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Anatomy of B — M, /"¢~ EFT Amplitudes

2mpyM M
A= { (67 Com@) + 5% | GAl(@) - om0 ()| |

» Local (Form Factors):  F\(q?) = (Ma(R)| 3T b|B(k + q))

» Non-Local : Ha(q") = /'PQ/CI‘*X 'V (M (R)|T{j4n (%), C; Oi(0) }|B(q + R))
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The BSM/QCD dichotomy
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Here we are discussing the problem of calculating

» Local Form Factors :

FO(q?) = (Mx(R)| 3T b |B(R + q))

» Non-Local Form Factors:

H!(q) = i/d‘*x 4™ (M(R) T{ b (%), [Diy” i [€7,51(0) }1B(q + R))

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 7/78



In both cases the “modern” strategy 1s

» Calculate/extract the form factors in optimal/feasible kinematic regions
(not necessarily physical or the regions we are interested in)
— “data”

» Parametrize g° dependence by means of a rigorous analytic expansion
» Fit the (truncated) parametrization to the “data”

» Control the truncation error by means of a dispersive bound.
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Local Form Factors
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» Two main approaches: (1) Lattice QCD (large g2 ***)  (2) LCSRs (low g?)

» Two approaches to LCSRs, in terms of

(1) K* LCDAs  (2) B LCDAs

» g° dependence parametrized via a (dispersively-bounded) z-expansion
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Form Factors : g’>-dependence from analyticity

Bourrely, Caprini, Lellouch; Boyd, Grinstein, Lebed; Caprini, Lellouch, Neubert; ...

» Conformal mapping: 2(q%) =
Im(q?) 1
¥
. e
Jsb o ne—=_9
>
Bs :
BK* cut sical |Region
—— Re(2)
YSIC. egion
” by Re(q?
(¢%) S
%

» "z-parametrization” : ]?g)(qz(z)) is analyticin |z] < 1 (1zpnys| < 0.15)

1
PO = =y 2o A

S
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Form Factors : Dispersive Bounds (BGL)

Boyd, Grinstein, Lebed 1997; Bharucha, Feldmann, Wick 2014

1. One starts with the two-point function

. ) . i .
ne(q) = i/d‘*x 90T (x)Y (0)}0) = Y=V (q?) {%} +nY=(q?) [guv ~ Clqg }

2. The invariant functions fulfil a once-subtracted dispersion relation:

0 A
9 _ l/ds Imn¢ )(s).
q2:02 Vs ,

0q?

@) = |25 | )

(s — Q2)?

3. The function X(FA)(QZ) can be calculated in an OPE at a suitable substraction point Q?
Bharucha, Feldmann, Wick 2014

4. The discontinuity of |_||(->\)(C]2) Is the spectral function:

I (s) ~ D OUHH)HITI0) ~ e + [FH2 4 [FF P 4 P2 -
H

(up to phase-space functions...)
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The two-body contributions are, e.g.

(J=1) JEReS A¥2 o, 4B—K* 2 2 172
= = d in [3M+M* APE P32 MM 2,
G e 242 /(MB+MK*)2 852(3—Q2)3 e i | .

A%—)K* |2

In order to simplify the bound, It Is thus convenient to reparametrize:

M9 = Br@)oF@)FNM (@) =) of 2(67)F
R

+7r
A 2
Z/d@‘]—"f‘*”’(e’(’)‘ <

EB——>AA___7r

Physical

Region Re(VZ) Z ‘O{/QF|2 < 1
F.k
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Local Form Factors: 2 variations

Gubernari, Reboud, van Dyk, Virto 2023

1. “Polarized” 2-point function decomposition

()= > e (g

)\:t,J_,H,O

— This is the bound used in the literature:

(J=1) /i >‘11<'/2 of| 4B—K*|2 2 BK* |2
== d [ Mp+Mg )| A7 757 PH-32 ME M7, || Ay
. ‘BK* 242 /(MB+M;<*)2 852(3—Q2)3 dea | sMicd | |

— And this is what we propose:

(0) WB_)K* 7 )‘11<‘/2 2 272 BK* |2
s 1 —

Gl / ds s A MM A

(MM )2
B K* - 1/2
(1 Y Akin ol AB=K*

XA ’BK* 552 / dSSQ(S e Q2)3S (Mp + Mk-) ﬂAl %’

(Mp+Mg»)
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Local Form Factors: 2 variations

Flynn, Juttner, Tsang 2023; Talk by J.Flynn @ this workshop B
Gubernari, Reboud, van Dyk, Virto 2023 jr
*
K

2. Correct threshold, different from trivial one:

Im g4 ~
. TG = Br(2)or (@) FEM(@?) =Y af pE(2)
e ¢
e e o
/ 46 pZ (e°)pT (€ = by
% Imz tar :
t, ~ .
. Z / do ‘]—“E*M(e’e)‘ <1
f B—)M —ar
Rez
Z o | < 1
F.k
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Local Form Factors: 2 variations

Flynn, Juttner, Tsang 2023; Talk by J.Flynn @ this workshop
Gubernari, Reboud, van Dyk, Virto 2023 FOR FIT SEE TALK BY MERIL REBOUD

2. Correct threshold, different from trivial one:
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O C tar
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Light-Cone Sum Rules
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Light-Cone Sum Rules with B-meson LCDAs

Khodjamirian, Mannel, Offen 2006 [Unitarity+Analyticity+Duality]

Consider a correlation function: Pap(R, q) = i/d‘*x e®*(0|T{ja(x), j»(0)}|B°(q + R))
y Im(s)

1 [ . ImP;(s,q?)
OPE 72 2y _ 1 ’
P; (kaQ)—W/;thds s _ k2

Pi(k27 q2)

~ Re(s)

21mP(h, @) = 3 [ drn (Ol |h(R)) (k) 5| B + b))
4 o

form factor

h(R) = K* + continuum = 2ImPgp(R, q) ~ f& FF* §(k? — my«) + duality(so)

1

2 2
emK*/M °7DOPE(Q2,50,M2)
fiexe My

I_—BK* (q2) _
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Light-Cone Sum Rules with B-meson LCDAs: OPE

Kolulu, Gubernari, van Dyk 2018 [Unitarity+Analyticity+Duality]
Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pap(R,q) =i /d‘*x e®*(0|T{ja(x), j»(0)}|B°(q + k))

S L""LL\SZ
(a) ()
POPE(G?, 50, M?) = Brznfi, /ds e=5/M Gn(s)
>o (M%)

New calculation includes DAs up to twist-4  Braun, Ji, Manashov 2017

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 18/78



Form Factors: beyond the Narrow Width limit

Cheng, Khodjamirian, Virto 2017, Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pap(R,q) = i/d‘*x e®* (0] T{ja(x),jp(0)}|B°(q + F))

+ Im(s)

1 /% ImP;(s,q?)
OPE 12 2y _ 1+ i\,
P! (k,q)_ﬂ_/sthds —

Pi(kzv q2)

> Re(s)

21Py(k, ) = 3 [ dri (Olda [B(0)) (1)1l B(a + )
2 o

form factor

» Traditionally,  h(k) = K* + continuum = 2ImPgp(k, q) ~ fi FF*S(R? — mg=) + - - -
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Form Factors: beyond the Narrow Width limit

Cheng, Khodjamirian, Virto 2017, Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pap(R,q) = i/d4>< e**(0]T{ja(x),jp(0)}|B°(q + F))

4 Im(S)
OPE[1.2 .2y _ l/oo Im7P; (s, ¢%)
P'i (k aq)_ﬂ_ ser ds s — k2
Pi(k27 q2)
°
AT T T T Re(S)
20Pi(h, @) = 5 [ drn (Ol Ih(k)) (a(k) 5| B(a + 1))
B form‘ffactor

» Traditionally, — h(k) = K* + continuum = 2ImPgp (R, q) ~ fi FF*S(R? — mg=) + - - -
» Generalization for unstable mesons cheng, khodjamirian, virto 2017 h(R) = Km + - --

LCSRs with B-meson DAs, natural for this generalization.
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LCSRs for P-wave B — Kx Form Factors

P-wave '\’ro;\ec’h v

/\/\/—\

Pi(k,q) = i/d4x e"*(0T{d(x)7"5(x).ji(0)}|B%(q + k)

S0 2 —
[ dsem M wfs,q?) £1(5) K, a) = PO, o0, )
Sth

- 5o — Effective threshold

- wj(s, g%) - (known) kinematic factors

_ 2 2
- (K= (k1) (R2) |57, d]0) = [ () Ry + T fo (R?) Ry,
: PI-OPE — OPE result for the correlation function

Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B — Kx Form Factors

>0 2 —
[ dsem M wfs,q?) £ (5) K, at) = PO, 00, )
Sth

- Generalize LCSRS iNn khodjamirian, Mannel, offen 2006 Deyond the K*, including LCSRs for Ag, T 3

- Recalculate PI.OPE Including 3-particle contributions, and extended consistently to
twist-4 accuracy. Full (numerical) agreement with cubernarikokuluyvan byk 2018 (NOt input
parameters)

- Revisitsg = significantly lower value!l = [« Is derived quantity
- Study of Narrow-width limit, Finite-Width effects, and effects beyond the K*
- Applications to B — Kmé/

Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B — Km Form Factors: Narrow-Width Limit

>0 2 —
/ ds e/ wi(s,q?) [ (s) F=D(s,q2) = POE(q?, oo, M2)
Sth

t
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vvvvvvvvvvvvvvvvvvvvvvvvv

]C_|_ (S) _ — Z mR]CR gRKﬂ- eI¢R(S) 10* . NEvents/bin
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104/
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Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B — Km Form Factors: Narrow-Width Limit

ftf &’ ° j f 'éo
HE S

Bds @ dFS
<& Q’Q 45 ﬁo‘y.;? ;f 49

Form Factor This work  Ref. [12]  Ref. [24] Ref. [15]  Ref. [17]
Free.1 (0) = VBE(0) 0.26(15)  0.39(11)  0.36(18)  0.32(11)  0.34(4)
Fi+(0) = ABK"(0) 0.20(12)  0.30(8)  0.25(13) 0.26(8)  0.27(3)
Fr-(0) = ABK"(0) 0.14(13)  0.26(8)  0.23(15) 0.24(9)  0.23(5)
Fr-4(0) = ABK"(0) 0.30(7) - 0.29(8)  0.31(7)  0.36(5)
FE. (0) = TEX(0) 0.22(13)  0.33(10) 0.31(14)  0.29(10)  0.28(3)
FE.,(0) = TPX(0) 0.22(13)  0.33(10)  0.31(14)  0.29(10)  0.28(3)
FE._(0) = TEX"(0) 0.13(12) - 0.22(14)  0.20(8)  0.18(3)

Table 6: Results for the form factors at ¢*> = 0 in the narrow-width limit,compared to corre-

sponding results in the literature. The approach in Ref. [17] is a completely different LCSR

approach, in terms of K* DAs.
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LCSRs for P-wave B — Km Form Factors: Narrow-Width Limit

FBK* (q% = 0) VBK®  ABK®  pBK®  pBK T11’32K* TBK"
Ref. [12] 0.39 0.30 0.26 - 0.33 -
Inputs [12], no g4 0.38 0.29 0.26 0.31 0.33 0.25
Inputs [12], with g4 0.27 0.21 0.14 0.31 0.24 0.14
Our inputs, but so = 1.7GeV?  0.33 0.26 0.17 0.38 0.29 0.17
Our inputs, our sg, no g+ 0.36 0.28 0.25 0.30 0.31 0.23
Our inputs, our sg, with/g. 0.26 0.20 0.14 0.30 0.22 0.13

NS

Table 7: Deconstruction of e different effects explaining the difference between our results
for the form factors at ¢*> =|0 and those in Ref. [12]. The difference stems mainly from the

inclusion of the twist-four tujo-particle contributions. See the text for more details.

l?‘\' Tw i$t~4 LCDA

Javier Virto LCSRs in Rare B Decays
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Finite-width effects

Z/ ‘F(ZZ‘),i ‘ NWL

Y

_ 7D

Wi+

=N

1.08

1.06
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1.02

B— K*

i i [

..o 8& , WK* ~ 1 -+ 1.9

) o® %_‘ mK*

Wi« = 1.09 £ 0.01
et Zero-width limit - - - - — - - - -1
0.00 001 002 003 004 0.05

FK* (GGV)

BRs are corrected by a factor Wx |> ~ 1.2
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Beyond the K*(892)

Consider the sum rule with R = {K*(892), K*(1410) }:

S FD@) a9 1a(s0.m7) = POOPE (@2, 09, M2)

R
M? = 1.00 GeV? M? = 1.25GeV? M? = 1.50 GeV?
T g 0.1506(23 0.1781(16 0.1992(13
Model 1 K*(892) (23) (16) (13)
Ik~ (1410) 0.0050(07) 0.0062(07) 0.0072(06)
Tpe 0.1491(22 0.1766(20 0.1975(16
Model 2 K(892) (22) (20) (16)
Ik~ (1410) 0.0048(07) 0.0061(06) 0.0070(06)

Table 8: Values for the quantities Ip for R = {K*(892), K*(1410)} for the different values
of the Borel parameter M? and for the two models for the Kn form factor. The K*(1410)
contribution is very suppressed in the sum rules, with Ix-(1410)/ Ik~ (892) = 0.03 in all cases.

Descotes-Genon, Khodjamirian, Virto 2019
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Beyond the K*(892)

Set Fix(1410) = @ Fyx(gez) With « a floating parameter

80 | ' ' ' ' ' ]
60 - —
=
\C:D: L
= 40r .
I L
X
< 4
~
20 —
0 B 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 |_
0.8 1.0 1.2 1.4 1.6 1.8
Vs (GeV)

a=71: Fg= 1(0)=028; a=10: Fy= 1(0)=0.22; a=50: Fg+ 4 (0)=0.11.

Descotes-Genon, Khodjamirian, Virto 2019
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Beyond the K*(892)

Descotes-Genon, Khodjamirian, Virto, Vos 2023

12 . , , ] . . . | K , . |

10+

+ —

0
- : |
(\D/ I
* i ——
é 6l — )
N@ L
= , :
~ F I i
N 4L .
&  — a= 0
- |ssaniosscnisn a= 1
P—wave only — a= 10
2 (0.796 GeV)? < s < (0.996 GeV)? — =5 |
0 = L 1 ! | . . . | ) ) \ | l l : .
0 2 4 5 .
¢ (GeV?)

Figure 8: Theory predictions for the B — (Km)pl™£~ branching ratio within the K invariant
mass bin (0.796 GeV)? < s < (0.996 GeV)?, for different values of o, compared to the LHCbH
measurements of B — K*utu~ in Ref. [13].
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High Kr-Mass Moments in B — Kré/

LHCb arXiv: 1609.04736

Differential decay rate including S,P,D waves - - [ dQ2 = d cos 8, d cos Ok do ]

a1
dq2dk2dQ ~ 4r

41
> i) Fi(a*, k)
=1

The 41 moments (g2, k?) have been measured by LHCb (arXiv:1609.04736) in the bins

VR2 € [1.33,1.53]GeV , g% € [1.1, 6]GeV?

(\lﬁ\ T l T T T l T T T ' T T T ' T T T l
Q - -
> a0l + LHCb h
§ - 1.1< ¢2<6.0 GeV¥c* -
<o - -
L - ]
< 200 ]
g‘ - -
> i ]
Q B -
] - -
B 100 + 4 .
0 R N P TP DRI . e e
800 1000 1200 1400 1600

m(K ") [MeV/c?]
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High Kr-Mass Moments in B — Kré/

LHCb arXiv: 1609.04736

Differential decay rate including S,P,D waves - - [ dQ2 = dcos 8, d cos Ok do ]

T = a2 M) e )
=1

The 41 moments (g2, k2) have been measured by LHCb (arxiv:1609.04736) in the bins

VR2 € [1.33,1.53]GeV , q* € [1.1, 6]GeV?

|[_""‘1_lllllIlllllllllllll__lllIIIIIIIIIIIIIIII

LHCb ][ LHCb
0.5 "_ - [

T +++H """ Z ML IE(LEE ST ; p g
st i

- -

lllllllll

_l_lllIlllIIIllIIlllIl-_lIIIllIlllllIIllIIl
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41
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High Kr-Mass Moments in B — Kr//

Example: (M) = 7 <|Z|L| 2 + |Zﬁ|2> = Z8(5[" — 7v/515 4+ 5v/5F 6 — 355 — 5v/151 19 + 35v/37 1)

r+* * * 1 * ¢ v 1 v v v [ v v v | v v v T]

10F 108.‘[” n q2 = [11 6] (;C\"2 (GC\/'—I) I/\\ - 4_ 108<z‘[”>
3
2+
F LHCb
1_ /
0._I " L 1 L " " 1

. . . 0 5 10 15 20
My (GeV) o

Bounds: From (M) : a $11; From (M) : a$17; From (Mre) : a S 18,

Descotes-Genon, Khodjamirian, Virto 2019
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High Kr-Mass Moments in B — Kré/

Upper bounds on P-wave from differential BR:

dr
g = F1 = P+ R+ P+ B+ B + (RSP +

(\'1_| 2—' ! ! | ' ' ! | ' ' ' I ' ! ' I —]
% i LHCb 1 10° (B)p.10,0.0) = 141£027—= <5
L 1sE - 108 (B)paosso) = 1.60+£029 = a <6
Ci lf— } + E <B>[2 50,4.00] = 1374+ 0.26 & a <5
(\g E 108 <B>[4 00,6.00] = 1.12 £ 0.26 — Oégll-

0.5 | -—}—- —
% R <B>[6 00,8.00] = 0.98 £ 0.23 — Oé§3

g2 [GeV* 4

Bounds are easily improved with some info on S-wave form factors.
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LCSRs for S-wave B — Km Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023 S-wave ?N\Su.\.‘w

Sih.a) =i [ d'xe" (O T{d00s(0. i (O)}E(q + )

So 2 _
/ ds e=/" wi(s,q?) f(5) F0(s,q?) = S, o, M)
Sth

- 5o — Effective threshold

- wj(s, g%) - (known) kinematic factors
- (K™ (k)7 (R2)[5d|0) = (mig — m3)fo(R7)

. SI.OPE — OPE result for the correlation function
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LCSRs for S-wave B — Km Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

Modelling S-wave spectrum much more challenging

500 F
400}

300

d0(°)

200

100 f

...............................

Figure 1: Modulus of the normalized scalar form factor |fy| and its strong phase &, obtained
from the four different fit scenarios of Ref. [30].

Two channel K — Kn” model from von Detten, Noel, Hanhart, Hoferichter, Kubis 2021
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LCSRs for S-wave B — Kz Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

Relative size of S- and P-wave contributions

K*¥(292) rc&\ o

350 |

300

250 -

| Fo

150 |
100 |

50 -

T T ] T T T T ]

— S—wave

— P-wave (o =1,5,10)

Javier Virto

LCSRs in Rare B Decays

200 -,

1501\ .

500
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LCSRs for S-wave B — Km Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

S-wave fraction Fs = BR(S-wave)/BR(S + P-wave)

0.3 E Model 1 |

m— Model 2
m— Model 3
0.2 i m—— Model 4 .
hoﬁ 01 - || : I | —

E————

0.0

(@]

N

S
(o))
(o0]
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Non-Local Form Factors
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Non-Local Form Factors

Zmb/\/lB

A&’R — N)\ {(Cg + C1Q)F)\(q2) -+

» Local (Form Factors):  F\”(q%) = (Mx(R)|3T) b|B(k + q))

» Non-Local: Hi(g°)=iP; /d‘*x T (M (R)| T { T4 (%), C O:(0) }|B(q + R))
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Non-Local Form Factors: Analytic structure

.
L
Vo

|m

S s’
4 c‘\vz'
Camele ™ N\ A
ame ¥ I |
Vqt?
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Analytic continuation to phySical q2 Bobeth, Chrzaszcz, van Dyk, Virto 2017

z-parametrisation for H,(g?)

t Im(2)

Im(q2) 1 B

¢ =ty

J/b $(25) DD cut
@

Physical Region

Physical Region

by Re(q?)

> Ha(07(2)) = (@° = M}, )(@° — M2, 05)) Ha(q?)  is analyticin |z] <1
? _ 0 » _ Ko (A k
» Taylor expand H (z) around z = 0: Ha(z) = [Zk:o a, 78| HA(2)

» Expansion needed for |z| < 0.52 ( —7GeV? < g% < 14GeV?)
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Fit to Z-Pa rametrisation Bobeth, Chrzaszcz, van Dyk, Virto 2017

t Im(2) B — K"

B — K™¢(28)

Theory data

Physical Reégion

B — K*J/y
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Non-local form factors: Operator Product Expansion

H"(q, R) = i/d4>< e (Ma(R)| T{ T4 (%), C: O1(0) }B(q + R))

- Large-g%: Dominated by x ~ 0 (short-distance dominance - OPE)

Grinstein, Pirjol; Beylich, Buchalla, Feldmann

- Low-g*: Dominated by x* ~ 0 (light-cone dominance - LCOPE)

Khodjamirian, Mannel, Pivovarov, Wang

2
. Mg
Lcope 0 el edn ( 1 o OPE 2

a2/
o
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Non-local form factors: Operator Product Expansion

We write

1" (g, k) = (MA(R)[KH(q)IB(q + k)
With the operator K¥(q) given by
Kr(q) = f/d4X e T{ Tk, (x),Ci 0;(0)}

't turns out that: Leading-order OPE = Leading order LCOPE
Khes(q) = AC(a7) (979" — q°g"") 5y, PLb + AC:(q”) 2imy S0t q, Prb + - - -

With this we have:

HE o6 (G, R) = ACs(%) (9" — G*gH" ) F, 4 2imy AC(G7)F™ + - -
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LCOPE very low g*

» LCSRs with B-meson DAs Khodjamirian, Mannel, Pivovarov, Wang

LC exp. of charm prop. Balitsky, Braun 1989

2 2 C
> T <§+Cz>g(m§,q2)[§rb]+---

7

-

Ve

matching coeff

Y
I S = H = (matching coeff) X F&CSR
//
P
< II ‘%
I
]
N \
> 0o o > ”
B Y B Y B Y
P I// y% //,/ y.% P .X%
Javier Virto LCSRs in Rare B Decays
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LCOPE at very low g — Subleading power

» LCSRs with B-meson DAs Khodjamirian, Mannel, Pivovarov, Wang

00

o

LC exp. of charm prop. Balitsky, Braun 1989

q% < um? C _
— (g + Cz> g(me, q°) [3T b]+

3-particle correction to Fy —

\ 7
-~

matching coeff

+ (coeff) x [S y*(in+ 'D)néﬂva] 4.

™
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LCOPE at very low g° - Subleading power

Recalculation of charm-loop effect  Gubernari, van Dyk, Virto, 2011.09813

Transition V(g% = 1GeV?) This work Ref. [11]

B— K A (+4.9 £2.8) - 1077 (-1.3759) - 107
v, (—4.4+3.6)-1077GeV  (—1.5718) 1071 GeV

B — K* Vy (+3.3£2.0)-1077GeV  (+7.3714) - 107° GeV
Vs (+1.1£1.0)-10°6GeV  (+2.4755)- 1074 GeV
V, (—4.4 £5.6) - 1077 GeV —

B, — ¢ V, (+4.3+3.1)- 1077 GeV —
Vs (+1.7 £2.0) - 107 GeV —

» We reproduce the result of KMPW'2010
» We incude complete set of 3-particle LCDAS Braun,Li,Manashov 2017

» Cancellations + Parametric lead to a reduction of the effect of two orders of magnitude
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Dispersive bound Gubernari, van Dyk, Virto 2020

1. Consider the correlation function
1(q) = [ dxe (O[T {0"(@:).0"1(g;0)} [0
where

0"(g: X) = —i/d‘+ye+"q-y T (X 4 1), (GO + GO)(X)}
2. Calculate in OPE region
: ” C \ local OPE
~ XX —
x°PE(—m?) = (1.81 £ 0.02) x 10*GeV~*
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Dispersive bound Gubernari, van Dyk, Virto 2020

3. Twice-subtracted dispersion relation: oy
i — e

)ES%E-

DiscpzM"2d(s) |
OPE/ 2 bs
(@) = 2in /d (s — Q?%)3

2M4 )\3/2(/\/,2 M2
___ Discp=M"d(s
Sois Dsees T (s) = o

6 2 2
2MG | [A(ME, M2,

2 348-(5)|" o(s — sen)

+ 3

. M$ \/A(M%S,Mévs) <|’H8f_>¢(5)‘ ‘HBS—>¢(S)’ Bs

s) (|%B%K (S)‘ N ’HB—H( (S)‘Z n M?é ’Hg%K* (s)‘ 2> 0(s — Sk~ )

53

&%Wa\>ms—%m)

+ further positive terms C%. Ay =N | B> kmmnnnx =)
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DiSpe rsive bound Gubernari, van Dyk, Virto 2020

Im ¢*}

: M M2t t,
Redefine H; as before: TT! M=/ o G U

HIM(2) = X" () P(2) HR " (2).

N

Expand in ortogonal polynomials in arc:

dew z

©@)
H57M(z) =D S (2)
n=0

The dispersive bound then takes the simple form

. B—K 2 B—K* 2 2
> 2|aO;> | + Y 2‘@7, + |am s < 1.
n=0 >\:J—7||70 /
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DiSpe rsive bound Gubernari, van Dyk, Virto 2020

FOR FIT RESULTS SEE TALK BY MERIL REBOUD Im g2}
Redefine H; as before: - M Mt
Re ¢*
HIM(@) = 5@ P M), :

Expand in ortogonal polynomials in arc:

H M (2) = Z a5 "pn " (2)

The dispersive bound then takes the simple form

B—>I<
|ao n

- X e

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 52/78

n=0




Non-Local Form Factors: Issues

» No LQCD calculation: need (?) LCSRs
» Leading term is given by Local Form Factors v
» B — (nS)M — important model-independent input (**)

» z-parametrization — Analytic structure

D

(Ciuchini, Fedele, Franco, Paul, Silvestrini, Valli 2022)
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Non-Local Form Factors: Issues

» No LQCD calculation: need (?) LCSRs
» Leading term is given by Local Form Factors v
» B — (nS)M — important model-independent input (**)

» z-parametrization — Analytic structure
¢ = P

. =< 2 (4430) < . i
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Non-Local Form Factors: Issues

Direct check of analytic structure at two loops: Asatian, Greub, Virto 2019

F(s0) — Flso) = 2o [ a0

2] " (t-—-51)(t-—-50)
Example:

Fy (=3 +14) — Fy 0, (—1 — 2i) = 0.0894864 — 0.160827 7 ,

= 0.0894966 — 0.160839¢ .

—2 43 /°° . Disc Fy () (¢)
25 | (t+3—14)(t+ 1+ 21)

S4 ——_--§§‘1E\\\\\\\\\\\\\

(4

[
\ p:

<
S .’L. /'/
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Summary

The understanding of rare B decay measurements requires the knowledge
of local and non-local form factors

LCSRs with B-meson LCDAs suitable for Global Analyses:
» Valid for
B—K,B—K Bs— .

B—nmn,B—p, B—>~lv, ...

» Beyond the Narrow-Width Limit + non-resonant:

B—mm, B— Km ...

» Non-local Form factors at negative g?
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“l summon the spirits of long-distance enhancement”

12 Beyond the Flavour Anomalies IV, Barcelona, 21 April 2023 Ulrich Nierste
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BACK-UP
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Based on

Bobeth, Chrzaszcz, van Dyk, Virto, 1707.07305

Descotes-Genon, Khodjamirian, Virto, 1908.02267
Asatrian, Greub, Virto, 1912.09099

Gubernari, van Dyk, Virto, 2011.09813

Gubernari, Reboud van Dyk, Virto, 2206.03797

Descotes-Genon, Khodjamirian, Virto, Vos, 2304.02973

Gubernari, Reboud van Dyk, Virto, w.i.p
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https://arxiv.org/pdf/1707.07305.pdf
https://arxiv.org/pdf/1908.02267.pdf
https://arxiv.org/pdf/1912.09099.pdf
https://arxiv.org/pdf/2011.09813.pdf
https://arxiv.org/pdf/2206.03797.pdf
https://arxiv.org/pdf/2304.02973.pdf
https://arxiv.org/pdf/wip.pdf

Non-Local FFs: Experimental constraints on z parametrisation

Bobeth, Chrzaszcz, van Dyk, Virto 2017

Experimental constraints :

» The residues of the poles are given by B — K*1p, :

My, f3 A"

M3(q? — M2, )

2 2
HA(G™ — My, ) ~
» Angular analyses Belle, Babar, LHCb determine :

P2 I 10" arg{rtrg™ Y, are{r g,

2 M n]f* Awn
where rg\b”z Res HA(Q)N ¥nlgpn "X

@2-m2  Fa(q?) Mg Fa(My )
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Objective: Fully analytical calculation in two variables: g and m..

b 01’2 S b i i 01’2 7 S b Ol,2
—X (X) S (%) (X - (% (< — > > S
1 2 a 3 1 g 2 3 ‘>><\ %\
S = v
c @ \9@ c c 99%
990 2999 1 99
X
a) b) 9)
b Ol 2 S b O] 2 S

> (X) > > (X)
S ) 0 B B 0
o

\\99 ) 2 (%) X) 3
%, ¢ 0000600601
\'0‘-29 1 C 1

d) e)
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Two-loop Master Integrals

2)/\/-—4(~2)2e dd€ ddl’

g [ (M
j/(q27 mC) - (27‘-) 2 / Pn’1 Pn’z Pn’3 Pnf4 ,D,n"5 Pl.qi6 Ph’?
I Is le 17

=(+q)—m¢  Ps=(r+p—q) Po=10-q

Py = £ — m¢ Pe =1-( Pio = (r+p—q)° —mj
Py = ({+r)" —m; P;=1¢-(p—q) Py = (r+p)* —mj

P, =1’ Ps = (r+ p)? Po=(l+r+q) —m?
Ps=r-(p—q)
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Differential Equations in Canonical Form Henn 2013

(m%)N,»—4(ﬁ2)2e C/d€ ddl’
P”m Pniz Pﬂ,'3 P7i4 P”’S P/'ni6 Ph’i
4 6 17

(0%, me) = (2m) /

iy 3 is

axji,l?(eyxa y) — af’ii(eaxa )/)/[,g(G,X, y) ) 8)/]/,/?(67)(7 y) — af‘ii(@X,Y)jj,g(E,X, y) )

—

— Transformation to “Canonical” Basis: /\7l(x,y) = T(e,x,Y) - J(X, V)

8XM(€7X7Y):EAX(Xay)M(€7X7y) : @M(e,X,)/):eAy(X,y)/Vl(e,X,y)
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs

KM(e, X, V) = e A6, Y)M(e,x,y) 3 OyM(e, X, ¥) = e Ay(X,y) M(e, X, y)

o

M(@X,)/) — ZEI’) MH(X7Y)

n=0

ax,ymn(xa y) = Axy(X V)MH—T(X7 y)
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Matching calculation at NLO

Iterative solution of DEs

MO(Xay) —

M'](X,Y) —

MZ(X7y) —

M3(X7y) —

First y dependence, then x:

Co(X) |

37 A G(w;,(x);)] Co(x) + Ca(x)
J1

>[4 A 6w, (), w;, (¥); )] Co(x)
J2,J1

+ A 6wy, (x); )] Gi(x) + Go(x)
B
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs

Solutions in terms of Generalized Polylogarithms (GPLs) Goncharov 1998

ek ~ log™ X

G(Wq,...,wn;y):/oy
e
G(1;x) =log(1—x), G(0,1;,x) = —Lir(x), G(0,0,1;x) =—Liz(x)...

Fast numerical evaluation of general GPLs in the complex plane available
(C++, python, matlab, ...)
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Results: Comparison to previous calculations:

o
T
SN
T
O} |
% |
®

K osL 1> 00y ] < .
— ] - 3
2, ? CI:
. f ] I
o oC 1 o : ¢'
(<) 3 L o0 ] g P e e e e oo™
A OOOO ] — 0 K :
QOOOOO ] :/ I
2 O 1 1 £ |l
] . i
1 L ! ] o N ! !
-2 -1 0 1 2 -2 -1 0 1 2
_ 2 2
s=q°/my

Re F\” (s + ie)
Im £V (s + ie)

squ/mf squ/mg
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Matching calculation at NLO

Asatrian, Greub, Virto 2019

Analytic structure in g° plane

b O| ) S b Ol 2 S b 01’2 S
—X (X) (X) {X) (X Xp— > —
1 2 Q \3/ 1 &(3 2 3 Q
S )9
S ) S BN
c 3§ \9_@ ¢ ¢ @@
99 S0 O,
)
2) b) 0)
§ b 01’2 S
> D )
0 / ‘\ 0
2(X) X) 3
c 060060001
C 1
®)
¢)
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LCSRs in Rare B Decays

May 11th, 2023, 2023 67/78



MatChing calculation at NLO Asatrian, Greub, Virto 2019

b
Checking analytic structure of #(g?)
+. | T T T T 1 1 T l | T T T I T T 1 T l | T I T
i o f
- Diag. d R
1.0 I~ [m] -
! o
~ : O O 4
W [ ]
S 05 - .
. s t, o )
w0 i - 0
~ 00te=e==sdsee-e =
SQCS/ [ o+
Ry [ g o + i
- -05F - .
= : v ]
: +
-1.0 F ¥ 4 ]
[ . ]
+ .
S T S B TR RN NN (RN NN NN SR SR S NN SN SN SN S S S S S 4:}
-0.5 0.0 0.5 1.0 1.5 2.0
_ 2
S=q /my
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(g?)

FrrryrrryrrrrTr o rrrr T T T T T T T T T T T T T T

0.6 [ Di +
6 - Diag. b S
- - -

- .+_
. o4f ' :
w i + ]
-N L + =
Hoo02f :
L + 4
0 L 4

i o Y & T I [,
—_ 0.0 e T S S R T S e T e T e T O R T e e o e EEe

S ]
L O 4
~ 02 F .
- I O 7
Eoal o,
_0.4 I~ 0 -

B (]
; o, ]
-06 [ g 7]
I N S T T e e e e b e b by Ly g T
-1 0 1 2 3 4 5 6

s Eq2/mg
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MatChing calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(g?)

.-] T T T T I T T T I T T T T I T | T T l T T T T I_ l
- Diag. a i (
0.2 + .
C oo
™ ooooooooo00o0e0aatEy
W [ goooooo0aet ]
= 0.1 DDDDDD 1
L D -
-+ QDD
Val i i
~— rppppeaaBEf | T+
~~ 0.0 +
~~~ d -
M~ = +
“L’L:N B i
L + i
— —01 - —_
= [ * )
— i _ i}
[ + ++++++++++++++++++++++++++++‘
-0.2 | % o
- ++
sl I T N B T R TR NN N SN NN SN NN N NN SN SR SR S SR SR T B b
-0.5 0.0 0.5 1.0 1.5 2.0
— 2 2
s =q°/m;
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Kz form factor [, (s) from 7 — Kru,

Differential decay rate of 7 — Kmv.:

dr N - S \2 S 3/2 = 2{ 3(Am2)2 " 2}
—=—=\1-=) |T+2—) A 1
=5 (0 ar) (20 RO 1+ Gy Do)

with the normalization [Total BR will give |f4(0)|? = 0.99, consistent with fi%°(0) = 0.97]

o G,2: |\/us|2 |f+(O)|2 m37 had
N 153673 W

T

Belle fits to models: [This gives fx« ~ 205 MeV, compared to fyg= = 217(5) MeV (NWL)]

T &R m2R €r. S

f+(s) = - , fo(s) =1+(0) - L ,
;mﬁ—s—/ sTr(s) RZOmZRO—s—/\EFRO(s)

MOdEl 2 . £K*(892) — 0988 e_IO'O7 3 €K* (1410) — 0074 6,1'37 5 SK;(SOO) = 157
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Kz form factor [, (s) from 7 — Kru,

Data from Belle, arXiv:0706.2231 [hep-ex]

vvvvvvv T T T T T T T T T T T T T T T T

104 L NEvents/bin

F+(s)]

10+
Model 2

1000¢ Model 1

100} Model 2
l
10; (.
K* ulll_\' I H 1
1} ‘ : yd
‘ ! 0.5} Model 1
O B A 1| }\ £ I S
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Effective threshold: 2-point SVZ sum rule

Knowing |f+(s)| we can extract so from a QCD sum rule:

M(R) = i [ d%e™(OT{8(07,5(0, 50w d(0)[0)

= (Rukv — I?2QMV) N(k?*) + Ry Ry ﬁ(/?z)

3/2
1 So S0 S
N(M?,s0) = — / ds e=S/M Tmn(s) = / ds e=s/M’ 2( 3) I+ (s))?
™ Sth Sth 2 B
1 [ 2 (s — m2)%(2s + m?)
I—IOPE(M2 SO) _ _/ ds e—S//\/I S S
’ 82 Jm2 S3

M) M? v v
oot c(1—emso/My S g B

T 4w /\42_}_2/\44
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Effective threshold: 2-point SVZ sum rule

Borel parameter M? Effective threshold s

1.28 £ 0.18 GeV? (Model 1)

1.00 GeV? 1.26 +0.18 GeV? (Average)
1.25 £+ 0.18 GeV? (Model 2)
. 1.33 4+ 0.12 GeV? (Model 1) )
1.25 GeV 1.31 £0.12 GeV* (Average)
1.31 £ 0.12 GeV? (Model 2)
) 1.36 & 0.09 GeV? (Model 1) )
1.50 GeV 1.35+0.09 GeV* (Average)

1.34 £ 0.09 GeV? (Model 2)

Table 3: Values for the effective threshold sg extracted from the SVZ sum rules.

Significantly low value compared to the usual s ~ 1.7 GeV2 ~ (/sf + ms)?
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High Kﬂ-_MaSS MomentS in B % Kﬂ-gg Descotes-Genon, Khodjamirian, Virto, 1908.02267

Differential decay rate including S,P,D waves - - [ dQ2 = dcos 8, d cos Ok do ]

TR = a2 M) e )
=1

The 41 moments [;(g%, k?) depend on S, P, D-wave amplitudes:

i | s | I (g%)/kq’ ik
1 POY \HE|? + |HE? + |HE|? + |SE|? + | DE|? + |DF|? + | DY 2 +1
2 POY; 22 Re(HLDL*) + Re(SHL) + \[ Re(HLDL* + HLDE) +1
3 PyYy & (IDEP + IDEP) - &= (1HF1? + |HEP) + Z [HEI® + 2% |DE? + 2 Re(S“DE") | +1
4 PYYY %= |~ Re(H[D{* + H{D") + /3 Re(HOLDg*) +1
5 PYY 2 |—2(IDf|* + |DLI?) + 8| Dg |2 +1
6 Yy v |(IDf? + [DE®) + (1H[f|* + [HL[?) — 2| — 2| D§|* — 2|Hy | +1
7 PYY) V3 . Re(H[ D" + H{D") — % Re(S"H;") — § Re(Hy D) +1
8 PYy 1 (IDfI? + D) — 31D§1? — (|1 HfI> + |HE?) — §|Hy|* — F-Re(S"Dg~) +1
9 PYYY -5 Re(HLD’]** + HED™) + 24/3 Re(H DE¥) +1
10 PY? —70= |IDf|? + | DL|* + 3| D§? +1
11 | P!v/2 Re(Y;) — 4 \/_ Re(H[S™) — /% Re(H[DE*) + /2 Re(DLHEY) +1
12 | P1\/2 Re(Y) —2 [ Re(HEHE + . /3 Re(D.erL*) + 5. Re(DLDEM] +1
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Combinations of moments depending only on P-wave:

|A ° + |A 2 = 31—6(5F1 — 7+/5[ 3 4+ 5v/5T 6 — 35T g — 5v/151 10 + 35v/37 1)
AL AR = 31—6(5F1 — 74513 4+ 5v/5T 6 — 35T g 4+ 5v/151 10 — 35v/37 1)
(@ A+ ALAR) = S (ViBFo — 73T )
Re(AL A" — AR ARY) = 31—6(—5\@?29 + 7151 31)

Binned LHCb results (arXiv:1609.04736) imply:

o (AP + AT = (M) =(1.07£1.13) x 1078

s (AL P+ AR 1) = (M) = (0.9441.06) x 1078
75 (Tm (A", A} +AR A)) = (Mim) = (—0.75£0.79) x 10~
75 (Re(AL ALY — AT ARY)) = (Mye) = (0.27 £0.50) x 10
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