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|. Introduction
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Lifetime differences

m weak interaction

w AB=2:B; < Bg, (b,q) <+ (b,3),g=d,s é
/

= time evolution of (B,, By) system (q = d, s):

3(8)-(-5)(8)

mass matrix: decay matrix:
dispersive part of (/7 — il'7/2)12
/2: absorptive part of (V7 — il'7/2)42
a : dominated by top quarks
:internal u, ¢ quarks
interference of By — f and By — f
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Lifetime differences A“(“

m weak interaction
» AB=2: BqHEq’ (Bﬂq) < (bva)! q= d7s

time evolution of (B, Bg) system (g = d, s):
dispersive part of (V7 — il'7/2)42
/2: absorptive part of (V7 — il'7/2)42
a : dominated by top quarks
> internal u, ¢ quarks
interference of By — f and Bg — f

diagonalize M9 — i9/2 = eigenvalues: M] — il'} /2, M, — iT},/2
Define mass and width of B; and By (“light” and “heavy”)

AMg =M} —M]  Alg=T]-T7

|Bg,.) = P|Bq) + q|By) |Bg,H) = p|Bg) — ql|Bg)
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Lifetime differences \“(“

weak interaction

q
w AB=2:B;+ By, (b,q) <> (b,q),g=4d,s é /EL'
J/ AN
.

time evolution of (B, By) system (g = d, s):
dispersive part of (V7 — il'7/2)42
/2: absorptive part of (V7 — il'7/2)42
diagonalize M9 — iT9/2 e eigenvalues: M/ — i} /2, M, — iT],/2
Define mass and width of B; and By (“light” and “heavy”)
AMg = M} — M] Alg=T]-T7,
|Bg,) = p|Bg) + qlBq) |Bg,H) = P|Bq) — a|Bg)
o »
AM, = 2|M%)| it = —Rer# al =Im_2
- 1
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CP asymmetry A“(IT

a CP asymmetry in flavour-specific B, — f decays
(i.e. B — fand By — f are forbidden)
standard way to access a;.: By — X{ "1
(“semi-leptonic CP asymmetry”):

[(Bq(t)—f)—T (Bq(t)—1)

F(Bo()) )11 (Bo(t)—T) Im 7= = “small”

o a?sz

m quantifies CP violation in B — B mixing
a SM: relative phase between M;, and (—I12) is tiny

_ q Alg riz — 12
AMg = 2|MY,| N RerZ aj =1Im

Matthias Steinhauser — Higher-order calculations for B meson mixing — Flavour@TH 2023 5



Experiment AT
[...,CLEO,BABAR,Belle,CDF,D0,ATLAS,CMS,LHCb] [HFLAV'22]
AMS® = (17.765 + 0.006) ps~'
ATg® = (0.083 4 0.005) ps™"
a;™ = —0.0006 + 0.0028
AMZ® = (0.5065 = 0.0019) ps~"
ATS® = (0.001 £0.010) ps™"
al™® = —0.0021+0.0017
= [M5o|, T3al, arg(—M5,/TS,) |M1dz|= ]F?2|, arg(—Mfz/Ffz)
B q ATg re q _ re
AMg = 2|Myy| TML; = *Reﬁi al = Im,\/,%qz2
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M precision an nsitivi n
S p-eCISIO and sensitivity to new AT
physics

AMs < M3, AMyg < M|
ATl s/ AMs: robust; compare theory and experiment

AM, sensitive to NP with masses > O(100) TeV
AT 4 probes light new particles
al and Al 4 “small” = sensitive to NP

needed: small perturbative and non-perturbative uncertainties
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B — B mixing and the Unitarity Triangle A {]

Karlsruhe Insttute of Tec

AMy/AMs = R
acp(Bqy(t) = J/YKs) & B

Independent observable:
e Ry ~ |Vun/ V| > “exclusive vs. inclusive”
e But: &/ o« N8 —

Ry

[Beneke,Buchalla,Lenz,Nierste’02]

I 0.2 04 06 08 10 p
Note: a = O(m?/mZ) /
potentially: NP is not suppressed by m?/m?
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Motivation
w Al Alg, a2, a8 ; AB=2

T

Karlsruhe Institute of Technology

a Al g: theory uncertainties > experimental errors
® NLO perturbative uncertainty > hadronic uncertainty
m same technique (HQE) and similar local four-quark operators but

different sensitivity to new physics

Contours of A(log £) = 0.5

> simultaneously test formalism;u2 -
a OME: lattice and sum rules 8
This talk: Iz10.13
m perturbative corrections ) B2 = Jiynm, Jlyfy
a complete NLO corrections 0.12 ) Theory
a NNLO corrections G d
® results for B system; can also be . KK
applied to D system B - D<Ds, JIyn
0.66 0.70 0.74

Rt a5

Mslps™1
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ll. Theoretical framework
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Effective theories AT

nnnnnnnnnnnnnnnnnnnnnnnnnnnnn

AB|=1 AB|=2
SM — ”H'eﬁ« | — ’HLH |
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AB =1 T

Karlsruhe Institute of Technology

6 2
_ 4G
w2 (S o0 am) 3 e a)
i=1 =1

2 2
+VisVer D CiQY + ViV Y CiQP°| + hee.
i=1 i=1

Penguin operators

current-current operators & = by @vtg
q
Q= EY.TBS T
@ = Bv.T% v T, 4 LY L ; ay q
Q = Ssyuoaytbe Qs = S Vi Vs b1 Z gy yeyteq
_ q —
Q= SV YV TOOL Y Gy TG
Js — v a
QB = 1672 mp SLO'M Tab,q wa

A= ViVie, A3 = VeV, A5 = ViV, Al =-X—AX

u
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6

_ 4G

MG = T (Do C0 Gems) NS G@ - Q)
i=1 i=1

a Operator basis [Chetyrkin,Misiak,Minz'98]

a RG-improved Hamiltonian to NNLO
[Gambino,Gorbahn,Haisch’03; Gorbahn,Haisch’05; Czakon,Haisch,Misiak'06]

a Dirac structures with multiple insertions of -y matrices in D = 4 — 2¢ dimensions.
Example: (Y*v" v PL)i X (Yu Yo Yo PL)k

a Proper treatment using evanescent operators
[Dugan,Grinstein’91; Herrlich,Nierste’95]

= Example: £ = (b y" v Prs)) (Bryuyvye PLsi) — (16 — 4€)Q
a Note: (E,(j))/e — finite

a NLO: up to 9 v matrices W
NNLO: up to 11 y matrices
/\2/\
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AB =1 : SIT
4188 )\S(ZC,Q,+ cgog) - Af,ZC, QY+ ...

i=1

WO X X

AN

N
N\m

A

$ T
7

N
2
Oz < < WQ\k

?
S c <
o(DXG,

< <
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2-loop AB = 1 Feynman diagrams

R e O ]
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AB =2 SIT

a Heavy Ouark EXpanSion [Khoze,Shifman’'83; . .. ; Manohar,Wise'94]

1 _
Mo = g AoS(BT [ i T M M (0)8) %

a Ars in termS Of |AB| == 2 Operators [Beneke,Buchalla,Greub,Lenz,Nierste'99; ... ]

M = —(AT — 20055 — (X))

G2 ~ -
s = 24W’A”; [H*(2){B.]QIB.) + HE'(2) (B:[s[By) | + O(Aqcn /ms)
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AB =2 SIT

a Heavy Quark EXpanSion [Khoze,Shifman’83; . .. ; Manohar,Wise'94]

1 . _
Mo = g Aos(Bll [ 4% T HAE (AL OB %

a Ars in terms of ‘AB’ =2 Operators [Beneke,Buchalla,Greub,Lenz,Nierste'99; . ..]

Mo = —(A)T% — 2000015 — ()

GEZm? ~ -
M2 = e MBI + FE()(BQe[BD) | + ONacn/m:)
a Alg |2 = | Vi V| < [VEVe| = |12 = 5 most important

a Al and af: also ['YS und 'Y needed
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AB=2 T

Karlsruhe Institute of Technology

® Heavy Quark Expansion iknoze shifmanss: ....: Manoharwise's4]

1 _
Me = 2Mg, Abs<35|i/d4x T HEE ()HEET(0)[Bs) W

a Al interms of |AB| = 2 operators (sencke Buchalia Greus,Lenz Nierste'99; ..

M = —(A°T5 — 2XAJME — (XT3

ab _ Glzfmlza ab D Tjab B
g = [H(2) (85| OIB) + HE(2)(Bs| Oc|Bs)] + O(Aacn /ms)
247’1’/\//5S
=57"(1=7")bi 57 (1 —7°) b =5(1+7°) b 501 +°)b
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AB=2 AT

Karlsruhe Institute of Technology

a HeaVy Quark EXpanSion [Khoze,Shifman’83; ... ; Manohar,Wise'94]

Mo = gy Pos(Bl [ b THEE (22 OB W

a Ars in terms of ‘AB’ =2 Operators [Beneke,Buchalla,Greub,Lenz,Nierste'99; . ..]

Mo = —(A)°T% — 22X — (X))

= e [H(IOIB) + B EI0IB] + Olhqen/m)

=57 (1-7")bi 57 (1 -7°) by =5(1+7°)b 501 +7°)bi
Q=5""(1-"")b57(1-"")b  Qs=5(1+")bi501+7)b
w +7 1/mp suppressed operators
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AB =2 SIT

a HeaVy Quark EXpanSion [Khoze,Shifman’83; ... ; Manohar,Wise'94]

1 _
M = g ARl [ 4t T U (M OB, W

a Ars in terms of ‘AB’ =2 Operators [Beneke,Buchalla,Greub,Lenz,Nierste’99; . ..]

M = —(A°TE — 2AAME — (A3

o _ GEMy T, - ~ b -
rsg = H™(2)(Bs|Q|Bs) + HZ*(2)(Bs|Qs|Bs) | + O(Aqep /mb)
247 M,

a Nonperturbative MEs from lattice or sum rules |.. ; ik Lenz,Raun'17;

King,Lenz,Rauh’19'21; Bazavov et al.16; Dowdall,Davies,Horgan,Lepage,Monahan,et al.'19; Di Luzio,Kirk,Lenz,Rauh’19]

w H?(z), HZb(z): Wilson coefficients from matching of
AB = 1to AB = 2 theory
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AB = 2 Feynman diagrams AT

nnnnnnnnnnnnnnnnnnnnnnnnnnnn
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Ro A

Karlsruhe Institute of Te

a Q, 53 sufficient — Q and Qs introduced for convenience
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Ro A

Karlsruhe Institute of Te

a Q, 53 sufficient — Q and Qs introduced for convenience

a Ry = %O + Qs + Qg is suppressed by 1/my enske Buchalia,dunietz96]

a QCD corrections to MEs of operators on r.h.s.
disturb 1/my-suppression
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Ro A“(IT

a Q, 53 sufficient — Q and Qs introduced for convenience
a Ry = %O + Qs + Qs is suppressed by 1 / Mp (Beneke Buchalia Dunietz'96]

a QCD corrections to MEs of operators on r.h.s.
disturb 1/my-suppression

® Guarantee that the matrix element of Ry remains of order 1/mp:
(Ro) = 3a1(Q) 4+ 22(Qs) + (Qs)
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Ro ﬂ(“.

a Q, E)S sufficient — Q and Qs introduced for convenience
a Ro = %Q + QS + 63 is suppressed by 1/mb [Beneke,Buchalla,Dunietz'96]

a QCD corrections to MEs of operators on r.h.s.
disturb 1/my-suppression

a Guarantee that the matrix element of Ry remains of order 1/mp:
(Ro) = 301(Q) + a2(Qs) + (Qs)
with

o = 1+T (1) (47T>2a,(2)+

Finite UV renormalization which guarantees
the 1/my suppression of (Ry)
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Ro AT

Karlsruhe Institute of Technology

Q, 53 sufficient — Q and Qs introduced for convenience

Ro = %Q + Qs + 53 is suppressed by 1/mb [Beneke,Buchalla,Dunietz'96]

QCD corrections to MEs of operators on r.h.s.
disturb 1/my-suppression

Guarantee that the matrix element of Ry remains of order 1/mp:
(Ro) = 31(Q) + 22(Qs) + (Qs)
(1 (1)

1 |00p: CK1 y CK2 [Beneke,Buchalla,Greub,Lenz,Nierste'98]

2 IOOpS nf: [Asatrian,Hovhannisyan,Nierste,Yeghiazaryan'17]

2 2
Complete 2 IOOp ag ) and Oéé ) [Gerlach,Shtabovenko,Nierste,Steinhauser'22]
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b s
5 b
b S
s: :b E}‘<

a Important: distinguish UV and IR divergences.

a Introduce gluon mass my
asymptotic expansion for mg < my,

. ag1) =1+ —“S}jﬁz)cp (6 +12log ,%i)
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Master integrals, m; < m, A“(IT
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Matching ﬂ(“

B €=€yy = €R

a Matching coefficients of evanescent operators needed
(in intermediate steps)
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Matching

B €=€yy = €R

a Matching coefficients of evanescent operators needed
(in intermediate steps)

a Example: NLO

C=1"4erl”pasf op =04l 4

T

.
m o~
ol

LO matching =

) ) )
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Matching

B €=€yy = €R

T

a Matching coefficients of evanescent operators needed

(in intermediate steps)
a Example: NLO

C=1"+el? pasf  op =0

T

LO matching =

o ASEET - ASEE2 finite e £

a Only and fé” enter physical quantities

. fg()) needed for NNLO calculation

Matthias Steinhauser — Higher-order calculations for B meson mixing — Flavour@TH 2023
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lll. 2- and 3-loop calculations
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Setup A“(IT

= matching on-shell: p2 = mZ; ps = 0
a only imaginary part of |AB| = 1 diagrams
= asymptotic expansion in z = m2/m?
good approximation after including O(z) term

a dimensional regularization for UV and IR divergences
a AB=1:

(1 loops):

(2 loops):

(3 loops):
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Setup A\[{|

Karlsruhe Insttute of Tec

= matching on-shell: p2 = mZ; ps = 0
a only imaginary part of |AB| = 1 diagrams
= asymptotic expansion in z = m2/m?
good approximation after including O(z) term

a dimensional regularization for UV and IR divergences
a AB=1:

(1 loops):

(2 loops):

(3 loops):

ggraf Nogueia9s] Q2€/€XP [Seidensticker9s; Harlander,Seidensticker,Steinhauser 9]

tapir (erachHerrenLang22] FORM (Ruij,Ueda,vermaseren'17] F IRE (smirnov,Chuharev20]
LiteRed eet314) FeynArts Hannor) FeynRules (christensen,bunros;
Alloul,Christensen,Degrande,Duhr,Fuks’14] FeynCalc [Mertig,B6hm,Denner’91;
Shtabovenko,Mertig,Orellana 1620 HyperInt panzer1s) HyperlogProcedures ischnet
PolyLogTools punpuarig) FIESTA (smimovshapurovvysotsky21]

pySe cDec [Borowka,Heinrich,Jahn,Jones,Kerner,... 18]
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U, C
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Known results

Karlsruhe Institute of Technology

LO [..., Beneke,Buchalla,Greub,Lenz,Nierste’99; Beneke,Buchalla,Dunietz'96]

NLO Beneke,Buchalla,Greub,Lenz,Nierste’99; Ciuchini,Franco,Lubicz,Mescia, Tarantino’03;
Beneke,Buchalla,Lenz,Ulrich’03; Lenz,Nierste’'06; Asatrian,Asatryan,Hovhannisyan,Nierste, Tumasyan, Yeghiazaryan'20;
Gerlach,Nierste,Shtabovenko,Steinhauser'21'22]

a NNLO n¢ part: [Asatrian, Hovhannisyan,Nierste, Yeghiazaryan'17]

full @y 2 X Qq 2: [Gerlach,Nierste,Shtabovenko,Steinhauser'22]

a NSLO 08 X Qg [Gerlach,Nierste,Shtabovenko,Steinhauser'22]
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Technical details A“(IT

a O(20,000) diagrams
m AB = 2: 3 physical and 17 evanescent operators

u 3-loop integrals, Gignqua — O
> 2-point function
> 2 masses: mp and mg
consider m2 < m?

m redcution to MIs: FIREG (smimov.chuharev20;, LiteRed (eet314)
a “phase-space MIs”
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3-loop Mis

Matthias Steinhauser
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Projectors and tensor integrals IT

h q
% > ;r/ —_
> 2 spin lines
1 / AN Et' >
q 1N

M(b§ — ES) — me Z(m) rg?g25354 391 b1522 5.233 b-1944

iy ilaia
(M colour; T'(": spinor basis elements

Compute scalar coefficients:
r(5223354 c{1e1,104d, ... "' Y24 @ v, Vs -}

Tensor integrals Projectors

— rank 10 — long traces (evanes. Operators!)
— system of linear equations (745 x 745) sometimes too long for FORM
— large expressions — NLO-penguin-penguin:

Tr('y“‘ e ’Yuw) Tr(’YM e ’Vma)
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V. Results
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Analytic result AT

Karlsruhe Institute of Technology

ch(z)(z)_ <<4761107+ S ﬁ—l—N( %—i—ﬁ)—kN( ﬂ_ﬁ_ﬁ)
Pa - 34902 | 972\/3 4 “\ 108 " 162 "\ 108 ' 162

14615 5 5m2 5537 w2 5557 w2
+ Ny + )+ N — = )zt N[ = — =)z
2016 162v/3 162 324 81 324 81

1859  n? 676349  7n? 50783  1139Ny 7N, 7Ny
+ N — — | Z L1

108 81 1944 6 1944 972 6 6
2279z N 25Nyz 25N,z 25N\/z> 2 (_ 20549 . 130Ny N 130N, . 130Ny
27 9 9 9 972 81 81 81
4r? 2318  8n? 404 145 10Ny 10N, 10Ny ,
-t |l = )7+ L+ |-+ — + + L,
27 27 27 81 27 27 27 27
20N 2 88N 88N 88N
_ ")LZIOg(’L?) i (—2282+ e SO VZ)L1 log(z)
27 w2 9 9 9
176 88Nym2  88Nym2  855371N
— zIog( > log(z )> + (7 il + T + vz + —N w2z
3 i 27z 9z 180000 9
71 572 572
— —7r log(2) — melog ( + f) ?N log(z) + ENHzlog(z) + ENLZ log(2

88Ny log( 1 — == | log(z
ey ()+( 16607 _ 4 2) log(2) i g( ﬁ) 52)
= zloglz L zloglz) —
27 V208 27 € 9z
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Input parameters

[PDG; Bazavov et al.17 (Fermilab-MILC);

T

of Technology

Dowdall et al.19 (HPQCD); Chetyrkin et al.’17]

as(Mz) = 0.1179 £ 0.001 m:(3GeV) = 0.993 =+ 0.008 GeV
mPel® = 172.9+0.4 GeV my(mp) 4.163 4 0.016 GeV
Ms, = 5366.88 MeV Ms, = 5279.64 MeV
Bs, = 0.813+0.034 Bs, = 0.806+ 0.041 MeV
Bsp, = 1.31£0.09 Bsp, = 1.20+0.09MeV
fs, = 0.2307 4 0.0013 GeV fs, = 0.1905+0.0013 MeV
(Bs|Q(112)[Bs) = §M, 15, Bs, (112)
s H2 s 3 R Bs\ L2
A n 142
(Bs|Qs(p12)|Bs) = §MBS f Bs BS(MZ)
<BS|R0|BS> (0 43 £+ 0. 17)f5 MB 5 [Davies et al./19; Dowdall et al. 19]
(Bs|Ry|Bs) = (0.07 + 0.00) 5 M5, , (Bs|Ry|Bs) = (0.04 + 0.00)f5 Mz,
(Bs|Ro|Bs) = —(0.18 +0.07)f5 M3, ,  (Bs|Re|Bs) = (0.18 £ 0.07)f5. M5, ,
(Bs|Rs|Bs) = (0.38 + 0.13)f5 M5, (Bs|Rs|Bs) = (0.29 + 0.10)f5 M3,

Matthias Steinhauser — Higher-order calculations for B meson mixing — Flavour@TH 2023
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Physical quantities

Compute ']:

ATl re
a = —Re_12
AMy M?z

" Al = R AMG?

9 _ 112
a afs—lmw2

(BS|O|ES> = SM,%S fgsBst

™

T

ftute of Technology

» )/, fg,, Mg, cancel
m bag parameters cancel to
large extend

s s\2 GeMa, m 2 -
My, = ()‘t E—=1NB8So (Fé fBSBBs [Buras,Jamin,Weisz'90]

1272

Matthias Steinhauser — Higher-order calculations for B meson mixing — Flavour@TH 2023

30



Renormalization schemes A“(“

| Mp:
® MS: my(mp) = 4.163 GeV

. . mp°'® = 4.76 GeV (2 loops)
a PS
mPS(,LLf) = mos — (Sm(/if) [Beneke'98]
3 o N . .
Sm(pr) = =3 Jig1<pu 55 V(@) V(G): static potential

mES (1 = 2 GeV) = 4.163 + 0.207 + 0.080 + 0.032 — 0.0004

AT
. A/\/ZJ ~ [ me | x f(z = mE(ue)/mi (b))
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Numerical results for Al ﬂ(“

ftute of Technology

[Gerlach,Nierste,Shtabovenko,Steinhauser'22]

Al 0.53 0.09 —3
= (3798 R e 5 Bcnte, 1/m, £ 0158, % 0.781/m, + 0.01mpuc ) X 107° (polc)
Als _ (453102 000 +0.1255 =+ 0.784 /p, + 0.05; x 107° (MS)
AM; - *OY—0.445cale —0.195cale, 1/m, * ' ©BBs e1/my -YVinput
Als _ (42010%  +009 4+ 0.12,5. + 0.78, & 0.05; 1073 (PS
AM; - +cY—0.395cale —0.-19scale, 1/my *©BBs 1O/ my -OOinput | X ( )
ATtheo = (7.6 +£1.7) x 10~ 2ps ™"
ATSP = (8.3+£0.5) x 107 2ps™!
u MS+PS
® L1 = pe = pp € {2.1,8.4} GeV
a NLO— NNLO: scale dependence reduced by factor 2
® uncertainty dominated by 1/mj correction: NLO needed
a scheme inadequate
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,U/ dependence [Gerlach,Nierste,Shtabovenko,Steinhauser’22] Q(IT

Karlsruhe Institute of Technology
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Numerical results for AT’y and a7 esecmman AT

Aly
AMy
Aly
AMy
Aly
AMy

)
o
Il

Karlsruhe Institute of Technology

- (3.64%%@scalet%_‘ziml& ymy £ 055, £ 0.791/m, & 0.05;,,pm) x 1073 (pole)
- (4_17t%?4‘gscalet%“§)scalew ym, £ 01255, & 0.791/m, & 0.05“,pm) x 1073 (MS)
= (4-°5t%.34%scalet%.1zzoscale, +/my £ 01258, £0.791/m, £ 0.05i,,pm) x 1073 (PS)

Artheo - (2104 0.45) x 10 3ps "

ATG® = (1£10)x 10 3ps™"
(—5.055 518 5% e, 1/m, T 00285, 0.141/m, £ 0.1 Timpur ) X 1074 (p0le)
<74.96t%jﬁﬂscalet%_°o‘3Scale’ m & 0.0255, % 0.141/m, & 0.11i,,put> x 10~* (MS)
(—5.1ot%l‘(;‘zscalet%ﬂ,‘%cm ¢ /m, £ 0-0255, £ 0.141/m, + 0.11input) x 107 (PS)

d,theo

10* x ag = -50+03
d,

10* x g™ = —21+17
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Ars VS. AMS [Gerlach,Nierste,Shtabovenk i '22] A“(IT

Karlsruhe Institute of Technology
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V. Conclusions and Outlook
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Conclusions and outlook ﬂ(“

NNLO corrections to Al's, Al'y, a5, a%
(/) and (m2/mR)’

reduced . dependence and theory uncertainty
dominant uncertainty: 1/myp terms wip. u. Nierste etal

NNLO contributions from penguin operators

ag ~ mz/m? = deeper expansion needed
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