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o Non-perturbative renormalization by decoupling. [arXiv: 1912.06001]
e Determination of cs(mz) by the non-perturbative decoupling method. [arXiv: 2209.14204]
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MortivaTion THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

MorTtivATION

,{ Computing the strength of fundamental interactions } \

» Take some experimental observable O(y; p).
» Work hard to get

O(u; p) = A(p)arygs () + B(p)ags(n) + - .

» Determine ags(p) by comparing experiment and theory computation

7.297 3525698(24) x 1073 7 as(Mz) 0.1198(15)
recoil : cem 7.297352585(48) x 1073 eTe™ : as(My) 0.1172(37)

\. J

A Caveats N

> Asymptotic states are not quarks/gluons (“hadronization”, ...).

e —2: Qem

> a; is larger. Sometimes extracted at a few GeV (as = 0.3!). What about the .. .?

» Perturbative corrections?
» Non-perturbative corrections?
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Morivation

THE PROBLEM

Heavy Quarks

RENORMALIZATON IN 3M

CoNcLUsIONs

DETERMINATIONS OF a5 (117) [PDG "21]
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» Low energy determinations are more

precise (!1?)
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MoTIvATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

DETERMINATIONS OF (g

,{ All uncertainties from this step (N ~ 2,3) } \
Q- al AP
oo
0(Q) X as(Q) + 3 enal(@) + 0@ (@) + 0 (5 ) + -
n=2
O(Q) (lattice, experiment) = as(Q)
f{ No uncertainties here (5-loop running in MS) } N

» Run to a convenient scale (i.e. Mz)
as(Q) — as(Mz)

» Quote the RGI invariant
Qs (Q) — AW

4 Uncertainties in as(Mz): } N

4
» Non-perturbative uncertainties oc (%)

» Perturbative uncertainties o< o’ 71(Q)
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MoTIvATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

THE PROBLEM: SUMMARY

0(Q) ¥2%as(Q) + 3 cnal (Q) + 0@l 1(Q) + © (g) +...
n=2

,{ Non-perturbative corrections } N

» Difficult to compute (NP physics is difficult!)
» Better use smaller « = (larger Q)

\. J

r{ Perturbative corrections } N

» Difficult to estimate (i.e. scale variation might fail)
» Main source of uncertainty in most lattice QCD extractions of o
» Better use smaller « = (exponentially larger Q)
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MOTIVATION THE PROBLEM

HEAVY QUARKS RENORMALIZATON IN 3M CONCLUSIONS

COMPUTING PATH INTEGRALS: LATTICE FIELD THEORY

Lattice field theory — Non Perturbative definition of QFT.

U (x) = 4™ g(x)

Sclu] = —

Discretize space-time in an hyper-cubic lattice
(spacing a)

Path integral — multiple integral (one
variable for each field at each point)

Compute the integral numerically — Monte
Carlo sampling.

1 Neonf

N a Z O(ul +O(1/\/ conf)

Observable computed averaging over samples

This works both in the perturbative and
non-perturbative regimes!

f >

b | 7

>

| 4

> Tr(1-U,

pEPlaquettes

1
~UH) — -5 /d4xTr(FWFW)

6/33




MoTIvATION THE PROBLEM HEAVY QUARKS RENORMALIZATON IN 3M

ConcrLusions

THE PROBLEM: (g EXTRACTIONS ARE A MULTI-SCALE PROBLEM

o)

“2a(Q) + Tl + 0l Q) +0 (&) +

Qr

,{ Why not just use larger Q? ‘

]

Latticero:

Experimentalist:

At large Q the effect you are trying to measure is “weak” —-
Larger uncertainties

In all simulations a=! > Q> L~1. You need m L ~ 4, so with
current computers (L/a ~ 128) we have Q < 4 GeV. In fact:

» Computer cost o< (L/a)”

» Non-perturbative uncertainties o< (a/L)?

» Perturbative uncertainties < 1/ log(L/a)

pot /e g
T

0.001 0.0001
T T

. . . .
0.001 0.01 0.1 1 10 100 1000 1/GeV

7/33




MoTIvATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

THE STRENGTH OF YM

a{ L
r |
()—%F(r)‘ i< L <l <l
Q) = 4 pu=1/r Hmax  Hmin
> =
Take O(Q) = % F(r)‘sz
» This defines the “potential scheme”. Non-perturbative coupling definition.
3r2 Q— o0
ag(Q) = TF(f) PP o)+

» Useful to define convenient scales. i.e. the CERN scale

agq(pcern) = 12.34/(47)

(NOTE: Many lattice scales are basically this!: g, fo, wg, 71, . . . )
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MoTIvATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

THE souTiON: FINITE SIZE SCALING [LiscuEer, Weisz, WoLrr ‘91]

N\,
L 1 €

T

=

———

L

f{ Finite volume renormalization schemes: fix QL = constant }—\

Coupling «(Q) depends on no other scale but L (Notation: (L), a(1/L)).
Small L = small (L)
a < 1/Q easily achieved: L/a ~ 10 — 40

Step scaling function: How much changes the coupling when we change the
renormalization scale:
o(u) =8*(Q/2)

vvyyy

82(Q)=u
achieved by simple changing L/a — 2L/a!

» 1/Lis a IR cutoff = simulate directly n; = 0

» We need dedicated simulations of the femto-universe
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MoTIvATION THE PROBLEM HEAVY QUARKS RENORMALIZATON IN 3M CONCLUSIONS

REsuLrs FOR Qg (MZ) [ALPHA "17. Puys.Rev.LETT (2017) 119. [ARX1V:1706.03821]]

i ‘ Schrodmger 'Functional
i Gra?lent %%w —
L 3-loop - ==
0.8 ts 3-loop (@ ==
\" 4-loop (MS) -----
\¢ 5-loop (MS) --eeeeeee
0.6 4
T
0.4 _
0.2 _
0 tnitl
0.1 1 10 100

1[GeV]

» Non-perturbative running from 200 MeV to 140 GeV
» Many technical improvements:

» Gradient flow couplings
» Symanzik analysis of cutoff effects
> .

as(Mz) = 0.11852(84) [0.7%] .
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MOTIVATION

THE PROBLEM HEAVY QUARKS RENORMALIZATON IN 3M

ConcrLusions

CHECKPOINT

vvyyy

\{

Extraction of o is a very difficult multi-scale problem on the lattice.
Computational cost grows like (L/a)”
Perturbative uncertainties decrease as log

Perturbative uncertainties =~ 1 — 2% for most large volume approaches [L. Del
Debbio, A. Ramos. Phys.Rep. (2021) 970 [arXiv:2101.04762]]

Dedicated approach: step scaling. Solves the multi-scale problem.

os(Mz) = 0.11852(84) [0.7%] .
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MOTIVATION

THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M

ConcrLusions

MASSLESS RENORMALIZATION SCHEMES: TREMENDOUS ADVANTAGES

-

» Renormalization group functions are mass independent

L9820 _

=B

» RGI invariants that characterize the running (i.e A, M, By, . .. ) only exists in
massless schemes

P g 3 (1) 1 1
AS =p [bogsz(:u‘)] Zb(z) e 2b0§g(u) €exp {/(; dx [ﬁ' (x) + bo? — bolle}
s

» Precision: high loop computations available in perturbation theory

- __ __ __
s (@) 52" — 2 (bo + 132 + bYSg* + BYSg + bYSg® + unknown)
Always universal but universal only in massless schemes

» In LQCD: easier to define the chiral point (m; = 0) than the physical point
(mg =77)

12/33




MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l 7 = 25 +- M {Tl(P,m) + ~log h(zu) +cp+0(e?)
T T 6 w
p p

Five Stages of understanding: (I) Denial }

> IfI choose p = my(p) the T)(p, m) gets large...

» The computation has to be wrong, because this heavy quark cannot break
perturbation theory

13/33




MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l T = (k) +- M {Tl(Pym) + ~log h(zu) +cp+0(a%)
s T 6 W
p p

Five Stages of understanding: (II) Anger }

» So the existence of a quark with 12, ~ 2000 TeV is breaking perturbation theory
atscale p &~ p ~ 20 GeV.

13/33




MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M

ConcrLusions

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
h | a2 p,) 2
" T = LMS('H) +7Ms( Ty(p, m) + 1log (1) +c +O(a3)
™ 2 6 w2
p p
,{ Five Stages of understanding: (III) Bargaining } N\

aLice: Look, If I only could say that

o () _ ogs(l) | g1 md(u)
= + —log
T s ™ 6 2

Then everything would make sense:

r_ ¥ | W

+ 5 [Nip,m) + ] + O

But then the coupling would depend on my,!
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l 7 = 25 +- M {Tl(P,m) + ~log h(zu) +cp+0(e?)
T T 6 w
p p

Five Stages of understanding: (IV) The right question

BoB: And this coupling of yours...

() ogsle) | %G1 m(p)
+ —log
T s ™ 6 2

How would it run?
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
n - a2 (1) 2
™ - o) | W Tip,m) + tlog ™% 1 UL 03
™ w2 6 u?
p p
,{ Five Stages of understanding: (V) All fits nicely } N
o () ogs(p) o)1 md(n)
= + 7 zlog ——
™ ™ T 6 w
And determine
2
d 9 d d asms(m) 1. m2(p)
’ 2 / 2 / MS h
= _— = —_— — —_— M Y
B =u 32" (w) (u R +Baa +76mh) [aMS(u) T 6.8 2
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M

ConcrLusions

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l 7 = 25 +- M {Tl(P,m) + ~log h(zu) +cp+0(e?)
T T 6 w
p p

,{ Five Stages of understanding: (V) All fits nicely }

o () _ oggs(h) N ai,[—s(,u) llog m3 ()

T 0 ™2 6 u?

And determine

8 =1 a0 "% - T 1 o)
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M

ConcrLusions

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l T = (k) +- M {Tl(Pym) + ~log h(zu) +cp+0(a%)
s T 6 W
p p

,{ Five Stages of understanding: (V) All fits nicely }

o () _ oggs(h) N ai,[—s(#) llog m3 ()

T 0 ™2 6 u?

And determine

d ’ a?(p) (11 1 1
/ 2 ’ o' —=0 I 3
B =p —=a' ()~ — — — —Nf+ - O«
du? W) T (4 6 L 6) (@)
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M

ConcrLusions

DECOUPLING OF HEAVY QUARKS! PERTURBATION THEORY

p P Quark-Quark scattering with N light and one heavy
2
m fotvres az () 1 m2
l T = (k) +- M {Tl(Pym) + ~log h(zu) +cp+0(a%)
s T 6 W
p p

,{ Five Stages of understanding: (V) All fits nicely }

o () _ oggs(h) N ai,[—s(#) llog m3 ()

T 0 ™2 6 u?

And determine

d o' 2 1 1
B =il “0 = U [ Ly 1)) + 0

o/ () is the running coupling with N; = N¢ — 1 flavors!

\.
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MoTIVATION THE PROBLEM HEeavy QuaRrks

RENORMALIZATON IN 3M

ConcrLusions

DECOUPLING OF HEAVY QUARKS IN MASSLESS SCHEMES

,{ Matching between theories ‘

]

theory (with active and heavy quarks)

ol () = ol (u) x {1+ (my/w)a e

> At energy scales Q just forget about all quarks with m > Q
> “Nice” perturtbative expressions if you only use active quarks

» Matching between effective theory (with active quarks) and fundamental

W)+

0.35 T T T
\ T decay (N’LO) o+
low Q2 cont. (N*LO) =~
os b DIS jets (NLO) —+ ]

02

a(Q?)

0.1 [

= 0, (Mz2) =0.1179 £ 0.0010
.

Heavy Quarkonia (NLO)
e'e” jets/shapes (NNLO+es)
\ PP/Pp (jets NLO) =
025 \ EW precision fit (N3LOY-e~ 7]
pp (top, NNLO) —+—

0.05
1 10

Q[GeV’

100
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MoTIvATION THE PROBLEM HEeavy QuARKs RENORMALIZATON IN 3M ConcrLusions

DECOUPLING OF HEAVY QUARKS IN MASSLESS SCHEMES

,{ Matching between theories } \

> At energy scales Q just forget about all quarks with m > Q

> “Nice” perturtbative expressions if you only use active quarks

» Matching between effective theory (with active quarks) and fundamental
theory (with active and heavy quarks)

I(\ivsf D () _a(st {1+a1(mh/u) D)+ }

Abuse of language: A single agg() that “jumps” at quark thresholds
> ayg(4GeV) : This is the four flavor coupling
> ay5(10GeV) : This is the five flavor coupling
» ays(Mz) : This is the five flavor coupling

\. J

r{ Caveats \

Power corrections are neglected (more later)

\. J
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MoTIvATION THE PROBLEM HEeavy QuARKs RENORMALIZATON IN 3M ConcrLusions

DECOUPLING OF HEAVY QUARKS IN MASSLESS SCHEMES

(N;) P(M/A) - (N))
AW —>Am

,{ Relation between A parameters } N

If you happen to know AI(\Z;, then

; ©) () = 52 ~
1. Determine aﬁs(”) = gm(,u) /(47) at some scale p = m;
(6) —by

. ) _
2 0 Sys (1) 1 1 b
b 2h2 Zbggill—s(ﬂ) _/ d _ A
w |: ng(,U,)] exp 0 X ﬁlsjs)(x) iy b0x3 box

2. Match across the top threshold (4 loops known!)

32w _ (5) O

o 1) = o) x {1+ ar (me/m)allm) + ... }

3. Determine the A parameter of the 5 flavor theory

A® L —an Sk 1 1 b |
MS _ (5572 2b2 e 2osgs(n) _ / B L0
u [ ogMS(#)] 1 exp o 2 5%(3‘) + box3  box

\_ J
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MoTIvATION THE PROBLEM HEeavy QuARKs RENORMALIZATON IN 3M ConcrLusions

DECOUPLING OF HEAVY QUARKS IN MASSLESS SCHEMES

A(Nf)

1 —
MS 2b2 202 () / Bis (1) 1 1 by
b M5 — x | ——— + =~ %
m [ ng(u)] exp o x B%f)(x) T od  box

4 Some numerical examples } N

Start with A@ ~ 91.1 MeV

Determine a( )( my) = a(s)(

mt)
Get A@ ~ 215 MeV

Determine a(s) (mb) == a (mb)

vy vV v v VY

Get A@ ~ 298 MeV

v

Determine a*) )(mc) = 0(3) (mc)
B)
» Get AW =~ 312 MeV

» We cannot get A%: No valid perturbative matching at pu =~ ms < A

Perturbative uncertainties ridiculously small in this game! [ALPHA 18]
. 7
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

DECOUPLING OF HEAVY QUARKS! NON-PERTURBATIVELY
{ 3

» Large coefficients in PT is a problem of PT

» In Lattice QCD we can use as many (heavy) flavors as we want

» Sometimes useful to consider massive schemes:
hys hys hys hys
aqq(ﬂng Z 7M5 z 7M§ 2 7M§ 4 )

» But simulating heavy quarks is challenging:
> my, is large
» amy, has to be small

Requires large computational resources!

Large PT coefficients

Multi-scale problem

Large computational cost
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MOTIVATION THE PROBLEM HEeavy QuaRrks RENORMALIZATON IN 3M CoNCLUSIONS

CHECKPOINT

» Massless schemes are needed for precision.
» One should use perturbative expressions with only the number of active quarks
» Matching between theories

3) 4) [©) (6)
Qe = Qe = O — O

» Non perturbatively one can use massless or massive schemes.
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MortivaTiON THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

3M: A UNIVERSE WITH THREE HEAVY DEGENERATE QUARKS (M > A)

,{ Alice uses fundamental theory } N

_ 1 9
Stund[Ap, ¥, Y] = /d4x {—%ﬂTr (FuvFpuv) + Y $i(3uDu +M)wz}
i=1

\. J

,{ Bob uses effective theory } N\

1 1
Se[Au] = —z?/d‘*x {Tr (FuFru)} + 355 > wk/d‘*xc,ﬁ"’) T
eff k

19/33




MOTIVATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

3M: A UNIVERSE WITH THREE HEAVY DEGENERATE QUARKS (M > A)

,{ Alice uses fundamental theory } N

- 1 I
Stund[Ap, ¥, Y] = /d4x {_zngr (FuvFuv) + Z"l’i(’YuDu +M)¢i}

=il

,{ Bob uses effective theory } N\
1 4 1 4
Sett[Au] = —— [ d*x {Tr(PM,,FHV)}—i—WZwk ST
deff

4 Decoupling N

» Dimensionless “low energy quantities” /T /7o, wo//8to, ro/wo, - . . from

effective theory
pmt M) st (2
M?2

unS )~ st
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MOTIVATION

THE PROBLEM HEeAvVY QUARKS RENORMALIZATON IN 3M

ConcrLusions

RENORMALIZATION IN 3M ALICE DETERMINES THE STRONG COUPLING

_b

A 5 7771 g(u) 1 1 b
A [y 52 23,7 B () _/ dy |— 4 — LU
= [ogt0] 2 e BT e g = [T | 5 4 s

» Determine non-perturbatively the g-function in the fundamental (Nf =1)
theory, mass-less scheme.

> Integral up to §) (p1gec) = value (in a mass-less scheme!) gives:

AB)

Hdec

» Turn on quark masses and relate jiqe. With its massive version
<g(3) (Hdec(M), M) = value)
Hdec (M )
Hdec
» Result

Hdec (M ) Hdec Hdec

A(3) _ A(s) « Ndec(M)
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MoTIVATION THE PROBLEM HEeAvVY QUARKS RENORMALIZATON IN 3M

ConcrLusions

RENORMALIZATION IN 3M BOB DETERMINES THE STRONG COUPLING

_b

A 5 7771 g(u) 1 1 b
A [y 52 23,7 B () _/ dy |— 4 — LU
= [ogt0] 2 e BT e g = [T | 5 4 s

> Determine non-perturbatively the S-function in the effective (Ny = 0) theory.
» Integral up to g(© (Wyee) = value gives:
A0)

’
Hdec

» Match across quark threshold to convert to A (using perturbation theory)

AG) A0) 1
—_— X —.
Hiec  Haec  P(A/M)
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MOTIVATION

THE PROBLEM HEeAvVY QUARKS RENORMALIZATON IN 3M

ConcrLusions

RELATION BETWEEN ALICE AND BOB coMPUTATION

~

/

3 (pgec(M),M) = value } Hdec (M)
Hdec

_ 2 2
g(O) (iu’:iec) = value = 1+ O(udec/M )
Relation between Alice and Bob computations

AB®) A© 1 2
L o(tmY) + o |
rae ) — e  BCagay T O ) <M2

Bob is telling us that A(®) can be computed from A(®)

A© 1
A® = M) X —— X ————
Mgnoo ,udec( ) /‘/dec P(A/M)

We need
» Running in pure gauge: A/ e
» A scale in a world with degenerate massive quarks: jiqec(M) in fm/MeV.
Lattice QCD can simulate unphysical worlds
M)

Hdec( PDG 15 AHdec(M)
M) = M, x eV _ DG 1, Thdec V)
Haee(M) = My > =21 P20 aM,
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MOTIVATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

MATCHING WORLDS

-

All lattice simulations depends only on dimensionless input: g, am;, L/a. No dimen-
sionfull output possible!

~

Mgr
W1(”our” world) : =0.14; My =0.37.
My My
w2 M _ 0.5; Mk _os.
Mp My

How much changes the proton mass between W1 and W2?
» Choose one gy, tune am; < 1 to match LCP of W1, W2

» Repeat for several values gy and perform continuum limit:

M,(W2) I aM(W2)
= lim .
Mp(Wl) aM,—0 aM (W1)

» Since W1 is “our” world:

M(W2
My(W2) = MOP X Tim = (W2)

m
aMp—0 aM(W1)




MOTIVATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

Our serur: CHOICES OPTIMIZED TO BE ABLE TO SIMULATE HEAVY QUARKS

A© 1 1, I
A® = pgec(M) x — x ———— 4+ O(a(m*)) + O (FL) + O [ “de
paeeM) X S — X o + Ot on) +0 (S ) +0 (9

» Work in finite volume schemes with Schrodinger Functional boundary
conditions: T x L? with Dirichlet bes. in time. (12 ~ 1/L): “Only” two scales.

» Use Gradient Flow couplings

g (w) = N~ (c,a/L) P(E(1))

p—1=+/Bi=cL’
> Fix 22(ptgec)| = 3.95. This defines pgec = 1/L ~ 800 MeV

N;=3,M=0,T=L
» Small volume = We can simulate heavy quarks (i.e. 2 ~ 30 — 50 GeV~1)

» Matching condition ({N; = 3, M} <+ {N; = 0}) between massive scheme and
effective theory

_2 — 72
8" (Hdec(M)) Ny=3,M,T=2L = 8" (Haec) Np=0,T=2L

Matching: QCD in a finite volume!

» Convenient variable: z = M/ tigec
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MOTIVATION THE PROBLEM HEAvY QUARKS RENORMALIZATON IN 3M ConcrLusions

Our serur: CHOICES OPTIMIZED TO BE ABLE TO SIMULATE HEAVY QUARKS

A(O) 1 m /_Lz
A(S) — M) X — X —————— 10) 4 m* o dec +0 dec
paeeM) X S — X o + Ot on) +0 (S ) +0 (9
,{ We only need to fill in a table! } \
pace(M) [MV]  M/paecM) g8 AV /pe A
789(15) 1.972 . . 5
789(15) 4 - - -
789(15) 6 = = =
789(15) 8 - - -
789(15) 10 = = =
789(15) 12 - = -
» Difficul i lati termine g2 = g2
ifficult continuum extrapolations to determine g2 = 3*(igec(M)) N
» Use combined Heavy-Quark / Symanzik effective theories.
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CONTINUUM EXTRAPOLATION ANSATZE

,{ Quaderatic dependence on lattice spacing () via apgec. and aM }—\

For large enough masses, effective theory applies:

2(20,8) = Ci + prlogs (@] (ataec)? + palog(@)]' (aM)? .

» Continuum values (our target quantity)

» Mass independent cutoff effects

» Mass dependent cutoff effects

» Loop corrections in effective theory: —1<I'<land —-1/9<TI’'<1

\. J

4 Additional assumptions about O(aM) effects } \

Partial knowledge based on PT: Propagate difference between last known orders as
additional uncertainty

» Schrodinger functional boundaries: Small (negligible to our level of precision).
Explicit computation.

» Quark mass improvement: by, ba, bp, . ... Very small effect.

» Improved bare coupling: bg. Large effect at large masses (comparable to
statistical uncertainties). Decreases as aM — 0.
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CONTINUUM EXTRAPOLATIONS

s ez =1.972
. o z =40
6.00 i o v —60
o z =8.0
5.75F (J ez =10.0 |®
ot ez =120
5.50¢ :
-0
3 b b )
5.00} T

0.000 0.001 0.002 0.003 0.004 0.005 0.006
(a/L)?

[ Continuum extrapolations with L/a = 12,16, 20, 24, 32, , 40, 48 ]
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CONCLUSIONS

CONTINUUM EXTRAPOLATIONS

ez =1.972
i ® o =40
6.00 . 260
o z =8.0
5.75f ¢ o2 =10.0|®
A ez =120
5.50F .
5.25F
5.00?5 | | | |
0.0 0.1 0.2 0.3 0.4
(aM)?

[ Continuum extrapolations with L/a = 12,16, 20, 24, 32, , 40, 48
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MOTIVATION THE PROBLEM

Heavy Quarks

RENORMALIZATON IN 3M

ConcrLusions

TABLE CAN BE FILLED

A0)
A®) = Hdec(M) X

1

fiaee . P(A/M)

L O (m*) + 0 (

M

2
Ndec) +0 ('U’dec

MZ

e (M) [MeV] M/ j1gec(M) 3 A Jpe AL [Mev]
789(15) 1.972 5.076(56)  0.540(14) 426(14)
789(15) 4 5.316(70)  0.492(14) 388(13)
789(15) 6 5.408(69)  0.460(12) 363(12)
789(15) 8 5.530(76)  0.445(12) 351(12)
789(15) 10 5.713(90)  0.443(13) 349(12)
789(15) 12 5.80(10)  0.434(13) 343(12)

Perturbative uncertainties

|

)

J

Completely negligible!. (Take difference between 4-loops and 2-loops as estimate)

O(a(m*))
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DEeTERMINATION OF A(®) FROM DECOUPLING: A% = 336(12) MeV

3 B
A = A + Sla(m))

RENORMALIZATON IN 3M

CoNcLUsIONs

425
. 400
=
o
=3
t
<
—~|#©n 375
sg
<
350
325 I I I I I
0.00 0.05 0.10 0.15 0.20 0.25
(:U'dec/‘lu)2 /33
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Resurr
=0.11823(84) . ]

[ as(mz) = 0.11823(69) (42)y, (20)ry, (6)3-5,p1(7)35,NP

This work

FLAG 21
HPQCD 10
HPQCD 14A
Maltman 08
HPQCD 10

Cali 20
TUMQCD 19
Ayala 20
PACS-CS 09A
ALPHA 17

0.119 0.12 0.121 0.122

L L L
0.115 0.116 0.117 0.118
as(Mz)
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SEVERAL VARIATIONS OF ANALYSIS

,{ Continuum extrapolation } \

> (aM)? < 0.16,0.25
» Various values of I, I/

» Several coupling definitions (statistically correlated) labeled by
¢ =0.30,0.33,0.36,0.39,0.42

\. J

A M — oo <

» Several values of ',

» Several values of ¢
> z4.6,8
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THE PROBLEM

Heavy Quarks

RENORMALIZATON IN 3M

ConcrLusions

ExampLE

z>4 z>6 z>8

3 0 3 0 3 0
c AL Q%] ¢ AL Q%] ¢ AD Q[%]
030 349(11) 2030 340(12) 11030 338(13) 4
033  345(11) 8 033 338(12) 13 033 338(13) 4
036 342(11) 16 036 336(12) 16 036 338(13) 6
039  339(11) 21 039 335(12) 16 039 338(13) 7
042 336(11) 23 042 333(12) 15 042 337(13) 7
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THE PROBLEM HEAVY QUARKS RENORMALIZATON IN 3M

ConcLustons

CONCLUSIONS

~

» Extraction of o is a very hard multi-scale problem

» Computational cost = (L/a)”
» Perturbative uncertainties = log(L/a)*

Perturbative uncertainties hard to estimated with data in a limited range of
scales

One should take “non-perturbative” limit seriously (i.e. « — 0)
Perturbative uncertainties using scale variation are a guide: Common
framework to all approaches? [L. Del Debbio, A. Ramos Phys.Rep.(2021)190]
One real solution: Step scaling

» Non-perturbative running from 200 MeV to 140 GeV: o (Mz) = 0.1185(8)

Exponential improvement (still a multi-scale problem): Decoupling of heavy
quarks

» Perturbative uncertainties negligible (M =~ 10 GeV)
» Non-perturbative corrections can be extrapolated

> Relies on pure gauge determinations of A®
P Precise result: as(Mz) = 0.1182(8)

das(Mz) ~ 0.4% certainly possible (uncertainties dominated by pure gauge
(') and low energy running (!)).

das(Mz) < 0.3% requires serious thinking.
Potential for other lattice approaches: How difficult to simulate high M?.

J
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CONCLUSIONS

s N

» Extraction of o is a very hard multi-scale problem

» Computational cost = (L/a)”
» Perturbative uncertainties = log(L/a)*

» Perturbative uncertainties hard to estimated with data in a limited range of
scales

» One should take “non-perturbative” limit seriously (i.e. « — 0)

A Personal opinion hinties using scale variation are a guide: Common
J

Future belongs to dedicated approaches, not to beating an exponentially hard prob-
lem with your machines

Many thanks!

» T TCCISC IESUIt. (G5 (VI — U-I10Z(0)

» Sas(Myz) =~ 0.4% certainly possible (uncertainties dominated by pure gauge
(') and low energy running (!)).

» Sas(Mz) < 0.3% requires serious thinking.
» Potential for other lattice approaches: How difficult to simulate high M?.

J
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