Bespoke Dual Resonance

Clifford Cheung
Caltech

2210.12163 (CC, Remmen)
2302.12263 (CC, Remmen)
2308.03833 (CC, Remmen)



Bespoke Dual Resonance

Clifford Cheung
Caltech

2210.12163 (CC, Remmen)
2302.12263 (CC, Remmen)
2308.03833 (CC, Remmen) <«+—— posted this week



String amplitudes are miraculous objects!
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R(n,t) = Res A(s,t) = Z a, KG;D)(COS 0)
s=p(n) — .
I |
level mass a,; >0

label spectrum positivity
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111.  Polynomial Residues

1 [ns
k) = — [’; i]

We assume here that level n carries up to spin n.
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0 Q)
R(n, 1) strict dual
A(S’ t) — Z resonance
= M) =

Even if the boundary term is nonzero, we can
sometimes still reabsorb it into a single channel.

o0
R(n, s, 1) -
A (S, l‘) _ Z effective dual

. resonance
= un) —s



Even with 1. + 11. + 111. + 1V, , there is a vast space
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* Coon Amplitudes

accumulation point!

— ({ OF T
n)=I1\nl. = o
u(n) = [n], [—q N
=1+q+ +qn Oo'”'1'0””2'0'”'3'0””4'0””5'0

It is an open question if these are fully consistent.



* Hypergeometric Amplitudes

A(s, 1) ~ Ay(s, 1) 3 F5( )

['(—s—t+ D)

['(—s+a)l(—s+a)
™~ Z kab
a,b

Many amplitudes can be expanded in a basis of
satellite Venezianos. Of course, just since x" is a
basis for f(x) doesn’t mean they behave the same.
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un) = 2,3,5,7,11, 13, ...
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No. We have closed-form tree amplitudes with
all the “string miracles” for an arbitrary spectrum.
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However, this object has annoying branch cuts.



What it we sum over square root branches?

Sum over branch cuts to cancel them, e.g. like in

f(\/;) +f( - \/;) = even function of \/x
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A(s, 1) = Z Z - : Z Ry(n, )

— O
n c=—0%\/s T=—5i\/;

/ |

polynomial in t
simple pole in s

n=0: 2
2(n + 90)

(l’l+5)2—S n=1: 2(1—5)
n=2: ((U-060)(2-0)+1¢




“(Galois sum” the leading asymptotics to obtain:

A(S — 00, t) ~ Z UT+ oo

c=—0%1\/s

T=—5%\/t

i i
(V)T ()

decay phase

Require 6 < 0 so this term vanishes for some .



We can recast the “GGalois sum” as a “dlog form”!

1 1 1
A(S,f) = do |
27 c+0—\/s o+5+/s
N 1
X —Qdr | X Ay(o, 7)
27i ) | t46—1t Tt4+6+\/1

2 o
= (i) P dlog ((6 + 6)* — 5) dlog ((z + 8)* — 1) Ay(0,7)

Our construction generalizes to any spectrum.
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The crux of our framework is a “spectral curve”.

fw,v) = Pw)—uQw) = 0
VAN N S

kinematic level polynomials

The zero locus defines the important quantities:

A) spectrum B ) inverse spectrum

ulv)=Pu)/ OW) v,(u) tor a=0,1,2,...



Consider the asymptotic behavior of spectrum.

. . P
Iim u(rv) = lim ®) ~ ylPI=10
U—> 00 U—> 00 Q(I/)
P|<|O| accumulation P|>|O] divergent
— point spectrum spectrum

Let us assume “asymptotic uniqueness of strings”.

[Pl=1Q]+1



Define an amplitude with a “bespoke” spectrum.

As, 1) = ) Ay, (s), vy(1)
a.p

1\° do dt
B (2_m> ﬂgazﬁa Uo(5) T — vp(2) Avte, )

ﬂg dlog f(s, o) ?g dlog f(t, 7)
' 2Tl

Aylo, 1),



As betfore, we “(Galois sum” the Regge behavior.

Ay = lim A(s,1) ~ lim ) v, ()

a.p

A (?) converges if the condition below is satisfied.
It is typically constant, but can be made zero.

Re (vﬂ(t)) <0 for all p

“Hurwitz stability”



Next “(Galois sum” the dual resonant form.

As, 1) = ) Ay, (s), vy(1)
a.p

polynomial in ¢

— 1
) nz::‘) (z(;‘ 1 — U,(S) ) ( ;Rv(n’ yﬁ(t))>

rational polynomial in s

We have derived expressions for dual resonant
amplitudes with customizable spectra!



No explicit roots (cf. the quintic)? No problem.

i ) power sums of roots

D (0

a

ii ) elementary symmetric polynomials

Lo ) v, ) v, ) vDudu),

a a<f a<p<y

iii ) coefficients of spectral curve

fiLy)y = Pw)—-1Qw) = 0



Example A:
Simplest Nonlinear Model



The simplest model with a nonlinear spectrum:

V) = Pv) V> +piv+p,
T 0w T T vt a

1
V() = 5 [/4 —p1 £ \/P12 —4p, = 2(p; — 2q)pu +

- AGD = ) A ), 1)

a,p==+



In general, the space of parameters is big. But we
can map three parameters to three masses.

P1> P2 4>

v

u(0), u(l), u(2)

For partial wave unitarity bounds, let us assume

dimension D = 4 and external mass mZ = 0.
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Example B:
Post-Regge Model



A model with a post-Regge expanded spectrum:

PQ) Z?:O k(v — i)
pv) = = -
Q) (v — vl

K> K3

=(1/—I/>x<) Ky -
: U — Ux (1/—1/*)2

- A = ) Apa(s). (1)
ap



h=2
—1.2293 S v. <0

K1

..........................




Higher-Point



The generalization to higher-point is obvious:

Ay = Z AyVy,,(512); Vg, (523)),

12,003

As= ) AWy (512): Vi, (523): g, (534): U, (545): 1 (551)

A1, Ap3
Q345 Ays5, A5

Folding each planar Mandelstam by v maps the

stringy linear spectrum to an arbitrary spectrum.



Now “Galois sum” the worldsheet representation.

1
Ay(S12, $23) = J dx x—*271(1 = x)™=7!
0

0

1
A(S, t) — J dx Zx_yalz(su)_l Z (1 _ x)_l/a23(523)—1
a3

A1)

Since the vertex operators in the original string
amplitude factorize, the branch cuts cancel



Conclusions
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arbitrary customizable spectrum
infinite spin tower with local residues
tame ultraviolet behavior

dual resonance

worldsheet + dlog representation

higher-point generalization



The Takeaway:

Option 1) String theory isn’t unique,
or,

Option ii) These miraculous amplitudes
properties just are not that constraining]
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Thank You!



