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Introduction: Quantum state and Bell inequalities
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The spin density matrix of a spin-1/2 particle is a  trace-1 hermitian matrix, therefore can be 
always expanded as . Likewise, the density matrix in  can be parametrized as

 parametrize the polarization of each particle; 

 parametrize their spin correlation

2 × 2
ρ =

1
2

(I2 + Biσi) ℋA ⊗ ℋB

B±
i

Cij
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Introduction: Quantum state and Bell inequalities
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t̄

t Alice 
Get outcomes Ai = ± 1

Bob 
Get outcomes Bi = ± 1

Bell inequality: For a local theory, the results of two-
outcome measurements  and  satisfy

When choosing  and  as the angular momentum 
measurements along direction  and ,  , the 
Bell inequality is rewritten as:

̂A1,2 B̂1,2

̂Ai B̂i
⃗ai b⃗i

̂Ai = ̂σ ⋅ ⃗ai

The spin density matrix of a spin-1/2 particle is a  trace-1 hermitian matrix, therefore can be 
always expanded as . Likewise, the density matrix in  can be parametrized as

 parametrize the polarization of each particle; 

 parametrize their spin correlation

2 × 2
ρ =

1
2

(I2 + Biσi) ℋA ⊗ ℋB

B±
i

Cij

 are the largest two eigenvalue of 
When  is symmetric,  is its eigenvalue
μ2

1 , μ2
2 CTC

Cij μi
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Test Bell inequality at collider
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A spin-up top quark  :    

Or generally, ,   

For  system,  . The density matrix 
constructed from  decay channel is

t↑ → ℓ+νb
1
Γ

dΓ
d cos θℓ

≈
1
2

(1 + cos θℓ)

ρt =
1
2

(I2 + Biσi)
1
Γ

dΓ
d cos θℓ

≈
1
2

(1 + ⃗B ⋅ ⃗ℓ ) ⟹ Bi = 3⟨ℓi⟩av

tt̄ ρtt̄ =
1
4 (I2 ⊗ I2 + B+

i σi ⊗ I2 + B−
i I2 ⊗ σi + Cij σi σj)

t → ℓ+νb, t̄ → ℓ−ν̄b̄

The  tends to 
be along the spin 
direction of 

ℓ+

t

B+
i = 3⟨ℓ+

i ⟩, B−
i = − 3⟨ℓ−

i ⟩, Cij = − 9⟨ℓ+
i ℓ−

j ⟩

Measure the momentum 
ℓ±

i
 Cij = − 9⟨ℓ+

i ℓ−
j ⟩av

Obtain a density matrix, 
and test entanglement…

The  and  inside the average are decay from different  system.
We don’t have enough number of events to study  produced at a fixed scattering angle  
and . 

Angular average in  phase space is needed, we obtain an angular averaged states.

The average  can be basis dependent.

ℓ+ ℓ− tt̄
tt̄ θ

ϕ

tt̄

⟨ℓ+
i ℓ−

j ⟩av

: cosine of the angle 
between  and axis  
ℓi ⃗ℓ ̂ei
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Fixed basis and event-by-event basis
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In the c.m. frame of  tt̄
k = (cos ϕ sin θ, sin ϕ sin θ, cos θ)

Example:
Near threshold, the  processes 
produces a pure state 

qRq̄L/e+
R e−

L → tt̄
|↑z↑z ⟩

 ρtt̄ =
1
4 (I2 ⊗ I2 + B+

i σi ⊗ I2 + B−
i I2 ⊗ σi + Cij σi σj)

Cij = − 9⟨ℓ+
i ℓ−

j ⟩av

Fixed beam basis: 
the spin basis  and  are define as spin eigenstates 
along  -direction

Helicity basis:
the spin basis  and  are define as spin eigenstates 
along the moving direction of top quark.

|↑⟩ |↓⟩
̂z

|↑⟩ |↓⟩

t̄

t

Fixed beam basis

Helicity basis
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Choose a basis to maximize the entangle of angular-averaged state
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(a) Fixed beam basis

(b) Rotated beam basis

(c) Helicity basis

(d) Optimal basis??
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Parton-level processes: qq̄ → tt̄, gg → tt̄, e+e− → tt̄
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The third direction (with the largest eigenvalue of 
correlation matrix) is exactly the optimal basis of spin 
correlation found by Parke, Shadmi and Mahlon.

At sufficient high energy, the helicity basis 
approximates the optimal basis very well for all these 
processes.
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LHC:   ρtt̄ = ωqq̄ρqq̄→tt̄ + ωggρgg→tt̄
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t̄

t

or

 : positive spin correlation

:  spin singlet

qq̄ → tt̄

gLgL/gRgR → tt̄

t̄

t

Boosted region: unlike-helicity gluon dominates, 
 and  produce the same spin 

correlation.

Near threshold: like-helicity gluon dominates, 
 and  produce different spin 

correlation. The spin correlation from different 
initial state cancel with each other.

gg → tt̄ qq̄ → tt̄

gg → tt̄ qq̄ → tt̄

13 TeV LHC pp → tt̄, Near thresholdpp → tt̄
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Summary
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Ideally, the best way to test entanglement of  is to divide  scattering angle  into 
infinitesimal bins and measure the entanglement of  produced at different phase space point 
separately. 

Using angular-averaged state in event-by-event basis :
Basis dependent
Optimal basis exists

Current studies of  at the LHC:
Entanglement (concurrence) is easier to test than Bell violation.
Helicity basis is mostly used.
At boosted region, the helicity basis is usually good enough (e.g. , in 20% 
agreement with optimal basis)
An improvement on testing the Bell inequality violation can be very useful.

tt̄ tt̄ (θ, ϕ)
tt̄

( ̂e1(k), ̂e2(k), ̂e3(k))

tt̄

mtt̄ > 1 TeV

By looking at the distribution of  decay products, 
which quantum state we are studying?  

tt̄
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Backup

10
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Backup: basis transformation
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The spin density matrix of a spin-1/2 particle is a  trace-1 hermitian matrix, therefore can be 
always expanded as . Likewise, the density matrix in  can be parametrized as

 parametrize the polarization of each particle; 

 parametrize their spin correlation

2 × 2
ρ =

1
2

(I2 + Biσi) ℋA ⊗ ℋB

B±
i

Cij

It is convenient to discuss different basis choices using this parametrization.  

The basis transformation  on  is now a simple rotation on ……U ⊗ U ρtt̄ Cij
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Treating  produce at colliders as quantum statestt̄
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The quantum state produced at collider is defined in , 
we can expand it in terms of 

To obtain a physical density matrix in the spin space: 
1) Project the states to a momentum eigenstate

2) Trace in the momentum space.

ℋk ⊗ ℋspin ⊗ ℋcolor
|k, αᾱ⟩

In the c.m. frame of  tt̄
k = (cos ϕ sin θ, sin ϕ sin θ, cos θ)

The basis  can be take out of the integral if it is defined in a 
fixed reference axis independent of  

However, it is a usual practice to average the density matrix in an 
event-by-event basis such as the helicity basis

|αᾱ⟩
k

Fictitious state

Need infinitesimal bins
“Quantum sub-states”

: defined along -direction|↑⟩ ̂e3
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Assume  is the correlation matrix written in a event-by-event basis, then the 
angular averaged state is 

If the Bell inequality is not violated for any quantum sub-states, then for any 
directions  

Then the Bell inequality is also conserved for the angular averaged state.

C(k)ij

( ⃗a1, ⃗a2, b⃗1, b⃗2)

It is still fine to use angular-averaged state (fictitious state)

13

The Bell inequality violation of the angular-averaged state implies the Bell 
inequality violation in some quantum sub-states
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At leading order, the helicity amplitudes are real. After rotating the azimuthal 
angle  to zero, the correlation matrix  is diagonal in the second direction.   

The normal direction of the scattering plane is a eigenvector of  at LO

ϕ Cij

Cij

From angular momentum conservation, the  quantum state can be written astt̄
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Maximizing spin correlation vs. Maximizing entanglement of angular averaged state
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The coordinate  that 
diagonalizes the correlation matrix 
maximizes the Bell inequality 
violation of angular averaged states.

( ̂e1, ̂e2, ̂e3)

Choosing a basis to maximize the entanglement of angular-averaged state is different from 
choosing a basis to maximize spin correlation 

The spin correlation  is simply a function of reference axis , while the 
basis dependence of entanglement is introduced from angular averaging. 
When using event-by-event basis , the entanglement of angular averaged state 
is basis dependent is because the angular averaged state is a functional of 

⟨St
3 ⊗ St̄

3⟩ ̂e3

̂ei(k)
̂ei(k)
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Maximizing spin correlation vs. Maximizing entanglement of angular averaged state
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The coordinate  that 
diagonalizes the correlation matrix 
maximizes the Bell inequality 
violation of angular averaged states.

( ̂e1, ̂e2, ̂e3)

Choosing a basis to maximize the entanglement of angular-averaged state is different from 
choosing a basis to maximize spin correlation

Maximizing the spin correlation only need to find a proper  direction to define  and , 
and the phase of  and  (the direction of  and ) is irrelevant.

At high-  region,  scattering produce a triplet Bell state, 

Rotated beam basis:

Fixed beam basis

z |↑⟩ |↓⟩
|↑⟩ |↓⟩ ̂x ̂y

pT qq̄/gg

Maximum spin correlated 
Separable, entangle…….
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• The angular averaged state in the diagonal basis: 
 

• The angular averaged state in any other basis: (denote the eigenvalues of  as ) 
 
 
 
The diagonal terms of a matrix are always bounded by its eigenvalues

 
To show that the diagonal basis maximize the violation of Bell inequalities, we need to prove that 
for any , 

C̄basis c̄i

i ≠ j

The optimal basis for angular averaged state
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The correlation matrix  is symmetric for unpolarized final states,

 

Diagonal basis:

The diagonal basis maximizes the signal of entanglement of angular 
averaged states.

Cij

eigenvalues (Cij(k)) = ( μ1(k), μ2(k), μ3(k) )
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Case (a)  

Case (b)  
Case (c)  

μ̄1 ≥ μ̄2 ≥ μ̄3 ≥ 0

0 ≥ μ̄1 ≥ μ̄2 ≥ μ̄3
μ̄1 ≥ 0 ≥ μ̄3

        ⟹

‣If:             

‣Else: 
 

We need to prove:

0 ≤ c̄i ≤ μ̄2 c̄j ≤ μ̄1 ⟹ c̄2
i + c̄2

j ≤ μ̄2
1 + μ̄2

2
μ̄2 ≤ c̄i ≤ μ̄1
c̄i + c̄j ≤ μ̄1 + μ̄2 ⟹ c̄2

i + c̄2
j ≤ c̄2

i + (μ̄1 + μ̄2 − c̄i)2

c̄2
i + c̄2

j ≤ c̄2
i + (μ̄1 + μ̄2 − c̄i)2 ≤ μ̄2

1 + μ̄2
2

i ≠ j

μ̄2 μ̄1c̄i μ̄1 + μ̄2 − c̄i

Δ1 Δ2

f (Δ1) f (Δ2)
Define                                                 

  when f(Δ1) < f(Δ2) |Δ1 | < |Δ2 |

Δ1 =
μ̄1 + μ̄2

2
− c̄i

Δ2 =
μ1 − μ2

2
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Spin correlation matrix of different processes
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Spin correlation matrix of different processes
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