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A typical representation of top pair production at the LHC
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At threshold, things simplify
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ü But what changed?

3

At threshold, things simplify
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T

ü Very close to threshold, the pair acts as a “package”; 

ü We have exchanges between t and T within the “package” 
ü The “package” as a whole can interact with the outside world

ü Physically, the t and T start forming a bound state (toponium?) 
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At threshold, things simplify

t

T

ü Of interest are the interactions within the “package”. Denoted by J.

ü These are Coulomb-like exchanges that make the bound-state

= + …
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At threshold, things simplify
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Note: at threshold we have 
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The above expansion is non-convergent – all diagrams need to be summed up!
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At threshold, things simplify

t

T
= + …

We can sum up: 

 leading power (LP)

 next to leading power (NLP)  
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This results in a complicated function (Sommerfeld factor): J ⇠ ↵s/�
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tT at threshold: current state of the art

A pure parton-level calculation (with stable tops) which:

 - resums LP and NLP
 - matched to differential NNLO ttbar
 - emphasis on mt determination from the threshold region

Tremendous amount of work in the past; first for e+e-, then for LHC. 
The most recent pheno-oriented work is
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tT at threshold: current state of the art
Ju, Wang, Wang, Xu, Xu and Li Lin Yang  arXiv:2004.0308
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Figure 4. Left: the behaviors of the nkLO expansion (k = 0, 1, 2, 3, 4) of the NLP resummed
result. Right: the comparison between the NLP resummed result and the LP resummed, nLO and
nnLO ones.

the di↵erential cross section becomes divergent starting from nnLO. The nnLO and n3LO

distributions are still integrable, but the n4LO one will give rise to infinite total cross

section if one integrates down to the threshold.6 Such a breakdown of the perturbation

theory in the threshold region is a natural reflection of the (↵s/�)n terms from Coulomb

gluon exchange.

The divergent behavior observed above is cured by the resummation. We show a

comparison between the NLP resummed result and its perturbative expansion in the right

plot of Fig. 4. We also show the LP resummed result for reference. The divergence in

the threshold region is replaced by a small peak in the NLP resummed distribution. One

can also observe that the NLP distribution extends below the 2mt threshold, where the

di↵erence 2mt � Mtt̄ can be viewed as the binding energy of the tt̄ “bound-state”. The

low-energy tail of the distribution is rather long, all the way down to Mtt̄ ⇠ 300 GeV.

This is due to the relatively large decay width of the top quark. On the other hand, we

have checked that the integrated cross section in the [300, 380] GeV bin is insensitive to

�t. It is also clear that in and below the threshold region, the LP and NLP distributions

are rather similar, showing the good convergence of the power expansion in �. Above the

threshold, the di↵erence between the LP and NLP results are mainly induced by the O(↵s)

corrections including the NLO hard functions.

It is already evident from Fig. 4 that the resummation e↵ects are only important in

and below the threshold region. As Mtt̄ increases, the nLO and nnLO curves quickly

approach the NLP one, meaning that the NLP corrections defined by Eq. (4.1) become

small with respect to the fixed-order results when Mtt̄ is far above the threshold. To see

this more clearly, we directly plot the correction terms d�NLP�d�nLO and d�NLP�d�nnLO

6Note that the integrability of the n3LO distribution stems from the absence of the ↵3
s/�

3 term [100]. It

was shown that an additional contribution proportional to �(�) needs to be added at this order to satisfy

the dispersion relation [107]. Such a contribution is automatically contained in the NLP resummed results.

– 26 –

Resummation of Coulomb corrections makes the x-section well-behaved

The region below threshold has non-negligible contribution



Precision multijet production at the LHC                                                      Alexander Mitov                MIT, 10 Apr 2023
9

Can these corrections be included in calculations?
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The divergent behavior observed above is cured by the resummation. We show a

comparison between the NLP resummed result and its perturbative expansion in the right

plot of Fig. 4. We also show the LP resummed result for reference. The divergence in

the threshold region is replaced by a small peak in the NLP resummed distribution. One

can also observe that the NLP distribution extends below the 2mt threshold, where the

di↵erence 2mt � Mtt̄ can be viewed as the binding energy of the tt̄ “bound-state”. The

low-energy tail of the distribution is rather long, all the way down to Mtt̄ ⇠ 300 GeV.

This is due to the relatively large decay width of the top quark. On the other hand, we

have checked that the integrated cross section in the [300, 380] GeV bin is insensitive to

�t. It is also clear that in and below the threshold region, the LP and NLP distributions

are rather similar, showing the good convergence of the power expansion in �. Above the

threshold, the di↵erence between the LP and NLP results are mainly induced by the O(↵s)

corrections including the NLO hard functions.

It is already evident from Fig. 4 that the resummation e↵ects are only important in

and below the threshold region. As Mtt̄ increases, the nLO and nnLO curves quickly

approach the NLP one, meaning that the NLP corrections defined by Eq. (4.1) become

small with respect to the fixed-order results when Mtt̄ is far above the threshold. To see

this more clearly, we directly plot the correction terms d�NLP�d�nLO and d�NLP�d�nnLO

6Note that the integrability of the n3LO distribution stems from the absence of the ↵3
s/�

3 term [100]. It

was shown that an additional contribution proportional to �(�) needs to be added at this order to satisfy

the dispersion relation [107]. Such a contribution is automatically contained in the NLP resummed results.
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Yes! (see plot to the right :)

Beyond this, they must be included at higher orders:⇠ ↵s/�
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(at NLO): finite

(at NNLO): integrable

(at N3LO): not integrable anymore (but in tT- the coefficient vanishes)

… (at N4LO): severe problems

Any future calculation at yet higher order must resum these effects 
Their effect on the total x-section is small – could be larger differentially
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tT spin correlations
W. Bernreuther et al arXiv:1508.05271, …
Czakon, Mitov, Poncelet arXiv:2008.11133

The calculation closest to what we are discussing today is:

• at NNLO in fixed order perturbation theory 
• includes top decay through NNLO but in the narrow-width approximation 
    (tops are produced and decayed exactly on-shell) 
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Figure 5. As in fig. 2 but with respect to the variables cos#, cos#lab and ��(`¯̀).

of spin-correlation sensitive variables has been measured by CMS and is computed by us:

1

�

d�

d cos#
and

1

�

d�

d cos#lab

, (3.24)

where the angle # is given by p̂`+ · p̂`� = cos#, the angle #lab is defined as # but in the

laboratory frame.

The theory predictions through NNLO in QCD are shown in fig. 5. The main e↵ect

from the inclusion of the NNLO QCD corrections is to further reduce the size of the already

small NLO scale uncertainty. The NNLO/NLO K-factor is rather small, much smaller

than the NLO/LO one. This is along the lines of the pattern of higher-order corrections

observed and discussed in sec. 3.1.2. Good agreement between NNLO QCD and data

is found although, due to the relatively large size of the experimental uncertainties, the

current data cannot distinguish between the NLO and NNLO predictions.

We next turn our attention to the normalized ��(`¯̀) distribution

1

�

d�

d��(`¯̀)
, (3.25)

where ��(`¯̀) is the azimuthal (i.e. in the plane transverse to the beam) di↵erence between

the two charged leptons measured in the laboratory frame. The di↵erence between the two

angles is always taken in such a way as to ensure 0  ��(`¯̀)  ⇡. We focus on the inclusive

selection 2 which has received a lot of attention recently [64–66]. We extend our previous

calculation [10] and provide predictions for the 6-bin CMS measurement [64] together with

expanded di↵erential predictions (as described in sec. 2.6) for the ATLAS measurement

2
In fact this selection is fully inclusive since no cuts are imposed, not even on the leptons.

– 20 –

Note: fully integrated over Mtt above threshold

CMS arXiv:1907.03729 


