds=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHisaD+gDWWz3bRLN5u4OxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrBxwn3I/oQIlQMIpWun+89nqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYlj1M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdoQvMWXl0nzvOJdVry7i3KtmsdRgGM4gTPw4ApqcAt1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/MQ41z</latexit>

q = 1

Partial wave unitarity



<latexit sha1_base64="T2PvXihe8MFxw6QKr/VXuAQTUSg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3xmM/A==</latexit>r

<latexit sha1_base64="maY5H75yoLbHAJO0Qagak9JdQn8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbOLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD3ZWM+w==</latexit>q

<latexit sha1_base64="YUmQer31Zu7w9zoTKiAH4krWUt4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Ktki2otQ8OKxgv2Adi3ZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwkRwYzH+9tbWNza3tgs7xd29/YPD0tFxy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfDvz209MGx6rBztJWCDJUPGIU2Kd1JZ9/Fi9wf1SGVfwHGiV+DkpQ45Gv/TVG8Q0lUxZKogxXR8nNsiItpwKNi32UsMSQsdkyLqOKiKZCbL5uVN07pQBimLtSlk0V39PZEQaM5Gh65TEjsyyNxP/87qpjWpBxlWSWqboYlGUCmRjNPsdDbhm1IqJI4Rq7m5FdEQ0odYlVHQh+Msvr5JWteJfVfz7y3K9lsdRgFM4gwvw4RrqcAcNaAKFMTzDK7x5iffivXsfi9Y1L585gT/wPn8AEUmOtQ==</latexit>

m2
0 = 0

Partial wave unitarity



<latexit sha1_base64="PWlSHeiZ5mdnP/yORTLg5p0VM4c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WLoPjaG1ZpbdxdA68QrSA0KtIfVr8EoJqmg0hCOte57bmKCDCvDCKfzyiDVNMFkise0b6nEguogWxw7RxdWGaEoVrakQQv190SGhdYzEdpOgc1Er3q5+J/XT03UDDImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOo26d1337q9qrWYRRxnO4BwuwYMbaMEdtMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucPHteONA==</latexit>

m2
0

<latexit sha1_base64="f/LLCQPbrWAZh0IVWqk4fXw/jlo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3BeM8g==</latexit>r

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q

<latexit sha1_base64="HqFYTbcq4BUXr2G0xX+J2iBqJ4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK0FyEgB48RjQPSJYwO+lNhszOLjOzQgj5BC8eFPHqF3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWj2acoB/RgeQhZ9RY6eH2utIrltyyOwdZJV5GSpCh3it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuqUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+hMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyd1n27iulWjWLIw8ncArn4MEV1OAO6tAABgN4hld4c4Tz4rw7H4vWnJPNHMMfOJ8/jEGNSQ==</latexit>

D = 4

Partial wave unitarity



<latexit sha1_base64="PWlSHeiZ5mdnP/yORTLg5p0VM4c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rmLbQxrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vc397hNVmsXywcwSGgg8lixiBBsr+WLoPjaG1ZpbdxdA68QrSA0KtIfVr8EoJqmg0hCOte57bmKCDCvDCKfzyiDVNMFkise0b6nEguogWxw7RxdWGaEoVrakQQv190SGhdYzEdpOgc1Er3q5+J/XT03UDDImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOo26d1337q9qrWYRRxnO4BwuwYMbaMEdtMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucPHteONA==</latexit>

m2
0

<latexit sha1_base64="f/LLCQPbrWAZh0IVWqk4fXw/jlo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3BeM8g==</latexit>r

<latexit sha1_base64="BZNdYEbKnBA1HK7ICXPoRzjRbm8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272cTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB2pOM8Q==</latexit>q
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Partial wave unitarity



Discussion



Accumulation points in string theory

• What is the underlying physical interpretation of these amplitudes (e.g., strings)?


• For example, in                                  we constructed string backgrounds 
(scattering open strings attached to a D-brane in AdS) that exhibited various 
features seen in the Coon amplitude (accumulation points, high-energy behavior).  


• Bootstrap amplitude constructions may therefore point the way toward new 
structures within string theory itself.
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• Polynomial residues
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• Regge spectrum




Conclusions

• We have derived an infinite-parameter family of amplitudes obeying:

• Lorentz invariance

• Crossing symmetry

• Polynomial residues

• UV boundedness: dual resonance

• Regge spectrum


• For particular choices of the parameters, we get the Veneziano amplitude 
and a compelling one-parameter generalization: hypergeometric amplitudes


•   -deformation: derived Coon amplitude and   -hypergeometric generalization


• Partial wave unitarity satisfied in large regions of parameter space
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Future directions

• Even broader spaces of dual resonant amplitudes?


• Higher-point generalization of hypergeometric amplitudes


• Systematic analysis of unitary regions of parameter space and critical 
dimensions


• Underlying physical system giving rise to our new amplitudes


To prove that string theory is the unique theory of quantum gravity, we 
should explore whether it can be bootstrapped from first principles. 
Alternative structures that we find along the way can help us understand the 
mechanism by which strings become inevitable and give us insights into new 
structures within string theory itself.



Questions


