


Regge calculus and applications-
Loops School 2024

Today
· Regge calculus basics

(Tomorrow)

· Lorutzian Regge calculus



-athintegral for Quantum Gravity

Z - (2 geom exp(iS)
Very hard to compute.

-> expl-Seu)
Many ways Easier to compute,

this
.

but Conformal factorto define problem
· Regge calculus · Relation to
· spin foams exp(iS)
· effective spin foams

Even with explis) factor : can sum over

Lortzian metrics.
Euclidean or



Piecewise feat spaces

Consider piecewise flat geometrics .

Here : Using simplices, but can be easily generalized.

NB : Can also use homogeneously curved simplices· [Bahr, BD 2009]

2D
e? triangle : geometry uniquely

Simplices :
e

ei

specified by
lengths (squared)

Cam be ubedded into
of edges.

/Euclidean or
Minkowskian)

feat space , iff appropriate

triangle inequalities are

satis find .



Piesewise flat spaces

3 D ein

erer
e · Edge lengths (squand) uniquely specify geometry

2 -

16 · Sar be unbedded into (E or M) feat
li

space if generalized triangle inequalities
are satisfied GTI

4D
· As above.

·
includes 10 edges ,

10 triangles , 5
Autrahedra

-

Using embedding into flat space ,
can

For a given simplex :
construct (Cartesian) Coordinate system .

A different choice : barycentric coordinates

[Sorkin 70's , BD , Fride ,Speziale Oz]



gluing two simplices

· Can always emboid a pair of glaed

e simplices into flat space (if GT1 satisfied)

In

ei
&
can find common Cartesian coordinate system

·
This defines parallel transport between

simplices

·
can go from simplex to simplex around

"bone" = co-dimension - 2 simplex
a



Curvatur (Euclidean)
-

I 2 D : Parallel transport recor around v :To O
-E · (Enclidan) · Vector will be rotated by deficit angle E.O Es

E = 2+ - EDi

=> Curvature has delta function like support

Y on vertices .

Hight dimension : · Consider a
bone shared by Hop-dim .) simplices ·

· Project each such top-dim . simplex onto place

orthogonal
to the bone

.

&

Result : A chain of triangles around a verlex.

· Angle at merlex =
dihedral augh

2023 Some = It - E Or
,
bor

T >bone

Borisova
, BD => Curvature has delta function like support on bors.



The Regge action (Euclidean

·Currature characterized by 3 - constant along given bone.

· Integrate curvature
over refal :

Spegge = Z Volp : Eb t boundary Here

bones

(bulk)

term :
E Vold (Rst = E Or

,
b)boundary bones

↑ T> b
D

(fixed balry legtis) Lbdry (
Ro = 0, E , 1 , 3 , 2 Choice.

can be adjusted to expected
S-Elito type of bulry :

Pos
& #.....

Choice of Ro does not matte for EOM :

& b kg . = coust
.Vol

bary-b



Equation of Motion

S = 2 Volp · Es I boundary or bulk deficit
bones

augle I

ES
= E Votb Z- , -

-
bores

Ele bones

-

Z [ Volo
5 but

Schlafli identity Ho
TNote : Importanceofbyein contin.

E ⑧ · 2D : Regge action is
= Z a topological

bonesse invariant
.

EOM empty.

· 3D : Ebo

Regge EOM =

discretized Einstein equations · 4D :

· 86 = 0 solution
, might not be allowed by bolycoud, in 4D .

that



Schlafli identity

Ar O = E v f => 0 = EV i·- f

# f L -

face
- cos Offi

=> 0 = Evo os Off (with cos Off : =-

= 8 = E(Vf) cos Offi - E Up sin Off , Off

UContract with Upl : E si
cos Off

= O

= ⑧ = Ver Va sin Offi 80221
2im

=
↓ V
. Vo

(d - 1)
~

= O = Vs88 = 0



&
ball

= Ii - E Or

So -- At Ot Ebdry =-E Frid

He =

&S
=

- E O
-

Ole

Ele , He's I 1

-> All) , it & A+ He3 = 1

-

=⑰He ⑳--
-



2
Questions *

·
Some emusual configurations : Spikes

② Coupling of Matter Sorkin 70's

+ body diagonal
· Lattice Continuum limit

= 6 tetrah
.

Roceck , Williams
80's

,
BD

,
Freidl ,Spezials Of

*

Diffeomorphism symmetry Triangulation
invariante

BD 08 ,
Bahr , BD 09

* Emonical Analysis BD ,
Hohn 2010 +

Pachner Moves as
time evolution BD ,

Hohn 2010 +

· Path integral measure BD
, Steinhaus 2011 ; BD , Borisova 2023



Spikes

· orbitary long

A
bull edge length

· "small" boundary

edge length

· represents conformal

factor ~
kills

Euclidean approach

-> Even more possibilities for Lorentzian signature



Diffeomorphism symmetry

· All examples describe the same

(feat) geometry but have

different Edge length .

"1/1
,
1!11 · subdivis flatly a flat

simplex
into (d + 1) simplices

=> Provides family of garage-

equivalent solutions.

=> Sisoe = coust
.
on this family i to se = 0.

· What about solutions with curvature ?

= Broken symmetry.~, very
small

Confirmed by
· Degree of bedom court & Guonical Analysis



Time evolution

discrete : always possible , even if dof change
[BD

, Hohn ,
2010+]

·Continuous : if diff-symmetry is there

· Or in time-continuum limit for symmetry reduced

configurations IBD , Gielen , Schander 2021]

· Discrch Evolution steps 3D :



Time evolution

-

Discrete time evolution with Pachue moves i

in hypesurface
&

would

· Jent moves :
Combination of Pache

which do not change the

trigelation .

· Phase space can be constructed
· Generating function : Regge action for glaze

simplex.

BD
, Hohn 2012

,
2013 .

Prc- & Post Constraints



-outzianRegge calculus

More surprises .



Lorentzian angles

Euclidean angle
a .

5 B
-O = arcos
· A

Oe [0 , n]

Lorentian angle Angle complex
given by ( E

is

Angel

What should we do? real boost
Paramete &

· Allow angles w/ imaginary parts [Sorkin 1977
,

2019]
Each light

· Indeed : boost with 3= 1 : ) ( % ) ray crossing
contributes F i

+/2 .

· More straight forwardi Define angles via analytical
continuation.

[Asante , BD, Padua-Arguelles2)



Countian angles

Generalized Wick transform in11+ 1) D : *5 = e
:% arbo + and

d = 0,2 :
Euclidean

6 = It : Minkowskian

a 5
O = arc cos -

T
logy (-1) = + it

--
-> >15 + if(ata) t xbl-labs

2

qH =
-ilog- In = - :

·

---at 2-
·

Analytical Rea :
Both in OnI

continuation Blue : Om in QuF , one in Qu

in
: solid : Real part

Natural extension. Dotted : Imaginary part
to 2
-



Lortzian augles

tical contin from
= &
:
Gobo +an be Analy

to C-2 , 2n] :
2x b (- +, )

Complex angle :
- Euch diedrah

-

-> >

- log +

25 + if (axa) xb)-
lab I &(d = 0) = + TE angle(

·g
+ =

-
i---

--- dihedral
=

at 2
= &(b= ++) =4

Lt
Lor-

angle
-

-

&

B

S

& (d = -H) = - 4) # of
-

& (d = 2x) = = Ye + π N light
C
ray

crossings

Proof in [Asante
,
BD ,

Padua -Arquelles'27] 421 = real boost parameter

= No i -

- The complex angle reproduces :
· Euclidean angle for Euclidean data

·
Both versions of the Lorcattian augh for Corcution

dafar

· Null edges are special : Logarithmic branch point.



Complex deficit angle

2 510) = teBulk : Old = -Eor(a) 153b

Bory (10) = Rot - E Oris() 5t = + i @Lt

Tob & (H) = -it

G(2+ ) = = (t + (4-Nc)π

I

2
= / strags in· For each Do

. b we have associated Nob #lig
wedge

- Nc = Z # Nc = 1YE / (L2(

g If N = Z Nu = di
has a real part.

C
5 b JE2t has an imaginary party

#

Light come irregular configuration: Y %= 7&N
8 lightrays O lightrags



Complex Regge action

Mis := E Ob - n = +
V

+

5b = Eb => iS = = Sev
Consistency Check : * Eucl . triary :

(Sregge = -Sel
A Lorente

. triang
-time like bose -> Euclidean angle-

=
iSn =i · E ~

Space like bone -> Corttian anger

=> iSb= (i) Ec v

Null bone=
do not contribute to action

Light cone irregular configurations :·
iS has real parts

· exp(is) either enhancing or suppo .



Question :

Are those light come

irregular configurations relevant ?

ITYes &

-

go/Ph go
space
like

·Horizo site-1
spacelike

Essential for computing Entropic
· But also appear
in cosmology ! [Maroll 2022] [BDiFacobson , Podnafiguelles'E)



Question :

*
I learned a different definition for

Lorentzian angles
in spit foams.

[ Barrett , Foxon 90's : thin & thick angls]
t = [E + E Erick

No imaginary parts : thin thick

This definition does not satisfy the
=

(Cortzian) GamB-Borned
torem .

For sphere and forus triangulation we would get He

-same action : a
N

+
a

G·
a

Iab space like 1 I a
b

9

a I
b > La Y

-



2

A cosmological example

3D Gielen ,
Schander IT]

equal
2D , I Final 3B GD : ·subdivided [Asank ,

BD, Pedua
-

hypersurf . 4-Sir plex
Arguelless'21]

1
·
subdivided 8

subdivided 16-cell

- icosahedron · subdivided 600 - all

beus edges :
· Sa > O (squared edge length)

red edges I SoO Loratzian triangle cond.

4 D : Sb 2 Sa

Introduce height of top-dim . simplices :

Lorzian condition
: Sn< O

4D Su = Sy-B Sa
Sun Lapse

· Note that bulk sub-simplice might be spacelike .



A cosmological example

4D : · bulb triangles time like : light come regular

· bulk triangle space like , bulk
tetrale. time like :

Le irreg.
bulk teal Spacelike : 1c irreg

·

bulk triangles space
like,

whee
also appear

-
These light cons inegeter Cortif hypersurface to a limita

from a linite
cooking

hypersurface
:

vol
.

No backward light come
*

#
-- -

-
·

- va#W < VV=>g

m
-

-
Two forward light comes

#



actionComplexRegge for cosmology

· Su~ lapse => Complexify this variable

·056- Sa la irrega
lar configuration

Su = e on (t > 0)

0 = π

Sul
-

iSt iSL+
brauch out for

Relis) e O
Re(is) > O &C irreg Config .

⑧- to

-
analytical continuation

leads
Riemann

sheet .

q= 2π * & different· #= 0
= is changes by multiples of

it

+SECO
⑨

z SET8

=> Explanation for
Ne dependence

of
5(p =
2) ·

- iS-iSl

a = 3π



No-boundary-wasfunction

· De Sitte cosmology : 1 > 0

&-
.[Dsite radinaus

· Euclidean "phase" ..... Low .

Sol

---
~ Ench .

sol

discrete case : Path integral = integral over Su.
In our

=> As long as Sa Scrit there are only

Euclidean syndle points at p = 0 ,
24

*

· Need to decide

loventrian
a-

-- contour :

On the left or
the

q=2 right of branch
aut.

· Decides on saddle point



Choice 1 :

vanishes

-Integral
our

are

-&SE20--
-

q=2

T This reproduces surp risingly well the

war fol from continuum

no-bary tunneling
leg . [Feldbrugge , Lohnes ,

Twok 2016]).
mini-super space

But we need to include lc-irreg . configurations.

Tunneling
amplitude



La irreg · Configurations are

2 Marolf 2022 ,

essential : Jacobson ,
Visser'23]

Entropy from Countzian path integral

Periodically identify spacetime with horizon:

horizon

go
space
like

-

·
~ lowt lightic·- singularity-1 Lore
--- -

spacelike



Entropy from simplicial Coventrian path integral
[BD , Jacobson , Packea-Arguelles

- Path integral over Cortzian metrics on a sphere. 2024]

· ID analogue of
our 3D /or 4D) triangulation

· Integrate over so and

For space like
b : Sb - Sh (height variable)

· A represents a

CTC singe carily
and Action (Sa , Sa) :

la irregulari ty. has the same
structure

eS before.



Choice 2 :

· Europe - #phys , dof
= Need to integrate our

Su
positive and negative

...... la pse
to project

-So - Seco, outo Hamiltonian

P = 0 constraint

i q=2

· We obtain exponentially
----- enhanced result

- ~exp (1. 4 SZv exp 4

-
discutization Sals
artifact

GH-entropy

= ↳ irregularities are

&

essential for this result



Compare to continuum

Discrete : Essent-

singularity
⑳ X-x- jq=2

· Ambiguity for Lorentzian
contour · same ambiguity !

· No obvious inter-

· Physical interpretation for ambiguity pretation
· Debate about contour

& Feldbrugge ,
Lehners , Turok]

uS

&Diaz Dowronsor , Halliwell,
Hartle , Herlog , Jansen]

· Fluctuation convergence criterion and conformal mode problem



Application :

· Effective spin foam cosmology
discrete Areas

Length unO

How does the replacement of

integral by sum change the

result ? => Beyond saddle point
approx.

· Allows to conside time evolution



How to deal with oscillating infinite sum ?

# · Shank transform and Wynn algorithm
(explained in [BD

,
Podc - Arguellesas

path integuals/state sums· Works very
well for

for A ~ exp(in - c)↑

eg .

n large

For computation of exp . value :

Rel
error

~ 10-8



Compare Regge integral with Eff .
SF siru

Lorentzian Cortian phase :

&phase
~ Euclidean

phase

Good ! Consistency clack .

Euclideau Tunneling amplitude
increased forphase
larger scale factors.

General effect ?

I should be confirmed
time

using
more

steps . I



Lorentzian (Regge) path integral

* La irregular configurations :

physically important role

To appear :
Lc irregularities in the regins of

lengths [ Borisova, BP,
large edge An, Schiffer]

· Lead to imaginary
contributions to theection

· Applications to cosmology
& entropy call.

· Lattia continuum Limit for Lorentzian

effective spia foams to appear [Asante , BD]



Effectivespin foams

· Both Euclidean and Lorentzian signatures possible

no
restriction on space

likel timelike

· Corutian case :

nature of sub-building
blocks



Key ingredients of spin foams

a discrete aras & Rovelli , Smolin , Ashlar , Lorichi,
Lewandowski... 3

b) extension of configuration space from :

to Grea
metric

length metric
& BD , Ryan 08 ,

Fraided
, Spezial 10,

F

BDiRyan Il , -,
122

BD ,
Borisova

-

BD ,
Padua

- Arguelles'23]

Remarkably b) follows from a).



Area - Length constraints

↳

· 10 lengths Shared · 10 lengths
- 10 areas tetrah

.

· 10 creas

20-6 = 14 lengths
20-4 = 16 awas

=>> There are two area length constraints.

(Requiring that two dihedral angles
in shared

-

tetral- agree , if computed from either 4-simplex data)

With distrate area values : · Constraints lead
to diophantin equ.

· Very fer solutions
, preventing suitable

semiclassical regime [Asaule , BDI
Hagegara'20]

=> Need to enlarge configuration space.



Twisted Simplex geometry and Ana metrics

In LOG

-> 10 areas

-> Also 2 dihedral angles
in each of the two

tetrahedra

Ed variablesOverall I

Bartero-Immirzi
S4 , 73 eg Parameter

Yor Je : 7 g ·

EBD, Ryan 108]
-

"Twisted Simplex" [Fride , Speziale :10]

[BD ,
Podua - Arguelles' 23] :

The 20 variables associated to the twisted

simplex define an Area-metric
.



Area metrics

Gav 95 and Gewist Must = O

W
/ (

antisymmchic
W

Symmetria

=> same elgebraic symmetrics as
Riemann terson

=> 20 components

Prescribes arras of parallelograms
& dihedral angles.

Each length metric defines an area
metric :

Gargo =

Gaggur-gragus

=> Ana metrics extend configuration space of length metic.



Area metrics

Area metric

Microscopic : LQG simplex data =
& BD/ Pedua-Arguelles]

Continuum

Effective spin focus =>
Action

Mesoscopic a A lattice limit
es a

Ou regaler fct . Of
Anmetr.

IBD121 , BD , Kogios'22]

#consistent
Continuum : Modified Plebanski => Area metric

action

I Krasnov, Freide ,
[ Borisova,

Speziale 06 +]
BD 22]



Area metric action
-

Linearized action obtained from modified Plebanski :

Grusf = Guyfur-Grodug
+

apust , apuso -> har, X
*

Mr

2 : GEHImr) + hmrpm - p yar
2

- - M XXI. Fur Ar I& ( Fo
4

with 5 = 1 + % , I =
1- = Barbero-Immirti paramete

[Borisova , BD ,
Krasnov 2024] : 08 affects classical EOM in area metric gravity .

· leads to mixing of cross and plus polarization

of transmese-traceless
modes

.

· One finds the action ,
if looking for general diff-inc. area-medic actions



Area metric action EffectiveLength metic action
Integrate out X-fields :

Zeph) = Zen (h) - "Causall perCargo (k)M2
(linearized)

Weg etsor-
non-local Wege2-term

Does not add further poles: (Prop)
+T
= z (* )

Very promising !

Later : Great for Cortian signature.



Area metric actions

· First candidate effection actions describing the

continuum limit of spin foams

Evidence : -continuum limit of effective

spin foams [BD 2021 , BD, Kogios'2l]

- drivation from modified

Plebanski framework
[Borisova , BD'22]

= Extension of Spin fom config :

[BD
,
Padra - Arguelles'23] space to

area metrics
and

constructing diff.
-invariant

area-mehi C actions

[Borisova ,
BD

,
Krasnor'23]



Area - angle variables in spin-focus
[ BD , Speziale 88]

· can invot areas -> light
· Compute Dihectral angles as

· 10 awas functions ofareas

e· 2 dihedral angles yt
=> Shape matching/Giving

constraints
in each tetrahedron

t - (A)
Ca = y I

· But we do not commute ! th , y Zigl

%
=>Constraints 2 are

second class

Cannot be imposed shapty ,
need to be imposed "weakly".

[EPRL , FK]

How weakly ? As strongly as allowed by commutator!



Effective spin foams [Asante , BD,

Haggard 20]

=EmiI
5 (t ,5)

face weight simplex coherent state in angle
amplitude variables , peaked

on Diledral angles

=> integrate out augle variables / sum or infotwines

=> Effective model :

z

=Emjt j Arj IG
&

-
I

function
/ Glasing

exp)i SArca-Regge (j)
(

Area-Regge 05- exp)-ERecoupling sym Gol
in G

T

Hight Gange theory-
[ Baratin , Freide ; Asante ,

BD
, Givelli ,Tsmillis, Riello]

&elp'j IVE)



Effective spin focus

· Computations require much much less resources.

So far only explicit calculation of E for
S

inner edge : Succesful test of EOM.

(Seconds - Minutes on a laptop) [Asante , BD , Haggard' 20]

· Direct grometric interpretation/less
variables.

Allows for (perturbative) continuum limit.

& BD 1 21 ; BD , Kogios IT]

· Loratzian signature : Timelike
& space like subbuilding

blocks allowed ; no vector geometrics

[Asante , BD ,
Pada - Arguelles 121]



Area action
-
Regge

Slength-Regge
= & All Et (1)
= E2+ Aye)

= -[ All) Ovel
- tes

Inort in each simplex bugt for
areas

=
011) > /A ares insimplex

=> SAna-Ryge = [ItAt-EEAt OA
t

= [At Ex(A) Area Rugge action
t

· appears in semiclassical limit of spin foams



The Flatness Problem (or not

SAra-Begge
= At Es (A)

EOM :
8 SAna-Regge ~ (A) + 0

= Ct
& At Schlafli

identity

Are these EOM demanding flatness ?

This is not the case . Et(A) is a
combination

of currature and shape mismatch.

In the continuum limit (because of different scalings)

on does obtain the Length-Regge EOM ·

[BD 2021]



Ifeatnessproblem

In o-0 limit :

stronger and stronger oscillations

wash out Gaussians/Constraints.
Thus I has to be small :

TSAO
-

[Han 13/
E Asante ,

BDI

Explicit test2 Haggard20]Explicit



Itof (discret EOM

2 Asanle , BD , Haggard' 20]

· Compute expectation value /balk areas) by directly

eva lating the path integral

·
As a function of 50. (Computation can

be

done for general s ! )

· Expectation : Reproduce Rigge for small
values of V.

small curvatures.

· Expectations
are even exceeded .

· Check paper for
different curvature

regimes .



Test of (discrete EOM
[Asante , BD

Haggard'20]
· Effective spin form action has imaginary
parts from Go-factors.

=> Saddle points are in the complex place.

Also the case for EPRL
2 Hou

, Huang :
Lin, Qu 21]

=> One other aspect of resolution of

the flatness problem.

Additional aspect :





-strongest case : Continuum limit

·Effective action
= Arca-Regge + Constraint terms
-

·Can be put o hypecubical
lattice,

where each cube is subdivided into

X Simplices (X = 24 , 48, ...
).

-

· Expand around flat (shape-matching )

configuration
= Compute Hessian (k) ~

&

· Lattice momentum

Huge matrix with R-dependent entries



Continuum limit

Analyze this Messian .

Gange modes
= wall modes for any R

Massless modes = wall modes for
k = 0

-

· There are always
6 masslesstgange
modes and

at least 4
-

jauge
moder

-> Length dof .

Integrating out all other dob's : Linearized GR
at leading order.



Continuum limit

=> Get GR on family of different lattices.

Surprise : Even Area-Regge without constraint
-

E tims leads to GR in

continuum limit

Barrett-Crave model can lead to GR.



Leading order correction

Can identify blocks with different

scaling behaviour (inR) in the Hessica

might require an insightful variable transform
. )

· These contribute to different order in
the

&

length-effective action +~
correction ?

RES

· Variables which contribute to
=

metric dof (in
addition to length dof)

Arca

-· Lead to Weye-squared correction

Consistent with modified Plebanski approach



Effective Spin foams & latness problem

· Addressed His problem
* in the discrete by explicit computation

of path integral/expectation
value.

discrh EDM
.Reproduce than expected.

Allowed regime large

* in the (partitative) continuum
limit :

-

Surprise : · Constraints are actually not needa
to get GR

ef leading
· Do influence corrections



Area metric actions

Find that leading order correction comes from

area metrics

· Motivates to look for diff . -invariant

area metric actions :



Area mehic actions
5 = 118

-2 : CEHImr) + harpm - Up ph y Mr
Z

- M2 (XX*8XX)&

f
4

This is actually for the Euclidean theory !

are complex (self-dual decomp)
-Cortion case:· =

but conjugated to each other

real and imaginate
·
introduce
parts

· But then

((X: 12) m (X2 - -2)

Enrichan Corutzion : Dangerous !



Lorntzian Area Metric actions

Well known effect :

Zem = El + B2 - Lem = El-B2

Lorentia
Erzlicher

&Freidel, Smolin]

· Kodama state :

Endidean : normalizable

Loruttian: non-normalizable witthe)

· Dangerous : Could lead to unstable behaviour.

modes

Second order : a position and negative ergy
Dynamics

is stable

decomple = & Borisova ,
BDI

Krasnor23]

=> Analyze Loreuttian Area Metric actions to hight order.



Effective Spir foams
: Applications

S

· Effective spin form cosmology :

-Effect of discrete spectra on time evolation

- More time steps and inhomogeneities

· Ana metric actions * Effective continuo
action

describing spin from dynamics

· Higher order
turns

,
renormalization Now ,

ara metric phenomenology , Corcutzian sign.


