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Disclaimer  

What this talk is (not) for
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· I was told to talk about the current status of the Weak Gravity 
Conjecture (WGC) — a prominent example of swampland conjectures. 
 
· There have been so many developments on the WGC that a single talk 
cannot cover them all.  
 
· I will focus on the string theoretic aspects of the WGC (mostly on the 
recent developments I myself was part of through [S.-J.L., Lerche, Weigand]’s).  
I will also address a few other swampland conjectures. 
 
· For other aspects, see e.g. the comprehensive reviews: [Palti ’19] (on swampland 

conjectures);  [Harlow, Heidenreich, Reece, Rudelius ’22] (on the WGC). In particular, for 
the particle physics aspects, see [talk by Reece] just before mine.  



Motivation  

Quantum Gravity and String Theory

2/26

picture from [Palti ’19]

• Swampland Conjectures  

· Which effective field theories (EFTs) couple to Quantum Gravity?         

  - Swampland v.s. Landscape 

· EFTs in the Landscape subject to universal consistency constraints 

  - Swampland Conjectures  
           general, useful, but not fully understood 

• Stringy Realization 

· Quantitative verification of the explicit conjectures 

· Manifestations in string geometry 

· Refinement
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Scalar WGC
[Palti, ’17] [S.-J.L., Lerche, Weigand ’18]  
[Heidenreich, Reece, Rudelius,’19]

dS Conjecture
[Obied, Ooguri, Spodyneiko, Vafa, ’18]

sub-Lattice WGC
[Heidenreich, Reece, Rudelius, ’16]
[Montero, Shiu, Soler, ’16]

Completeness
[Polchinski ’03]

(minimal) WGC
[Arkani-Hamed, Motl, Nicolis, Vafa, ’06]

Tower WGC
[Andriolo, Junghans, Noumi, Shiu, ’18]

Distance Conjecture
[Ooguri, Vafa, ’06]

AdS Distance Conjecture
[Lust, Palti, Vafa, ’19]

Emergent String Conjecture
[S.-J.L., Lerche, Weigand ’19]

Cobordism Conjecture
[McNamara, Vafa, ’19]

No Global Symmetry
[Banks, Dixon, ’88], [Harlow, Ooguri, ’18]

Trans-Planckian 
Censorship 
[Bedroya, (Brandenberger, Loverde,) Vafa, ’19]
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Swampland Conjectures 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Emergent String Conjecture
[S.-J.L., Lerche, Weigand ’19]

Distance Conjecture
[Ooguri, Vafa, ’06]



There must exist an infinite tower of particles with mass scale       at                    

m0 ⇠ gMP
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The Weak Gravity Conjectures 
 The Claim

There must exist a particle with mass  “smaller than”  charge:
g2q2
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There must exist a tower / sublattice of such particles with mass scale

There must exist a particle with mass  “smaller than”  charge:
g2q2

m2
� g2Q2

M2

�����
ExtBH

=
µext

M2

Pl

<latexit sha1_base64="p7vJfH84W2cfF58FL7eJeiJsJFw="></latexit>

m0 ⇠ gMPl

[Heidenreich, Reece, Rudelius ’16-’17] 

[Montero, Shiu, Soler ’16]
[Andriolo, Junghans, Noumi, Shiu ’18]

S =

Z
d4x

p
�G

✓
M2

PlR� 1

4g2
F 2 + · · ·

◆

The Weak Gravity Conjectures 
 The Claim

0

<latexit sha1_base64="THU1JjwMupgSKZwMJpxtoHDl2Xw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPekSMtw==</latexit>

. . . 

mass

• The WGC, minimal ver. [Arkani-Hamed, Motl, Nicolis, Vafa ’06]

• The WGC, tower / sublattice ver.

m0 ⇠ gMPl /264

Weak-Gravity (WG) Particle



There must exist a particle with mass  “smaller than”  charge:
g2q2

m2
� g2Q2

M2

�����
ExtBH

=
µext

M2

Pl

<latexit sha1_base64="p7vJfH84W2cfF58FL7eJeiJsJFw="></latexit>

m0 ⇠ gMPl

[Heidenreich, Reece, Rudelius ’16-’17] 

[Montero, Shiu, Soler ’16]
[Andriolo, Junghans, Noumi, Shiu ’18]

S =

Z
d4x

p
�G

✓
M2

PlR� 1

4g2
F 2 + · · ·

◆• The WGC, minimal ver. [Arkani-Hamed, Motl, Nicolis, Vafa ’06]

0

<latexit sha1_base64="THU1JjwMupgSKZwMJpxtoHDl2Xw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOlpjsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX1rqu15nWlXsvjKMIZnMMleHADdbiHBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPekSMtw==</latexit>

. . . 

mass

charge q 2q 3q 4q
0 0 0 0

• The WGC, tower / sublattice ver.

The Weak Gravity Conjectures 
 The Claim

m0 ⇠ gMPl

There must exist a tower / sublattice of such particles with mass scale

/264

Weak-Gravity (WG) Particle



The Menu
First Course

Second Course

Main Course

Dessert

Swampland Conjectures & String Theory 
 

The Weak Gravity Conjecture(s)

Preliminary Evidence (16 Qs) 

- Heterotic String on a Torus -

Stronger Evidence (8 Qs) 

- 6d F-theory Vacua - 
 

Strongest Evidence (4 Qs) 

- 4d F-theory Vacua -

Evidence for Other Conjectures 



The Menu
First Course

Second Course

Main Course

Dessert

Swampland Conjectures & String Theory 
 

The Weak Gravity Conjecture(s)

Preliminary Evidence (16 Qs) 

- Heterotic String on a Torus -

Stronger Evidence (8 Qs) 

- 6d F-theory Vacua - 
 

Strongest Evidence (4 Qs) 

- 4d F-theory Vacua -

Evidence for Other Conjectures 



Preliminary Evidence  
- Heterotic String Theory -



Preliminary Evidence: Upshot 

Heterotic String on a Torus
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· Heterotic string theory is a closed-string theory and reduces at very low 
energies to 10d SUGRA coupled to 10d SYM w/ G=SO(32) (or E8 X E8). 
 
· Such a 10d EFT alone does not serve as a testing ground for the WGC.  
 
· The heterotic string also produces a tower of massive excitations;  we can 
quantize the heterotic string on a flat space, such as         or                .    
 
· The idea is to check if some of those excitations serve as “WG particles”, 
i.e., if they obey                                   ;  the WGC will be tested this way. 
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Heterotic String on a Six-Torus 

4d N=4 Supergravity (16 Q’s)

↵

• Low-Energy EFT   

· 10d N=1 SUGRA coupled to 10d SYM w/ G=SO(32)*   

 
 

· Reduces to 4d N=4 SUGRA coupled to 16 U(1)s* (w/ Wilson lines) 

· The extremal charge-to-mass ratio is stable under the reduction 

 
  
 - MPl  and g acquire a common volume factor   
 - Changes in d and a  cancel in        !   

• WG Particles   

· The 10d WG particles in the (sub)lattice w.r.t. the Cartan lead to 4d WG particles   

[Heidenreich, Reece, Rudelius ’15]
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* The same results follow for E8 X E8 heterotic string. 

* To be precise, additional U(1)s arise from the reduction but the sublattice WGC persists.
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Stronger Evidence: Upshot 

6d F-theory

8/26

· F-theory is another name for Type IIB string theory with 7-branes and hence, 
with a non-trivial dilation profile along the internal compact directions.  
 
· E.g. 6d F-theory is the 10d IIB string theory put on a compact (curved) 4-
manifold;  it preserves 8 Q’s (to be contrasted with the heterotic on a torus 
preserving 16 Q’s).  
 
· The 7-branes carry gauge algebras and charged particles arise from the open 
string ending on them with a fixed “charge factor”.  It may look impossible to 
fulfill the sublattice WGC. 
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· The day is saved by another ingredient of F-theory — the 3-brane, which 
can wrap an internal 2-cycle to produce an effective string in the EFT.   
 
· A special 2-cycle can be identified so that the resulting string is the (dual) 
heterotic string;  its excitations are captured by the (index-ver.) partition 
function, which we can control though the internal space is not flat!  
 
· At weak gauge coupling, the heterotic string is also weakly coupled and 
its mass spectrum can be reliably computed. One can thus explicitly check if 
the excitations are WG particles. 
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• 6d F-theory 

· IIB string theory on a compact 4-manifold X4 

  with 7-branes on an internal 2-dim’l surface S2                 
 - external 6-dim’l gauge fields    

 - a non-trivial dilaton profile (described by an elliptic fibration :                 )

• Physics via Geometry 

· We will look into the “Kahler moduli” of X4                        

· Govern the cycle volumes and in turn, the couplings  
 - gravity: 

 - gauge:·   

· Weak gauge coupling (w/ gravity fixed):   

S2

F-theory in 6 Dimensions 

Couplings via Kahler Moduli

X4

(MPl/MIIB)
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• 6d F-theory 

· IIB string theory on a compact 4-manifold X4 

  with 7-branes on an internal 2-dim’l surface S2                 
 - external 6-dim’l gauge fields    

 - a non-trivial dilaton profile (described by an elliptic fibration :                 )

• Physics via Geometry 

· We will look into the “Kahler moduli” of X4                         

· Govern the cycle volumes and in turn, the couplings  
 - gravity: 

 - gauge:·   

· Weak gauge coupling (w/ gravity fixed):   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• Physics 
 

· D3-brane on C2 leads to heterotic string with a vanishing tension      

 
 

· The heterotic duality frame is well-defined, leading to a unique graviton

Emergent String at Weak Gauge Coupling 

D3 Brane on Shrinking 2-cycle

• Geometry 
 

· Dialing           deforms X4 such that a certain 2-cycle C2 therein shrinks, where C2 is 

  (a) the unique shrinking cycle as a class* 

  (b) a 2-sphere 

  (c) a fiber
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general
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Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
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diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
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defined by

J = µ J
0 (2.3)

such that the rescaled volume,
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
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! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.

9

C2 X4

* To be precise, other 2-cycles may also shrink,  
  but only at finite distance.

[S.-J.L., Lerche, Weigand, ’18]



• Physics 
 

· D3-brane on C2 leads to heterotic string with a vanishing tension      

 
 

· The heterotic duality frame is well-defined, leading to a unique graviton

Emergent String at Weak Gauge Coupling 

D3 Brane on Shrinking 2-cycle

• Geometry 
 

· Dialing           deforms X4 such that a certain 2-cycle C2 therein shrinks, where C2 is 

  (a) the unique shrinking cycle as a class* 

  (b) a 2-sphere 

  (c) a fiber

g ! 0

<latexit sha1_base64="GbwPZyPjzWSMwR+/ccl+P3EruHg=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0V3bisYB/QDiWTZtrQTGZM7ghl6E+4caGIW3/HnX9j2s5CWw8EDufcS+45QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVOkPSw5i4pF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2TyGZq783MhoZM4kCOxlRHJllbyb+53VTDK/8TKgkRa7Y4qMwlcRmnIUnA6E5QzmxhDIt7K2EjaimDG1FJVuCtxx5lbQuql6ten1fq9Rv8jqKcAKncA4eXEId7qABTWAg4Rle4c15dF6cd+djMVpw8p1j+APn8weZnY8M</latexit>

X4

S2

R1,3

B2

C0
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the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
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is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general
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compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK
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Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.
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02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
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of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
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diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
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defined by

J = µ J
0 (2.3)

such that the rescaled volume,
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
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02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
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0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
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Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
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defined by
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0 (2.3)

such that the rescaled volume,
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6
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! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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There are now two possibilities [5]. The first option is that the rescaled Kähler form J
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finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
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Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
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Figure 3: We consider F-theory compactifications on E⌧ ! Y4 ! B3. As in [14], infinite
distance limits with emergent strings feature a fibration structure C0 ! B3 ! B2, such that
the fiber C0 shrinks relative to B2. The role of the emergent string is played by a D3 brane
wrapped on C0. The curve C0 can either be a torus leading to a Type II string, or a rational
curve leading to a heterotic string.

is summarized in Figures 1 and 3.
Regarding the classical geometry of the emergent string limits we present a uniqueness result

in Section 2. We find that any infinite distance limit in which more than one non-contractible
curve shrinks to zero size at the fastest rate is necessarily a decompactification limit. In this
case the tower of states predicted by the distance conjecture is the Kaluza-Klein tower and not
the tower of excitations associated with the string from wrapping D3-branes on the shrinking
curves, which asymptotically disappear from the spectrum. Any limit in which this is not the
case can only feature a unique such shrinking curve corresponding to a unique emergent critical
heterotic or Type II string. See also Figure 4 for illustration.

In section 3 we show that even the limits with a unique emergent string are severely con-
strained by the leading perturbative ↵

02-corrections to the F-theory e↵ective action, as com-
puted in [34,35,37,38]. These generically present an obstruction to what is called pathological
limits in (1.1), i.e. to those limits in which the tension of the emergent string asymptotically
vanishes when compared to the KK scale. The parametric hierarchy between the two scales
translates to the shrinking of divisors vertical with respect to the fibration by C0, leading to a
loss of control. This censorship by ↵

0-corrections o↵ers a tentative way out of the conundrum of
a four-dimensional critical string theory that such limits would propose. At least for a subclass
of such limits, we will understand the quantum corrections responsible for this shielding of the
pathological infinite distance limits as follows: They lead to a strong coupling transition at
finite distance before the potentially problematic infinite distance regime can be entered. This
e↵ect is reflected not only in the perturbative ↵

0-corrections, but also in the non-perturbative
e↵ect of D3-brane instantons. On the other hand, there are no quantum obstructions both for
the decompactification limits and for the emergent string limits in which the emergent string
scale is parametrically at the same order in the infinite distance parameter as the KK scale.
This result is intuitive because the infinite distance limits correspond to weak coupling lim-
its, and hence the potential is expected to vanish asymptotically. It also fits with the general
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Figure 4: Shown are the possible infinite distance limits in the Kähler moduli space of F-theory
compactified to four dimensions with N = 1 supersymmetry. These are either decompactification
limits (upper left corner) or limits in which a unique heterotic (upper right corner) or Type II
string (lower left corner) becomes tensionless (at the fastest rate) with respect to the four-
dimensional Planck scale.

diverges. If this is the case, we can introduce the homogeneously rescaled Kähler form J
0

defined by

J = µ J
0 (2.3)

such that the rescaled volume,
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
pactification limit, in which the ratio of the Kaluza-Klein (KK) scale to the F-theory/Type IIB
string scale MIIB tends to zero as

MKK

MIIB

⇠ (VB3
)�1/6

⇠ µ
�1/2

! 0 . (2.5)

Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.

9

C2 X4

M2
str

M2
Pl

⇠ VC0

VX6

⇠ µ�2 ��2! 0
B3

C2

X4
1/2 Light tower of string excitations 

11/26

* To be precise, other 2-cycles may also shrink,  
  but only at finite distance.
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ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
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stays finite in the infinite distance limit with µ ! 1.4

There are now two possibilities [5]. The first option is that the rescaled Kähler form J
0 does

not undergo any further infinite distance limit, i.e. the rescaled Kähler parameters v
0↵ stay

finite. In this situation, the infinite distance limit of J corresponds to a straightforward decom-
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string scale MIIB tends to zero as
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Importantly, the KK tower is the only infinite tower of asymptotically massless states as meas-
ured in units of MIIB. This follows from the assumption that the rescaled Kähler form J

0 does
not by itself undergo any further infinite distance limit. The only e↵ect of the limit is therefore
the overall rescaling of VB3

.
The second, more interesting option is that the original limit for J implies a residual infinite

distance limit in the rescaled Kähler moduli space whose Kähler metric is determined by J
0.

4Of course, if the volume VB3 does not diverge in the infinite limit, we can simply set µ = 1.
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The WGC at Weak Gauge Coupling 

Main Ideas

• The 6d Effective Action  

· Asymptotically turns into a dilatonic Einstein-Maxwell theory w/ dil. coupling   

 
 

· The extremal charge-to-mass ratio of dilatonic RN BHs  
 
 
 

•

              String Excitations 

· Mass spectrum of the light tower:                     
 
   
 
 

· Charge spectrum at each level n: 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•           WG Particles? 

· Find (n,qmax(n)  in the spectrum w/                
 
   
 

 

· Test if such              fill a sublattice                        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• The Spectrum 

· Info needed of the maximal charge qmax at a given mass level n  

· Captured by the “partition function” (or its index version) of the 6d heterotic string:  

                                           
 where N(n,q) = “ Degeneracy at excitation mass level n and charge q ”     

• A Distinguished Sublattice  [S.-J.L., Lerche, Weigand ’18] 

· A general property of             : “quasi-modularity” 

          N(n,q) non-zero for charges up to                                                 
· This charge sublattice (of index 2r) is filled by physical states   

· The states lying in this sublattice turn out to be WG particles!   

A Distinguished Sublattice  

Universal Feature of the Excitation Spectrum

13/26
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)

18

<latexit sha1_base64="p/cx11YaT6v34XpA2Gp58gHSFgM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVouKp4MVjBfsB27Vk02wbmmzWJCuWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15SymTcMMp51EUSxCTtvh6Hrqtx+p0kzGd2ac0EDgQcwiRrCxkv9wn3WVQAI/TXrlilt1Z0DLxMtJBXI0euWvbl+SVNDYEI619j03MUGGlWGE00mpm2qaYDLCA+pbGmNBdZDNTp6gE6v0USSVrdigmfp7IsNC67EIbafAZqgXvan4n+enJroMMhYnqaExmS+KUo6MRNP/UZ8pSgwfW4KJYvZWRIZYYWJsSiUbgrf48jJpnVW982rttlapX+VxFOEIjuEUPLiAOtxAA5pAQMIzvMKbY5wX5935mLcWnHzmEP7A+fwBZhuRUQ==</latexit>

qmax

<latexit sha1_base64="W42sVQDIBMVGm8n2RoyhaABjs28=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJUkFBVBKHTjsqJ9QBPCZDJph04yYWYilFA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89QcqoVJb1bZRWVtfWN8qbla3tnd09c/+gI3kmMGljzrjoBUgSRhPSVlQx0ksFQXHASDcYNad+94EISXlyr8Yp8WI0SGhEMVJa8s0jR8Br2PQd6OKQK5i7QQTvJr7jm1WrZs0Al4ldkCoo0PLNLzfkOItJojBDUvZtK1VejoSimJFJxc0kSREeoQHpa5qgmEgvn30wgadaCWHEha5EwZn6eyJHsZTjONCdMVJDuehNxf+8fqaiSy+nSZopkuD5oihjUHE4jQOGVBCs2FgThAXVt0I8RAJhpUOr6BDsxZeXScep2ee1+m292rgq4iiDY3ACzoANLkAD3IAWaAMMHsEzeAVvxpPxYrwbH/PWklHMHII/MD5/AHGllPc=</latexit>

2r = C2 · S2



• The Distinguished Sublattice 

· Quasi-Jacobi nature of the heterotic worldsheet partition function guarantees that 

                                              are filled by physical states, with the index 

 The Sublattice WGC   

Verification for 6d F-theory

maximal charge  vs.  mass level  
(an example w/ sublattice index 2r=4) /26

<latexit sha1_base64="5gABYKeLgBtVuzajoM29GWA+YLY="></latexit>

qmax
k = 2rk (nk = rk2) for k 2 Z

<latexit sha1_base64="LB1blSviXlJdlvhRh2/TF8zSoIo="></latexit>

qmax
k =

p
4 r nk �

p
4 r (nk � 1)

� �� �� �� �� �� �� �-� ∝ ��

�

�

��

��

����

Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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Strongest Evidence 
- 4d F-theory -



Strongest Evidence: Upshot 

4d F-theory

· 4d F-theory is the 10d IIB string theory put on a compact (curved) 6-
manifold, it preserves 4 Q’s (to be contrasted with the 6d F-theory, which 
preserves 8 Q’s).  
 
· Once again, a special internal 2-cycle can be identified so that the 3-brane 
wrapping it produces an effective heterotic string in the 4d EFT.   
 
· With the SUSY reduced, its (index-ver.) partition function is much less 
controlled than in the 6d F-theory case, but we still have some control. 
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Strongest Evidence: Upshot 

4d F-theory

· Technically, the heterotic partition functions in 6d and 4d F-theory are, 
respectively, quasi-modular and quasi-Jacobi; the latter is much less 
constraining the partition function (charges for each mass level).    
 
· But the excitation mass is again reliably computed at weak gauge coupling, as 
the emergent heterotic string in 4d is weakly coupled as in 6d.  
 
· Having seen in 6d that the quasi-modular property distinguishes a charge 
sublattice for the sublattice WGC, we can test if even the reduced control in 
4d from the quasi-Jacobi nature suffices.  
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• 6d F-theory 

· IIB string theory on a compact 4-manifold X4 

  with 7-branes on an internal 2-dim’l cycle S2                 
 - external 6-dim’l gauge fields    

 - a non-trivial dilaton profile (described by an elliptic fibration :                 )

• Physics via Geometry 

· We will look into the “Kahler moduli” of X4                                

· Govern the cycle volumes and in turn, the couplings  
 - gravity: 

 - gauge:·   

· Weak gauge coupling (w/ gravity fixed):   

S2

F-theory in 6 Dimensions 

Couplings via Kahler Moduli
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• 4d F-theory 

· IIB string theory on a compact 6-manifold X6 

  with 7-branes on an internal 4-dim’l cycle S4                 
 - external 4-dim’l gauge fields    

 - a non-trivial dilaton profile (described by an elliptic fibration :                 )

• Physics via Geometry 

· We will look into the “Kahler moduli” of X6                                

· Govern the cycle volumes and in turn, the couplings  
 - gravity: 

 - gauge:·   

· Weak gauge coupling (w/ gravity fixed):   

S4

F-theory in 4 Dimensions 

Couplings via Kahler Moduli

X6

(MPl/MIIB)
2 = 4⇡VB3

<latexit sha1_base64="DRfxBMEBSVbFOC+rXLIPBB5Cpfo="></latexit>

2
X6

Y8       X6�!

<latexit sha1_base64="ShcaDfwspFJ51i+JrVLV44nmDOc=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdKai3ohePFewHtEvJptltaDZZkqxSS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZF6acaeN5305hbX1jc6u4XdrZ3dsvuweHLS0zRWiTSC5VJ8SaciZo0zDDaSdVFCchp+1wdDPz2w9UaSbFvRmnNEhwLFjECDZW6rvlHpciViweGqyUfOy7Fa/qzYFWiZ+TCuRo9N2v3kCSLKHCEI617vpeaoIJVoYRTqelXqZpiskIx7RrqcAJ1cFkfvgUnVplgCKpbAmD5urviQlOtB4noe1MsBnqZW8m/ud1MxNdBhMm0sxQQRaLoowjI9EsBTRgihLDx5Zgopi9FZEhVpgYm1XJhuAvv7xKWudVv1a9uqtV6td5HEU4hhM4Ax8uoA630IAmEMjgGV7hzXlyXpx352PRWnDymSP4A+fzB3YYk6I=</latexit>

X6S4V ! 1 (V ⇠ 1)

<latexit sha1_base64="P7KkK60B6Cut5UgGYF1BguoGkSU=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5BIQaWbohuXFewDmlAm00k7dDIJMxMhhPoVbvwVNy4Ucas7/8ZJm4W2Hhg4nHMvc8/xY0alsu1vo7Syura+Ud6sbG3v7O6Z+wcdGSUCkzaOWCR6PpKEUU7aiipGerEgKPQZ6fqT69zv3hMhacTvVBoTL0QjTgOKkdLSwLTcEKkxRgx2HqCrIuhSHqgUug23UfvluZKG0DkdmFXbsmeAy8QpSBUUaA3ML3cY4SQkXGGGpOw7dqy8DAlFMSPTiptIEiM8QSPS15SjkEgvm+WawhOtDGEQCf24gjP190aGQinT0NeT+aVy0cvF/7x+ooILL6M8ThTheP5RkDCo8+clwSEVBCuWaoKwoPpWiMdIIKx0lRVdgrMYeZl0ziynbl3e1qvNq6KOMjgCx6AGHHAOmuAGtEAbYPAInsEreDOejBfj3fiYj5aMYucQ/IHx+QPL0Z5x</latexit>

T ⇠ Vol(C2) ! 0
shrunk

stretched

X6

X6

S4

S4

exists C2 with V ! 0

<latexit sha1_base64="Ye6ZExtKiYRQTgSJNOU9v3Y4wD0=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkoO6KblxWsA9oQplMJ+3QySTMTMQS6qe4caGIW3/EnX/jpM1CWw8MHM65lzn3BAlnSjvOt1VaW9/Y3CpvV3Z29/YP7MNqR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB5Cb3uw9UKhaLez1NqB/hkWAhI1gbaWBXvQjrMcEcdZ6Qp2PkoIFdc+rOHGiVuAWpQYHWwP7yhjFJIyo04Vipvusk2s+w1IxwOqt4qaIJJhM8on1DBY6o8rN59hk6NcoQhbE0T2g0V39vZDhSahoFZjJPqpa9XPzP66c6vPQzJpJUU0EWH4UpR+bGvAg0ZJISzaeGYCKZyYrIGEtMtKmrYkpwl09eJZ3zutuoX901as3roo4yHMMJnIELF9CEW2hBGwg8wjO8wps1s16sd+tjMVqyip0j+APr8wdnNJNk</latexit>

C2=)

<latexit sha1_base64="iOxvohwZBX2KqfP01uc9Ja7oDM4=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFOBLUL2lhYRDAfkBxhb7N3WbK3e+zOKTHkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRemghvwvG+nsLK6tr5R3Cxtbe/slt29/aZRmaasQZVQuh0SwwSXrAEcBGunmpEkFKwVDq+nfuuBacOVvIdRyoKExJJHnBKwUs8td2+VjDWPB0C0Vo89t+JVvRnwMvFzUkE56j33q9tXNEuYBCqIMR3fSyEYEw2cCjYpdTPDUkKHJGYdSyVJmAnGs8Mn+NgqfRwpbUsCnqm/J8YkMWaUhLYzITAwi95U/M/rZBBdBGMu0wyYpPNFUSYwKDxNAfe5ZhTEyBJCNbe3YjogmlCwWZVsCP7iy8ukeVr1z6qXd2eV2lUeRxEdoiN0gnx0jmroBtVRA1GUoWf0it6cJ+fFeXc+5q0FJ585QH/gfP4AQ/iTgg==</latexit>

1/g2 = (2⇡)�1V

<latexit sha1_base64="GQPrBFBxxsrBT7PQtzznylJPWy4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahLqxJKWgXQsGNywr2AU1aJtNJO3QyCTMToYQu3fgrblwo4tZPcOffOGmz0NYDFw7n3Mu993gRo1JZ1reRW1ldW9/Ibxa2tnd298z9g5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfFN6rcfiJA05PdqEhE3QENOfYqR0lLfPLYvhr0KhNewVHEietZLzu0pdAKkRhgx2OqbRatszQCXiZ2RIsjQ6JtfziDEcUC4wgxJ2bWtSLkJEopiRqYFJ5YkQniMhqSrKUcBkW4ye2QKT7UygH4odHEFZ+rviQQFUk4CT3emF8pFLxX/87qx8q/chPIoVoTj+SI/ZlCFME0FDqggWLGJJggLqm+FeIQEwkpnV9Ah2IsvL5NWpWxXy7W7arFey+LIgyNwAkrABpegDm5BAzQBBo/gGbyCN+PJeDHejY95a87IZg7BHxifP2VRlxA=</latexit>

S4

<latexit sha1_base64="jkymbQtmZqKWx1duxvZ6CWb3DMQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEummTUtRlqRu7ECrYB7QxTKaTduhMEmYmQgnFjb/ixoUibv0Kd/6N0zYLbT1w4XDOvdx7jxcxKpVlfRuZldW19Y3sZm5re2d3z9w/aMkwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11N/fYDEZKGwZ0aR8ThaBBQn2KktOSaRwW7lAzuy5OzUnLjJj3BYb1em2jBNfNW0ZoBLhM7JXmQouGaX71+iGNOAoUZkrJrW5FyEiQUxYxMcr1YkgjhERqQrqYB4kQ6yeyFCTzVSh/6odAVKDhTf08kiEs55p7u5EgN5aI3Ff/zurHyL52EBlGsSIDni/yYQRXCaR6wTwXBio01QVhQfSvEQyQQVjq1nA7BXnx5mbTKRfu8WLmt5Ku1NI4sOAYnoABscAGq4Bo0QBNg8AiewSt4M56MF+Pd+Ji3Zox05hD8gfH5A+GUldg=</latexit>

(1/g2)/M2
IIB

17/26



The WGC at Weak Gauge Coupling 

Main Ideas: Same as in 6 Dimensions

• The 4d Effective Action  

· Asymptotically turns into a dilatonic Einstein-Maxwell theory w/ dil. coupling   

 
 

· The extremal charge-to-mass ratio of dilatonic RN BHs  
 
 
 

•

              String Excitations 

· Mass spectrum of the light tower:                     
 
   
 
 

· Charge spectrum at each level n: 

 

where
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•           WG Particles? 

· Find (n,qmax(n)  in the spectrum w/                
 
   
 

 

· Test if such              fill a sublattice                        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[S.-J.L., Lerche, Weigand ’19]



• The Distinguished Sublattice 

· Quasi-Jacobi nature of the heterotic worldsheet partition function guarantees that 

                                              are filled by physical states, with the index 

 The Sublattice WGC   

Verification for 4d F-theory [S.-J.L., Lerche, Weigand ’19] 
[Klawer, S.-J.L., Weigand, Wiesner ’20]

maximal charge  vs.  mass level  
(an example w/ sublattice index 2r=4) 19/26
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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p

4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in
ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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• Origin of Corrections 

· Shrinking cycles in principle lead to corrections to the classical geometric calculations 

· 4d F-theory w/ 4 Q’s does suffer from quantum corrections (unlike in 6d w/ 8 Q’s)

• Fate of the “WG Inequality” 

· The sublattice is filled by WG particles if 

· Classical     
 
 
 
 
 

· Quantum 

 

· Subleading correction to the WG criterion    

 
                      

 Quantum Corrections   

Less Protection with Less SUSY  [Klawer, S.-J.L., Weigand, Wiesner ’20]

 where

! in other words:
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str

<latexit sha1_base64="P3QqplDc53tnqoLUcnnddYrstm8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgnlAsoTZyWwyZGZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3RakUFn3/2yusrW9sbhW3Szu7e/sH5cOjpk0yw3iDJTIx7YhaLoXmDRQoeTs1nKpI8lY0upv5rSdurEj0I45THio60CIWjKKTWl2jiEXTK1f8qj8HWSVBTiqQo94rf3X7CcsU18gktbYT+CmGE2pQMMmnpW5meUrZiA54x1FNFbfhZH7ulJw5pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4OpwInWbINVssijNJMCGz30lfGM5Qjh2hzAh3K2FDaihDl1DJhRAsv7xKmhfV4LJ683BZqd3mcRThBE7hHAK4ghrcQx0awGAEz/AKb17qvXjv3seiteDlM8fwB97nDzAyj3g=</latexit>

µstr = 1��

<latexit sha1_base64="PN8lbsBrkhUF7gkfOsKjvc84OLs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRS8AFCQRcuK9gHNCFMptN26EwSZm6EEgpu/BU3LhRx60+482+ctllo64ELh3Pu5d57wkRwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ8epoqxOYxGrVkg0EzxideAgWCtRjMhQsGY4uB77zQemNI+jexgmzJekF/EupwSMFNj7nkyDzFMSa1AjfIVdfIK9GyaABHbJKTsT4Hni5qSEctQC+8vrxDSVLAIqiNZt10nAz4gCTgUbFb1Us4TQAemxtqERkUz72eSHET4ySgd3Y2UqAjxRf09kRGo9lKHplAT6etYbi/957RS6537GoyQFFtHpom4qMMR4HAjucMUoiKEhhCpubsW0TxShYGIrmhDc2ZfnSeO07FbKF3eVUvUyj6OADtAhOkYuOkNVdItqqI4oekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5A92Bll0=</latexit>

leading corrections to the volumes cancel in the ratio, i.e.,             at strict weak gauge coupling

g2 q2

m2
� 1��

M2
Pl

<latexit sha1_base64="huJ9BC6ACGcOshss0V1Ied9szE8="></latexit>

? g2 q2

m2
�

1� 1
2�

M2
Pl

<latexit sha1_base64="krTRPNSfUKM3v/vaNtEyN0uX8hE="></latexit>

(1 + ⇢)

<latexit sha1_base64="51jD/CD97Hf5kUh7ncLcikTxkwM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkKZkYKPVcGNywr2AZ2hZNJMG5pJhiQjDOMs/BU3LhRx62+4829M21lo9cCFwzn35uaeIGZUacf5skpLyyura+X1ysbm1vaOvbvXUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m11O/e0+kooLf6TQmfoRGnIYUI22kgX1Qc08zb/ZOhlPEc0+ORX4ysKtO3ZkB/iVuQaqgQGtgf3pDgZOIcI0ZUqrvOrH2MyQ1xYzkFS9RJEZ4gkakbyhHEVF+Ntubw2OjDGEopCmu4Uz9OZGhSKk0CkxnhPRYLXpT8T+vn+jwws8ojxNNOJ4vChMGtYDTMOCQSoI1Sw1BWFLzV4jHSCKsTWQVE4K7ePJf0jmru4365W2j2rwq4iiDQ3AEasAF56AJbkALtAEGD+AJvIBX69F6tt6s93lrySpm9sEvWB/fxHGV8w==</latexit>

Mass renormalization ansatz:

� ! 0

<latexit sha1_base64="2KqzCg0watODPIk1/Ue7rxjiOss=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0F9eAxgnlAdgmzk95kyOzDmdlAWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dfiK40rb9bRXW1jc2t4rbpZ3dvf2D8uFRS8WpZNhksYhlx6cKBY+wqbkW2Ekk0tAX2PZHtzO/PUapeBw96kmCXkgHEQ84o9pInnuHQlPi6pjYpFeu2FV7DrJKnJxUIEejV/5y+zFLQ4w0E1SprmMn2suo1JwJnJbcVGFC2YgOsGtoRENUXjY/ekrOjNInQSxNRZrM1d8TGQ2VmoS+6QypHqplbyb+53VTHVx5GY+SVGPEFouCVBDz4ywB0ucSmRYTQyiT3NxK2JBKyrTJqWRCcJZfXiWti6pTq14/1Cr1mzyOIpzAKZyDA5dQh3toQBMYPMEzvMKbNbZerHfrY9FasPKZY/gD6/MHOxORHQ==</latexit>

If the sublattice still provides WG particles: ⇢ = �1

2
�

<latexit sha1_base64="TRXEag8mXh1w0dgmHq6uY0xl9Bo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpBR8gFHThsoJ9QBPKZDpph04mYWYihJBvcOOvuHGhiFtX7vwbp2kW2nrgwuGce2fuPV7EqFSW9W2UlpZXVtfK65WNza3tHXN3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3I99bsPREga8nuVRMQN0IhTn2KktDQwT1InfyTFCeKZI8ZhBq/gqeMLhFM7S+sZdG4IUwgOzKpVs3LARWIXpAoKtAbmlzMMcRwQrjBDUvZtK1JuioSimJGs4sSSRAhP0Ij0NeUoINJN820yeKSVIfRDoYsrmKu/J1IUSJkEnu4MkBrLeW8q/uf1Y+WfuynlUawIx7OP/JhBFcJpPnBIBcGKJZogLKjeFeIx0mkonWJFh2DPn7xIOvWa3ahd3DWqzcsijjI4AIfgGNjgDDTBLWiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHxtudfw==</latexit>

20/26

= 1

<latexit sha1_base64="pcklG4UMKQ0OGywYk3bGd+Ge8Ak=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4AOEgBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13V5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopYcb4vXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3Xr26P6/UrvM4inAEx3AKHlxADe6gDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDU3yNKg==</latexit>

?<latexit sha1_base64="eT3QGL2uAz+aLM0L2fhxcBdhTww="></latexit>

µstr := 2r
VX6

VS4VC2

<latexit sha1_base64="SVGUCA2C7Jwm07Wgw3dtXZua+ao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkFBVBKHTjsqJ9QBPCZDpph05mwsxEKKFu/BU3LhRx61+482+ctllo64ELh3Pu5d57woRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BW4lUYtLCggnZDZEijHLS0lQz0k0kQXHISCccNaZ+54FIRQW/1+OE+DEacBpRjLSRAvuoKuE1bARV6OG+0DDzwgjeTYJaYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHMVF+NvtgAk+N0oeRkKa4hjP190SGYqXGcWg6Y6SHatGbiv95vVRHl35GeZJqwvF8UZQyqAWcxgH7VBKs2dgQhCU1t0I8RBJhbUIrmRDcxZeXSbtacc8rtdtauX6Vx1EEx+AEnAEXXIA6uAFN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+AHStlPk=</latexit>

2r = C2 · S4

<latexit sha1_base64="3eRboKd5aiCWRdS03Iq7iCvIXoo="></latexit>

Vcl
S4

Vcl
C2

= (C2 · S4)Vcl
X6

<latexit sha1_base64="oB7F9Aptr8gFpbXTRS6eANI98H0="></latexit>

m2

M2
Pl

= 8⇡(n� 1)
M2

str

M2
Pl



• Origin of Corrections 

· Shrinking cycles in principle lead to corrections to the classical geometric calculations 

· 4d F-theory w/ 4 Q’s does suffer from quantum corrections (unlike in 6d w/ 8 Q’s)

• Fate of the “WG Inequality” 

· The sublattice is filled by WG particles if 

· Classical     
 
 
 
 
 

· Quantum 

 

· Subleading correction to the WG criterion    

 
                      

 Quantum Corrections   

Less Protection with Less SUSY  

 where

! in other words:

µcl = 1

<latexit sha1_base64="o+f21YZHAZh+l+amdSRS5bgwGo0=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgA8QAl48RjAPyK5hdjJJhszMLjOzgbDkT7x4UMSrf+LNv3GS7EETCxqKqm66u6KEM20879sprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aENeVM0oZhhtN2oigWEaetaHQ381tjqjSL5aOZJDQUeCBZnxFsrNR13UCkT1mgBCJ8im6R33XLXsWbA60SPydlyFHvul9BLyapoNIQjrXu+F5iwgwrwwin01KQappgMsID2rFUYkF1mM0vn6Izq/RQP1a2pEFz9fdEhoXWExHZToHNUC97M/E/r5Oa/lWYMZmkhkqyWNRPOTIxmsWAekxRYvjEEkwUs7ciMsQKE2PDKtkQ/OWXV0nzouJXK9cP1XLtJo+jCCdwCufgwyXU4B7q0AACY3iGV3hzMufFeXc+Fq0FJ585hj9wPn8AOmKSuw==</latexit>

str

<latexit sha1_base64="P3QqplDc53tnqoLUcnnddYrstm8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgnlAsoTZyWwyZGZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3RakUFn3/2yusrW9sbhW3Szu7e/sH5cOjpk0yw3iDJTIx7YhaLoXmDRQoeTs1nKpI8lY0upv5rSdurEj0I45THio60CIWjKKTWl2jiEXTK1f8qj8HWSVBTiqQo94rf3X7CcsU18gktbYT+CmGE2pQMMmnpW5meUrZiA54x1FNFbfhZH7ulJw5pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4OpwInWbINVssijNJMCGz30lfGM5Qjh2hzAh3K2FDaihDl1DJhRAsv7xKmhfV4LJ683BZqd3mcRThBE7hHAK4ghrcQx0awGAEz/AKb17qvXjv3seiteDlM8fwB97nDzAyj3g=</latexit>

µstr = 1��

<latexit sha1_base64="PN8lbsBrkhUF7gkfOsKjvc84OLs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRS8AFCQRcuK9gHNCFMptN26EwSZm6EEgpu/BU3LhRx60+482+ctllo64ELh3Pu5d57wkRwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ8epoqxOYxGrVkg0EzxideAgWCtRjMhQsGY4uB77zQemNI+jexgmzJekF/EupwSMFNj7nkyDzFMSa1AjfIVdfIK9GyaABHbJKTsT4Hni5qSEctQC+8vrxDSVLAIqiNZt10nAz4gCTgUbFb1Us4TQAemxtqERkUz72eSHET4ySgd3Y2UqAjxRf09kRGo9lKHplAT6etYbi/957RS6537GoyQFFtHpom4qMMR4HAjucMUoiKEhhCpubsW0TxShYGIrmhDc2ZfnSeO07FbKF3eVUvUyj6OADtAhOkYuOkNVdItqqI4oekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5A92Bll0=</latexit>

g2 q2

m2
� 1��

M2
Pl

<latexit sha1_base64="huJ9BC6ACGcOshss0V1Ied9szE8="></latexit>

? g2 q2

m2
�

1� 1
2�

M2
Pl

<latexit sha1_base64="krTRPNSfUKM3v/vaNtEyN0uX8hE="></latexit>

(1 + ⇢)

<latexit sha1_base64="51jD/CD97Hf5kUh7ncLcikTxkwM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkKZkYKPVcGNywr2AZ2hZNJMG5pJhiQjDOMs/BU3LhRx62+4829M21lo9cCFwzn35uaeIGZUacf5skpLyyura+X1ysbm1vaOvbvXUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m11O/e0+kooLf6TQmfoRGnIYUI22kgX1Qc08zb/ZOhlPEc0+ORX4ysKtO3ZkB/iVuQaqgQGtgf3pDgZOIcI0ZUqrvOrH2MyQ1xYzkFS9RJEZ4gkakbyhHEVF+Ntubw2OjDGEopCmu4Uz9OZGhSKk0CkxnhPRYLXpT8T+vn+jwws8ojxNNOJ4vChMGtYDTMOCQSoI1Sw1BWFLzV4jHSCKsTWQVE4K7ePJf0jmru4365W2j2rwq4iiDQ3AEasAF56AJbkALtAEGD+AJvIBX69F6tt6s93lrySpm9sEvWB/fxHGV8w==</latexit>

Mass renormalization ansatz:

� ! 0

<latexit sha1_base64="2KqzCg0watODPIk1/Ue7rxjiOss=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0F9eAxgnlAdgmzk95kyOzDmdlAWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dfiK40rb9bRXW1jc2t4rbpZ3dvf2D8uFRS8WpZNhksYhlx6cKBY+wqbkW2Ekk0tAX2PZHtzO/PUapeBw96kmCXkgHEQ84o9pInnuHQlPi6pjYpFeu2FV7DrJKnJxUIEejV/5y+zFLQ4w0E1SprmMn2suo1JwJnJbcVGFC2YgOsGtoRENUXjY/ekrOjNInQSxNRZrM1d8TGQ2VmoS+6QypHqplbyb+53VTHVx5GY+SVGPEFouCVBDz4ywB0ucSmRYTQyiT3NxK2JBKyrTJqWRCcJZfXiWti6pTq14/1Cr1mzyOIpzAKZyDA5dQh3toQBMYPMEzvMKbNbZerHfrY9FasPKZY/gD6/MHOxORHQ==</latexit>

If the sublattice still provides WG particles: ⇢ = �1

2
�

<latexit sha1_base64="TRXEag8mXh1w0dgmHq6uY0xl9Bo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSUpBR8gFHThsoJ9QBPKZDpph04mYWYihJBvcOOvuHGhiFtX7vwbp2kW2nrgwuGce2fuPV7EqFSW9W2UlpZXVtfK65WNza3tHXN3ryPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3I99bsPREga8nuVRMQN0IhTn2KktDQwT1InfyTFCeKZI8ZhBq/gqeMLhFM7S+sZdG4IUwgOzKpVs3LARWIXpAoKtAbmlzMMcRwQrjBDUvZtK1JuioSimJGs4sSSRAhP0Ij0NeUoINJN820yeKSVIfRDoYsrmKu/J1IUSJkEnu4MkBrLeW8q/uf1Y+WfuynlUawIx7OP/JhBFcJpPnBIBcGKJZogLKjeFeIx0mkonWJFh2DPn7xIOvWa3ahd3DWqzcsijjI4AIfgGNjgDDTBLWiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHxtudfw==</latexit>

20/26

= 1

<latexit sha1_base64="pcklG4UMKQ0OGywYk3bGd+Ge8Ak=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4AOEgBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13V5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopYcb4vXKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3Xr26P6/UrvM4inAEx3AKHlxADe6gDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDU3yNKg==</latexit>

<latexit sha1_base64="eT3QGL2uAz+aLM0L2fhxcBdhTww="></latexit>

µstr := 2r
VX6

VS4VC2

<latexit sha1_base64="SVGUCA2C7Jwm07Wgw3dtXZua+ao=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkFBVBKHTjsqJ9QBPCZDpph05mwsxEKKFu/BU3LhRx61+482+ctllo64ELh3Pu5d57woRRpR3n2yqsrK6tbxQ3S1vbO7t79v5BW4lUYtLCggnZDZEijHLS0lQz0k0kQXHISCccNaZ+54FIRQW/1+OE+DEacBpRjLSRAvuoKuE1bARV6OG+0DDzwgjeTYJaYJedijMDXCZuTsogRzOwv7y+wGlMuMYMKdVznUT7GZKaYkYmJS9VJEF4hAakZyhHMVF+NvtgAk+N0oeRkKa4hjP190SGYqXGcWg6Y6SHatGbiv95vVRHl35GeZJqwvF8UZQyqAWcxgH7VBKs2dgQhCU1t0I8RBJhbUIrmRDcxZeXSbtacc8rtdtauX6Vx1EEx+AEnAEXXIA6uAFN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+AHStlPk=</latexit>

2r = C2 · S4

<latexit sha1_base64="3eRboKd5aiCWRdS03Iq7iCvIXoo="></latexit>

Vcl
S4

Vcl
C2

= (C2 · S4)Vcl
X6

<latexit sha1_base64="oB7F9Aptr8gFpbXTRS6eANI98H0="></latexit>

m2

M2
Pl

= 8⇡(n� 1)
M2

str

M2
Pl

[Klawer, S.-J.L., Weigand, Wiesner ’20]

leading corrections to the volumes cancel in the ratio, i.e.,             at strict weak gauge coupling



• Origin of Corrections 

· Shrinking cycles in principle lead to corrections to the classical geometric calculations 

· 4d F-theory w/ 4 Q’s does suffer from quantum corrections (unlike in 6d w/ 8 Q’s)

• Fate of the “WG Inequality” 

· The sublattice is filled by WG particles if 

· Classical     
 
 
 
 
 

· Quantum 

 

· Subleading correction to the WG criterion    

 
                      

 Quantum Corrections   

Less Protection with Less SUSY  

 where

! in other words:

µcl = 1

<latexit sha1_base64="o+f21YZHAZh+l+amdSRS5bgwGo0=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgA8QAl48RjAPyK5hdjJJhszMLjOzgbDkT7x4UMSrf+LNv3GS7EETCxqKqm66u6KEM20879sprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aENeVM0oZhhtN2oigWEaetaHQ381tjqjSL5aOZJDQUeCBZnxFsrNR13UCkT1mgBCJ8im6R33XLXsWbA60SPydlyFHvul9BLyapoNIQjrXu+F5iwgwrwwin01KQappgMsID2rFUYkF1mM0vn6Izq/RQP1a2pEFz9fdEhoXWExHZToHNUC97M/E/r5Oa/lWYMZmkhkqyWNRPOTIxmsWAekxRYvjEEkwUs7ciMsQKE2PDKtkQ/OWXV0nzouJXK9cP1XLtJo+jCCdwCufgwyXU4B7q0AACY3iGV3hzMufFeXc+Fq0FJ585hj9wPn8AOmKSuw==</latexit>

str

<latexit sha1_base64="P3QqplDc53tnqoLUcnnddYrstm8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK4OMU8OIxgnlAsoTZyWwyZGZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3RakUFn3/2yusrW9sbhW3Szu7e/sH5cOjpk0yw3iDJTIx7YhaLoXmDRQoeTs1nKpI8lY0upv5rSdurEj0I45THio60CIWjKKTWl2jiEXTK1f8qj8HWSVBTiqQo94rf3X7CcsU18gktbYT+CmGE2pQMMmnpW5meUrZiA54x1FNFbfhZH7ulJw5pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4OpwInWbINVssijNJMCGz30lfGM5Qjh2hzAh3K2FDaihDl1DJhRAsv7xKmhfV4LJ683BZqd3mcRThBE7hHAK4ghrcQx0awGAEz/AKb17qvXjv3seiteDlM8fwB97nDzAyj3g=</latexit>

µstr = 1��

<latexit sha1_base64="PN8lbsBrkhUF7gkfOsKjvc84OLs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRS8AFCQRcuK9gHNCFMptN26EwSZm6EEgpu/BU3LhRx60+482+ctllo64ELh3Pu5d57wkRwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ8epoqxOYxGrVkg0EzxideAgWCtRjMhQsGY4uB77zQemNI+jexgmzJekF/EupwSMFNj7nkyDzFMSa1AjfIVdfIK9GyaABHbJKTsT4Hni5qSEctQC+8vrxDSVLAIqiNZt10nAz4gCTgUbFb1Us4TQAemxtqERkUz72eSHET4ySgd3Y2UqAjxRf09kRGo9lKHplAT6etYbi/957RS6537GoyQFFtHpom4qMMR4HAjucMUoiKEhhCpubsW0TxShYGIrmhDc2ZfnSeO07FbKF3eVUvUyj6OADtAhOkYuOkNVdItqqI4oekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5A92Bll0=</latexit>
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• Origin of Corrections 

· Shrinking cycles in principle lead to corrections to the classical geometric calculations 

· 4d F-theory w/ 4 Q’s does suffer from quantum corrections (unlike in 6d w/ 8 Q’s)

• Fate of the “WG Inequality” 

· The sublattice is filled by WG particles if 

· Classical     
 
 
 
 
 

· Quantum 

 

· Subleading correction to the WG criterion    

 
                      

 Quantum Corrections   

Less Protection with Less SUSY  

 where
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Evidence for Other Conjectures 

The Distance Conjecture

· Our F-theoretic test of the WGC concerns weak gauge coupling, which is 
achievable at infinite distance in the EFT parameter space.  
 
· An independent conjecture (the Distance Conjecture) had claimed that at 
infinite distance in moduli space an infinite tower of states must become light. 
 
· Later on this was refined to the Emergent String Conjecture                        :  
 
 
 
 

At infinite distance in moduli space a quantum gravity theory either decompactifies  

or reduces to a weakly coupled string theory
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infinite distance in moduli space an infinite tower of states must become light. 
 
· Later on this was refined to the Emergent String Conjecture                        :  
 
 
 
 

At infinite distance in moduli space a quantum gravity theory either decompactifies  

or reduces to a weakly coupled string theory

a light tower of either Kaluza-Klein excitations or string excitations
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Evidence for Other Conjectures 

The Emergent String Conjecture

Kahler Moduli (SIZE) 

“emergence of unique critical tensionless string!” 

F/M/IIA theory in 6/5/4d [S.-J.L., Lerche, Weigand ’18-’20] 

IIA/IIB hyper moduli in 4d [(Baume,) Marchesano, Wiesner ’19] 

M-theory in 4d [Xu ’20] 

F-theory in 4d, classical & quantum  

[S.-J.L., Lerche, Weigand ’19], [Klawer, S.-J.L., Weigand, Wiesner ’20] 

Complex Structure Moduli (SHAPE) 

“decompactification via (dual) KK-like tower!” 

Type II theory in 4d (closed string sector)  

[Grimm, Palti, Valenzuela ’18], [Grimm, Li, Palti ’18],  

[Klemm, Joshi ’19], [Grimm, Li, Valenzuela ’19], …  

F-theory in 8d/6d (open string sector) 

[S.-J.L., (Lerche,) Weigand ’21] / [Alvarez-Garcia, S.-J.L, Weigand ’23]

At infinite distance in moduli space a quantum gravity theory either decompactifies  

or reduces to a weakly coupled string theory

22/26

· Many non-trivial checks have recently been made on infinite distance limits of 
string EFTs, supporting the string emergence proposal.   
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Evidence for Other Conjectures 

Completeness

· The excitations of our emergent heterotic string provide massive particles 
with an arbitrary charge.   
 
 
 
 
 
 

· The number theoretic (quasi-modular and quasi-Jacobi, resp., in 6d and 4d) property 
of the heterotic partition function allows no gaps in the charge spectrum.*   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Figure 1: Maximal charge qmax(n) per excitation level n for a 6d F-theory compactification
on Y3 with base B2 = F1. The model refers to the values (x, y) = (4, 4) in the notation
of Section 4.1, and has charge index m = 1

2C ·C0 = 2. The solid blue curve is given by

q(n) =
p
4m(n� 1), which corresponds to the modified, scalar weak gravity bound derived in

ref. [83] for the relevant extremal black holes.
Observe that the charges for some excitations lie just barely above this curve, as a consequence of
the plateau pattern in conjunction with the o↵set of the vacuum energy by �1. The maximally
superextremal states, marked in red, lie on the dashed curve given by qmax(n) =

p
4mn and

populate a charge sublattice with spacing given by �q = 2m = 4. Together with the additional
superextremal states lying between the red and the blue curves they populate the full charge
lattice. This is a feature of this particular example.

1. For each value of U(1) charge q 2 Z there exists at least one state in the excitation
spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
non-negative charges q 2 Z�0 given that the states in the theory come in pairs of U(1)
charges q and �q.

2. At each excitation level n, the spectrum of these string excitations contains states of
maximal charge

q2max(n) � �(n)n , (2.54)

for some numerical prefactor � that is fixed by the specifics of the abelian gauge group
and its realisation in F-theory. For large n, this prefactor can be taken as a positive
constant with an upper bound given by 2C ·C0, in the following sense: For each value of
✏ 2 (0, 1), we can find some N(✏) such that

�(n) � (1� ✏) 4m =: �✏ 8n � N(✏) , (2.55)

with

m =
1

2
C · C0 (2.56)
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* For a non-generic EFT w/ a sufficiently tuned gauge flux, charge gaps may appear at least in the heterotic index.
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Evidence for Other Conjectures 

Completeness

· The excitations of our emergent heterotic string provide massive particles 
with an arbitrary charge.   
 
 
 
 
 
 

· The number theoretic (quasi-modular and quasi-Jacobi, resp., in 6d and 4d) property 
of the heterotic partition function allows no gaps in the charge spectrum.*   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spectrum of a single string along C0. All of these states become massless in the limit
volJ(C0) ! 0, which coincides with the limit gYM ! 0. Oftentimes, we will only discuss
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Evidence for Other Conjectures 

No Global Symmetry

· At weak gauge coupling, we have observed an infinite tower of particles (the 
heterotic excitations) become light.  
 
· This indicates that the effective description of the physics breaks down and 
in particular that the strict weak gauge coupling limit is not part of the moduli 
space.   

· In other words, the U(1) gauge vector cannot lead to a strict global U(1) 
symmetry; this supports the No Global Symmetry Conjecture.    
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SUMMARY



Summary
· The WGC claims weakness of gravity as a general feature of quantum 
gravity. 
 
· The minimal WGC predicts a WG particle (w/ mass smaller than charge), 
while the sublattice version conjectures a charge sublattice to be filled by 
WG particles. 
 
· We have discussed strong evidence for the WGC from string theory. 
Microscopically, the sublattice of WG particles arise from the excitations of 
an (emergent) critical string.  
 
· Preliminary evidence is found for the heterotic EFTs (w/ 16 Q’s). 
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Summary
· Much stronger evidence is found in the weak gauge coupling limits of the 
F-theoretic EFTs (w/ 8 or 4 Q’s), where a light critical string necessarily 
emerges to realize the sublattice WGC!    
 
· Specifically, the realization has been conspired by the universal features of  
  - Asymptotic Effective Action;  
  - Internal Geometry;  
  - String Partition Function.   
 
· Our F-theoretic analysis has also served as evidence for some other 
conjectures (String Emergence, No Global Symmetry and Completeness). 
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