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H = ·a/aHubble parameter

: characteristic time scale, or length scale (c =   1), of the expansionH−1 c = 1

λ ≪ H−1 λ ≳ H−1

Insensitive to space-time curvature Feels space-time curvature

Cosmic Inflation: ··a > 0
ds2 = �dt2 + a2 (t) d~x2

Quantum particule creation

(analogous to Schwinger 
effect, Hawking effect, etc)

“unambiguous” vacuum state
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Open issues

• How did inflation start? 

• How to realise inflation in high-energy physics? 

• Can we look for quantum properties of cosmological fluctuations? 

• How to incorporate the backreaction of large fluctuations? 

• How does inflation end, how doe the universe “reheat”? 

• Can we apply (open)EFT/bootstrap approaches to inflationary fluctuations? 

• Is inflationary physics linked with the dark sector?
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Initial conditions
Inflation is meant to explain why the universe is homogeneous at large scales…  

but most of the time, homogeneous initial conditions are assumed!

Steigman, Turner 1983 
Turner, Widow 1986 
Anninos, Matzner, Rothman 1991

⇢aniso / a�6Inflation makes the universe isotropic

Goldwirth, Piran 1990 & 1992 “Effective density approximation” ⇢�� / a�4

East, Kleban, Linde, Senatore 2016 
Clough, Lim, DiNunno, Fischler, Fauger, Paban 2017 
Bloomfield, Fitzpatrick, Hilbert, Kaiser 2019 
Joana, Clesse 2020 
Corman, East 2022 
Garfinkle, Ijjas, Steinhardt 2023 

Numerical Relativity approaches



Initial conditions
Inflation is meant to explain why the universe is homogeneous at large scales…  

but most of the time, homogeneous initial conditions are assumed!

Steigman, Turner 1983 
Turner, Widow 1986 
Anninos, Matzner, Rothman 1991

⇢aniso / a�6Inflation makes the universe isotropic

Goldwirth, Piran 1990 & 1992 “Effective density approximation” ⇢�� / a�4

East, Kleban, Linde, Senatore 2016 
Clough, Lim, DiNunno, Fischler, Fauger, Paban 2017 
Bloomfield, Fitzpatrick, Hilbert, Kaiser 2019 
Joana, Clesse 2020
Corman, East 2022 
Garfinkle, Ijjas, Steinhardt 2023 

Numerical Relativity approaches



super-Hubble, gradient initial conditions

super-Hubble, kinetic initial conditions

sub-Hubble, kinetic initial conditions

sub-Hubble, gradient initial conditions

Joana, Clesse 2020



How to realise inflation?
General Relativity, homogeneous universe filled by a perfect fluid: 

··a
a

= −
ρ + 3p
6M2

Pl

Inflation cannot be realised with matter in the form of Newtonian fluids.  
In any case, it occurs at super-high energy where matter should rather be described in terms of fields. 

In a cosmological background, a scalar field behaves “like” a perfect fluid with 

 inflation takes place if 
ρ =

·ϕ2

2 + V(ϕ)

p =
·ϕ2

2 − V(ϕ)
⟹ V(ϕ) > ·ϕ2

• Within the standard model: Higgs inflation 

• Beyond the standard model: SUSY, SUGRA, ST, etc 

• Modified Gravity: , etcf(R)

ℒ ∋ ξH†HR
ϕ

V

Hundreds of models have been proposed…

h

V



Adverts
ar

X
iv

:1
30

3.
37

87
v3

  [
as

tro
-p

h.
CO

]  
3 

Se
p 

20
13

Encyclopædia Inflationaris
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Abstract. The current flow of high accuracy astrophysical data, among which are the Cosmic
Microwave Background (CMB) measurements by the Planck satellite, offers an unprecedented
opportunity to constrain the inflationary theory. This is however a challenging project given
the size of the inflationary landscape which contains hundreds of different scenarios. Given
that there is currently no observational evidence for primordial non-Gaussianities, isocur-
vature perturbations or any other non-minimal extension of the inflationary paradigm, a
reasonable approach is to consider the simplest models first, namely the slow-roll single field
models with minimal kinetic terms. This still leaves us with a very populated landscape, the
exploration of which requires new and efficient strategies. It has been customary to tackle
this problem by means of approximate model independent methods while a more ambitious
alternative is to study the inflationary scenarios one by one. We have developed the new
publicly available runtime library ASPIC1 to implement this last approach. The ASPIC code
provides all routines needed to quickly derive reheating consistent observable predictions
within this class of scenarios. ASPIC has been designed as an evolutive code which presently
supports 74 different models, a number that may be compared with three or four represent-
ing the present state of the art. In this paper, for each of the ASPIC models, we present
and collect new results in a systematic manner, thereby constituting the first Encyclopædia
Inflationaris. Finally, we discuss how this procedure and ASPIC could be used to determine
the best model of inflation by means of Bayesian inference.

Keywords: Cosmic Inflation, Slow-Roll, Reheating, Cosmic Microwave Background, Aspic

ArXiv ePrint: 1303.3787

1http://cp3.irmp.ucl.ac.be/~ringeval/aspic.html
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Edited in 2013: 

• 74 single-field models 
• Accurate calculation of predictions 
• Comparison with Planck+2013 data 
• Comes with a public library: ASPIC 
• Bayesian model comparison 
• Reheating constraints 
• Used in the PDG, etc.
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Quantum aspects of inflationary fluctuations
According to inflation (and most alternatives): cosmic inhomogeneities arise from the gravitational amplification of vacuum 
quantum fluctuations 

• Can we trust QM at cosmological scales? 
• Is it legit to quantise metric fluctuations? 
• What about the quantum measurement problem? 

Can we prove that cosmic structures are of quantum mechanical origin?

?inflation



Quantum aspects of inflationary fluctuations
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uB

0

Bell inequalities

⟨ ̂Sθa
̂Sθb

⟩ + ⟨ ̂Sθ′ a
̂Sθb

⟩ + ⟨ ̂Sθa
̂Sθ′ b

⟩ − ⟨ ̂Sθ′ a
̂Sθ′ b

⟩ ≤ 2

During inflation, cosmological perturbations are placed in a two-mode squeezed state
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Quantum aspects of inflationary fluctuations
Can we test quantum mechanics itself? 

Dynamical collapse models:  
d |ψ⟩

dt
= − iĤ |ψ⟩ + γ (Ĉ − ⟨Ĉ⟩) ξ(t) |ψ⟩
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• Induces the collapse of the wavefunction  

• Leads to the Born rule 

• Is endowed with an amplification mechanism 

• Has been extensively tested in the lab 

Bassi & Ghirardi 2003 



Quantum aspects of inflationary fluctuations
Can we test quantum mechanics itself? 

Dynamical collapse models:  

• Induces the collapse of the wavefunction  

• Leads to the Born rule 

• Is endowed with an amplification mechanism 

• Has been extensively tested in the lab 

Can this explain how we obtain a single outcome in the early universe?
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FIG. 1: Time evolution of the physical distances at play in
the early universe. During inflation, the Hubble radius H

�1

(magenta line) is almost constant and, due to the expansion,
the wavelength �k of a Fourier mode (black line) for a given
quantum field crosses out that scale, above which space-time
curvature sources parametric amplification. In the subsequent
Universe, H�1 increases faster than the scale factor a, hence
�k crosses the Hubble radius back in. Depending on the value
of rc, �k may cross out rc either during inflation (rc) or during
the radiation era (r0c).

eigenstate of the Cosmic Microwave Background (CMB)
temperature anisotropies, so how the process

| 2 sqi =
X

c( )| i ! | iPlanck (3)

occurred is unclear. This makes the early universe a per-
fect arena to test CSL.

The leading paradigm to describe this epoch is cosmic
inflation [28–32], which was introduced in order to solve
the puzzles of the standard hot big-bang phase. Infla-
tion is believed to have been driven by a scalar field �,
named the “inflaton”, the physical nature of which is still
unknown although detailed constraints on the shape of
its potential now exist [33–41]. Inflation also provides a
convincing mechanism for structure formation according
to which galaxies and CMB anisotropies are nothing but
quantum vacuum fluctuations amplified by gravitational
instability and stretched to astrophysical scales [42]. This
mechanism fits very well the high-accuracy astrophysical
data now at our disposal, in particular the CMB temper-
ature and polarisation anisotropies [43, 44].

The universe is well described by a flat, homoge-
neous and isotropic metric of the Friedmann-Lemâıtre-
Robertson-Walker (FLRW) type, ds2 = �dt2 +

a2(t)�ijdxidxj , where xi is the comoving spatial coordi-
nate, t refers to cosmic time, and a(t) is the scale factor
which depends on time only. During inflation, the ex-
pansion is accelerated, ä > 0, and the Hubble parameter
H = ȧ/a (where a dot denotes derivation with respect to
time) is almost constant, see Fig. 1.

To describe the small quantum fluctuations liv-
ing on top of this FLRW background, the metric
and inflaton fields are expanded according to gµ⌫ =

gFLRW

µ⌫
(t) + �ĝµ⌫(t,x) and � = �FLRW(t) + ��̂(t,x) with

|�gµ⌫/gFLRW

µ⌫
| ⌧ 1 and |��/�FLRW | ⌧ 1. This gives

rise to two types of perturbations, scalars and tensors.
Tensors correspond to primordial gravitational waves
and have not yet been detected, the tensor-to-scalar ra-
tio r being r <⇠ 0.064 [44]. Then, scalar perturba-
tions can be described with a single gauge-invariant de-
gree of freedom, the so-called curvature perturbation
⇣̂(t,x) [42, 45], which can be directly related to tem-
perature anisotropies. Expanding the action of the sys-
tem (namely the Einstein-Hilbert action plus the ac-
tion of a scalar field) up to second order in the per-
turbations leads to the Hamiltonian of the perturba-
tions, Ĥ =

R
R3+ d3k

⇥
p̂2k + !2(k, ⌘)v̂2k

⇤
, where v̂k ⌘ z⇣̂k

is the Mukhanov-Sasaki variable. One has introduced
z ⌘ a

p
2✏1MPl/cS where c

S
is the speed of sound (c

S
= 1

for a scalar field) and ✏1 ⌘ �Ḣ/H2 is the first Hubble-
flow parameter [46, 47]. In the above expressions, the
curvature perturbation has been Fourier transformed,
⇣̂(⌘,x) = (2⇡)�3/2

R
d3k ⇣̂k(⌘)eik·x, as appropriate for a

linear theory where the modes evolve independently. The
conjugate momentum is p̂k ⌘ v̂0k, where a prime denotes
derivation with respect to the conformal time ⌘ defined
via dt = ad⌘. Each mode behaves as a parametric oscilla-
tor, v̂00k+!2(k, ⌘)v̂k = 0, with a time-dependent frequency
!2(k, ⌘) = c2

S
k2 � z00/z that involves the background dy-

namics. This phenomenon, described by the interaction
between a quantum field (here the cosmological pertur-
bations) and a time-dependent classical source (here the
background spacetime), leads to parametric amplifica-
tion and can be found in many other branches of Physics
(e.g. the Schwinger e↵ect [48], the dynamical Casimir ef-
fect [49], Unruh [50] and Hawking [51] e↵ects, etc.).

Quantisation of parametric oscillators yields squeezed
states, which are Gaussian states. Solving the
Schrödinger equation with the above Hamiltonian leads
to  [v] =

Q
k,s 

s

k(v
s

k), where s =R,I labels the real

and imaginary parts of vk, with  s

k(v
s

k) = Nke�⌦k(v
s
k)

2

,

|Nk| = (2<e⌦k/⇡)
1/4 and ⌦k obeying the equation

⌦0
k = �2i⌦2

k + i!2(k, ⌘)/2. In the standard approach,
hv̂ki = 0 and one needs to assume the existence of
a specific process (3) that led to a particular realisa-
tion corresponding to our universe (this is the macro-
objectification problem mentioned above). The disper-
sion of the di↵erent realisations is characterised by the
two-point correlation function h⇣2i =

R
P⇣d ln k where
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Can we test quantum mechanics itself? 

Dynamical collapse models:  

• Induces the collapse of the wavefunction  

• Leads to the Born rule 

• Is endowed with an amplification mechanism 

• Has been extensively tested in the lab 

Can this explain how we obtain a single outcome in the early universe?
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(magenta line) is almost constant and, due to the expansion,
the wavelength �k of a Fourier mode (black line) for a given
quantum field crosses out that scale, above which space-time
curvature sources parametric amplification. In the subsequent
Universe, H�1 increases faster than the scale factor a, hence
�k crosses the Hubble radius back in. Depending on the value
of rc, �k may cross out rc either during inflation (rc) or during
the radiation era (r0c).
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occurred is unclear. This makes the early universe a per-
fect arena to test CSL.

The leading paradigm to describe this epoch is cosmic
inflation [28–32], which was introduced in order to solve
the puzzles of the standard hot big-bang phase. Infla-
tion is believed to have been driven by a scalar field �,
named the “inflaton”, the physical nature of which is still
unknown although detailed constraints on the shape of
its potential now exist [33–41]. Inflation also provides a
convincing mechanism for structure formation according
to which galaxies and CMB anisotropies are nothing but
quantum vacuum fluctuations amplified by gravitational
instability and stretched to astrophysical scales [42]. This
mechanism fits very well the high-accuracy astrophysical
data now at our disposal, in particular the CMB temper-
ature and polarisation anisotropies [43, 44].

The universe is well described by a flat, homoge-
neous and isotropic metric of the Friedmann-Lemâıtre-
Robertson-Walker (FLRW) type, ds2 = �dt2 +

a2(t)�ijdxidxj , where xi is the comoving spatial coordi-
nate, t refers to cosmic time, and a(t) is the scale factor
which depends on time only. During inflation, the ex-
pansion is accelerated, ä > 0, and the Hubble parameter
H = ȧ/a (where a dot denotes derivation with respect to
time) is almost constant, see Fig. 1.

To describe the small quantum fluctuations liv-
ing on top of this FLRW background, the metric
and inflaton fields are expanded according to gµ⌫ =

gFLRW

µ⌫
(t) + �ĝµ⌫(t,x) and � = �FLRW(t) + ��̂(t,x) with

|�gµ⌫/gFLRW

µ⌫
| ⌧ 1 and |��/�FLRW | ⌧ 1. This gives

rise to two types of perturbations, scalars and tensors.
Tensors correspond to primordial gravitational waves
and have not yet been detected, the tensor-to-scalar ra-
tio r being r <⇠ 0.064 [44]. Then, scalar perturba-
tions can be described with a single gauge-invariant de-
gree of freedom, the so-called curvature perturbation
⇣̂(t,x) [42, 45], which can be directly related to tem-
perature anisotropies. Expanding the action of the sys-
tem (namely the Einstein-Hilbert action plus the ac-
tion of a scalar field) up to second order in the per-
turbations leads to the Hamiltonian of the perturba-
tions, Ĥ =

R
R3+ d3k

⇥
p̂2k + !2(k, ⌘)v̂2k

⇤
, where v̂k ⌘ z⇣̂k

is the Mukhanov-Sasaki variable. One has introduced
z ⌘ a

p
2✏1MPl/cS where c

S
is the speed of sound (c

S
= 1

for a scalar field) and ✏1 ⌘ �Ḣ/H2 is the first Hubble-
flow parameter [46, 47]. In the above expressions, the
curvature perturbation has been Fourier transformed,
⇣̂(⌘,x) = (2⇡)�3/2

R
d3k ⇣̂k(⌘)eik·x, as appropriate for a

linear theory where the modes evolve independently. The
conjugate momentum is p̂k ⌘ v̂0k, where a prime denotes
derivation with respect to the conformal time ⌘ defined
via dt = ad⌘. Each mode behaves as a parametric oscilla-
tor, v̂00k+!2(k, ⌘)v̂k = 0, with a time-dependent frequency
!2(k, ⌘) = c2

S
k2 � z00/z that involves the background dy-

namics. This phenomenon, described by the interaction
between a quantum field (here the cosmological pertur-
bations) and a time-dependent classical source (here the
background spacetime), leads to parametric amplifica-
tion and can be found in many other branches of Physics
(e.g. the Schwinger e↵ect [48], the dynamical Casimir ef-
fect [49], Unruh [50] and Hawking [51] e↵ects, etc.).

Quantisation of parametric oscillators yields squeezed
states, which are Gaussian states. Solving the
Schrödinger equation with the above Hamiltonian leads
to  [v] =

Q
k,s 

s

k(v
s

k), where s =R,I labels the real

and imaginary parts of vk, with  s

k(v
s

k) = Nke�⌦k(v
s
k)

2

,

|Nk| = (2<e⌦k/⇡)
1/4 and ⌦k obeying the equation

⌦0
k = �2i⌦2

k + i!2(k, ⌘)/2. In the standard approach,
hv̂ki = 0 and one needs to assume the existence of
a specific process (3) that led to a particular realisa-
tion corresponding to our universe (this is the macro-
objectification problem mentioned above). The disper-
sion of the di↵erent realisations is characterised by the
two-point correlation function h⇣2i =

R
P⇣d ln k where
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Producing large fluctuations
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Example: critical Higgs inflation ξ(ϕ) = ξ0 + b ln(ϕ/μ)

Garcia-Bellido & Ezquiaga 2017

Large fluctuations produced towards the end of inflation  
might collapse into primordial black holes

•Dark-matter candidate 
•Seed of supermassive black holes 
•Catalyst of structure formation 
•etc



Producing large fluctuations
How do large fluctuations backreact?

sub-Hubble scales —> Cosmological Perturbation Theory
!me	

Hubble	radius	a/ȧ

�k wavelength	
super-Hubble scales —> Stochastic Inflation 
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Various theoretical challenges… 

But exciting observational prospects ahead! 

See Josquin Errard’s talk next


