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Event generators for e+e- colliders
[Buckley et al.] arXiv:1101.2599

[Campbell et al.] arXiv:2203.11110
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Short distance interactions
Signal process
Radiative corrections

Long-distance interactions
Hadronization
Particle decays

Divide and Conquer

Quantity of interest: Total interaction rate

Convolution of short & long distance physics

σee→h+X =
∑

i∈{q,g}

∫
dx σ̂ee→i+X(x, µ2

F )︸ ︷︷ ︸
short distance

D
(h)
i (x, µ2

F )︸ ︷︷ ︸
long distance
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Connection to QCD theory

σ̂ee→i+X(µ2
F ) → Collinearly factorized fixed-order result at NxLO

Implemented in fully differential form to be maximally useful

D
(h)
i (x, µ2

F ) → Collinearly factorized fragmentation function at NyLO

Evaluated at O(1GeV2) and expanded into a series above 1GeV2

DGLAP: dxxDa(x, t)

d ln t
=
∑

b=q,g

∫ 1

0
dτ

∫ 1

0
dz

αs

2π

[
zPab(z)

]
+
τDb(τ, t) δ(x− τz)

Implemented by parton showers, dipole showers, antenna showers, ...

In the spotlight recently due to missing systematic error budget
Logarithmic precision [PanScales,Deductor,Herwig,Sherpa,...]

Higher-order corrections [Vincia,Sherpa,Herwig,...]

Uncontrollable effects from on-shell kinematics mapping
Various possibilities of matching to collinear limit

Paa(z) = Ca
2z

1− z
+ . . . ↔ Jµ =

∑
i

Ti
pµi
pipj
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How to quantify parton-shower uncertainties

[LesHouches] arXiv:1605.04692, arXiv:1803.07977

First systematic attempt to estimate
PS variations by MCnet groups at
LesHouches 2015/2017 →
Renormalization scale uncertainties
based on LO splitting kernels and
their order α2

s soft corrections

Only variations in probability density

Kinematics and evolution variable
remain similar among contenders
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Is this in any way representative or systematic?
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Approximate scale uncertainties – soft-collinear NLO
Leading higher-order corrections to soft-gluon effects from collinear decay

+ + . . . =
∑

b=q,g

jij,µ(p12)jij,ν(p12)
Pµν
gb (z1)

s12

Pµν
gq (z) = TR

(
−gµν + 4 z(1− z)

kµ⊥kν⊥
k2⊥

)

Pµν
gg (z) = CA

(
−gµν

(
z

1− z
+

1− z

z

)
− 2 (1− ε)z(1− z)

kµ⊥kν⊥
k2⊥

)
Combine with phase space for one parton emission in collinear limit
D = 4− 2ε, y = s12/Q2, see for example [Catani,Seymour] hep-ph/9605323

dΦ+1 =
Q2−2ε

16π2

(4π)ε

Γ(1− ε)
dy dz

[
y z(1− z)

]−ε

Perform Laurent series expansion

1

y1+ε
= − δ(y)

ε
+

∞∑
n=0

εn

n!

(
lnn y

y

)
+
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Approximate scale uncertainties – soft-collinear NLO
O(ε0) remainder terms proportional to

g → qq̄ : TR

[
2z(1− z) +

(
1− 2z(1− z)

)
ln(z(1− z))

]
g → gg : 2CA

[
ln z

1− z
+

ln(1− z)

z
+
(
− 2 + z(1− z)

)
ln(z(1− z))

]
Integration over z & some additional semi-classical terms →

K =

(
67

18
− π2

6

)
CA − 10

9
TRnf

Local K-factor for soft-gluon emission
Scheme dependent: originates in dim. reg. × MS
Origin of CMW scheme [Catani,Marchesini,Webber] NPB349(1991)635

Similar logic leads to logarithmic contribution

−β0 log
m2

T

µ2

Soft splitting function with estimated 2-loop corrections

Paa(z)
z→1−→ 2Ca

1− z

[
1 +

αs(µ2)

2π

(
− β0 ln

k2T
µ2

+K

)]
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Recoil effects at finite resolution scale

Logarithmic accuracy of parton shower can be quantified by comparing
results to (semi-)analytic resummation e.g. [Banfi,Salam,Zanderighi] hep-ph/0407286

Example: Thrust or FC0 in e+e− →hadrons

Define a shower evolution variable ξ = k2T /(1− z)

Parton-shower one-emission probability for ξ > Q2τ

RPS(τ) = 2

∫ Q2

Q2τ

dξ

ξ

∫ zmax

zmin

dz
αs
(
k2T
)

2π
CF

[
2

1− z
− (1 + z)

]
Θ(η)

Approximate to NLL accuracy

RNLL(τ) = 2

∫ Q2

Q2τ

dξ

ξ

[∫ 1

0
dz

αs
(
k2T
)

2π

2CF

1− z
Θ(η)− αs(ξ)

π
CFBq

]
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Recoil effects at finite resolution scale

Cumulative cross section Σ(τ) = e−R(τ)F (τ) obtained from all-orders
resummed result by Taylor expansion of virtual corrections in cutoff ε

F(τ) =

∫
d3k1|M(k1)|2 e−R′ ln τ

εv1

∞∑
m=0

1

m!

(m+1∏
i=2

∫ v1

εv1

d3ki|M(ki)|2
)

×Θ
(
τ − V ({p}, k1, . . . , kn)

)
F(τ) is pure NLL & accounts for (correlated) multiple-emission effects

In order to make F(τ) calculable, make the following assumptions
Observable is recursively infrared and collinear safe
Hold αs(Q2) ln τ fixed, while taking limit τ → 0

→ Can factorize integrals and neglect kinematic edge effects

Can be interpreted as αs → 0 or s → ∞ limit

Breaks momentum conservation and unitarity for finite τ

→ Clean NLL result, but uncontrolled kinematic corrections
[Reichelt,Siegert,SH] arXiv:1711.03497

7

http://inspirebeta.net/search?action_search=Search&p=arXiv:1711.03497


Recoil effects at finite resolution scale
[Reichelt,Siegert,SH] arXiv:1711.03497

Analytic NLL ǫ → 0
Shower ǫ = 0.001
z(1 − z) > k2

T/Q2

same plus µ2 = k2
T

Shower ǫ = 0.001
z(1 − z) > k2

T/Q2, η > 0
same plus µ2 = k2
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Multiple emission effects

z bounds by unitarity

Sizable differences away from τ → 0 limit

Parametric NLL precision leaves ample room
for variations of kinematical origin
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Residual uncertainties



Herwig angular ordered parton showers

[Bewick,Ferrario-Ravasio,Richardson,Seymour] arXiv:1904.11866, arXiv:2107.04051

Comparison of qT , q2 & dot product preserving recoil schemes
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Alaric parton shower

[Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057

Comparison to experimental data from LEP
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PanScales parton shower

[van Beekveld,Ferrario Ravasio,Hamilton,Salam,
Soto-Ontoso,Soyez,Verheyen] arXiv:2207.09467

Comparison of different PanScales
showers all provably NLL accurate

Toy PDF, fixed flavor initial state

Conventional dipole schemes do not
reproduce [Parisi,Petronzio] NPB154(1979)427
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Impact of parton-shower variations on matching



Impact of parton-shower uncertainty on matching
[D. Napoletano] arXiv:2212.10489, [Alioli et al.] arXiv:2102.08390

NNLO+PS precise predictions for pp→ Z from Geneva

Matched to shower by vetoing events with rN (ΦN+M ) > rN
Shower Matching

• Updated shower interface! 
 
 
 
 

• Now we have all of Pythia’s and Sherpa’s PSs!

Parton shower scheme uncertainty

pT-Resummation

• First application of different resolution variable, and higher resummation accuracy

[Phys.Rev.D 104 (2021) 9, 094020]

Choice of resolution variable
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Impact of parton-shower uncertainty on matching

[Bellm at al.] arXiv:1903.12563

Ratio of inclusive jet-p⊥ cross sections for different radii in pp→ jets
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Impact of parton-shower uncertainty on matching
[Bellm at al.] arXiv:1903.12563

Ratio of inclusive jet-p⊥ spectra for different radii in pp→ jj / pp→ H + j
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Impact of parton-shower uncertainty on matching

[Buckley et al.] arXiv:2105.11399

mjj of two leading jets in VBF Higgs production
pp → H + 2j (VBF only)
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Higher-order corrections

Effects beyond the CMW scheme



Complete soft NLO corrections at leading color
[Marchesini,Korchemsky] PLB313(1993)433, hep-ph/9210281

Need a benchmark for parton shower to reproduce
→ soft-gluon resummed expression of Drell-Yan or DIS cross section

1

σ

dσ(z,Q2)

d logQ2
= H(Q2) W̃ (z,Q2)

RGE governed by Wilson loop W̃ (Q(1− z) - total soft gluon energy)
Non-abelian exponentiation theorem allows to expand as

W̃ = exp

{ ∞∑
i=1

w(n)

}
One-loop result given by

w(1) = CF
αs(µ)

2π

[
ln2 L+

π2

6

]
↔ +

where L = −b+b−/b20 and b0 = 2 e−γE/µ
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Complete soft NLO corrections at leading color
2-loop contribution w(2) computed from (reals only) [Belitsky] hep-ph/9808389

Renormalized result in position space

w(2) = CF
α2
s(µ)

(2π)2

[
− β0

6
ln3 L+ Γ

(2)
cusp ln2 L+ 2 lnL

(
Γ
(2)
soft +

π2

12
β0

)
+ . . .

]

Γ
(2)
cusp =

(
67

18
− π2

6

)
CA − 10

9
TR nf , β0 =

11

6
CA − 2

3
TRnf

Γ
(2)
soft =

(
101

27
− 11

72
π2 − 7

2
ζ3

)
CA −

(
28

27
− π2

18

)
TR nf
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Complete soft NLO corrections at leading color
[Dulat,Prestel,SH] arXiv:1805.03757
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Uncertainty bands no longer just estimates
but perturbative QCD predictions for the first time

Fair agreement with CMW scheme ( Γ(2)
cusp contribution )
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Collinear NLO corrections

Higher-order DGLAP evolution kernels obtained from factorization

D
(0)
ji (z, µ) = δijδ(1− z) ↔

j
z

/
i

1

D
(1)
ji (z, µ) =− 1

ε
P

(0)
ji (z) ↔

i
zj

/
i

1

D
(2)
ji (z, µ) =− 1

2ε
P

(1)
ji (z) +

β0

4ε2
P

(0)
ji (z) +

1

2ε2

∫ 1

z

dx

x
P

(0)
jk (x)P

(0)
ki (z/x)

↔
(

i
zj

+
i

zj

) /
i

1

P
(n)
ji not probabilities, but sum rules hold (↔ unitarity constraint)

In particular: Momentum sum rule identical between LO & NLO

Can perform the NLO computation of P (1)
ji fully differentially

using modified dipole subtraction [Catani,Seymour] hep-ph/9605323
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Collinear NLO corrections
[Prestel,SH] arXiv:1705.00742

Example: Flavor-changing NLO splitting functions

P
(1)
qq′ (z) = Cqq′ (z) + Iqq′ (z) +

∫
dΦ+1

[
Rqq′ (z,Φ+1)− Sqq′ (z,Φ+1)

]
Real correction Rqq′ and subtraction terms Sqq′

Difference finite in 4 dimensions → amenable to MC simulation
Integrated subtraction term and factorization counterterm given by

Iqq′ (z) =

∫
dΦ+1Sqq′ (z,Φ+1)

Cqq′ (z) =

∫
z

dx

x

(
P

(0)
qg (x) + εJ (1)

qg (x)
) 1

ε
P

(0)
gq (z/x)

J (1)
qg (z) = 2CF

(
1 + (1− x)2

x
ln(x(1− x)) + x

)
Analytical computation of I not needed, as I + P/ε finite
generate as endpoint at sai = 0, starting from integrand at O(ε)

All components of P (1)
qq′ eventually finite in 4 dimensions

Can be simulated fully differentially in parton shower
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Collinear NLO corrections
[Gellersen,Prestel,SH] arXiv:2110.05964
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Here be dragons

Heavy flavor production & evolution



tt̄bb̄ as an example
[ATLAS] arXiv:1712.08895

MC single largest source of uncertainty
on extracted signal strength
Despite intense study of HF production

Fixed order, NLL, FONLL
[Cacciari,Frixione,Houdeau,Mangano,Nason,Ridolfi,. . . ]
arXiv:1205.6344, hep-ph/0312132, hep-ph/9801375,
NPB373(1992)295

In context of particle-level Monte Carlo
[Norrbin,Sjöstrand], hep-ph/0010012,
[Gieseke,Stephens,Webber] hep-ph/0310083,
[Schumann,Krauss] arXiv:0709.1027,
[Gehrmann-deRidder,Ritzmann,Skands] arXiv:1108.6172

Recurring themes, not special to tt̄bb̄
PS uncertainties hard to judge and reduce
[Cascioli,Maierhöfer,Moretti,Pozzorini,Siegert] arXiv:1309.5912

Matching needed for inclusive predictions
[Krause,Siegert,SH] arXiv:1904.09382,
[Ferencz,Katzy,Krause,Pollard,Siegert,SH]

Why do we care so much about ttbb?

‣ ATLAS and CMS ttH(bb) analyses rely on MC 

modelling for irreducible ttbb background

• included as template in profile likelihood fit

‣ Largest sources of uncertainty on extracted 

signal strength related to tt+HF MC modelling!

‣ What can we improve?

• ATLAS & CMS: relied on NLO+PS ttbar so far!

More accurate theory with NLO ttbb used only to 

reweight HF fractions (ATLAS) or cross-checks (CMS)

• Theory: Large perturbative ttbb uncertainties 

even enlarged by NLO+PS algorithms

• Both: More rigorous combination of inclusive 

tt+jets and ttbb predictions.

2
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Challenges in modeling HF production
Both high-energy limit and threshold region
should be described well, but

Infrared finite prediction for g → QQ̄ leaves
splitting functions somewhat arbitrary

Soft gluon emission off light/heavy quarks
associated with αs(k2T ), i.e. “correct” scale
is k2T [Amati et al.] NPB173(1980)429, but no such
argument to set scale for g → QQ̄

→ HQ production rate not very stable w.r.t.
parton shower variations

A number of different prescriptions, e.g.
[Norrbin,Sjöstrand], hep-ph/0010012,
[Gieseke,Stephens,Webber] hep-ph/0310083,
[Schumann,Krauss] arXiv:0709.1027,
[Gehrmann-deRidder,Ritzmann,Skands] arXiv:1108.6172

varying success in describing expt. data
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[Norrbin,Sjöstrand] hep-ph/0010021

Ideally, tt̄bb̄ should be predicted by ME over full phase space
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Possible solution: Matching of 4FS and 5FS
General idea of FONLL: Treatment of logarithms amounts to
using two different renormalization schemes

4FS is a decoupling scheme
5FS is a minimal subtraction scheme

Calculations can be matched by
Re-expressing both in same renormalization scheme
Subtracting the overlap

σFONLL = σmassive + (σmassless − σmassive, 0)

This has been applied extensively to inclusive observables
[Cacciari,Frixione,Mangano,Nason,Ridolfi] hep-ph/0312132,
[Forte,Napoletano,Ubiali] arXiv:1508.01529, arXiv:1607.00389, . . .

Extension to differential observables in MC simulations
tested for V + bb̄ & tt̄bb̄ using “fusing” algorithm
[Krause,Siegert,SH] arXiv:1904.09382

Similar MC algorithm can be devised for S-ACOT scheme
Both can be applied to existing light-flavor event samples
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Cross-check: Z+jets & Zbb̄

[Krause,Siegert,SH] arXiv:1904.09382Validation with LHC data
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Summary and Outlook

Lots of activity in parton shower development ...
Logarithmic precision [PanScales,Deductor,Herwig,Sherpa,...]

Higher-order kernels [Vincia,Sherpa,Herwig,...]

Interplay w/ NNLL, CMW [PanScales,Sherpa,...]

... and matching to fixed-order calculations
Improvements at NLO [Herwig,Pythia,Sherpa,...]

Resummation based [Geneva,MINNLOPS]

Fully differential [Vincia,UNXLOPS,TOMTE]

Still, many questions remain [Campbell et al.] arXiv:2203.11110

Systematic treatment of kinematic edge effects
Massive quark production & evolution
Interplay with hadronization
...

Exciting times ahead!

http://inspirebeta.net/search?action_search=Search&p=2203.11110


Backup Slides



Angular ordered parton showers

Differential radiation probability

dP = dΦ+1|M |2 ≈ dq̃2

q̃2
dz

αs

2π
Pı̃ȷi(z)

Ordering parameter q̃2 =
2pipj

z(1− z)
≈ 4E2

ı̃ȷ sin
2 θij

2

Splitting variable z =
1 + cos θik

2
=

pipk

(pi + pj)pk

Lund plane filled from center to edges

Random walk in p2T
Color factors correct for observables
insensitive to azimuthal correlations
Small dead zone at ln(p2T /s̃) ≈ 0

Usually disfavored due to dead zones
Not suitable to resum non-global logartihms



Dipole showers

Differential radiation probability for the dipole

dP = dΦ+1|M |2 ≈ dp2T
p2T

dη
αs

2π
P̃ı̃ȷi(z)

Ordering parameter p2T
Splitting variable z = 1− sij

s− sij
e−2η

Lund plane filled from top to bottom

Random walk in η

Color factors in CFFE approximation
Both ends of dipole evolve simultaneously
No dead zones

Solves problem of dead zones
Known issues with color coherence



Problems with average color charges
[Gustafsson] NPB392(1993)251

CF
CA/2

In angular ordered showers
angles are measured in the
event center-of-mass frame
→ coherence effects modeled
by angular ordering variable agree
on average with matrix element

CF
CA/2

In dipole-like showers
angles effectively measured
in center-of-mass frame
of emitting color dipole
→ angular coherence not reflected
by setting average QCD charge

Emission off “back plane” in Lund diagram should be associated
with CF , but is partly associated with CA/2 in dipole showers

All-orders problem that appears first in 2-gluon emission case

http://inspirebeta.net/search?action_search=Search&p=NPB392(1993)251


Solutions for average color charges
[Gustafsson] NPB392(1993)251

[Hamilton,Medves,Salam,Scyboz,Soyez] arXiv:2011.10054

Analyze rapidity of gluon emission in event center-of-mass frame

Sectorize phase space and assign gluon to closest parton
→ choose corresponding color charge for evolution

Same technology for higher number of emissions

CF

CA/2 →
CF

CA/2

Starting with 4 emissions, there be “color monsters”
Quartic Casimir operators (easy)
Non-factorizable contributions (hard)

http://inspirebeta.net/search?action_search=Search&p=NPB392(1993)251
http://inspirebeta.net/search?action_search=Search&p=2011.10054


Solutions for average color charges

[Hamilton,Medves,Salam,Scyboz,Soyez] arXiv:2011.10054

Can include double-soft
corrections via reweighting
[Giele,Kosower,Skands] arXiv:1102.2126

Algorithm scales as N2 but
can be simplified while
retaining formal accuracy

Implementation as nested
corrections in rapidity
segments of parent dipole

Excellent agreement with
full matrix element
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Good agreement with full-color evolution [Hatta,Ueda] arXiv:1304.6930
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Problems with momentum mapping
[Dasgupta,Dreyer,Hamilton,Monni,Salam] arXiv:1805.09327

Subtle problems in standard
dipole-like momentum mapping

pµk =

(
1−

p2ij

2p̃ij p̃k

)
p̃µk

pµi = z̃ p̃µij + (1− z̃)
p2ij

2p̃ij p̃k
p̃µk + kµ⊥

pµj = (1− z̃) p̃µij + z̃
p2ij

2p̃ij p̃k
p̃µk − kµ⊥

Induces changes of previously
generated soft/collinear momenta

Spoils agreement w/ analytic resummation
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Solutions for momentum mapping
[Dasgupta,Dreyer,Hamilton,Monni,Salam,Soyez] arXiv:2002.11114

Problem can be solved by partitioning of antenna radiation pattern
and choosing a suitable evolution variable (β ∼ 1/2)

kT = ρveβ|η̄| ρ =
( sisj

Q2sij

)β/2
Different recoil schemes can lead to NLL result if β chosen appropriately:
Local dipole, local antenna, and global antenna
NLL correct for global and non-global observables in e+e− →hadrons
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Solutions for momentum mapping

[Bewick,Ferrario-Ravasio,Richardson,Seymour] arXiv:1904.11866, arXiv:2107.04051

Tradiational Herwig PS angular ordered → NLL for global observables

May be affected by unsuitable, non-traditional kinematics mapping

In context of angular ordered Herwig 7 (final- and initial-state)
qT preserving scheme:
Maintains logarithmic accuracy, overpopulates hard region
q2 preserving scheme:
Breaks logarithmic accuracy, good description of hard region
Dot product preserving scheme (new):
Maintains logarithmic accuracy, good description of hard radiation

http://inspirebeta.net/search?action_search=Search&p=1904.11866
http://inspirebeta.net/search?action_search=Search&p=2107.04051


Solutions for momentum mapping

[Nagy,Soper] arXiv:2011.04773

Local transverse recoil, global longitudinal recoil

Analytic proof of NLL correctness, based on kinematics in s→ ∞ limit 35
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FIG. 8. Plot of (τ/σh) dσ/dτ with Λ ordering and kT or-
dering at Q2 = (10 TeV)2. Both are compared to the NLL
expectation, Eqs. (221) and (222). We use a cutoff on the
transverse momentum in splittings: kT > 1 GeV.

For larger values of τ , but still with τ < 0.1, R(τ,Q2) is
approximately constant:

R(τ,Q2) ≈ R0(Q2) . (270)

These values (R0 = 1.190, 1.112, 1.070) are shown as
dashed lines in Fig. 9. Second, we note that R(τ,Q2)
is fairly close to 1 and gets closer to 1 as Q2 increases.
In fact, to within about 10%,

R0(Q2)− 1 ≈ 23α2
s (Q2) . (271)

This is consistent with the expectation that R0(Q2)→ 0
as αs(Q

2) → 0. We tentatively conclude from these re-
sults that the kT-ordered Deductor shower is correctly
summing thrust logarithms at the NLL level, even though
the difference between the shower result and the NLL an-
alytical result is larger for kT ordering than for Λ order-
ing.

XXVII. EFFECT OF THE MOMENTUM
MAPPING FOR Λ ORDERING

Recall from Sec. XVIII that in a splitting pl → p̂l +
p̂m+1, we always have pl 6= p̂l+ p̂m+1. In order to conserve
momentum, we need to map the momenta pi into new
momenta p̂i such that

m+1∑

i=1

p̂i =

m∑

i=1

pi . (272)
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FIG. 9. Ratio of (τ/σh) dσ/dτ with kT ordering to the
NLL expectation, τg(τ), Eqs. (221) and (222). The ratio is
calculated at Q2 = (1 TeV)2, Q2 = (10 TeV)2, and Q2 =
(100 TeV)2. We use a cutoff on the transverse momentum in
splittings: kT > 1 GeV in each case.

In the Deductor algorithm, this is accomplished by us-
ing a Lorentz transformation [19]

p̂µi = Λµν p
ν
i , i /∈ {l,m+1} . (273)

The Lorentz transformation is defined to be a boost in
the plane of pl and Q. We have found in Sec. XVIII
that the boost angle ω is small, of order y, and that the
effect of this small Lorentz transformation on the thrust
is small compared to the order y effect produced by the
splitting itself.

For any parton shower, one will need a momentum
mapping that preserves the total momentum. The global
mapping produced by a Lorentz transformation is not
the only possibility. A more widely used local choice is
provided by the Catani-Seymour dipole splitting formal-
ism [42] or the local mapping in Pythia [43]. For the
Catani-Seymour choice, we start with the parton l that
splits and its dipole partner k, with momenta pl and pk.
After the splitting, we have a new parton m+ 1 and new
momenta p̂i, p̂m+1 and p̂k. The definition is

p̂m+1 = (1− z) pl + zy pk + k⊥ ,

p̂l = zpl + (1− z) y pk − k⊥ ,
p̂k = (1− y) pk ,

(274)

with k⊥ ·pj = k⊥ ·pk = 0. Here z, y, and k⊥ are different
from z, y and k⊥ defined for Deductor kinematics. The
momenta of the other partons are unchanged:

p̂i = pi i /∈ {l, k,m+1} . (275)

http://inspirebeta.net/search?action_search=Search&p=2011.04773


An intuitive solution & analytic proof of correctness
[Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057

K̃ p̃i

p̃k

φ

n pi

pk
~kT pj

K−~kT

In collinear limit, splitting kinematics defined by (n→ auxiliary vector)

pi
i||j−→ z p̃i , pj

i||j−→ (1− z) p̃i where z =
pin

(pi + pj)n

Parametrization, using hard momentum K̃

pi = z p̃i , n = K̃ + (1− z) p̃i

Using on-shell conditions & momentum conservation (κ = K̃2/(2p̃iK̃))

pj = (1− z) p̃i + v
(
K̃ − (1− z + 2κ) p̃i

)
+ k⊥

K = K̃ − v
(
K̃ − (1− z + 2κ) p̃i

)
− k⊥

Momenta in K̃ Lorentz-boosted to new frame K [Catani,Seymour] hep-ph/9605323

pµl → Λµ
ν(K, K̃) pνl , Λµ

ν(K, K̃) = gµν − 2(K + K̃)µ(K + K̃)ν

(K + K̃)2
+

2K̃µKν

K2
.

http://inspirebeta.net/search?action_search=Search&p=2208.06057
http://inspirebeta.net/search?action_search=Search&p=hep-ph/9605323


An intuitive solution & analytic proof of correctness
[Banfi,Salam,Zanderighi] hep-ph/0407286
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Figure 3: Left: three momenta in the η-ln(kt/Q) plane. Right: those same three momenta after

a common generalised rescaling ρ has been applied to them; the dotted lines indicate the paths

taken in the η-ln(kt/Q) plane due to the rescaling. For each emission, the vertical distance to the

dashed boundary is identical in the left and right-hand diagrams, consistent with a common scaling

ρ having been applied to all emissions.

This forms yet another part of the rIRC safety conditions.15 It may not be obvious why it

should ever hold, nevertheless, it is satisfied for all commonly-studied event shapes. In the

case of observables whose definitions involve just linear functions of the momenta, it can

be understood as a direct consequence of this linearity.

The importance of eq. (2.40) is, in part, that it allows us to divide the integral over

k1 into an integral over the value of v1 (or rather, over ρ = v1/v) and an integral over the

remaining degrees of freedom of k1,

F =

∫
dρ

ρ

∫
[dk1] |M2

rc(k1)|δ
(

ln
v1

v

)
eR
′ ln ρε

∞∑

m=0

1

m!

(
m+1∏

i=2

∫ v

εv
[dki] |M2

rc(ki)|
)
×

×Θ(v − ρV ({p̃}, k1, . . . , km+1)) , (2.41)

where a change of variables has been carried out, ki → k
(1/ρ)
i , giving V ({p̃}, ki) →

ρV ({p̃}, k(1/ρ)
i ), and then the k

(1/ρ)
i have been renamed ki so as to simplify the notation.

We assume that the integral will be dominated by values of ρ ∼ 1 (expressing the earlier

assumption that v1 ∼ v), which ensures that the neglected corrections to the [dki] |M2
rc(ki)|

from the rescaling have at most a NNLL effect.

15Strictly speaking, certain exceptions are allowed to the condition as formulated here. In particular for

configurations in which two emissions are close in rapidity (a rare occurrence) the condition, as formu-

lated, is not necessary because the associated correction is a NNLL effect, of the kind already discussed in

section 2.2.1. A more general formulation of the condition is given below.

– 25 –

αs → 0 limit taken by similarity transformation of Lund plane
Can be parametrized in terms of scaling parameter ρ
a, b – observable-dependent resummation parameters

kt,l → k′t,l = kt,lρ
(1−ξl)/a+ξl/(a+b)

ηl → η′l = η − ξl
ln ρ

a+ b
, where ξ =

η

ηmax

NLL precision requires scaling to be maintained after additional emissions

http://inspirebeta.net/search?action_search=Search&p=hep-ph/0407286


An intuitive solution & analytic proof of correctness
Lorentz transformation defined by shift K̃ → K

Kµ = K̃µ −Xµ , where Xµ = pµj − (1− z) p̃µi

X is small, but is it small enough? Rewrite

Λµ
ν(K, K̃) = gµν + K̃µAν +XµBν

In NLL limit, coefficients scale as

Aν ρ→0−→ 2
K̃X

K̃2

K̃ν

K̃2
− Xν

K̃2
, and Bν ρ→0−→ K̃ν

K̃2
.

Simplify situation by taking a = 1, b = 0 (worst offenders)
Relative momentum shift of soft emission particle l becomes

∆p0l /p̃
0
l ∼ 2X0 + ρ1−max(ξi,ξj)K̃0 ∼ ρ1−max(ξi,ξj)

ρ→0−→ 0

∆p3l /p̃
3
l ∼ X3 ∼ ρ1−max(ξi,ξj)

ρ→0−→ 0

∆p1,2l /p̃1,2l ∼ ρ−ξlX1,2 ∼ ρ1−ξl
ρ→0−→ 0

Intuitive picture: To compensate for recoil, overall multipole boosted
→ all momenta change, recoil effectively distributed among them
→ change is of order kT /

√
K2 per particle, vanishes as kT → 0



Spin correlations

Azimuthal modulation of QCD radiation
due to spin of intermediate gluons

Linear time algorithm to simulate effect
[Collins] NPB304(1988)794, [Knowles]
CPC58(1990)271, [Richardson] hep-ph/0110108

Decay correlations in ∼ all generators
[Gigg,Richardson] hep-ph/0703199 [Artoisenet,
Frederix,Mattelaer,Rietkerk] arXiv:1212.3460
[Kuttimalai,Schumann,Siegert,SH] arXiv:1412.6478

Spin-dependent parton showers
Herwig [Richardson,Webster] arXiv:1807.01955

(Vincia [Fischer,Lifson,Skands] arXiv:1708.01736)

[Richardson,Webster] arXiv:1807.01955

Analytic
QS-CorrOff
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DS-CorrOff
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LO
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Spin correlations

~n1 ~n2

∆ψ

P1

P2

∆ψ

~p1

~p3

~p2
~p4

~p5

[Hamilton,Karlberg,Salam,Scyboz,Verheyen] arXiv:2111.01161

Azimuthal dependence of radiation pattern
due to spinning gluons should be implemented

Linear time algorithm to simulate effect
[Collins] NPB304(1988)794, [Knowles] NPB310(1988)571
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Spin correlations
[Dulat,Prestel,SH] arXiv:1805.03757
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Spin effects at O(α2
s) from double-soft / triple-collinear radiation pattern

Small overall impact on measurable azimuthal angles at LEP I
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Semi-classical radiation pattern
U(1) point charge on trajectory yµ(s) → conserved current jµ(x)

jµ(x) = g

∫
dt

dyµ(t)

dt
δ(4)(x− y(t)) , g =

√
4πα

Particle receives ‘kick’ at t = 0 → momentum change pk → pi

jµ(k) =

∫
d4x eikx jµ(x) = ig

(
pµk

pkk + iε
− pµi

pik − iε

)
Probability of single-gluon final state sourced by jµ(k) at O(αs)∫

dW
2 (1)
a→bc(pj) =

∫
d3p⃗j

(2π)3 2Ej

∣∣∣∣ i∫ d4x jµ(x)⟨p⃗j |Aµ(x)|0⟩
∣∣∣∣2

= −
∫

d3p⃗j

(2π)3 2Ej

∑
λ=±

(
j(pj)ελ(pj)

)(
j(pj)ελ(pj)

)∗
→ |g|2

(µ2eγE

4π

)ε ∫ dD p⃗j

(2π)D
2pipk

(pipj)(pkpj)
δ(p2j )

Universal, semi-classical integrand
Originates in gauge boson radiation off conserved charge
Leads to double logarithm 1/2 log2(2pipk/µ

2)



Semi-classical radiation pattern

[Marchesini,Webber] NPB310(1988)461

Soft gluon radiator can be written in terms of energies and angles

JµJ
µ → pipk

(pipj)(pjpk)
=

Wik,j

E2
j

Angular “radiator” function

Wik,j =
1− cos θik

(1− cos θij)(1− cos θjk)

Divergent as θij → 0 and as θjk → 0

→ Expose individual collinear singularities using Wik,j = W̃ i
ik,j + W̃k

ki,j

W̃ i
ik,j =

1

2

[
1− cos θik

(1− cos θij)(1− cos θkj)
+

1

1− cos θij
− 1

1− cos θkj

]
Divergent as θij → 0, but regular as θkj → 0
Convenient properties upon integration over azimuthal angle

http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B,310 461


Semi-classical radiation pattern
Work in a frame where direction of p⃗i aligned with z-axis

cos θkj = cos θ i
k cos θ i

j + sin θ i
k sin θ i

j cosϕ i
kj

pj

pi

pk

ϕ

Integration over ϕj yields

1

2π

∫ 2π

0
dϕ i

kjW̃
i
ik,j =

1

1− cos θ i
j

×
{

1 if θ i
j < θ i

k

0 else

On average, no radiation outside cone defined by parent dipole
Differential radiation pattern more intricate:
Positive & negative contributions outside cone sum to zero
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Semi-classical radiation pattern
Alternative to angular ordering: partial fraction matrix element & match
to collinear sectors [Ellis,Ross,Terrano] NPB178(1981)421, [Catani,Seymour] hep-ph/9605323

Wik,j

E2
j

→ 1

pipj

pipk

(pi + pk)pj
+

1

pkpj

pipk

(pi + pk)pj

+

k j i k j i k j i

Captures matrix element both in angular ordered and unordered region
Caveat: Oversampling difficult for certain kinematics maps

Separate into energy & angle first [Herren,Krauss,Reichelt,Schönherr,SH] arXiv:2208.06057

Partial fraction angular radiator only: Wik,j = W̄ i
ik,j + W̄k

ki,j

W̄ i
ik,j =

1− cos θik

(1− cos θij)(2− cos θij − cos θkj)

Bounded by (1− cos θij)W̄
i
ik,j < 2

Strictly positive

http://inspirebeta.net/search?action_search=Search&p=Nucl. Phys.,B178,421
http://inspirebeta.net/search?action_search=Search&p=hep-ph/9605323
http://inspirebeta.net/search?action_search=Search&p=2208.06057


Semi-classical radiation pattern

Integration over ϕj yields

1

2π

∫ 2π

0
dϕ i

kjW̄
i
ik,j =

1

1− cos θ i
j

1√
(Ā i

ij,k)
2 − (B̄ i

ij,k)
2

pj

pi

pk

ϕ

Radiation across all of phase space
Probabilistic radiation pattern

Ā i
ij,k =

2− cos θ i
j (1 + cos θ i

k)

1− cos θ i
k

B̄ i
ij,k =

√
(1− cos2 θ i

j )(1− cos2 θ i
k)

1− cos θ i
k
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