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Branching fractions

Angular observables
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Anatomy of B→ Mλ!+!− EFT Amplitudes

AL,R
λ = Nλ

{
(C9 ∓ C10)Fλ(q2) +

2mbMB
q2

[
C7FT

λ(q2)− 16π2MB
mb

Hλ(q2)
]}

+O(α2)

! Local (Form Factors) : F (T)
λ (q2) = 〈M̄λ(k)| s̄ Γ(T)

λ b |B̄(k+ q)〉

! Non-Local : Hλ(q2) = iPλµ
∫
d4x eiq·x 〈M̄λ(k)|T

{
jµem(x), CiOi(0)

}
|B̄(q+ k)〉
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The BSM/QCD dichotomy

Ci $= CSMi (BSM) 〈Oi〉 $= 〈Oi〉calculated (QCD)
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Here we are discussing the problem of calculating

! Local Form Factors :

F (T)
λ (q2) = 〈M̄λ(k)| s̄ Γ(T)λ b |B̄(k+ q)〉

! Non-Local Form Factors:

Hµ(q2) = i
∫
d4x eiq·x 〈M̄λ(k)|T

{
jµem(x), [b̄LγνcL][c̄Lγνs](0)

}
|B̄(q+ k)〉
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In both cases the “modern” strategy is

! Calculate/extract the form factors in optimal/feasible kinematic regions
(not necessarily physical or the regions we are interested in)
−→ “data”

! Parametrize q2 dependence by means of a rigorous analytic expansion

! Fit the (truncated) parametrization to the “data”

! Control the truncation error by means of a dispersive bound.
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Local Form Factors

! Two main approaches: (1) Lattice QCD (large q2 ***) (2) LCSRs (low q2)

! Two approaches to LCSRs, in terms of (1) K∗ LCDAs (2) B LCDAs

! q2 dependence parametrized via a (dispersively-bounded) z-expansion
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Form Factors : q2-dependence from analyticity

Bourrely, Caprini, Lellouch; Boyd, Grinstein, Lebed; Caprini, Lellouch, Neubert; ...

! Conformal mapping : z(q2) =
√
t+−q2−

√
t+−t0√

t+−q2+
√
t+−t0

! ”z-parametrization” : F̂ (T)
λ (q2(z)) is analytic in |z| < 1 (|zphys| < 0.15)

F (T)
λ (q2) = 1

(q2 −m2
B∗s

)

∑

k
αk z(q2)k
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Form Factors : Dispersive Bounds (BGL)

Boyd, Grinstein, Lebed 1997; Bharucha, Feldmann, Wick 2014

1. One starts with the two-point function

Πµν
Γ (q) ≡ i

∫
d4x eiq·x〈0|T{JµΓ (x)J

†,ν
Γ (0)}|0〉 = Π(J=0)

Γ (q2)
[qµqν

q2

]
+ Π(J=1)

Γ (q2)
[
gµν −

qµqν
q2

]

2. The invariant functions fulfil a once-subtracted dispersion relation:

χ
(λ)
Γ (Q2) =

[
∂

∂q2

]
Π(λ)

Γ (q2)
∣∣∣∣
q2=Q2

=
1
π

∞∫

0

ds
ImΠ(λ)

Γ (s)
(s− Q2)2

.

3. The function χ(λ)
Γ (Q2) can be calculated in an OPE at a suitable substraction point Q2

Bharucha, Feldmann, Wick 2014

4. The discontinuity of Π(λ)
Γ (q2) is the spectral function:

ImΠ(λ)
Γ (s) ∼

∑

H
〈0|Jµ|H〉〈H|Jν†|0〉 ∼ f2B∗s + |FBK|2 + |FBK∗ |2 + |FBsφ|2 + · · ·

(up to phase-space functions...)
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The two-body contributions are, e.g.

In order to simplify the bound, it is thus convenient to reparametrize:

F̂B→M
λ (q2) = BF (z)φF (z)FB→M

λ (q2) =
∑

k
αF
k z(q2)k

∑

B→M

+π∫

−π

dθ
∣∣∣F̂B→M

λ (eiθ)
∣∣∣
2
< 1

∑

F,k
|αF
k |2 < 1
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Local Form Factors: 2 variations

Gubernari, Reboud, van Dyk, Virto 2023

1. “Polarized” 2-point function decomposition

Πµν
Γ (q) =

∑

λ=t,⊥,‖,0
εµλε

ν∗
λ Π(λ)

Γ (q2)
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Local Form Factors: 2 variations

Flynn, Jüttner, Tsang 2023; Talk by J.Flynn @ this workshop

Gubernari, Reboud, van Dyk, Virto 2023

2. Correct threshold, different from trivial one:

F̂B→M
λ (q2) = BF (z)φF (z)FB→M

λ (q2) =
∑

k
αF
k pFk (z)

+αF∫

−αF

dθ pFm(eiθ)pFn (e−iθ) = δmn

∑

B→M

+αF∫

−αF

dθ
∣∣∣F̂B→M

λ (eiθ)
∣∣∣
2
< 1

∑

F,k
|αF
k |2 < 1
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Local Form Factors: 2 variations

Flynn, Jüttner, Tsang 2023; Talk by J.Flynn @ this workshop

Gubernari, Reboud, van Dyk, Virto 2023 FOR FIT SEE TALK BY MÉRIL REBOUD
2. Correct threshold, different from trivial one:

F̂B→M
λ (q2) = BF (z)φF (z)FB→M

λ (q2) =
∑

k
αF
k pFk (z)

+αF∫

−αF

dθ pFm(eiθ)pFn (e−iθ) = δmn

∑

B→M

+αF∫

−αF

dθ
∣∣∣F̂B→M

λ (eiθ)
∣∣∣
2
< 1

∑

F,k
|αF
k |2 < 1
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Light-Cone Sum Rules
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Light-Cone Sum Rules with B-meson LCDAs

Khodjamirian, Mannel, Offen 2006 [Unitarity+Analyticity+Duality]

Consider a correlation function: Pab(k, q) = i
∫
d4x eik·x〈0|T{ja(x), jb(0)}|B̄0(q+ k)〉

h(k) = K∗ + continuum ⇒ 2 ImPab(k, q) ∼ f∗K FBK∗ δ(k2 −mK∗ ) + duality(s0)

FBK∗(q2) = 1
fK∗mK∗

em2K∗/M2 · POPE(q2, s0,M2)
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Light-Cone Sum Rules with B-meson LCDAs: OPE

Kolulu, Gubernari, van Dyk 2018 [Unitarity+Analyticity+Duality]
Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pab(k, q) = i
∫
d4x eik·x〈0|T{ja(x), jb(0)}|B̄0(q+ k)〉

POPE(q2, s0,M2) =
∑

n≥0

fBmB
(M2)n

s0∫

0

ds e−s/M2Gn(s)

New calculation includes DAs up to twist-4 Braun, Ji, Manashov 2017
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Form Factors: beyond the Narrow Width limit

Cheng, Khodjamirian, Virto 2017; Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pab(k, q) = i
∫
d4x eik·x〈0|T{ja(x), jb(0)}|B̄0(q+ k)〉

! Traditionally, h(k) = K∗ + continuum ⇒ 2 ImPab(k, q) ∼ f∗K FBK∗δ(k2 −mK∗ ) + · · ·
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Form Factors: beyond the Narrow Width limit

Cheng, Khodjamirian, Virto 2017; Descotes-Genon, Khodjamirian, Virto 2019

Consider a correlation function: Pab(k, q) = i
∫
d4x eik·x〈0|T{ja(x), jb(0)}|B̄0(q+ k)〉

! Traditionally, h(k) = K∗ + continuum ⇒ 2 ImPab(k, q) ∼ f∗K FBK∗δ(k2 −mK∗ ) + · · ·

! Generalization for unstable mesons Cheng, Khodjamirian, Virto 2017 : h(k) = Kπ + · · ·

LCSRs with B-meson DAs, natural for this generalization.
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LCSRs for P-wave B→ Kπ Form Factors

Pi(k,q) = i
∫
d4x eik·x〈0|T{d̄(x)γµs(x), ji(0)}|B̄0(q+ k)〉

∫ s0

sth
ds e−s/M2 ωi(s, q2) f $+ (s) F(%=1)i (s, q2) = POPE

i (q2,σ0,M2)

• s0 – Effective threshold

• ωi(s, q2) – (known) kinematic factors

• 〈K−(k1)π+(k2)|s̄γµd|0〉 = f+(k2) kµ +
m2K−m2π

k2 f0(k2) kµ

• POPE
i – OPE result for the correlation function

Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B→ Kπ Form Factors

∫ s0

sth
ds e−s/M2 ωi(s, q2) f $+ (s) F(%=1)i (s, q2) = POPE

i (q2,σ0,M2)

• Generalize LCSRs in Khodjamirian, Mannel, Offen 2006 beyond the K∗ , including LCSRs for A0, T2,3
• Recalculate POPE

i including 3-particle contributions, and extended consistently to
twist-4 accuracy. Full (numerical) agreement with Gubernari,Kokulu,van Dyk 2018 (not input
parameters)

• Revisit s0 ⇒ significantly lower value!! – fK∗ is derived quantity

• Study of Narrow-width limit, Finite-Width effects, and effects beyond the K∗

• Applications to B → Kπ**

Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B→ Kπ Form Factors: Narrow-Width Limit

∫ s0

sth
ds e−s/M2 ωi(s, q2) f $+ (s) F(%=1)i (s, q2) = POPE

i (q2,σ0,M2)

f $+ (s) F(%=1)i (s, q2) −→ f∗K FR,i(q2) δ(s−m∗
K )

f+(s) = −
∑

R

mR fR gRKπ eiφR(s)
m2
R − s− i

√
s ΓR(s)

F(%=1)i (s, q2) =
∑

R

YR,i(s, q2) gRKπ FR,i(q2) eiφR(s)

m2
R − s− i

√
s ΓR(s)

Model 1

Model 2
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1
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Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B→ Kπ Form Factors: Narrow-Width Limit

Descotes-Genon, Khodjamirian, Virto 2019
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LCSRs for P-wave B→ Kπ Form Factors: Narrow-Width Limit

Descotes-Genon, Khodjamirian, Virto 2019
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Finite-width effects

Zero-width limit

0.00 0.01 0.02 0.03 0.04 0.05

1.00

1.02

1.04

1.06

1.08

1.10

1.12

WK∗ ) 1+ 1.9 ΓK∗

mK∗

WK∗ = 1.09± 0.01

⇒ BRs are corrected by a factor |WK∗ |2 ) 1.2

Descotes-Genon, Khodjamirian, Virto 2019
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Beyond the K∗(892)

Consider the sum rule with R = {K∗(892), K∗(1410)}:

∑

R
F (T)
R,i (q

2) d(T)R,i IR(s0,M
2) = P(T),OPE

i (q2,σ0,M2)

Descotes-Genon, Khodjamirian, Virto 2019
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Beyond the K∗(892)

Set FK∗(1410) = αFK∗(892) with α a floating parameter

0.8 1.0 1.2 1.4 1.6 1.8
0

20

40

60

80

α = 1 : FK∗,⊥(0) = 0.28 ; α = 10 : FK∗,⊥(0) = 0.22 ; α = 50 : FK∗,⊥(0) = 0.11 .

Descotes-Genon, Khodjamirian, Virto 2019
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Beyond the K∗(892)

Descotes-Genon, Khodjamirian, Virto, Vos 2023
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High Kπ-Mass Moments in B→ Kπ!!

LHCb arXiv: 1609.04736

Differential decay rate including S,P,D waves – – [ dΩ = d cos θ% d cos θK dφ ]

dΓ
dq2dk2dΩ

=
1
4π

41∑

i=1
fi(Ω) Γ̃i(q2, k2)

The 41 moments Γ̃i(q2, k2) have been measured by LHCb (arXiv: 1609.04736) in the bins
√
k2 ∈ [1.33, 1.53]GeV , q2 ∈ [1.1, 6]GeV2
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High Kπ-Mass Moments in B→ Kπ!!

LHCb arXiv: 1609.04736

Differential decay rate including S,P,D waves – – [ dΩ = d cos θ% d cos θK dφ ]

dΓ
dq2dk2dΩ

=
1
4π

41∑

i=1
fi(Ω) Γ̃i(q2, k2)

The 41 moments Γ̃i(q2, k2) have been measured by LHCb (arXiv: 1609.04736) in the bins
√
k2 ∈ [1.33, 1.53]GeV , q2 ∈ [1.1, 6]GeV2
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High Kπ-Mass Moments in B→ Kπ!!

Example: 〈M‖〉 ≡ τB 〈|ÂL‖|
2 + |ÂR‖|

2〉 = τB
36 〈5Γ̃1 − 7

√
5Γ̃3 + 5

√
5Γ̃6 − 35Γ̃8 − 5

√
15Γ̃19 + 35

√
3Γ̃21〉

Bounds: From 〈M‖〉 : α " 11 ; From 〈M⊥〉 : α " 17 ; From 〈Mre〉 : α " 18 .

Descotes-Genon, Khodjamirian, Virto 2019
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High Kπ-Mass Moments in B→ Kπ!!

Upper bounds on P-wave from differential BR:

dΓ
dq2dk2

= Γ̃1 = |ÂL‖|
2 + |ÂR‖|

2 + |ÂL⊥|2 + |ÂR⊥|2 + |ÂL0|2 + |ÂR0 |2 + . . .

108 · 〈B〉[0.10,0.98] = 1.41± 0.27 → α " 5
108 · 〈B〉[1.10,2.50] = 1.60± 0.29 → α " 6
108 · 〈B〉[2.50,4.00] = 1.37± 0.26 → α " 5
108 · 〈B〉[4.00,6.00] = 1.12± 0.26 → α " 4
108 · 〈B〉[6.00,8.00] = 0.98± 0.23 → α " 3

Bounds are easily improved with some info on S-wave form factors.
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LCSRs for S-wave B→ Kπ Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

Si(k,q) = i
∫
d4x eik·x〈0|T{d̄(x)s(x), ji(0)}|B̄0(q+ k)〉

∫ s0

sth
ds e−s/M2 ωi(s, q2) f $0 (s) F(%=0)i (s, q2) = SOPEi (q2,σ0,M2)

• s0 – Effective threshold

• ωi(s, q2) – (known) kinematic factors

• 〈K−(k1)π+(k2)|s̄d|0〉 = (m2
K −m2

π)f0(k2)

• SOPEi – OPE result for the correlation function
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LCSRs for S-wave B→ Kπ Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

Modelling S-wave spectrum much more challenging

Two channel Kπ − Kη′ model from Von Detten, Noel, Hanhart, Hoferichter, Kubis 2021
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LCSRs for S-wave B→ Kπ Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

Relative size of S- and P-wave contributions
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LCSRs for S-wave B→ Kπ Form Factors

Descotes-Genon, Khodjamirian, Virto, Vos 2023

S-wave fraction FS = BR(S-wave)/BR(S+ P-wave)
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Non-Local Form Factors
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Non-Local Form Factors

AL,R
λ = Nλ

{
(C9 ∓ C10)Fλ(q2) +

2mbMB
q2

[
C7FT

λ(q2)− 16π2MB
mb

Hλ(q2)
]}

! Local (Form Factors) : F (T)
λ (q2) = 〈M̄λ(k)| s̄ Γ(T)

λ b |B̄(k+ q)〉

! Non-Local : Hλ(q2) = iPλµ
∫
d4x eiq·x 〈M̄λ(k)|T

{
J µ

em(x), CiOi(0)
}
|B̄(q+ k)〉

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 40/78



Non-Local Form Factors: Analytic structure
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Analytic continuation to physical q2 Bobeth, Chrzaszcz, van Dyk, Virto 2017

z-parametrisation for Hλ(q2)

! Ĥλ(q2(z)) = (q2 − M2J/ψ)(q
2 − M2ψ(2S))Hλ(q2) is analytic in |z| < 1

! Taylor expand Ĥλ(z) around z = 0: Ĥλ(z) =
[∑K

k=0 α
(λ)
k zk

]
Hλ(z)

! Expansion needed for |z| < 0.52 ( −7 GeV2 ≤ q2 ≤ 14GeV2 )
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Fit to z-parametrisation Bobeth, Chrzaszcz, van Dyk, Virto 2017
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Non-local form factors: Operator Product Expansion

Hµ(q, k) = i
∫
d4x eiq·x 〈M̄λ(k)|T

{
J µ

em(x), CiOi(0)
}
|B̄(q+ k)〉

• Large-q2: Dominated by x ∼ 0 (short-distance dominance - OPE)
Grinstein, Pirjol; Beylich, Buchalla, Feldmann

• Low-q2: Dominated by x2 ∼ 0 (light-cone dominance - LCOPE)
Khodjamirian, Mannel, Pivovarov, Wang
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Non-local form factors: Operator Product Expansion

We write

Hµ(q, k) = 〈M̄λ(k)|Kµ(q)|B̄(q+ k)〉

With the operator Kµ(q) given by

Kµ(q) = i
∫
d4x eiq·x T

{
J µ

em(x), CiOi(0)
}

It turns out that: Leading-order OPE = Leading order LCOPE

Kµ
OPE(q) = ∆C9(q2)

(
qµqν − q2gµν

)
s̄γνPLb+∆C7(q2) 2imb s̄σµνqνPRb+ · · ·

With this we have:

Hµ
OPE(q, k) = ∆C9(q2)

(
qµqν − q2gµν

)
Fν + 2imb∆C7(q2)FTµ + · · ·

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 45/78



LCOPE very low q2

! LCSRs with B-meson DAs Khodjamirian, Mannel, Pivovarov, Wang

LC exp. of charm prop. Balitsky, Braun 1989

q2'4m2c−−−−−→
(C1
3

+ C2
)
g(m2

c, q2)
︸ ︷︷ ︸

matching coeff

[s̄ Γ b] + · · ·

⇒ Hλ = (matching coeff)× FLCSR
λ
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LCOPE at very low q2 – Subleading power

! LCSRs with B-meson DAs Khodjamirian, Mannel, Pivovarov, Wang

3-particle correction to Fλ −→

LC exp. of charm prop. Balitsky, Braun 1989

q2'4m2c−−−−−→
(C1
3

+ C2
)
g(m2

c, q2)
︸ ︷︷ ︸

matching coeff

[s̄ Γ b]+

+ (coeff)× [ s̄Lγα(in+ · D)nG̃βγbL ] + · · ·
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LCOPE at very low q2 – Subleading power

Recalculation of charm-loop effect Gubernari, van Dyk, Virto, 2011.09813

! We reproduce the result of KMPW’2010

! We incude complete set of 3-particle LCDAs Braun,Li,Manashov 2017

! Cancellations + Parametric lead to a reduction of the effect of two orders of magnitude
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Dispersive bound Gubernari, van Dyk, Virto 2020

1. Consider the correlation function

Π(q) ≡ i
∫
d4x eiq·x〈0|T

{
Oµ(q; x),Oµ,†(q; 0)

}
|0〉

where

Oµ(q; x) = −i
∫
d4y e+iq·y T

{
jµem(x+ y), (C1O1 + C2O2)(x)

}

2. Calculate in OPE region

χOPE(−m2
b) = (1.81± 0.02)× 104GeV−2
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Dispersive bound Gubernari, van Dyk, Virto 2020

3. Twice-subtracted dispersion relation:

χOPE(Q2) ≡ 1
2iπ

∞∫

0

ds Discbs̄Π
had(s)

(s− Q2)3

3
32iπ3

Discbs̄Πhad(s) =
2M4B λ3/2(M2B,M2K, s)

s4
∣∣∣HB→K

0 (s)
∣∣∣
2
θ(s− sBK)

+
2M6B

√
λ(M2B ,M2K∗ , s)
s3

(∣∣∣HB→K∗
⊥ (s)

∣∣∣
2
+
∣∣∣HB→K∗

‖ (s)
∣∣∣
2
+
M2B
s

∣∣∣HB→K∗
0 (s)

∣∣∣ 2
)
θ(s− sBK∗ )

+
M6B
√
λ(M2Bs ,M

2
φ, s)

s3

(∣∣∣HBs→φ
⊥ (s)

∣∣∣
2
+
∣∣∣HBs→φ

‖ (s)
∣∣∣
2
+
M2Bs
s

∣∣∣HBs→φ
0 (s)

∣∣∣
2
)
θ(s− sBsφ)

+ further positive terms
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Dispersive bound Gubernari, van Dyk, Virto 2020

Redefine Hi as before:

ĤB→M
λ (z) ≡ φB→M

λ (z)P(z)HB→M
λ (z) ,

Expand in ortogonal polynomials in arc:

ĤB→M
λ (z) =

∞∑

n=0
aB→M
λ,n pB→M

n (z)

The dispersive bound then takes the simple form

∞∑

n=0




2
∣∣∣aB→K
0,n

∣∣∣
2
+

∑

λ=⊥,‖,0

[
2
∣∣∣aB→K∗

λ,n

∣∣∣
2
+

∣∣∣aBs→φ
λ,n

∣∣∣
2]



 < 1 .
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Dispersive bound Gubernari, van Dyk, Virto 2020

FOR FIT RESULTS SEE TALK BY MÉRIL REBOUD

Redefine Hi as before:

ĤB→M
λ (z) ≡ φB→M

λ (z)P(z)HB→M
λ (z) ,

Expand in ortogonal polynomials in arc:

ĤB→M
λ (z) =

∞∑

n=0
aB→M
λ,n pB→M

n (z)

The dispersive bound then takes the simple form

∞∑

n=0




2
∣∣∣aB→K
0,n

∣∣∣
2
+

∑

λ=⊥,‖,0

[
2
∣∣∣aB→K∗

λ,n

∣∣∣
2
+

∣∣∣aBs→φ
λ,n

∣∣∣
2]



 < 1 .
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Non-Local Form Factors: Issues

! No LQCD calculation: need (?) LCSRs
! Leading term is given by Local Form Factors #
! B→ ψ(nS)M −→ important model-independent input (**)

! z-parametrization −→ Analytic structure

(Ciuchini, Fedele, Franco, Paul, Silvestrini, Valli 2022)
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Non-Local Form Factors: Issues

Direct check of analytic structure at two loops: Asatian, Greub, Virto 2019

F(s1)− F(s2) =
s1 − s2
2πi

∫ ∞

sth
dtF(t+ i0)− F(t− i0)

(t− s1)(t− s0)

Example:
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Summary

The understanding of rare B decay measurements requires the knowledge
of local and non-local form factors

LCSRs with B-meson LCDAs suitable for Global Analyses:
! Valid for

B→ K , B→ K∗ , Bs → φ ,

B→ π , B→ ρ , B→ γ-ν , . . .

! Beyond the Narrow-Width Limit + non-resonant:

B→ ππ , B→ Kπ . . .

! Non-local Form factors at negative q2
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BACK-UP
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Based on

Bobeth, Chrzaszcz, van Dyk, Virto, 1707.07305

Descotes-Genon, Khodjamirian, Virto, 1908.02267

Asatrian, Greub, Virto, 1912.09099

Gubernari, van Dyk, Virto, 2011.09813

Gubernari, Reboud van Dyk, Virto, 2206.03797

Descotes-Genon, Khodjamirian, Virto, Vos, 2304.02973

Gubernari, Reboud van Dyk, Virto, w.i.p

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 58/78

https://arxiv.org/pdf/1707.07305.pdf
https://arxiv.org/pdf/1908.02267.pdf
https://arxiv.org/pdf/1912.09099.pdf
https://arxiv.org/pdf/2011.09813.pdf
https://arxiv.org/pdf/2206.03797.pdf
https://arxiv.org/pdf/2304.02973.pdf
https://arxiv.org/pdf/wip.pdf


Non-Local FFs: Experimental constraints on z parametrisation

Bobeth, Chrzaszcz, van Dyk, Virto 2017

Experimental constraints :

! The residues of the poles are given by B → K∗ψn :

Hλ(q2 → M2ψn ) ∼
Mψn f ∗ψnA

ψn
λ

M2B(q2 − M2ψn )
+ · · ·

! Angular analyses Belle, Babar, LHCb determine :

|rψn⊥ |, |rψn‖ |, |rψn0 |, arg{rψn⊥ rψn∗0 }, arg{rψn‖ rψn∗0 },

where rψnλ ≡ Res
q2→M2ψn

Hλ(q2)
Fλ(q2)

∼
Mψn f∗ψnA

ψn
λ

M2B Fλ(M2ψn )
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Objective: Fully analytical calculation in two variables: q2 and mc.
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Two-loop Master Integrals

Ji(q2,mc) = (2π)−2d
∫

(m2
b)
Ni−4(µ̃2)2ε dd- ddr

Pni1i1 P
ni2
i2 P

ni3
i3 P

ni4
i4 P

ni5
i5 P

ni6
i6 P

ni7
i7

P1 = (-+ q)2 −m2
c P5 = (r+ p− q)2 P9 = - · q

P2 = -2 −m2
c P6 = r · q P10 = (r+ p− q)2 −m2

b

P3 = (-+ r)2 −m2
c P7 = - · (p− q) P11 = (r+ p)2 −m2

b

P4 = r2 P8 = (r+ p)2 P12 = (-+ r+ q)2 −m2
c

P13 = r · (p− q)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Differential Equations in Canonical Form Henn 2013

Ji(q2,mc) = (2π)−2d
∫

(m2
b)
Ni−4(µ̃2)2ε dd- ddr

Pni1i1 P
ni2
i2 P

ni3
i3 P

ni4
i4 P

ni5
i5 P

ni6
i6 P

ni7
i7

∂x Ji,k(ε, x, y) = ak(i,x(ε, x, y) Ji,((ε, x, y) , ∂y Ji,k(ε, x, y) = ak(i,y(ε, x, y) Ji,((ε, x, y) ,

→ Transformation to “Canonical” Basis: 0M(x, y) = T(ε, x, y) ·0J(x, y)

∂x0M(ε, x, y) = ε Ax(x, y) 0M(ε, x, y) ; ∂y0M(ε, x, y) = ε Ay(x, y) 0M(ε, x, y)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs

∂x0M(ε, x, y) = ε Ax(x, y) 0M(ε, x, y) ; ∂y0M(ε, x, y) = ε Ay(x, y) 0M(ε, x, y)

0M(ε, x, y) =
∞∑

n=0
εn 0Mn(x, y)

∂x,y0Mn(x, y) = Ax,y(x, y)0Mn−1(x, y)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs First y dependence, then x:

0M0(x, y) = 0C0(x) ,

0M1(x, y) =
∑

j1

[
Aj1y G(wj1(x); y)

]
0C0(x) + 0C1(x) ,

0M2(x, y) =
∑

j2,j1

[
Aj2y Aj1y G(wj2(x),wj1(x); y)

]
0C0(x)

+
∑

j2

[
Aj2y G(wj2(x); y)

]
0C1(x) + 0C2(x) ,

0M3(x, y) = · · · (1)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Iterative solution of DEs
Solutions in terms of Generalized Polylogarithms (GPLs) Goncharov 1998

G(w1, . . . ,wn; y) =
∫ y

0

dt
t− w1

G(w2, . . . ,wn; t) ; G(; y) = 1 ; G(00n; x) =
logn x
n!

i.e

G(1; x) = log (1− x) , G(0, 1; x) = −Li2(x) , G(0, 0, 1; x) = −Li3(x) . . .

Fast numerical evaluation of general GPLs in the complex plane available
(C++, python, matlab, …)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Results: Comparison to previous calculations:
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Analytic structure in q2 plane
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(q2)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(q2)
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Matching calculation at NLO Asatrian, Greub, Virto 2019

Checking analytic structure of H(q2)
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Kπ form factor f+(s) from τ → Kπντ

Differential decay rate of τ → Kπντ :

dΓ
ds

=
Nτ
s3
(
1− s

m2
τ

)2(
1+ 2 s

m2
τ

)
λ
3/2
Kπ |̃f+(s)|2

{
1+ 3(∆m2)2

(1+ 2s/m2
τ )λKπ

|̃f0(s)|2
}

with the normalization [Total BR will give |f+(0)|2 = 0.99, consistent with fLQCD+ (0) = 0.97]

Nτ =
G2F |Vus|2 |f+(0)|2m3

τ

1536π3
Shad
EW

Belle fits to models: [This gives fK∗ ) 205 MeV, compared to fK∗ = 217(5) MeV (NWL)]

f̃+(s) =
∑

R

ξR m2
R

m2
R − s− i

√
s ΓR(s)

, f0(s) = f+(0) ·
∑

R0

ξR0 s
m2
R0 − s− i

√
s ΓR0 (s)

,

Model 1 : ξK∗(892) = 1 , ξK∗0 (800) = 1.27 , ξK∗0 (1430) = 0.954 ei 0.62

Model 2 : ξK∗(892) = 0.988 e−i 0.07 , ξK∗(1410) = 0.074 ei 1.37 , ξK∗0 (800) = 1.57

Javier Virto LCSRs in Rare B Decays May 11th, 2023, 2023 73/78



Kπ form factor f+(s) from τ → Kπντ

Data from Belle, arXiv:0706.2231 [hep-ex]
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Effective threshold: 2-point SVZ sum rule

Knowing |f+(s)| we can extract s0 from a QCD sum rule:

Πµν(k) = i
∫
d4xeikx〈0|T{d̄(x)γµs(x), s̄(0)γνd(0)|0〉

= (kµkν − k2gµν)Π(k2) + kµkν Π̃(k2)

Π(M2, s0) ≡
1
π

∫ s0

sth
ds e−s/M2 ImΠ(s) =

∫ s0

sth
ds e−s/M2 λ

3/2
Kπ (s)
32π2s3

|f+(s)|2

ΠOPE(M2, s0) =
1
8π2

∫ s0

m2s
ds e−s/M2 (s−m2

s)
2(2s+m2

s)

s3

+
αs(M)
π

M2
4π2

(
1− e−s0/M2

)
+

v4
M2

+
v6
2M4
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Effective threshold: 2-point SVZ sum rule

Significantly low value compared to the usual sK∗0 ) 1.7 GeV2 ∼ (
√
sρ0 +ms)2
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High Kπ-Mass Moments in B→ Kπ!! Descotes-Genon, Khodjamirian, Virto, 1908.02267

Differential decay rate including S,P,D waves – – [ dΩ = d cos θ% d cos θK dφ ]

dΓ
dq2dk2dΩ

=
1
4π

41∑

i=1
fi(Ω) Γ̃i(q2, k2)

The 41 moments Γ̃i(q2, k2) depend on S, P,D-wave amplitudes:
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High Kπ-Mass Moments in B→ Kπ!! Descotes-Genon, Khodjamirian, Virto, 1908.02267

Combinations of moments depending only on P-wave:

|ÂL‖|
2 + |ÂR‖|

2 =
1
36

(5Γ̃1 − 7
√
5Γ̃3 + 5

√
5Γ̃6 − 35Γ̃8 − 5

√
15Γ̃19 + 35

√
3Γ̃21)

|ÂL⊥|2 + |ÂR⊥|2 =
1
36

(5Γ̃1 − 7
√
5Γ̃3 + 5

√
5Γ̃6 − 35Γ̃8 + 5

√
15Γ̃19 − 35

√
3Γ̃21)

Im(ÂL⊥ÂL∗‖ + ÂR⊥ÂR∗‖ ) =
5
36

(
√
15Γ̃24 − 7

√
3Γ̃26)

Re(ÂL⊥ÂL∗‖ − ÂR⊥ÂR∗‖ ) =
1
36

(−5
√
3Γ̃29 + 7

√
15Γ̃31)

Binned LHCb results (arXiv: 1609.04736) imply:

τB 〈|ÂL‖|
2 + |ÂR‖|

2〉 ≡ 〈M‖〉 = (1.07± 1.13)× 10−8

τB 〈|ÂL⊥|2 + |ÂR⊥|2〉 ≡ 〈M⊥〉 = (0.94± 1.06)× 10−8

τB 〈Im(ÂL⊥ÂL∗‖ + ÂR⊥ÂR∗‖ )〉 ≡ 〈Mim〉 = (−0.75± 0.79)× 10−8

τB 〈Re(ÂL⊥ÂL∗‖ − ÂR⊥ÂR∗‖ )〉 ≡ 〈Mre〉 = (0.27± 0.50)× 10−8
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