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Overview
Introduction 
• Belle & Belle II

Semi-invisibles in B decays , 

Semileptonic B decays  

Semi-invisible  decay 

one more thing!

B → Kτℓ B → Kνν̄

B → Xℓ+νℓ

τ τ → ℓα
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Overview
need rewriting…
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Belle & Belle II

construction, testing, and commissioning stages of
the Belle detector.

2. Interaction region

2.1. Beam crossing angle

The layout of the interaction region is shown in
Fig. 2 [4]. The beam crossing angle of 711 mr
allows us to fill all RF buckets with the beam and
still avoid parasitic collisions, thus permitting
higher luminosity. Another important merit of
the large crossing-angle scheme is that it eliminates
the need for the separation-bend magnets, sig-
nificantly reducing beam-related backgrounds in
the detector. The risk associated with this choice of
a non-zero crossing angle is the possibility of
luminosity loss caused by the excitation of
synchro-beta resonances [5].

The low-energy beam line (eþ) is aligned with
the axis of the detector solenoid since the lower-
momentum beam particles would suffer more
bending in the solenoid field if they were off-axis.

This results in a 22 mr angle between the high-
energy beam line (e") and the solenoid axis.

2.2. Beam-line magnets near the interaction point

The final-focus quadrupole magnets (QCS) are
located inside the field volume of the detector
solenoid and are common to both beams. In order
to facilitate the high gradient and tunability, these
magnets are superconducting at the expense of a
larger size. In order to minimize backgrounds from
QCS-generated synchrotron radiation, their axes
are aligned with the incoming eþ and e" beams.
This requires the radius of the backward-angle
region cryostat to be larger than that of the one in
the forward-angle region. The inner aperture is
determined by the requirements of injection and
the need to avoid direct synchrotron radiation
incident on the beam pipe inside the cryostats. The
z-positions are determined by the detector accep-
tance (171pyp1501).

To minimize solenoid-field-induced coupling
between the x and y beam motions, superconduct-
ing compensation solenoid magnets are located

Fig. 1. Side view of the Belle detector.

A. Abashian et al. / Nuclear Instruments and Methods in Physics Research A 479 (2002) 117–232124
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84#institutes#
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Belle (and BaBar, too) achievements include:


• CPV, CKM, and rare decays of B mesons (and Bs, 
too)


• Mixing, CP, and spectroscopy of charmed hadrons, 
e.g. 


• Quarkonium spectroscopy and discovery of 
(many) exotic states, e.g. X(3872), Zc(4430)+


• Studies of τ and 2γ

D*s0(2317)+

2008
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SuperKEKB                         Belle II

injector 

to Linac
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Super-KEKB: the nano-beam scheme
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Belle II
Belle II has been in 
operation through the 
Pandemic era, with 
modified working mode 
in accordance with the 
anti-pandemic policy. 
(See back-up slide!)

peak luminosity 
world record

4.7 × 1034 cm−2s−1

Collected luminosity before LS1 (2019-2022)
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Belle II Physics Mind-map

Image courtesy of Tom Browder



Semi-invisible modes of B decays

Belle II  PRL 127, 181802 (2021) 
Belle  arXiv:2212.04128 (to PRL)
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Search for  at Belle IIB+ → K+νν
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In the SM,

•  

sensitive to new physics BSM, e.g.

• leptoquarks,
• axions,
• DM particles, etc. 

ℬ(B+ → K+νν̄) = (4.6 ± 0.5) × 10−6 [4]
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responding to 9 fb�1. No statistically significant signal
is observed and an upper limit on the branching frac-
tion of 4.1⇥ 10�5 at the 90% CL is set, assuming an SM
signal. This measurement is competitive with previous
results for similar integrated luminosities, demonstrating
the capability of the inclusive tagging approach, which is
widely applicable and expands the future physics reach
of Belle II.
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Nucléaire et de Physique des Particules (IN2P3) du
CNRS (France); BMBF, DFG, HGF, MPG, and AvH
Foundation (Germany); Department of Atomic Energy
under Project Identification No. RTI 4002 and Depart-
ment of Science and Technology (India); Israel Science
Foundation grant No. 2476/17, United States-Israel
Binational Science Foundation grant No. 2016113,
and Israel Ministry of Science grant No. 3-16543;
Istituto Nazionale di Fisica Nucleare and the research
grants BELLE2; Japan Society for the Promotion of
Science, Grant-in-Aid for Scientific Research grant Nos.
16H03968, 16H03993, 16H06492, 16K05323, 17H01133,

17H05405, 18K03621, 18H03710, 18H05226, 19H00682,
26220706, and 26400255, the National Institute of Infor-
matics, and Science Information NETwork 5 (SINET5),
and the Ministry of Education, Culture, Sports, Science,
and Technology (MEXT) of Japan; National Research
Foundation (NRF) of Korea Grant Nos. 2016R1D1A1B-
01010135, 2016R1D1A1B02012900, 2018R1A2B3003643,
2018R1A6A1A06024970, 2018R1D1A1B07047294,
2019K1A3A7A09033840, and 2019R1I1A3A01058933,
Radiation Science Research Institute, Foreign Large-size
Research Facility Application Supporting project, the
Global Science Experimental Data Hub Center of the
Korea Institute of Science and Technology Information
and KREONET/GLORIAD; Universiti Malaya RU
grant, Akademi Sains Malaysia and Ministry of Educa-
tion Malaysia; Frontiers of Science Program contracts
FOINS-296, CB-221329, CB-236394, CB-254409, and
CB-180023, and SEP-CINVESTAV research grant 237
(Mexico); the Polish Ministry of Science and Higher
Education and the National Science Center; the Min-
istry of Science and Higher Education of the Russian
Federation, Agreement 14.W03.31.0026, and the HSE
University Basic Research Program, Moscow; University
of Tabuk research grants S-0256-1438 and S-0280-1439
(Saudi Arabia); Slovenian Research Agency and research
grant Nos. J1-9124 and P1-0135; Agencia Estatal
de Investigacion, Spain grant Nos. FPA2014-55613-P
and FPA2017-84445-P, and CIDEGENT/2018/020
of Generalitat Valenciana; Ministry of Science and
Technology and research grant Nos. MOST106-2112-
M-002-005-MY3 and MOST107-2119-M-002-035-MY3,
and the Ministry of Education (Taiwan); Thailand
Center of Excellence in Physics; TUBITAK ULAKBIM
(Turkey); Ministry of Education and Science of Ukraine;
the US National Science Foundation and research
grant Nos. PHY-1807007 and PHY-1913789, and the
US Department of Energy and research grant Nos.
DE-AC06-76RLO1830, DE-SC0007983, DE-SC0009824,
DE-SC0009973, DE-SC0010073, DE-SC0010118, DE-
SC0010504, DE-SC0011784, DE-SC0012704, DE-
SC0021274; and the Vietnam Academy of Science and
Technology (VAST) under grant DL0000.05/21-23.

⇤ deceased
[1] S. L. Glashow, J. Iliopoulos, and L. Maiani, Phys. Rev.

D 2, 1285 (1970).
[2] A. J. Buras, J. Girrbach-Noe, C. Nieho↵, and D. M.

Straub, J. High Energy Phys. 02, 184 (2015).
[3] Charge-conjugate channels are implied throughout this

paper.
[4] T. Blake, G. Lanfranchi, and D. M. Straub, Prog. Part.

Nucl. Phys. 92, 50 (2017).
[5] S. Descotes-Genon, S. Fajfer, J. Kamenik, and M. Novoa-

Brunet, Phys. Lett. B 809, 135769 (2020).

4

A search for the flavor-changing neutral-current decay B+ ! K+⌫⌫̄ is performed at the Belle II ex-
periment at the SuperKEKB asymmetric energy electron-positron collider. The results are based on
a data sample corresponding to an integrated luminosity of 63 fb�1 collected at the ⌥ (4S) resonance
and a sample of 9 fb�1 collected at an energy 60MeV below the resonance. A novel measurement
method is employed, which exploits topological properties of the B+ ! K+⌫⌫̄ decay that di↵er
from both generic bottom-meson decays and light-quark pair production. This inclusive tagging
approach o↵ers a higher signal e�ciency compared to previous searches. No significant signal is
observed. An upper limit on the branching fraction of B+ ! K+⌫⌫̄ of 4.1⇥ 10�5 is set at the 90%
confidence level.

PACS numbers: 13.25.Hw, 14.40.Nd, 12.15.Mm

Flavor-changing neutral-current transitions, such as
b ! s⌫⌫̄, are suppressed in the Standard Model (SM)
by the extended Glashow–Iliopoulos–Maiani mechanism
[1]. These transitions can only occur at higher orders in
SM perturbation theory via weak amplitudes involving
the exchange of at least two gauge bosons, as illustrated
in Fig. 1. The absence of charged leptons in the final
state reduces the corresponding theoretical uncertainty
compared to b ! s`+`� transitions, which su↵er from a
breaking of factorization caused by photon exchange [2].
The branching fraction of the B+ ! K+⌫⌫̄ decay [3],
which involves a b ! s⌫⌫̄ transition, is predicted to be
(4.6± 0.5)⇥ 10�6 [4].

b s

⌫

⌫

u, c, t

Z

W�

(a) Penguin diagram

b s

⌫ ⌫

u, c, t

`�

W� W+

(b) Box diagram

FIG. 1: Lowest-order quark-level diagrams for the b ! s⌫⌫̄
transition in the SM.

Studies of this rare decay are currently of particular in-
terest, as this process o↵ers a complementary probe of po-
tential non-SM physics scenarios that are proposed to ex-
plain the tensions with the SM predictions in b ! s`+`�

transitions [5] observed in Refs. [6–11]. More generally,
measurements of the B+ ! K+⌫⌫̄ decay help constrain
models that predict new particles, such as leptoquarks
[12], axions [13], or dark matter particles [14].

The study of the B+ ! K+⌫⌫̄ decay is experimen-
tally challenging as the final state contains two neutri-
nos, which leave no signature in the detector and cannot
be used to derive information about the signal B-meson.
Previous searches used tagged approaches, where the sec-
ond B meson produced in the e+e� ! ⌥ (4S) ! BB̄
event is explicitly reconstructed in a hadronic decay [15–
17] or in a semileptonic decay [18, 19]. This tagging
suppresses background events but results in a low sig-
nal reconstruction e�ciency, typically well below 1%. In
all analyses reported to date, no evidence for a signal is
found, and the current experimental upper limit on the

branching fraction is estimated to be 1.6⇥ 10�5 at 90%
confidence level [20].
In this search, a novel and independent inclusive tag-

ging approach is used, inspired by Ref. [21]. This ap-
proach has the benefit of a larger signal e�ciency of
about 4%, at the cost of higher background levels. The
method exploits the distinctive topological features of the
B+ ! K+⌫⌫̄ decay that distinguish this process from
the seven dominant background processes, i.e., other de-
cays of charged and neutral B mesons and continuum
processes (e+e� ! qq̄ with q = u, d, s, c quarks and
e+e� ! ⌧+⌧�). The signal candidates are reconstructed
as a single charged-particle trajectory (track) generated
by the kaon, typically carrying higher momentum than
background particles. The remaining tracks and energy
deposits, referred to as the rest of the event (ROE), can
thus be associated to the decay of the accompanying B
meson. Furthermore, the neutrinos produced in the sig-
nal B-meson decay typically carry a significant fraction
of its energy. The resulting missing momentum is defined
as the momentum needed to cancel the sum of the three-
momenta of all reconstructed tracks and energy deposits
in the center-of-mass system of the incoming beams. The
specific properties of signal events are captured in a va-
riety of discriminating variables used as inputs for event
classifiers to separate signal from background.

This search uses data from e+e� collisions produced
in 2019 and 2020 by the SuperKEKB collider [22].
The data, corresponding to an integrated luminosity of
63 fb�1 [23], are recorded by the Belle II detector at a
center-of-mass energy of

p
s = 10.58GeV, which cor-

responds to the ⌥ (4S) resonance, and contain 68 mil-
lion BB̄ pairs [24]. An additional o↵-resonance sample
of 9 fb�1 integrated luminosity, collected at an energy
60MeV lower than the ⌥ (4S) resonance, is used to con-
strain the yields of continuum processes.
Seven simulated background samples are used to study

the corresponding seven dominant background processes
introduced previously. The decays of charged and neu-
tral B mesons are simulated using the EVTGEN event
generator [25]. KKMC [26] is used to generate the qq̄
pairs, with PYTHIA8 [27] to simulate their hadroniza-
tion and EVTGEN to model the decays of the generated
mesons. KKMC and TAUOLA [28] are employed to simu-
late e+e� ! ⌧+⌧� events. The simulated B+ ! K+⌫⌫̄
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1. loose tagging ➔ find signal  — track of highest  w/ at least 1 PXD hit ( )


2. all other tracks & clusters  “ROE” (rest of the event)


3. BDT for signal discrimination

use event-shape, ROE dynamics,  kinematics, vertexing info.

4. BDT1 & BDT2 (consecutive applications) 

 to suppress two different bkgds : BB and continuum

5. signal region in 2D (BDT2 vs. )


6. check BDT output with  samples

for both signal and bkgd (see back-up slide for details)

7. check Data/MC agreement using Off-resonance data


K+ pT ε ∼ 80 %

⇒

Bsig

∵

pT(K+)

B+ → J/ψK+
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Novel Search for                         

!10

Basic Reconstruction (inclusive tag approach := LHCb-like):
1. Reconstruct signal = the highest pT track with at least 1 PXD hit (~80%      ) 
2. All other tracks and clusters reconstructed as rest-of-event (ROE) object
3. Discriminating variables are identified and used later as an input to BDTs:

Event-shape, ROE dynamics, Kinematics of signal B, Vertexing variables

BB qqB(→Kνν)B

1.

3.In comparison with tagged 
approaches this inclusive tag 

approach leads to higher signal 
efficiency but also larger 

background contributions from B-
decays (Neutral/Charged B) and 

continuum production (e+e- → cc, ss, 
uu, dd, τ pair)

ϵsig

|  Belle II Highlights and Prospects | Slavomira Stefkova

B+ → K+νν̄ Moriond 2021:63 fb-1

preliminary
preliminary

PRL 127, 181802 (2021)

 at Belle IIB+ → K+νν
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1. signal  — track of highest  w/ at least 1 PXD hit ( )


2. all other tracks & clusters  “ROE” (rest of the event)


3. BDT for signal discrimination

use event-shape, ROE dynamics,  kinematics, vertexing info.

4. BDT1 & BDT2 (consecutive applications) 

 to suppress two different bkgds : BB and continuum

5. signal region in 2D (BDT2 vs. )


6. check BDT output with  samples

for both signal and bkgd (see back-up slide for details)

7. check Data/MC agreement using Off-resonance data


K+ pT ε ∼ 80 %

⇒

Bsig

∵

pT(K+)

B+ → J/ψK+

Novel Search for                         

!11

MVA Selection and Measurement Region Definition:

4. Two consecutive BDTs are trained and applied to suppress the backgrounds

     (signal:                    , background: generic B decays + continuum )

5. Identify signal region (SR) with BDT2 output and bin further in 2D: BDT2 x pT(K+) to maximise sensitivity

4.

Signal Region

5.

|  Belle II Highlights and Prospects | Slavomira Stefkova

B+ → K+νν̄ Moriond 2021:63 fb-1

B+ → K+νν̄

Signal Region

preliminary

preliminary

Novel Search for                         

!11

MVA Selection and Measurement Region Definition:

4. Two consecutive BDTs are trained and applied to suppress the backgrounds

     (signal:                    , background: generic B decays + continuum )

5. Identify signal region (SR) with BDT2 output and bin further in 2D: BDT2 x pT(K+) to maximise sensitivity

4.

Signal Region

5.

|  Belle II Highlights and Prospects | Slavomira Stefkova

B+ → K+νν̄ Moriond 2021:63 fb-1

B+ → K+νν̄

Signal Region

preliminary

preliminary

PRL 127, 181802 (2021)

 at Belle IIB+ → K+νν
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1. signal  — track of highest  w/ at least 1 PXD hit ( )


2. all other tracks & clusters  “ROE” (rest of the event)


3. BDT for signal discrimination

use event-shape, ROE dynamics,  kinematics, vertexing info.

4. BDT1 & BDT2 (consecutive applications) 

 to suppress two different bkgds : BB and continuum

5. signal region in 2D (BDT2 vs. )


6. check BDT output with  samples

for both signal and bkgd

7. check Data/MC agreement using Off-resonance data

8. simultaneous ML fit to ON- & OFF-resonance data


K+ pT ε ∼ 80 %

⇒

Bsig

∵

pT(K+)

B+ → J/ψK+

Novel Search for                         

!12

Validation with control channels:
6. Check BDTs output with both                                    (background-like),                                    (signal-like*) 
reconstruction: 
      *signal-like: 1. Ignore dimuon from         to mimic missing energy
                         2. Replace four-momenta of K+ by that of the signal to mimic 3-body kinematics
7. Check Data/MC agreement in off-resonance data  

6.

|  Belle II Highlights and Prospects | Slavomira Stefkova

B+ → K+νν̄ Moriond 2021:63 fb-1

B+ → J/ψ ( → μ+μ−)K+ B+ → J/ψ ( → μ+μ−)K+

J/ψ

preliminary
Signal Region

preliminary

Novel Search for                         

!13

Signal Extraction:
8. Binned simultaneous ML fit to on-resonance + off-
resonance data is performed:

pdf includes 175 nuisance parameters + 1 parameter 
of interest: signal strength     (1    = SM BF =                  )

nuisance parameters = systematic uncertainties

     Measured signal strength

     

9. No significant signal is observed so limit on BF is set 
with CLs method: 9.

8.

μ = 4.2+2.9
−2.8(stat)+1.8

−1.6(syst)
ℬ(B+ → K+νν̄) = 1.9+1.6

−1.5 × 10−5

4.1x10-5 @90 % CL

|  Belle II Highlights and Prospects | Slavomira Stefkova

B+ → K+νν̄B+ → K+νν̄ Moriond 2021:63 fb-1

μμ 4.6 × 10−6

on-resonance fit

preliminary

SR

PRL 127, 181802 (2021)

 at Belle IIB+ → K+νν
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 at Belle IIB+ → K+νν
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profile likelihood scan, where the fit is performed with µ fixed at values around the best fit value
and the remaining parameters free. The systematic uncertainty is calculated by subtraction in
quadrature of the statistical uncertainty from the total uncertainty. The result is translated into
an observed branching ratio of [1.9+1.6

�1.5]⇥ 10�5 = [1.9+1.3
�1.3(stat)

+0.8
�0.7(syst)]⇥ 10�5. No significant

signal is observed and the expected and observed upper limits on the B+ ! K+⌫⌫̄ branching
fraction are estimated using the CLs method 19. Figure 8 shows that at the 90% confidence
level the expected upper limit, derived in the background only hypothesis, is 2.3⇥ 10�5 and the
observed upper limit is 4.1⇥ 10�5.

5 Conclusion

This contribution illustrates the first search for the B+ ! K+⌫⌫̄ decay with an inclusive tagging
method. The study is performed on the data corresponding to 63 fb�1 integrated luminosity
collected at the ⌥(4S) resonance by the Belle II detector, together with an additional sample of
9 fb�1 of o↵-resonance data. No statistically significant signal is observed and an upper limit of
4.1⇥10�5 on the B+ ! K+⌫⌫̄ branching ratio is set at the 90% confidence level. As illustrated
in Fig. 9, the measurement is competitive with the previous searches, thus proving the capability
of the inclusive tagging method.

Figure 8 – CLs value as a function of the branching
fraction of B+ ! K+⌫⌫̄ for the expected and ob-
served signal yields. In red the corresponding upper
limits at the 90% confidence level. The expected
limit is derived for the background-only hypothesis.

Figure 9 – Comparison of the branching fraction
measured by Belle II and the previous experiments.
The values reported for Belle are computed based
on the quoted observed number of events and e�-
ciency. The weighted average is computed assum-
ing that uncertainties are uncorrelated.

profile likelihood scan, where the fit is performed with µ fixed at values around the best fit value
and the remaining parameters free. The systematic uncertainty is calculated by subtraction in
quadrature of the statistical uncertainty from the total uncertainty. The result is translated into
an observed branching ratio of [1.9+1.6

�1.5]⇥ 10�5 = [1.9+1.3
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fraction are estimated using the CLs method 19. Figure 8 shows that at the 90% confidence
level the expected upper limit, derived in the background only hypothesis, is 2.3⇥ 10�5 and the
observed upper limit is 4.1⇥ 10�5.

5 Conclusion

This contribution illustrates the first search for the B+ ! K+⌫⌫̄ decay with an inclusive tagging
method. The study is performed on the data corresponding to 63 fb�1 integrated luminosity
collected at the ⌥(4S) resonance by the Belle II detector, together with an additional sample of
9 fb�1 of o↵-resonance data. No statistically significant signal is observed and an upper limit of
4.1⇥10�5 on the B+ ! K+⌫⌫̄ branching ratio is set at the 90% confidence level. As illustrated
in Fig. 9, the measurement is competitive with the previous searches, thus proving the capability
of the inclusive tagging method.

Figure 8 – CLs value as a function of the branching
fraction of B+ ! K+⌫⌫̄ for the expected and ob-
served signal yields. In red the corresponding upper
limits at the 90% confidence level. The expected
limit is derived for the background-only hypothesis.

Figure 9 – Comparison of the branching fraction
measured by Belle II and the previous experiments.
The values reported for Belle are computed based
on the quoted observed number of events and e�-
ciency. The weighted average is computed assum-
ing that uncertainties are uncorrelated.

<latexit sha1_base64="t2qIlUQDWB8LjqfCkH75roS4Vwo="></latexit>

B(B+ ! K+⌫⌫) = (1.9+1.3+0.8
�1.3�0.7)⇥ 10�5

< 4.1⇥ 10�5 @ 90% CL

PRL 127, 181802 (2021)

Please stay tuned

for  update!
Kνν
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Motivation
w ! → #!$$̅ decay is theoretically clean
w Its branching ratio depends on right-handed currents
w Therefore, Measuring its branching ratio is important for new physics which has 
non-zero right-handed current (&"# ≠ 0)

※ ! = − !"($!"$#"∗)
$!"

%& $#"
%,    $ =

$!"
%& $#"

%

($!")&'

1

Wolfgang Altmannshofer et al JHEP04(2009)022

Search for  (inclusive)B → Xsνν̄

15

Junewoo  Park
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%# → $∗#''̅%# → $#''̅

Event Generation

3

w For Monte-Carlo study, signal samples are produced according to SM ∗*‡

† Buras, Andrzej J., et al. ” ! → #(∗)$$̅ decays in the Standard Model and beyond.” Journal of High Energy Physics 2015.2 (2015): 1-39.

‡ Bharucha, Aoife, David M. Straub, and Roman Zwicky. ” ! → &ℓ*ℓ+in the Standard Model from light-cone sum rules.” Journal of High Energy Physics 2016.8 (2016): 1-64.

ℳ(# → %&&̅) ∝ *!(+") ,# + , $ −
/#" −/%"

0 +$ &̅1$ 1 − 1& &

ℳ(# → %∗&&̅) ∝ 3$ &̅1$ 1 − 1& & , where 3$ = /# +/%∗ 5( +" 6$∗ − 5" +" )∗*+
,(!,)∗

, + ,%∗ $ + 7 "- +*
,(!,)∗

6$./06∗.,/,%∗0

, where 8/1 = ⁄/1 /2 and 02 = ⁄+" /2"
dΓ(B → X3&&̅)

>+" ∝ ? 1, 8/1, 02 302 1 + 8/1" − 02 − 4 8/1 + ? 1, 8/1, 02

*  Altmannshofer, Wolfgang, et al. "New strategies for new physics search in B→ K* νν¯, B→ Kνν¯ and B→ Xsνν¯ decays." Journal of High Energy Physics 2009.04 (2009): 022.

, where +" = (,. + ,4.)"

,
,1./ 0/2 ./0
,1./ 0/ 1./0
,2./ 0/2 ./0
,2./ 0/ 1./0
,3./ 0/2 ./0
,3./ 0/ 1./0
,4./ 0/2 ./0
,4./ 0/ 1./0
, 0/ 2./0 (7892:8 4./)
3, 0/ 7892:81./
28ℎ<=:
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Reconstruction and Event Selection

4

,% ,#Υ(40)

%&'(

2&

'̅

'

%)*(

tag side

reconstructed
signal side

w In ! → #!$$̅ decay, there are two neutrinos, 
which leads to large amount of background

w One side of B meson (!345) is reconstructed by 
hadronic decay modes

w Information of !345 can be used to remove 
backgroundReconstruction and Event Selection

5

w #! is reconstructed by 24 decay modes (sum of exclusive method)
%", 7%" %±

$ $&" $±
$8 $± 8∓ $&"8" $± 8" $&" 8±
$28 $± 8∓8" $&"8±8∓ $± 8∓8± $&" 8±8"
$38 $± 8∓8±8∓ $&"8±8∓8" $± 8∓8±8" $&" 8±8∓8±
$48 $± 8∓8±8∓8" $&"8±8∓8±8∓ $± 8∓8±8∓8± $&" 8±8∓8±8"
3$ $±$∓$&" $±$∓$±
3$8 $±$∓$±8∓ $±$∓$&"8" $±$∓$±8" $&"$±$∓8±

w Several variables are used to suppress backgrounds
- number of tracks
- remaining energy deposited in electromagnetic calorimeter
- vertex fit at %)*( candidates
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Fitting and Limit Setting

6

w Multivariate analysis (MVA) technique is used to suppress background

w MVA output value is used for a fitting and limit setting to extract signal yields

w About 30 variables are used for MVA
- cos > of momentum of B meson
- missing energy/momentum
- the number of muon candidates in event

signal background
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from our unitary rotation matrices. The standard loop
functions Dx ≡DxðMLQ;MLQ;ms;mtÞ are defined as

16π2

i
Dxðm1;m2;m3;m4Þ

¼
Z

ddk
ð2πÞd

ðk2Þx=2

ðk2−m2
1Þðk2−m2

2Þðk2−m2
3Þðk2−m2

4Þ
ð23Þ

IV. PHENOMENOLOGICAL ANALYSIS

Let us first consider RðDÞ and RðD$Þ where the least
number of free parameters enters. In order to get a sizable
effect, the mixing of LL

3 with the tau lepton lL
3 should be

large. Assuming it to be maximal (i.e., ML
33 ¼ mL

33), we
show the regions preferred by RðDð$ÞÞ in the left plot of
Fig. 2 forMLQ ¼ 2 TeV. From this we can see that also the
mixing between QL

3 and qL3 (sQ3 ), as well as the misalign-
ment between the quark and lepton Yukawa couplings of
the second and third generations (sql23 ) should be sizable.
Our model predicts a significant enhancement of Bs →
τþτ− [25,28,59,60] compared to the SM prediction since
this process is in our setup mediated at tree-level with order
one couplings.
Let us now turn to the explanation of b → slþl− data.

Assuming the absence of mixing with leptons of the first
generation, we are safe from processes like μ → eγ or b →
sμe [47] and get the right effect in RðKÞ and RðK$Þ.
Assuming maximal mixing for the third generation quarks
and leptons, we show the preferred region from b → slþl−

in the right plot of Fig. 2. This region overlaps with the one
from RðDð$ÞÞ for small mixing between the second gen-
eration fermions (sQ;L

2 ) where the predicted branching ratio

for B → Kτμ is automatically compatible with the exper-
imental bounds. However, the predicted rate is still sizable
and well within the reach of future measurements.
So far, we did not specify the absolute mass scale of the

vectorlike fermions since it did not enter any of the
observables. However, for Bs − B̄s mixing, the masses of
the vectorlike leptons are crucial. In fact, since we calcu-
lated Bs − B̄s mixing in unitary gauge, the effects of
Goldstone bosons are automatically included and, there-
fore, the result scales proportional to ðMLÞ2 (like the SM
contribution is proportional tom2

t ). Thus, in order to respect
the Bs − B̄s mixing bounds while still accounting for
RðDð$ÞÞ, rather light vectorlike leptons are required. We
checked that the Bs − B̄s mixing bounds are respected for
masses around 500 GeV. Since these are third generation
leptons, this is compatible with the bounds from direct LHC
searches [61,62]. Anyway, since we only included the
effect of the Goldstone bosons and not of physical Higgses
in this calculation, this should only be understood as a
proof that Bs − B̄s mixing does not rule out large effects in
RðDð$ÞÞ. A more precise prediction would require to
specify the Higgs sector explicitly and would be, therefore,
subject to more model dependence.

V. INCLUDING THE EW SYMMETRY BREAKING

Finally let us outline a possible UV completion of the
Higgs sector which can lead to the desired EW symmetry
breaking extending the previously considered particle
content to that shown in Table II. Here we introduced
two approximate global symmetries Uð1ÞL;Q and four
Higgs fields ΣLa

and ΣQa
, a ¼ 1, 2, which generate the

vectorlike masses for (QL, Q0
R), (LL, L0

R), (QR, Q0
L), and

(LR, L0
L) as in Sec. II. Φq and Φl will generate the SM

FIG. 2. Left: Allowed regions from RðDð$ÞÞ for MLQ ¼ 2 TeV and sL3 ¼ 1=
ffiffiffi
2

p
. Here we used the weighted average for RðDÞ and

RðD$Þ. The contour lines denote BrðBs → τþτ−Þ × 104. Right: Combined results for RðDð$ÞÞ and b → slþl−, and contours for
½BrðB → Kτþμ−Þ þ BrðB → Kτ−μþÞ'=2. The red region is preferred by the global fit to b → slþl− data.
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the q2 distribution in RðDð"ÞÞ invariant (which is in good
agreement with data [37–39]) and does not lead to an huge
enhancement of Bc → τν which is incompatible with
experiments [38,40–42]. Finally, it gives a C9 ¼ −C10-like
effect in b → slþl− transitions and, therefore, gives a
good fit to data. However, a compelling renormalizable
model giving rise to this leptoquark is still missing.
Interestingly, the vector leptoquark singlet with hyper-

charge −4=3 is contained within the theoretically very
appealing PS model as a SUð4Þ gauge boson. However, in
the conventional model, the bounds on the symmetry
breaking scale from KL → μe and K → πμe are so strong
(at the PeV scale) [43,44] that any other observable effects
in flavor physics are ruled out from the outset. Therefore, it
must be extended if one aims at a realization at the TeV
scale. In this article, we will construct a model based on the
Pati-Salam gauge group in which the bounds from KL →
μe and K → πμe can be avoided. Furthermore, another
crucial feature of the PS leptoquarks is that it allows for a
low-energy realization since it does not lead to proton
decay at any loop level.
For this purpose, we add to the original PS model three

pairs of fermions in the fundamental representation of
SUð4Þ with vectorlike mass terms. These fermions can be
considered as heavy vectorlike generations. The mixing
between them and the light SM particles is in general flavor
dependent. Therefore, the model can have interesting
effects in flavor physics, in particular, it could explain
the hints for new physics in b → slþl−, RðDð"ÞÞ and also
the measurement of the anomalous magnetic moment
(AMM) of the muon.

II. THE MODEL

Our starting point is the PS model [45] with the gauge
group SUð4Þ × SUð2ÞL × SUð2ÞR. Thus, left-handed fer-
mions are SUð2ÞL doublets and right-handed fermions
form SUð2ÞR doublets. This necessarily leads to the
introduction of three right-handed neutrinos. In our model,
we extend the fermion content of the original model having
now 6 fermion fields XL;R

i , YL;R
i , ZL;R

i as well as (at least)
two more Higgs field Σ1;2. These fields transform under the
PS gauge group and one additional Peccei-Quinn-likeUð1Þ
group as shown in Table I.
Here, the superscripts L and R label the chirality of the

fields and i ¼ 1, 2, 3 is a flavor index. In the absence of the
fields Y and Z, the fields X would be chiral fermions
resembling the SM fermions.
In the following, we will not explicitly specify the

EW symmetry breaking sector whose Higgs fields are,
therefore, not included in Table I. However, we know that
due to the decoupling theorem, the symmetry breaking
sector must reduce, in the limit of heavy additional
Higgses, to one light SUð2Þ doublet with vev v giving
rise the chiral fermion and weak gauge boson masses.

A possible completion of the above-sketched model,
including the EW-breaking sector, will be given in
Sec. V. In our phenomenological discussion, we are not
considering the implications of the extended Higgs sector,
but rather we only include the pseudo-Goldstone bosons
by working in unitary gauge. This approach is model
independent in the sense that including additional physical
Higgses would imply focusing on a specific UV realization
of the model.

A. Fermion masses

Let us consider for simplicity only the SUð2ÞL doublet
fermions (XL

i , YL;R
i ). The corresponding results for the

SUð2ÞR follow in a straightforward way and they are not
necessary for explaining the flavor anomalies as we will see
later. Therefore, we canwrite down the followingmass terms
after the new scalar fields ΣX;Y

1;2 acquire their vevs vΣX;Y
1;2

−L ⊃ vabΣX
1

xijX̄aL
i YbR

j þ vabΣY
1

yijȲaL
i YbR

j

þ vabΣX
2

x0ijX̄
aL
i YbR

j þ vabΣY
2

y0ijȲ
aL
i YbR

j þ H:c: ð1Þ

Herea andb areSUð4Þ indices, andwe denoted theYukawa-
like couplings by xð0Þij and yð0Þij . Note that our assignment for
the PQ charges was choosen in such a way that it avoids bare
mass terms for the fermions before PS symmetry breaking.
Therefore, the masses of the vectorlike fermions are, for
perturbative couplings, at most of the order of the SUð4Þ
breaking scale, which we assume to be around the TeV scale.
After ΣX;Y

1;2 acquire their vevs SUð4Þ is broken down to
SUð3Þc × Uð1ÞB−L and quarks and leptons become distin-
guishable. Decomposing the SUð4Þ multiplets as

YR¼
!
Q0

R

L0
R

"

i
; YL¼

!
QL

lL

"

i
; XL¼

!
qL
LL

"

i
ð2Þ

TABLE I. Field content of the model. Alternatively, one could
use instead of ΣX;Y

1;2 two fields ΣX
ij, which transforms as 3̄ ⊗ 3

under a possible flavor symmetry.

SUð4Þ SUð2ÞL SUð2ÞR Uð1ÞPQ
XL
i 4 2 1 0

YL
i 4 2 1 −1

YR
i 4 2 1 1

XR
i 4 1 2 0

ZR
i 4 1 2 −1

ZL
i 4 1 2 1

ΣX
1 4̄ ⊗ 4 1 1 −1

ΣX
2 4̄ ⊗ 4 1 1 −1

ΣY
1 4̄ ⊗ 4 1 1 −2

ΣY
2 4̄ ⊗ 4 1 1 −2
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 is preferred 
in a certain VLQ model, for instance. 

ℬ(B → Kτμ) ∼ 𝒪(10−6)

we see that Q and q are SUð3Þc triplets corresponding
to quarks, while l and L are SUð3Þc singlets and, thus,
correspond to leptons. Expanding Eq. (1) into components,
we find

L⊃−ðmQ
ijq̄iLþMQ

ijQ̄iLÞQ0
jR− ðML

ijL̄iLþmL
ijl̄iLÞL0

jR; ð3Þ

with

mQ
ij ¼ v11ΣX

1

xij þ v11ΣX
2

x0ij; mL
ij ¼ v22ΣY

1

yij þ v22ΣY
2

y0ij

ML
ij ¼ v22ΣX

1

xij þ v22ΣX
2

x0ij; MQ
ij ¼ v11ΣY

1

yij þ v11ΣY
2

y0ij ð4Þ

Here the superscript 11 corresponds to a 3 × 3 unit matrix in
color space while 22 represents only a single number. Here
v12ΣX;Y

1;2
¼ v21ΣX;Y

1;2
¼ 0 such that SUð3Þc remains unbroken. We

further assume v11ΣX;Y
1

≫ v11ΣX;Y
2

and v22ΣX;Y
1

≪ v22ΣX;Y
2

, such that the

mass terms are dominantly given by

mQ
ij ≃ v11ΣX

1

xij; mL
ij ≃ v22ΣY

2

y0ij

ML
ij ≃ v22ΣX

2

x0ij; MQ
ij ≃ v11ΣY

1

yij ð5Þ

Therefore, ML;Q
ij are the vectorlike mass terms while mL;Q

ij

provides the mixing of the vectorlike fermions with the light
(SM) ones. The study of the corresponding scalar potential is
not trivial and requires future studies.
Without loss of generality, one can choose MQ and ML

to be diagonal in flavor space. In addition, we assume that
mQ;L is diagonal in the same basis and for simplicity
(without affecting the final results) that MQ;L is propor-
tional to the unit matrix:

MQ;L
ij ¼ MQ;Lδij;

mQ;L
ij ¼

0

BB@

mQ;L
1 0 0

0 mQ;L
2 0

0 0 mQ;L
3

1

CCA

ij

: ð6Þ

While the structure above is certainly not generic, it can be
the consequence of an underlying flavor symmetry. In fact, if
QL andQ0

R (QL andL0
R) are triplets ofSUð3Þ,MQ (ML) does

not break the symmetry and is, thus, proportional to the unit
matrix. If on the contrary, qL and lL are antitriplets,mQ;L are
generated by SUð3Þ-breaking terms ϕϕ=Λ, where ϕ collec-
tively denote the SUð3Þ-triplet scalar fields (flavons) whose
vevs break SUð3Þ and Λ a cutoff scale. The texture of mQ;L

then follows from the flavor directions of the flavons’ vevs.
As an example, one can introduce two flavons, ϕ3 and ϕ2,
with hϕ3i ¼ ð0; 0; v3Þ, hϕ2i ¼ ð0; v2; 0Þ. Distinguishing
these two fields by an additional parity, the texture in
Eq. (6) is obtained with mQ;L

3 ∼ v23=Λ, mQ;L
2 ∼ v22=Λ,

mQ;L
1 ∼ 0. Therefore, the mixing with electrons is absent,

and thus the vector LQs will not couple to them.2

Given the structure in Eq. (6), the mass matrices for
quarks and leptons decompose each into three (one for each
generation) rank one matrices diagonalized by the rotations

!
qiL
QiL

"
→

!
ciQ −siQ
siQ ciQ

"!
qiL
QiL

"

!
liL

LiL

"
→

!
ciL −siL
siL ciL

"!
liL

LiL

"
: ð7Þ

As stated above, we do not explicitly specify the UV
completion of the Higgs sector responsible for the EW
symmetry breaking but rather use the decoupling theorem
asserting that there is one light SUð2ÞL doublet with vev v
giving rise to the chiral fermion and weak gauge boson
masses. We can now write down the usual Yukawa
couplings and diagonalize the resulting 3 × 3 matrices
using biunitary transformations

qiL → UqL
ij qjL; liL → UlL

ij ljL; ð8Þ

with q ¼ u, d and the corresponding expression for right-
handed fields. For our final results, only the misalignment
between left-handed quark and leptons

UqlL
fi ¼ UqL%

jf UlL
ji ; ð9Þ

as well as the CKM matrix VCKM
fi ¼ UuL%

jf UdL
ji are impor-

tant. Note that in the following, we work in the down basis,
i.e., CKM rotations are only present once left-handed up-
quarks are involved. We neglect Higgs couplings involving
chiral and vectorlike fermions in our phenomenological
analysis.
In analogy to the SUð2ÞL sector, we embedded

the fermions charged under SUð2ÞR in the following
representations:

ZL ¼
!
Q0

L

L0
L

"

i
; ZR ¼

!
QR

lR

"

i
; XR ¼

!
qR
LR

"

i
ð10Þ

and the above discussion about masses and mixing can be
replicated for the RH fermions of the SM.

B. Couplings of fermions to gauge bosons

After breaking of the SUð4Þ symmetry, its 15 generators
correspond to 8 massless gluons, 6 leptoquarks (Vμ þ V̄μ),

2The absence of couplings to the electron at tree-level could
alternatively be assured by an Abelian flavor symmetry under
which all fermions are equally charged except the electron.
Furthermore, even though electron couplings will be generated at
the loop level [46], the absence of μe couplings is RGE invariant
and, therefore, no effect in μ → eγ [47] or K → μe is generated.
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Motivation

• If there is LUV, there is no natural 
mechanism to prevent LFV

Analysis feature

• hadronic B-tagging (FEI)


• OS vs. SS (very different bkgd.


• fit for recoil mass for  


• use FBDT to suppress bkgd.

Mτ
Ø 2 types of signal decay with charge combination of primary tracks.

– As long as staying on model-independence, we must consider both channels.
Ø The reconstruction strategy is same.
Ø However main BG types are different, thus cut strategies are also differently 

optimized.

Ø SS has huger size of BG, hardly separate signal/BG, etc...

→ Much more difficult channel !
S. Watanuki @Saga-Yonsei Workshop 2022
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nt
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tag side (b→c) signal side (B→Ktµ)

D0

X
(e.g. p-p0p0)

We can try 3 methods to solve this 
challenging puzzle game.
(A) Hadronic tag (S. Watanuki)
(B) D tag (G. de Marino)
(C) Inclusive (S. Sandilya)
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10 CHAPTER 3. SELECTION

3.2 Signal side B57

Tracks used in this signal side are required to satisfy the transverse momentum condition;58

pT ≥ 200 MeV/c. The charged particles which are not related with the reconstructed Btag are59

identified with PID, µID, and eID:60

• PIDπ ≡ Lπ/ (Lπ + LK) ≥ 0.6 for π±61

• PIDK ≡ LK/ (Lπ + LK) ≥ 0.6 for K±
62

• µID ≥ 0.9 for µ±
63

• eID ≥ 0.9 for e±64

In case of OSe and SSe channels, bremsstrahlung photons are recovered for the primary65

electron. The recovered photons are selected when it satisfies:66

• The angle between momenta of the photon and the electron is less than 50 mrad.67

• The energy of the photon is greater than 50 MeV .68

In addition for primary particles, namely K and µ (for Kτµ study) or e (for Kτe study)69

coming from Bsig decay directly, the impact parameter cut is applied: |d0| ≤ 0.5 cm and70

|z0| ≤ 5.0 cm. On the other hand for τ prong track very loose impact parameter cut is applied:71

|d0| ≤ 4.0 cm and |z0| ≤ 20 cm. This loose cut reduces low quality tracks.72

Vertex fit is performed with primary charged tracks (Vsig). The primary K and µ combina-73

tion with the smallest fitting χ2 is chosen if there are more than one possibility.74

Figure 3.2 shows number of reconstructed B candidates in each channel.75

3.3 τ decay channels76

After reconstructions of Btag and primary tracks of Bsig, one can immediately calculate τ mass77

thanks to the already known initial state 4 momentum;78

Mτ ≡
√(√

s− E∗
beam − E∗

K − E∗
#

)2 − |$p∗tag − $p∗K − $p∗# |2 (3.1)

where E∗
beam is beam energy, $pini is momentum of initial state, EK ($pK) and E# ($p#) are energy79

(momenta) of primary K and %, respectively.80

The rest of event, excluding B+
tag products and primary K− and µ±, must come from the81

τ∓ decay as long as the above reconstruction is correct. Figure 3.3 shows the histogram of the82

MC truth track types in the rest of event.83

In order to reduce the large contribution from combinatorial background, only one prong84

decay channels of τ are assumed in this study: τ → µνν, eνν,πν.The event, which includes85

more than one charged track in the rest of event, is rejected. For the case that there is more86

than one candidate for the interpretation of τ decay, the priority of the decay channels is set as87

µ > e > π; the candidate of the highest priority is adopted. Since fake π increases in the low88

momentum region, momentum threshold > 0.5(GeV/c) is set for the τ → πν channel to avoid89

a large contamination among different channels.90
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FIG. 2: Observed Mrecoil distributions for the four B → Kτ" modes, along with projections of the

fit result. The black dots show the data, the dashed blue curve shows the background component,

and the solid red curve shows the overall fit result. The dash-dotted green curve shows the signal

PDF, with a normalization corresponding to the 90% C.L. upper limit.

TABLE I: Efficiencies, fit yields, and branching fraction upper limits at the 90% C.L. for PHSP

(and NP) case.

Mode ε (%) εNP (%) Nsig BUL (10−5)

B+ → K+τ+µ− 0.064 0.058 −2.1± 2.9 0.59 (0.65)

B+ → K+τ+e− 0.084 0.074 1.5± 5.5 1.51 (1.71)

B+ → K+τ−µ+ 0.046 0.038 2.3± 4.1 2.45 (2.97)

B+ → K+τ−e+ 0.079 0.058 −1.1± 7.4 1.53 (2.08)

uncertainties arise from the signal yield, while multiplicative uncertainties are from the

efficiency. Uncertainties in the shape of the PDFs used for the signal are evaluated by

varying all fixed parameters by ±1σ, including the correction factors to the shapes obtained

10

B+ → K+τ+μ−

B+ → K+τ−μ+

B+ → K+τ+e−

B+ → K+τ−e+
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and the solid red curve shows the overall fit result. The dash-dotted green curve shows the signal

PDF, with a normalization corresponding to the 90% C.L. upper limit.

TABLE I: Efficiencies, fit yields, and branching fraction upper limits at the 90% C.L. for PHSP

(and NP) case.

Mode ε (%) εNP (%) Nsig BUL (10−5)

B+ → K+τ+µ− 0.064 0.058 −2.1± 2.9 0.59 (0.65)

B+ → K+τ+e− 0.084 0.074 1.5± 5.5 1.51 (1.71)

B+ → K+τ−µ+ 0.046 0.038 2.3± 4.1 2.45 (2.97)

B+ → K+τ−e+ 0.079 0.058 −1.1± 7.4 1.53 (2.08)

uncertainties arise from the signal yield, while multiplicative uncertainties are from the

efficiency. Uncertainties in the shape of the PDFs used for the signal are evaluated by

varying all fixed parameters by ±1σ, including the correction factors to the shapes obtained
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B+ → K+τ−μ+

B+ → K+τ+e−

B+ → K+τ−e+

• The most stringent limit on  in all four 
modes, based on PHSP model

• NP upper limits are estimated for models that give lowest 
efficiency

• paper has been submitted to PRL
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fit result. The black dots show the data, the dashed blue curve shows the background component,

and the solid red curve shows the overall fit result. The dash-dotted green curve shows the signal

PDF, with a normalization corresponding to the 90% C.L. upper limit.

TABLE I: Efficiencies, fit yields, and branching fraction upper limits at the 90% C.L. for PHSP

(and NP) case.

Mode ε (%) εNP (%) Nsig BUL (10−5)

B+ → K+τ+µ− 0.064 0.058 −2.1± 2.9 0.59 (0.65)

B+ → K+τ+e− 0.084 0.074 1.5± 5.5 1.51 (1.71)

B+ → K+τ−µ+ 0.046 0.038 2.3± 4.1 2.45 (2.97)

B+ → K+τ−e+ 0.079 0.058 −1.1± 7.4 1.53 (2.08)

uncertainties arise from the signal yield, while multiplicative uncertainties are from the

efficiency. Uncertainties in the shape of the PDFs used for the signal are evaluated by

varying all fixed parameters by ±1σ, including the correction factors to the shapes obtained

10

a D∗+ → D0(K−π+)π+ sample. The uncertainty due to lepton identification is evaluated

using J/ψ → #+#− events, resulting in an uncertainty of 0.3% for muons and 0.4% for

electrons. The systematic uncertainty arising from the number of BB pairs is 1.4%. We

compare the efficiency of the BDT selection between data and MC samples with the control

channel B+ → D−π+π+ for BB suppression and B+ → J/ψK+ for continuum suppression,

the differences between data and MC simulation are assigned as a systematic uncertainty.

We use a systematic uncertainty of 1.2% in the fraction f+− [13].

We have searched for the lepton-flavour-violating decays B+ → K+τ±#∓ using the full

Belle data set. We find no evidence for these decays and set the following upper limits on

the branching fractions at the 90% C.L.:

B(B+ → K+τ+µ−) < 0.59× 10−5

B(B+ → K+τ+e−) < 1.51× 10−5

B(B+ → K+τ−µ+) < 2.45× 10−5

B(B+ → K+τ−e+) < 1.53× 10−5

(6)

Our results are the most stringent limits to date.

This work, based on data collected using the Belle detector, which was operated un-
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Differential shapes (normalized) of 
• provide necessary experimental input to determine the non-perturbative 

form factor

• once FF shape is known, it can be combined with L-QCD (or other methods) 

for the absolute normalization to determine 


• use hadronic B-tagging via FEI 


• characterize the 1D projections in 

• full correlations b/w the projections are determined 


• L-QCD at zero recoil ( ) is used for 

B → D*ℓ+ν

|Vcb |

(w, cos θℓ, cos θV, χ)

w = 1 |Vcb |

2

tial distributions of B0
! D⇤+`⌫` and B�

! D⇤0`⌫` are
presented.1 These distributions provide the necessary ex-
perimental input to determine the non-perturbative form
factors governing the strong decay dynamics of the pro-
cess. Knowledge of the functional form of the form fac-
tors in combination with information from Lattice QCD
or other non-perturbative methods on their absolute nor-
malization, allow the determination of |Vcb| using

|Vcb| =

s
B(B ! D⇤`⌫̄`)

⌧B �(B ! D⇤`⌫̄`)
. (1)

Here B denotes an externally measured branching frac-
tion of the process, � is the predicted decay rate omitting
the CKM factor |Vcb|

2 , and ⌧B is the B meson lifetime.
To retain a high resolution in the kinematic quantities

of interest and a high signal purity, we make use of the
improved hadronic tagging algorithm of Ref. [12]. This
algorithm hierarchically reconstructs the accompanying
Btag meson in the ⌥(4S) ! BsigBtag decay in O(10000)
exclusive hadronic decay channels and selects candidates
based on a multivariate method. With this the signalBsig

kinematic properties are accessible, allowing for the di-
rect calculation of the four-momentum transfer squared,
q2 = (pB � pD⇤)2, with the B (D⇤) meson momentum
pB (pD⇤), and the three angular relations necessary to
describe the full B ! D⇤`⌫̄` decay cascade (illustrated
in Fig. 1). Due to the challenges of understanding ab-
solute e�ciencies when using algorithms such as that of
Ref. [12], we only focus on measuring normalized di↵er-
ential shapes. To determine |Vcb| we make use of external
inputs for the branching fraction. We report 1D projec-
tions of the decay angles and hadronic recoil parameter
w, which are fully corrected for detector e↵ects and ef-
ficiencies, and we provide the correlations to allow for a
simultaneous analysis of the decay angles and w in all
considered decay modes.

This paper is organized as follows: Section II provides
a brief overview on the theory of B ! D⇤ ` ⌫̄` decays,
including definitions for the measured angular relations
and the hadronic recoil parameter. Sections III and IV
summarize the analyzed data set, event reconstruction,
and selection. Section V describes the background sub-
traction fit and Section VI the unfolding of detector res-
olution e↵ects. In Section VII an overview of the eval-
uated systematic uncertainties is given. Section VIII
presents our results and our conclusions are presented
in Section IX.

II. THEORY OF B ! D⇤`⌫̄` DECAYS

In the SM, semileptonic B ! D⇤`⌫̄` decays are medi-
ated by a weak charged current interaction. The dom-
inant theory uncertainty in predicting the semileptonic

1
Charge conjugation is implied and ` = e, µ.

FIG. 1. Visualization of the decay angles in B ! D⇤ ` ⌫̄`. For
definitions see text.

decay rate arises in the description of the hadronic ma-
trix elements. These matrix elements can be represented
in terms of four independent form factors hA1�3,V in the
heavy quark symmetry basis [13]:

hD⇤
|c̄ �µb|Bi

p
mBmD

⇤
= i hV "µ⌫↵� ✏⇤⌫ v

0
↵ v� (2)

hD⇤
|c̄ �µ �5b|Bi

p
mBmD

⇤
= hA1

(w + 1) ✏⇤µ
� hA2

(✏⇤ · v) vµ

� hA3
(✏⇤ · v) v0µ . (3)

Here w = v · v0 = (m2
B + m2

D
⇤ � q2)/(2mBmD

⇤) is the
hadronic recoil parameter, which can be expressed as the
product of the two four-velocities v = pB/mB and v0 =
pD⇤/mD

⇤ . Further, ✏⇤ denotes theD⇤ polarization vector

and "µ⌫↵� is the Levi-Civita tensor. The form factors
are functions of q2, or equivalently w. For ` = e, µ the
B ! D⇤ transition can be fully described by the form
factor hA1 and the two form factor ratios,

R1(w) =
hV

hA1

, R2(w) =
hA3

+ r⇤hA2

hA1

, (4)

with r⇤ = mD
⇤/mB .

An alternative common choice to describe the B !

D⇤ decay transition is to represent the decay with form
factors g, f, F1 [14, 15], which are related to the form
factors of the heavy quark symmetry basis as

hA1
=

f

mB

p

r⇤(w + 1)
, hV = gmB

p

r⇤ , (5)

hA1
(w � r⇤ � (w � 1)R2) =

F1

m2
B

p

r⇤(w + 1)
. (6)

The functional forms of the form factors have to be
obtained using fits to di↵erential distributions and/or
to input from non-perturbative methods such as Lattice

<latexit sha1_base64="WBCf4lszBEgH56RcwGHb5ZMHb3I="></latexit>

B – externally determined
<latexit sha1_base64="fHMK+htjNh+Q8uAh/XHHGTyp/7g="></latexit>

� = decay width/|Vcb|2 (theory)



Youngjoon Kwon (Yonsei U.)                               Semi-invisible B and  decays at Belle and Belle II                                Feb. 24, 2022 @ CAU BSM 2023τ 26

6

FIG. 2. The di↵erential distributions of the kinematic variables describing the di↵erential decay rate of B ! D⇤ ` ⌫̄` are shown
in our four considered decay modes. The MC expectation was normalized to the number of observed events in data.

in the large sample limit [38] with

�2
P = 2

NX

i=0

✓
ni log

ni

⌫̂i
+ ⌫̂i � ni

◆
, (21)

where ⌫̂i is the estimated number of events in bin i. The
p-value is calculated as

Z 1

�
2
P

f�2(x|k = 3)dx , (22)

with k = 3 degrees of freedom and f�2 denoting the �2

distribution. The corresponding p-value distribution for
all 160 fits is shown in Fig. 5 and is compatible with the
expected uniform behavior.

We determine the statistical correlation between the
marginalized distributions of the full four-dimensional
rate by considering:

1. The statistical correlation of the data.

2. The sample overlap in the MC distributions and
the systematic uncertainties on the signal and back-
ground shapes on M2

miss. This is used to correlate
the fit shape uncertainties between measured bins
associated with the finite sample size of the MC
simulation.

3. The other systematic shape uncertainties, discussed
further in Sec. VII, are negligibly small and we treat
them as fully correlated between individually mea-
sured bins.

The statistical correlation of the data between di↵erent
bins of di↵erent observables is determined by sampling
with replacement from the selected recorded data and
repeated fits to resolve Pearson correlation coe�cients

<latexit sha1_base64="b5HGyW/NPBswXU0m1w6dqIysYmQ="></latexit>

w = v · v0

=
m2

B +m2
D⇤ � q2

2mBmD⇤

w cos θℓ cos θV χ

arXiv:2301.07529
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FIG. 3. The reconstructed M2
miss distribution after our final

selection for the B̄0 ! D⇤+`⌫̄` (top) channel and the B� !
D⇤0`⌫̄` (bottom) channel. In this plot we average over the
electron and muon mode. The grey dotted lines indicate the
binning used for the signal extraction described in the text.

as small as rdata ⇡ 0.01. For cases without statistical
overlap, e.g. neighbouring bins in the same marginal dis-
tribution, we set the correlation to zero.

We further determine the expected correlation in the
MC distributions by using the sample overlap

rMC =
nxy

p
nx

p
ny

(23)

in the peak region �0.25GeV2/c4 < M2
miss <

0.25GeV2/c4. Here, nx/y refers to the number of events
in a given bin of an observable x, y = w, cos ✓`, cos ✓V ,�
and nxy refers to the events that are in both bins of both
observables under consideration.

FIG. 4. The post-fit M2
miss distribution in the B̄0 ! D⇤e⌫̄e

mode, in the 1 < w < 1.05 bin.

FIG. 5. The p-value distribution for the 160 fits performed in
di↵erent decay channels and kinematic regions. The distribu-
tion is compatible with the expected uniform behavior.

VI. UNFOLDING OF DIFFERENTIAL YIELDS

The resolution caused by detector e↵ects and mis-
reconstructedD⇤ mesons causes migrations of events into
neighbouring bins in the kinematic distributions. These
e↵ects must be corrected for in order to compare the mea-
sured distribution with a theoretical distribution. We
proceed by unfolding our measured spectrum, but also
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B(B̄0
! D⇤+`⌫̄`) = (4.97± 0.12)% . (30)

We combine these branching fractions assuming isospin
and by using the B+/0 lifetimes ⌧B̄0 = 1.520 ps and
⌧
B

� = 1.638 ps from Ref. [3]. Expressing this average

as a B̄0 branching fraction we find:

B(B̄0
! D⇤+`⌫̄`) = (5.03± 0.10)% . (31)

The form factor normalization is constrained at zero-
recoil with hX = hA1

(1) = 0.906 ± 0.013 from Ref. [17]
for our nominal fit scenario. For the BGL form factor
fit, we truncate the series based on the result of a nested
hypothesis test (NHT) [39] with the additional constraint
that the inclusion of additional coe�cients do not result
in correlations of larger than r = 0.95. This leads to the
choice of na = 1, nb = 2, nc = 1 free parameters, with the
constraint for c0 defined in Eq. (12). More details about
the NHT can be found in Appendix B. For the CLN type
parameterization we determine three coe�cients: ⇢2 ,
R1(1), and R2(1).

Both form factor parameterizations are able to describe
the data with p-values of 7% and 6% for BGL and CLN,
respectively, and the extracted |Vcb| values of both deter-
minations are compatible. The fitted shapes are shown
in Fig. 9 (red and blue bands) and the numerical values
for the coe�cients and |Vcb| are listed in Table III and
Table IV for BGL and CLN, respectively. In the figure
we also show the recent beyond zero-recoil prediction of
Ref. [16] as a green band. Its agreement with the mea-
sured spectra has a p-value of 11%. We also perform fits
to our measured B̄0 and B� shapes separately, with the
corresponding external branching fraction input. The re-
sults are compatible with each other, and the individual
extracted |Vcb| values are listed in Table V. We observe a
discrepancy between the |Vcb| values from the charged-
and neutral-only fits (p = 5%). Correcting for the exist-
ing disagreement between the charged and neutral input
branching fractions from HFLAV [11] and comparing the
full set of BGL coe�cients and |Vcb| we recover a p-value
of 20%.

Additionally, we tested explicitly the impact of the
d’Agostini bias [40] on the reported results. The impact
of this bias on our quoted values of |Vcb| and the form
factor parameters is approximately a factor of 30 smaller
than the quoted uncertainties and we thus do not apply
an additional correction.

We also test the impact of the preliminary lattice re-
sults that constrain the B ! D⇤ form factors beyond
zero recoil of Ref. [16] using two scenarios:

1. Inclusion of hA1
beyond zero recoil:

hX ⌘ hA1
(w) ,

2. Inclusion of the full lattice information:
hX ⌘ hX(w) = {hA1

(w), R1(w), R2(w)},

where we consider the points at w = {1.03, 1.10, 1.17}
and use the provided correlations between the lattice
data points. We translate the lattice data points and

FIG. 9. The fitted shapes for both BGL (blue) and CLN (or-
ange) parametrization. Both parametrizations are able to ex-
plain the data, and are compatible with each other. Note that
the BGL (blue) band almost completely overlays the CLN
(orange) band. The green band is the prediction using BGL
coe�cients from lattice QCD calculations in [16].

TABLE III. Fitted BGL121 coe�cients and correlations.

Value Correlation

a0 ⇥ 103 25.98± 1.40 1.00 0.26 �0.23 0.28 �0.31

b0 ⇥ 103 13.11± 0.18 0.26 1.00 �0.01 �0.01 �0.62

b1 ⇥ 103 �7.86± 12.51 �0.23 �0.01 1.00 0.26 �0.47

c1 ⇥ 103 �0.92± 0.97 0.28 �0.01 0.26 1.00 �0.49

|Vcb|⇥ 103 40.55± 0.91 �0.31 �0.62 �0.47 �0.49 1.00

propagate their uncertainty and correlation into pre-
dictions of R1(w) = (w + 1)mBmD

⇤g(w)/f(w) and
R2(w) = (w� r)/(w�1)�F1(w)/(mB(w�1)f(w)) with
r = mD

⇤/mB .
Including lattice points for hA1

beyond zero-recoil re-
sults in a good fit (pBGL = 11%, pCLN = 9%) compatible
with our nominal scenario. Including the full lattice in-
formation results in a poor fit (pBGL = 2%, pCLN = 2%),
where the disagreement is predominantly generated in
R2(w). The extracted |Vcb| values in the di↵erent lat-
tice scenarios are compatible with each other, as shown
in Table VI. We also investigate the beyond zero-recoil
lattice data for an equivalent number of BGL coe�cients
Na = 3, Nb = 3, Nc = 2 as used in Ref. [16]. We find a
much higher value of |Vcb| = (42.67 ± 0.98) ⇥ 10�3 with
a p-value of 5%. The full details of the fit can be found
in Appendix C.
Using on our measured cos ✓` shapes we determine

the forward-backward asymmetry over the full w phase-
space,

AFB =

R 1
0 d cos` d�/d cos` �

R 0
�1 d cos` d�/d cos`R 1

0 d cos` d�/d cos` +
R 0
�1 d cos` d�/d cos`

, (32)

by summing the last five and first five bins in the mea-
sured shape of cos ✓` considering the correlations of the

fitted shapes to BGL & CLN models
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FIG. 7. Acceptance functions for the four decay modes con-
sidered. As expected they behave di↵erently for charged and
neutral B mesons, due to the charged and neutral slow pion
reconstruction. The uncertainty on the acceptance is statisti-
cal only and calculated using normal approximation intervals.
Additional systematic uncertainties are considered, for details
see the text.

FIG. 8. Our determined shapes for the four decay modes using
matrix inversion to correct for the migrations and applying
the acceptance correction.

TABLE II. The compatibility of the measurements from the
di↵erent decay modes determined with the statistical and sys-
tematic covariance matrix and the statistical covariance ma-
trix only. All modes agree well with each other.

�2 / dof p �2
stat / ndf pstat

B ! D⇤`⌫̄` 94.7 / 108 0.82 102.0 / 108 0.65

B̄0 ! D⇤+`⌫̄` 26.3 / 36 0.88 27.7 / 36 0.84

B� ! D⇤0`⌫̄` 31.6 / 36 0.68 33.8 / 36 0.57

B(0,�) ! D⇤(+,0)e⌫̄e 27.4 / 36 0.85 29.2 / 36 0.78

B(0,�) ! D⇤(+,0)µ⌫̄µ 42.5 / 36 0.21 45.7 / 36 0.13

to take into account shape uncertainties. Here ✓ik repre-
sents the nuisance parameter vector element of bin i and
⌘MC
ik the expected number of events in the same bin for
event type k as estimated from the simulation. The sys-
tematic e↵ects on the shape of M2

miss have a small impact
on the yields in M2

miss with the largest uncertainty from
the finite sample size of the simulated MC templates.
For the unfolding and acceptance correction procedure

we consider uncertainties originating from the D decay
branching fractions, the B ! D⇤ ` ⌫̄` form factors, the
limited MC statistics, the lepton identification e�ciency,
and the e�ciencies for reconstruction of tracks, neutral
pions, slow pions, and K0

S mesons. The impact of these
systematic e↵ects on the unfolding and acceptance cor-
rection is determined by varying the MC sample used to
determine the migration matrices and acceptance func-
tion within the uncertainty of the given systematic e↵ect,
and repeating the unfolding and acceptance correction
procedure.
The calibration factors for the FEI are determined

from a study of hadronically tagged inclusive B ! Xc`⌫̄`
decays. The study is performed in bins of the FEI signal
probability and the tag-side channels. The calibration
factors are defined as the ratio of expected and measured
number of events in each bin. The absolute e�ciency of
the FEI cancels in the measurement of the shapes. The
impact of the FEI on the measured shapes is determined
by weighting the events after removing FEI calibration
factors and determining the di↵erence after applying un-
folding and acceptance correction. We treat this uncer-
tainty as fully correlated.
The individual contributions of the uncertainties to the

normalized shapes are listed in Appendix A.

VIII. DETERMINATION OF THE FORM
FACTORS AND IMPLICATIONS ON |Vcb|

We use the averaged B ! D⇤`⌫̄` shapes to fit the BGL
and CLN form factor parameterizations to the data. We
minimize the �2 defined by

�2 =

 
�~�m

�m �
� ~�p(~x)

�p(~x)

!
C�1

exp

 
�~�m

�m �
�~�p(~x)

�p(~x)

!T

+ (�ext
� �p(~x))2/�(�ext)2

+ (hX � hLQCD
X )C�1

LQCD(hX � hLQCD
X ) , (28)

with the measured (predicted) di↵erential rate

�~�m(p)/�m(p), where the predicted rate is a func-
tion of the form factor coe�cients ~x and |Vcb|. The
rate is calculated assuming the meson masses of
mB = 5.28GeV and mD

⇤ = 2.01GeV, and the lepton as
massless. Cexp (CLQCD) is the covariance matrix of the
experimental (lattice) data.
We rely on external branching fractions provided by

HFLAV [11] to determine |Vcb| :

B(B�
! D⇤0`⌫̄`) = (5.58± 0.22)% , (29)
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TABLE IX. The longitudinal polarization fractions for the
four decay modes and various averages. The first uncertainty
is statistical and the second uncertainty is systematic.

FD
⇤

L

B̄0 ! D⇤+e⌫̄e 0.471± 0.024± 0.007

B̄0 ! D⇤+µ⌫̄µ 0.503± 0.023± 0.007

B� ! D⇤0e⌫̄e 0.501± 0.025± 0.007

B� ! D⇤0µ⌫̄µ 0.526± 0.024± 0.007

B(0,�) ! D⇤(+,0)e⌫̄e 0.485± 0.017± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.518± 0.017± 0.005

B̄0 ! D⇤+`⌫̄` 0.487± 0.017± 0.005

B� ! D⇤0`⌫̄` 0.514± 0.017± 0.005

B ! D⇤`⌫̄` 0.501± 0.012± 0.003

TABLE X. The di↵erence of the longitudinal polarization
fractions for the B̄0 and B� modes, and for the B̄0B� av-
erages. The first uncertainty is statistical and the second
uncertainty is systematics.

�FD
⇤

L

B̄0 ! D⇤+`⌫̄` 0.032± 0.033± 0.010

B� ! D⇤0`⌫̄` 0.025± 0.035± 0.010

B ! D⇤`⌫̄` 0.034± 0.024± 0.007

recoil parameter w, and the angles cos ✓`, cos ✓V , and �.
In addition, the full experimental correlations between
the projections were determined, allowing for a simulta-
neous analysis of all bins. The lattice QCD calculation of
Ref. [17] at zero recoil was used for the |Vcb| extraction.
The value of the CKM matrix element |Vcb| was deter-
mined using external input for the branching fraction and
we find for our fit with the BGL parameterization, with
the number of floating BGL parameters determined using
a nested-hypothesis test,

|Vcb| = (40.6± 0.9)⇥ 10�3 , (37)

in agreement with |Vcb| from inclusive determinations [8,
9]. A study of the recent lattice QCD calculations from
Ref. [16] was performed, and the impact on |Vcb| is shown
in Fig. 11, together with other determinations of |Vcb| .

The measured di↵erential distribution of cos ✓` is used
to determine the forward-backward asymmetry AFB for
electron and muon final states, as well as their di↵erence.

TABLE XI. The lepton flavor universality ratios for the B̄0

and B� modes, and for the B̄0B� average. The first uncer-
tainty is statistical and the second uncertainty is systematic.

Reµ

B̄0 ! D⇤+`⌫̄` 1.010± 0.034± 0.025

B� ! D⇤0`⌫̄` 0.971± 0.025± 0.023

B ! D⇤`⌫̄` 0.990± 0.021± 0.023

FIG. 11. Our extracted |Vcb| values using the lattice input
from Ref. [17] (black) and Ref. [16] (blue), together with the
latest exclusive HFLAV average [42] (purple), determinations
from inclusive approaches [8, 9] (orange), and from CKM uni-
tarity (grey).

We find values which are compatible with the predic-
tion from lattice QCD from Ref. [16], the predictions of
Refs. [43, 44], and the experimental value from Ref. [45]
determined in Ref. [44]. Similarly the longitudinal D⇤

polarization fraction can be determined from the mea-
sured distribution of cos ✓V and we find good agreement
with Refs. [16, 43, 44]. Lastly, we obtain the lepton-flavor
universality ratio

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
= 0.990± 0.021± 0.023 , (38)

which is in good agreement with Refs. [43, 44].
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TABLE IV. Fitted CLN coe�cients and correlations.

Value Correlation

⇢2 1.22± 0.09 1.00 0.58 �0.88 0.37

R1(1) 1.37± 0.08 0.58 1.00 �0.66 �0.03

R2(1) 0.88± 0.07 �0.88 �0.66 1.00 �0.14

|Vcb|⇥ 103 40.11± 0.85 0.37 �0.03 �0.14 1.00

TABLE V. Extracted |Vcb|⇥ 103 values with our fitted form
factor coe�cients to the averaged B� ! D⇤`⌫, B̄0 ! D⇤`⌫,
and B ! D⇤ ` ⌫̄` shapes, with the external input for the abso-
lute branching fractions described in the text, and our nom-
inal scenario for the lattice input: hA1

(1) = 0.906 ± 0.013
from [17].

BGL121 CLN

B+ ! D⇤0`⌫̄` 42.0± 1.2 41.4± 1.2

B̄0 ! D⇤+`⌫̄` 38.5± 1.3 38.3± 1.1

B ! D⇤`⌫̄` 40.6± 0.9 40.1± 0.9

uncertainties. We also determine the di↵erences

�AFB = Aµ
FB �Ae

FB . (33)

The numerical values are tabulated in Table VII and Ta-
ble VIII for AFB and �AFB respectively.

Using our measured cos ✓V shapes we determine the

longitudinal polarization fraction FD
⇤

L by fitting the re-
lation [41]:

1

�

d�

d cos ✓V
=

3

2

✓
FL cos2 ✓V +

1� FL

2
sin2 ✓V

◆
. (34)

The fit to the fully averaged spectrum, together with the
expectation from LQCD (green band) using Ref. [16], is
shown in Fig. 10. We also determine the di↵erences

�FL = Fµ
L � F e

L . (35)

The numerical values are tabulated in Table IX and Ta-
ble X for FL and �FL respectively.

Finally, we determine the lepton flavor universality ra-
tios

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
, (36)

TABLE VI. Extracted |Vcb|⇥ 103 values with our fitted form
factor coe�cients to the averaged B ! D⇤ ` ⌫̄` shape, with the
external input for the absolute branching fractions described
in the text, and di↵erent scenarios for the lattice input.

BGL121 CLN

hA1
(1) 40.6± 0.9 40.1± 0.9

hA1
(w) 40.2± 0.9 40.0± 0.9

hA1
(w), R1(w), R2(w) 39.3± 0.8 39.4± 0.9

TABLE VII. The forward-backward asymmetries for the four
decay modes and B̄0B� averages. The first uncertainty is
statistical and the second uncertainty is systematic.

AFB

B̄0 ! D⇤+e⌫̄e 0.218± 0.030± 0.008

B̄0 ! D⇤+µ⌫̄µ 0.280± 0.032± 0.009

B� ! D⇤0e⌫̄e 0.239± 0.023± 0.007

B� ! D⇤0µ⌫̄µ 0.236± 0.023± 0.006

B(0,�) ! D⇤(+,0)e⌫̄e 0.230± 0.018± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.252± 0.019± 0.005

TABLE VIII. The di↵erence of the forward-backward asym-
metries for the B̄0 and B� modes, and for the B̄0B� averages.
The first uncertainty is statistical and the second uncertainty
is systematic.

�AFB

B̄0 ! D⇤+`⌫̄` 0.062± 0.044± 0.011

B� ! D⇤0`⌫̄` �0.003± 0.033± 0.009

B ! D⇤`⌫̄` 0.022± 0.026± 0.007

where we assume that the e�ciency from the tag side
reconstruction fully cancels in the ratio. The numerical
values are tabulated in Table XI.

IX. SUMMARY AND CONCLUSIONS

We presented measurements of di↵erential distribu-
tions of B ! D⇤ ` ⌫̄` probing both B̄0 and B� modes.
In total, we measure the signal yield in 160 di↵erential
bins, characterizing the 1D projections of the hadronic

FIG. 10. A representative fit of the longitudinal polarization
fraction to the cos ✓V shape of the average spectrum B !
D⇤ ` ⌫̄`. The green band is the prediction using the BGL
coe�cients from lattice QCD calculations from [16]. The blue
band is our fit result.

12

TABLE IV. Fitted CLN coe�cients and correlations.

Value Correlation

⇢2 1.22± 0.09 1.00 0.58 �0.88 0.37

R1(1) 1.37± 0.08 0.58 1.00 �0.66 �0.03

R2(1) 0.88± 0.07 �0.88 �0.66 1.00 �0.14

|Vcb|⇥ 103 40.11± 0.85 0.37 �0.03 �0.14 1.00

TABLE V. Extracted |Vcb|⇥ 103 values with our fitted form
factor coe�cients to the averaged B� ! D⇤`⌫, B̄0 ! D⇤`⌫,
and B ! D⇤ ` ⌫̄` shapes, with the external input for the abso-
lute branching fractions described in the text, and our nom-
inal scenario for the lattice input: hA1

(1) = 0.906 ± 0.013
from [17].

BGL121 CLN

B+ ! D⇤0`⌫̄` 42.0± 1.2 41.4± 1.2

B̄0 ! D⇤+`⌫̄` 38.5± 1.3 38.3± 1.1

B ! D⇤`⌫̄` 40.6± 0.9 40.1± 0.9

uncertainties. We also determine the di↵erences

�AFB = Aµ
FB �Ae

FB . (33)

The numerical values are tabulated in Table VII and Ta-
ble VIII for AFB and �AFB respectively.

Using our measured cos ✓V shapes we determine the

longitudinal polarization fraction FD
⇤

L by fitting the re-
lation [41]:

1

�

d�

d cos ✓V
=

3

2

✓
FL cos2 ✓V +

1� FL

2
sin2 ✓V

◆
. (34)

The fit to the fully averaged spectrum, together with the
expectation from LQCD (green band) using Ref. [16], is
shown in Fig. 10. We also determine the di↵erences

�FL = Fµ
L � F e

L . (35)

The numerical values are tabulated in Table IX and Ta-
ble X for FL and �FL respectively.

Finally, we determine the lepton flavor universality ra-
tios

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
, (36)

TABLE VI. Extracted |Vcb|⇥ 103 values with our fitted form
factor coe�cients to the averaged B ! D⇤ ` ⌫̄` shape, with the
external input for the absolute branching fractions described
in the text, and di↵erent scenarios for the lattice input.

BGL121 CLN

hA1
(1) 40.6± 0.9 40.1± 0.9

hA1
(w) 40.2± 0.9 40.0± 0.9

hA1
(w), R1(w), R2(w) 39.3± 0.8 39.4± 0.9

TABLE VII. The forward-backward asymmetries for the four
decay modes and B̄0B� averages. The first uncertainty is
statistical and the second uncertainty is systematic.

AFB

B̄0 ! D⇤+e⌫̄e 0.218± 0.030± 0.008

B̄0 ! D⇤+µ⌫̄µ 0.280± 0.032± 0.009

B� ! D⇤0e⌫̄e 0.239± 0.023± 0.007

B� ! D⇤0µ⌫̄µ 0.236± 0.023± 0.006

B(0,�) ! D⇤(+,0)e⌫̄e 0.230± 0.018± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.252± 0.019± 0.005

TABLE VIII. The di↵erence of the forward-backward asym-
metries for the B̄0 and B� modes, and for the B̄0B� averages.
The first uncertainty is statistical and the second uncertainty
is systematic.

�AFB

B̄0 ! D⇤+`⌫̄` 0.062± 0.044± 0.011

B� ! D⇤0`⌫̄` �0.003± 0.033± 0.009

B ! D⇤`⌫̄` 0.022± 0.026± 0.007

where we assume that the e�ciency from the tag side
reconstruction fully cancels in the ratio. The numerical
values are tabulated in Table XI.

IX. SUMMARY AND CONCLUSIONS

We presented measurements of di↵erential distribu-
tions of B ! D⇤ ` ⌫̄` probing both B̄0 and B� modes.
In total, we measure the signal yield in 160 di↵erential
bins, characterizing the 1D projections of the hadronic

FIG. 10. A representative fit of the longitudinal polarization
fraction to the cos ✓V shape of the average spectrum B !
D⇤ ` ⌫̄`. The green band is the prediction using the BGL
coe�cients from lattice QCD calculations from [16]. The blue
band is our fit result.
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TABLE IX. The longitudinal polarization fractions for the
four decay modes and various averages. The first uncertainty
is statistical and the second uncertainty is systematic.

FD
⇤

L

B̄0 ! D⇤+e⌫̄e 0.471± 0.024± 0.007

B̄0 ! D⇤+µ⌫̄µ 0.503± 0.023± 0.007

B� ! D⇤0e⌫̄e 0.501± 0.025± 0.007

B� ! D⇤0µ⌫̄µ 0.526± 0.024± 0.007

B(0,�) ! D⇤(+,0)e⌫̄e 0.485± 0.017± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.518± 0.017± 0.005

B̄0 ! D⇤+`⌫̄` 0.487± 0.017± 0.005

B� ! D⇤0`⌫̄` 0.514± 0.017± 0.005

B ! D⇤`⌫̄` 0.501± 0.012± 0.003

TABLE X. The di↵erence of the longitudinal polarization
fractions for the B̄0 and B� modes, and for the B̄0B� av-
erages. The first uncertainty is statistical and the second
uncertainty is systematics.

�FD
⇤

L

B̄0 ! D⇤+`⌫̄` 0.032± 0.033± 0.010

B� ! D⇤0`⌫̄` 0.025± 0.035± 0.010

B ! D⇤`⌫̄` 0.034± 0.024± 0.007

recoil parameter w, and the angles cos ✓`, cos ✓V , and �.
In addition, the full experimental correlations between
the projections were determined, allowing for a simulta-
neous analysis of all bins. The lattice QCD calculation of
Ref. [17] at zero recoil was used for the |Vcb| extraction.
The value of the CKM matrix element |Vcb| was deter-
mined using external input for the branching fraction and
we find for our fit with the BGL parameterization, with
the number of floating BGL parameters determined using
a nested-hypothesis test,

|Vcb| = (40.6± 0.9)⇥ 10�3 , (37)

in agreement with |Vcb| from inclusive determinations [8,
9]. A study of the recent lattice QCD calculations from
Ref. [16] was performed, and the impact on |Vcb| is shown
in Fig. 11, together with other determinations of |Vcb| .

The measured di↵erential distribution of cos ✓` is used
to determine the forward-backward asymmetry AFB for
electron and muon final states, as well as their di↵erence.

TABLE XI. The lepton flavor universality ratios for the B̄0

and B� modes, and for the B̄0B� average. The first uncer-
tainty is statistical and the second uncertainty is systematic.

Reµ

B̄0 ! D⇤+`⌫̄` 1.010± 0.034± 0.025

B� ! D⇤0`⌫̄` 0.971± 0.025± 0.023

B ! D⇤`⌫̄` 0.990± 0.021± 0.023

FIG. 11. Our extracted |Vcb| values using the lattice input
from Ref. [17] (black) and Ref. [16] (blue), together with the
latest exclusive HFLAV average [42] (purple), determinations
from inclusive approaches [8, 9] (orange), and from CKM uni-
tarity (grey).

We find values which are compatible with the predic-
tion from lattice QCD from Ref. [16], the predictions of
Refs. [43, 44], and the experimental value from Ref. [45]
determined in Ref. [44]. Similarly the longitudinal D⇤

polarization fraction can be determined from the mea-
sured distribution of cos ✓V and we find good agreement
with Refs. [16, 43, 44]. Lastly, we obtain the lepton-flavor
universality ratio

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
= 0.990± 0.021± 0.023 , (38)

which is in good agreement with Refs. [43, 44].
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TABLE IX. The longitudinal polarization fractions for the
four decay modes and various averages. The first uncertainty
is statistical and the second uncertainty is systematic.

FD
⇤

L

B̄0 ! D⇤+e⌫̄e 0.471± 0.024± 0.007

B̄0 ! D⇤+µ⌫̄µ 0.503± 0.023± 0.007

B� ! D⇤0e⌫̄e 0.501± 0.025± 0.007

B� ! D⇤0µ⌫̄µ 0.526± 0.024± 0.007

B(0,�) ! D⇤(+,0)e⌫̄e 0.485± 0.017± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.518± 0.017± 0.005

B̄0 ! D⇤+`⌫̄` 0.487± 0.017± 0.005

B� ! D⇤0`⌫̄` 0.514± 0.017± 0.005

B ! D⇤`⌫̄` 0.501± 0.012± 0.003

TABLE X. The di↵erence of the longitudinal polarization
fractions for the B̄0 and B� modes, and for the B̄0B� av-
erages. The first uncertainty is statistical and the second
uncertainty is systematics.

�FD
⇤

L

B̄0 ! D⇤+`⌫̄` 0.032± 0.033± 0.010

B� ! D⇤0`⌫̄` 0.025± 0.035± 0.010

B ! D⇤`⌫̄` 0.034± 0.024± 0.007

recoil parameter w, and the angles cos ✓`, cos ✓V , and �.
In addition, the full experimental correlations between
the projections were determined, allowing for a simulta-
neous analysis of all bins. The lattice QCD calculation of
Ref. [17] at zero recoil was used for the |Vcb| extraction.
The value of the CKM matrix element |Vcb| was deter-
mined using external input for the branching fraction and
we find for our fit with the BGL parameterization, with
the number of floating BGL parameters determined using
a nested-hypothesis test,

|Vcb| = (40.6± 0.9)⇥ 10�3 , (37)

in agreement with |Vcb| from inclusive determinations [8,
9]. A study of the recent lattice QCD calculations from
Ref. [16] was performed, and the impact on |Vcb| is shown
in Fig. 11, together with other determinations of |Vcb| .

The measured di↵erential distribution of cos ✓` is used
to determine the forward-backward asymmetry AFB for
electron and muon final states, as well as their di↵erence.

TABLE XI. The lepton flavor universality ratios for the B̄0

and B� modes, and for the B̄0B� average. The first uncer-
tainty is statistical and the second uncertainty is systematic.

Reµ

B̄0 ! D⇤+`⌫̄` 1.010± 0.034± 0.025

B� ! D⇤0`⌫̄` 0.971± 0.025± 0.023

B ! D⇤`⌫̄` 0.990± 0.021± 0.023

FIG. 11. Our extracted |Vcb| values using the lattice input
from Ref. [17] (black) and Ref. [16] (blue), together with the
latest exclusive HFLAV average [42] (purple), determinations
from inclusive approaches [8, 9] (orange), and from CKM uni-
tarity (grey).

We find values which are compatible with the predic-
tion from lattice QCD from Ref. [16], the predictions of
Refs. [43, 44], and the experimental value from Ref. [45]
determined in Ref. [44]. Similarly the longitudinal D⇤

polarization fraction can be determined from the mea-
sured distribution of cos ✓V and we find good agreement
with Refs. [16, 43, 44]. Lastly, we obtain the lepton-flavor
universality ratio

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
= 0.990± 0.021± 0.023 , (38)

which is in good agreement with Refs. [43, 44].
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TABLE IX. The longitudinal polarization fractions for the
four decay modes and various averages. The first uncertainty
is statistical and the second uncertainty is systematic.

FD
⇤

L

B̄0 ! D⇤+e⌫̄e 0.471± 0.024± 0.007

B̄0 ! D⇤+µ⌫̄µ 0.503± 0.023± 0.007

B� ! D⇤0e⌫̄e 0.501± 0.025± 0.007

B� ! D⇤0µ⌫̄µ 0.526± 0.024± 0.007

B(0,�) ! D⇤(+,0)e⌫̄e 0.485± 0.017± 0.005

B(0,�) ! D⇤(+,0)µ⌫̄µ 0.518± 0.017± 0.005

B̄0 ! D⇤+`⌫̄` 0.487± 0.017± 0.005

B� ! D⇤0`⌫̄` 0.514± 0.017± 0.005

B ! D⇤`⌫̄` 0.501± 0.012± 0.003

TABLE X. The di↵erence of the longitudinal polarization
fractions for the B̄0 and B� modes, and for the B̄0B� av-
erages. The first uncertainty is statistical and the second
uncertainty is systematics.

�FD
⇤

L

B̄0 ! D⇤+`⌫̄` 0.032± 0.033± 0.010

B� ! D⇤0`⌫̄` 0.025± 0.035± 0.010

B ! D⇤`⌫̄` 0.034± 0.024± 0.007

recoil parameter w, and the angles cos ✓`, cos ✓V , and �.
In addition, the full experimental correlations between
the projections were determined, allowing for a simulta-
neous analysis of all bins. The lattice QCD calculation of
Ref. [17] at zero recoil was used for the |Vcb| extraction.
The value of the CKM matrix element |Vcb| was deter-
mined using external input for the branching fraction and
we find for our fit with the BGL parameterization, with
the number of floating BGL parameters determined using
a nested-hypothesis test,

|Vcb| = (40.6± 0.9)⇥ 10�3 , (37)

in agreement with |Vcb| from inclusive determinations [8,
9]. A study of the recent lattice QCD calculations from
Ref. [16] was performed, and the impact on |Vcb| is shown
in Fig. 11, together with other determinations of |Vcb| .

The measured di↵erential distribution of cos ✓` is used
to determine the forward-backward asymmetry AFB for
electron and muon final states, as well as their di↵erence.

TABLE XI. The lepton flavor universality ratios for the B̄0

and B� modes, and for the B̄0B� average. The first uncer-
tainty is statistical and the second uncertainty is systematic.

Reµ

B̄0 ! D⇤+`⌫̄` 1.010± 0.034± 0.025

B� ! D⇤0`⌫̄` 0.971± 0.025± 0.023

B ! D⇤`⌫̄` 0.990± 0.021± 0.023

FIG. 11. Our extracted |Vcb| values using the lattice input
from Ref. [17] (black) and Ref. [16] (blue), together with the
latest exclusive HFLAV average [42] (purple), determinations
from inclusive approaches [8, 9] (orange), and from CKM uni-
tarity (grey).

We find values which are compatible with the predic-
tion from lattice QCD from Ref. [16], the predictions of
Refs. [43, 44], and the experimental value from Ref. [45]
determined in Ref. [44]. Similarly the longitudinal D⇤

polarization fraction can be determined from the mea-
sured distribution of cos ✓V and we find good agreement
with Refs. [16, 43, 44]. Lastly, we obtain the lepton-flavor
universality ratio

Reµ =
B(B ! D⇤e⌫̄e)

B(B ! D⇤µ⌫̄µ)
= 0.990± 0.021± 0.023 , (38)

which is in good agreement with Refs. [43, 44].
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B semileptonic (2)

Belle average, now within 2σ from SMWorld average — tension with SM, now ~3.1σ 
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LFU test with inclusive B → Xℓν
inclusive study — complementary to 
exclusive studies

one of the unique and high-profile goals of 
Belle II

last measured by LEP (!) 

very challenging — larger bkgd. & much 
less constrained 


precise modeling of  is criticalB → Xℓν
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July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 195

ANALYSIS GOAL
Complementary tests of LFU via inclusive , decays:
• !(../ℓ) = B ($→0.()

B ($→0ℓ()
• one of the unique and high profile goals of Belle II

• Last measurements at LEP 

• Challenging due to larger background from less 
constrained . system

• Critically relying on precise modeling of , → 0ℓ1, 
0 → ⋯ processes

• ! "!,#/ℓ &' = $. &&' ± $. $$)

• ! "(/) &' = *. $$+ ± $. $$*
Phys. Rev. D 92, 054018 (2015)

K. Vos, M. Rahimi, in progress

Published exclusive predictions:
Eur. Phys. J. C 81, 984 (2021)

arXiv:2206.11281ØProbe inclusive , → 0ℓ1 modeling in a data-driven way
Ø test LFU for light leptons: 3(0-/,) = B (1→2-3)

B (1→2,3)
TODAY:
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LFU test with inclusive B → Xℓν

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1911

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?

• 2ℓ∗ > -. 4 GeV

• Only basic quality 
cuts on tracks and 
calorimeter signals

• Tight constraints on 
tag quality

( = O (+. -%)
Precise knowledge of 
0+,- kinematics

Tight 5ℓ∗ cut to suppress 
• hadrons faking leptons (“fakes”)
• secondary leptons from 6 → 7 → (ℓ, 9) cascades (“secondaries”)
• 0 → :;<
[53% (!) / 66% (=) of selected B → :ℓ< is retained]

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1911

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?
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• Only basic quality 
cuts on tracks and 
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slide taken from Belle II ICHEP2022 talk by H. Junkerkalefeld 
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LFU test with inclusive B → Xℓν

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1911

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?

• 2ℓ∗ > -. 4 GeV

• Only basic quality 
cuts on tracks and 
calorimeter signals

• Tight constraints on 
tag quality

( = O (+. -%)
Precise knowledge of 
0+,- kinematics

Tight 5ℓ∗ cut to suppress 
• hadrons faking leptons (“fakes”)
• secondary leptons from 6 → 7 → (ℓ, 9) cascades (“secondaries”)
• 0 → :;<
[53% (!) / 66% (=) of selected B → :ℓ< is retained]

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1912

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?

• 2ℓ∗ > -. 4 GeV

• Only basic quality 
cuts on tracks and 
calorimeter signals

• Tight constraints on 
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slide taken from Belle II ICHEP2022 talk by H. Junkerkalefeld 
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LFU test with inclusive B → Xℓν

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1911

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?

• 2ℓ∗ > -. 4 GeV

• Only basic quality 
cuts on tracks and 
calorimeter signals

• Tight constraints on 
tag quality

( = O (+. -%)
Precise knowledge of 
0+,- kinematics

Tight 5ℓ∗ cut to suppress 
• hadrons faking leptons (“fakes”)
• secondary leptons from 6 → 7 → (ℓ, 9) cascades (“secondaries”)
• 0 → :;<
[53% (!) / 66% (=) of selected B → :ℓ< is retained]

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1912
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July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1913

EVENT SELECTION
• Reconstruct                     
" #$ → &'()% ℓ&?
" #$ → '&'()* ℓ&?

• 2ℓ∗ > -. 4 GeV

• Only basic quality 
cuts on tracks and 
calorimeter signals

• Tight constraints on 
tag quality

( = O (+. -%)
Precise knowledge of 
0+,- kinematics

Tight 5ℓ∗ cut to suppress 
• hadrons faking leptons (“fakes”)
• secondary leptons from 6 → 7 → (ℓ, 9) cascades (“secondaries”)
• 0 → :;<
[53% (!) / 66% (=) of selected B → :ℓ< is retained]

slide taken from Belle II ICHEP2022 talk by H. Junkerkalefeld 
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BACKGROUNDS CONSTRAINED BY 
INCORRECT CHARGE SIDEBAND

• Fakes + secondaries are normalized to data with correction factors derived from fits in the
“incorrect lepton charge“ control region: Υ 4< → ÂBC

D,5^FGCD,4 → .ℓ5_ + c.c.
Incorrect 

charge 
sideband!



Youngjoon Kwon (Yonsei U.)                               Semi-invisible B and  decays at Belle and Belle II                                Feb. 24, 2022 @ CAU BSM 2023τ 36

LFU test with inclusive B → Xℓν

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 1915

SAMPLE COMPOSITION

Background is constrained by wrong-sign lepton charge samples (BU)

slide taken from Belle II ICHEP2022 talk by H. Junkerkalefeld 
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LFU test with inclusive B → Xℓν

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 19

• 3 ⋅ 2 model templates: “continuum”, “background”, "ℓ8
• 9 and : templates are fitted simultaneously in 10 ;ℓ∗ bins each 

in a binned likelihood fit

• Continuum (offresonant data) and background (incorrect 
charge sideband) yields constrained, "ℓ8 yields float freely

• Systematic uncertainties are included as nuisance parameters 
(one per bin and template), including:

Ø MC statistics 

Ø Lepton efficiency & fake rate                                                                           
corrections

SIGNAL EXTRACTION
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compatible within  with exclusive Belle measurement:
   [PRD 100, 052007 (2019)]

0.6σ
R(D*e/μ) = 1.01 ± 0.01 ± 0.03

R(Xe/μ)p*ℓ >1.3 = 1.033 ± 0.010 ± 0.020

July 8, 2022 Henrik Junkerkalefeld / R(#!/#) measurement at Belle II / 19

! .>/@
Hℓ∗I<.KLMN = >. ?aa ± ?. ?>?OPQP ± ?. ?H?OROP

!(#!/#) EXTRACTION

18

• Most precise BF based LFU test with semileptonic ^ decays to date!

• In agreement with Standard Model value of 1.006 ± 0.001within 1.2d
• Compatible within 0.6d with exclusive Belle measurement:                
! ">/@∗ = 1.01 ± 0.01FABA ± 0.03FSFA

Source of uncertainty Lepton ID "!ℓ8 BFs "!ℓ8 FFs Statistical Total

Rel. unc. of !("(/)) 1.8% 0.1% 0.2% 1.0% 2.2%
(from Asimov fits)

Phys. Rev. D 100, 052007 (2019) 

NEW FOR
ICHEP    

K. Vos, M. Rahimi, in progress

Also see 8! LFU shape test: 
Phys. Rev. D 104, 112011 (2021)

Please stay tuned

for !R(Xτ/ℓ)



Semi-invisible  decaysτ
Belle II  arXiv:2212.03634 (to PRL)
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• for  being an invisible particle 


• previous searches by Mark III (1985) and ARGUS (1995)


• event topology

✓ 1-vs-3 (3-prong for tag side) 

•  pseudo-rest-frame by approx. 

α

τ ECM
τ ≃ s /2

39

Search for τ → ℓ+α
⌧± ! `±↵ (Belle II)

• ↵ is assumed to be an invisible (undetected) long-lived massive boson

• previous searches by Mark III with 9.4 pb�1 and ARGUS with 476 pb�1

event topology

• signal side: ⌧± ! `± (+ ↵ undetected)

• tag side: 3-prong decay (⌧ ! 3⇡(+⌫))

search strategy

• 2 body decay on the signal side

• in ⌧ rest frame the ` momentum would peak
at a value depending on the ↵ mass

• can not access the ⌧ rest frame due to
undetected particles

• approximation: ⌧ pseudo rest frame

⌧ pseudo rest frame: ECM
⌧ ⇡

p
s/2

method 1 (‘ARGUS’) p̂CM
⌧,sig ' � ~p CM

3⇡

|~p CM
3⇡ |

method 2 (‘thrust’) p̂CM
⌧,sig ' n̂thrust

Vthrust
max
=

P
i |~p

CM
i · n̂thrust |P
i |~p CM

i |
13

The pseudo rest frame (ps)

5/21/2019 EDUARD BURELO, BELLE II, TAU MEETING 2

• 𝐸𝜏 ≈
𝐸𝑐𝑚
2

• Direction of the W given by the opposite to the 3S direction

𝜏 → 𝑙  𝜈𝑙𝜈𝜏
𝜏 → 𝑙𝛼

𝑃3𝜋

-𝑃3𝜋
𝜏 𝜏

𝑙

𝛼

𝜃
𝜃𝑝𝑠

‣ Search for the two body decay !→e/µ+" where  
" is an unobserved particle (missing energy) 

‣ The tag is the three body SM decay !→3π# 

‣ The signal will manifest as a peak in the lepton momentum spectrum in the rest frame of the ! 

‣ However, we do not know the ! momentum. Approximated by assuming: 

→ "Pseudo-rest frame" built from the tag decay products

MPP Colloquium  |  3 Dec 2019  |  Francesco Tenchini !33

Search for !→$+" (invisible)

E⌧ ⇡ ECMS/2
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~p⌧ ⇡ ~p3⇡ =
P3

i=1 ~pi
<latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit>

π
⌧tag

<latexit sha1_base64="RMm5raAS/qNw6Yya13wjGg8drII=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNpYRzAOyMcxOZpMhM7vLzF0lLAE/w8ZCEVs/w97Ov3GSWKgoeODC4Zx7uYcTplIY9Lx3pzA3v7C4VFx2V1bX1jdKm1sNk2Sa8TpLZKJbITVcipjXUaDkrVRzqkLJm+HwbOI3r7k2IokvcZTyjqL9WESCUbTSVYA06+aBVgRpf9wtlf2KNwX5m5RPXt3jWwCodUtvQS9hmeIxMkmNafteip2cahRM8rEbZIanlA1pn7ctjanippNPU4/JnlV6JEq0nRjJVP16kVNlzEiFdlNRHJif3kT8zWtnGB11chGnGfKYzR5FmSSYkEkFpCc0ZyhHllCmhc1K2IBqytAW5f6vhMZBxfcq/oVXrp7CDEXYgV3YBx8OoQrnUIM6MNBwBw/w6Nw4986T8zxbLTifN9vwDc7LBxw5lGY=</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="OHg8lUQRtjoa4kmwIEXzR3QafqM=">AAAB9XicjVDLSgNBEJz1GeMr6tHLYBA8hV0vegx68RjBPCC7ht7JbDJkZnaZ6VXCkv/w4kERr/6LN//GyeOgomBBQ1HVTRcVZ1JY9P0Pb2l5ZXVtvbRR3tza3tmt7O23bJobxpsslanpxGC5FJo3UaDkncxwULHk7Xh0OfXbd9xYkeobHGc8UjDQIhEM0Em3IULeK0KjKMJg0qtUg5o/A/2bVMkCjV7lPeynLFdcI5NgbTfwM4wKMCiY5JNymFueARvBgHcd1aC4jYpZ6gk9dkqfJqlxo5HO1K8XBShrxyp2mwpwaH96U/E3r5tjch4VQmc5cs3mj5JcUkzptALaF4YzlGNHgBnhslI2BAMMXVHl/5XQOq0Ffi249qv1i0UdJXJIjsgJCcgZqZMr0iBNwoghD+SJPHv33qP34r3OV5e8xc0B+Qbv7ROs8pKZ</latexit>

e+
<latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit>

e�
<latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit>

⌧sig
<latexit sha1_base64="1S+hVzrQrXJlUYWQrUuJCCLUBfw=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNpYRzAOyMcxOZpMhM7vLzF0lLAE/w8ZCEVs/w97Ov3GSWKgoeODC4Zx7uYcTplIY9Lx3pzA3v7C4VFx2V1bX1jdKm1sNk2Sa8TpLZKJbITVcipjXUaDkrVRzqkLJm+HwbOI3r7k2IokvcZTyjqL9WESCUbTSVYA06+aBVsSI/rhbKvsVbwryNymfvLrHtwBQ65begl7CMsVjZJIa0/a9FDs51SiY5GM3yAxPKRvSPm9bGlPFTSefph6TPav0SJRoOzGSqfr1IqfKmJEK7aaiODA/vYn4m9fOMDrq5CJOM+Qxmz2KMkkwIZMKSE9ozlCOLKFMC5uVsAHVlKEtyv1fCY2Diu9V/AuvXD2FGYqwA7uwDz4cQhXOoQZ1YKDhDh7g0blx7p0n53m2WnA+b7bhG5yXDybilG0=</latexit><latexit sha1_base64="a6K9IdUcn6ENn/TY2hGeNk0M7k4=">AAAB9XicjVC7SgNBFL3rM66vqKXNYBCswq6NNmLQxjKCeUA2htnJbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzpIZLoXgNBUreTDWncSh5Ixycjv3GFddGJOoChylvx7SnRCQYRStdBkizTh7omBjRG3WKJb/sTUD+JqXjF/cofXhzq53ia9BNWBZzhUxSY1q+l2I7pxoFk3zkBpnhKWUD2uMtSxWNuWnnk9QjsmuVLokSbUchmahfL3IaGzOMQ7sZU+ybn95Y/M1rZRgdtnOh0gy5YtNHUSYJJmRcAekKzRnKoSWUaWGzEtanmjK0Rbn/K6G+X/a9sn/ulSonMEUBtmEH9sCHA6jAGVShBgw03MAd3DvXzq3z6DxNV2ecz5st+Abn+QMYcZXh</latexit><latexit sha1_base64="a6K9IdUcn6ENn/TY2hGeNk0M7k4=">AAAB9XicjVC7SgNBFL3rM66vqKXNYBCswq6NNmLQxjKCeUA2htnJbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzpIZLoXgNBUreTDWncSh5Ixycjv3GFddGJOoChylvx7SnRCQYRStdBkizTh7omBjRG3WKJb/sTUD+JqXjF/cofXhzq53ia9BNWBZzhUxSY1q+l2I7pxoFk3zkBpnhKWUD2uMtSxWNuWnnk9QjsmuVLokSbUchmahfL3IaGzOMQ7sZU+ybn95Y/M1rZRgdtnOh0gy5YtNHUSYJJmRcAekKzRnKoSWUaWGzEtanmjK0Rbn/K6G+X/a9sn/ulSonMEUBtmEH9sCHA6jAGVShBgw03MAd3DvXzq3z6DxNV2ecz5st+Abn+QMYcZXh</latexit><latexit sha1_base64="ne5HGLWYmne5eDeX6OlF2vwPfn4=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hV0vegx68RjBPCC7htnJbDJkZnaZ6VXCkv/w4kERr/6LN//GyeOgomBBQ1HVTRcVZ1JY9P0Pb2l5ZXVtvbRR3tza3tmt7O23bJobxpsslanpxNRyKTRvokDJO5nhVMWSt+PR5dRv33FjRapvcJzxSNGBFolgFJ10GyLNe0VoFLFiMOlVqkHNn4H8TaqwQKNXeQ/7KcsV18gktbYb+BlGBTUomOSTcphbnlE2ogPedVRTxW1UzFJPyLFT+iRJjRuNZKZ+vSiosnasYrepKA7tT28q/uZ1c0zOo0LoLEeu2fxRkkuCKZlWQPrCcIZy7AhlRrishA2poQxdUeX/ldA6rQV+Lbj2q/WLRR0lOIQjOIEAzqAOV9CAJjAw8ABP8Ozde4/ei/c6X13yFjcH8A3e2ye3m5Kg</latexit>

⌫⌧
<latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit>

W�

⌫̄e

µ�

⌫̄µ

e�

⌫̄⌧
<latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit>

π
π

⌧tag
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↵
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,

• After background suppression, we search for an excess above the SM spectrum.


• The most prominent !→#$ signal would be in the ! rest frame (monochromatic peak)


• Cannot boost to it due to undetected % in both !.


• We approximate using the pseudo-rest frame:

Event signature

9

̂pτ ≈ −
⃗p tag

| ⃗p tag |
, Eτ ≈ s /2

Pseudo-rest Frame

BELLE
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Search for τ → ℓ+α

⌧± ! `±↵ (Belle II)

• ↵ is assumed to be an invisible (undetected) long-lived massive boson

• previous searches by Mark III with 9.4 pb�1 and ARGUS with 476 pb�1

event topology

• signal side: ⌧± ! `± (+ ↵ undetected)

• tag side: 3-prong decay (⌧ ! 3⇡(+⌫))

search strategy

• 2 body decay on the signal side

• in ⌧ rest frame the ` momentum would peak
at a value depending on the ↵ mass

• can not access the ⌧ rest frame due to
undetected particles

• approximation: ⌧ pseudo rest frame

⌧ pseudo rest frame: ECM
⌧ ⇡

p
s/2

method 1 (‘ARGUS’) p̂CM
⌧,sig ' � ~p CM

3⇡

|~p CM
3⇡ |

method 2 (‘thrust’) p̂CM
⌧,sig ' n̂thrust

Vthrust
max
=

P
i |~p

CM
i · n̂thrust |P
i |~p CM

i |
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The pseudo rest frame (ps)

5/21/2019 EDUARD BURELO, BELLE II, TAU MEETING 2

• 𝐸𝜏 ≈
𝐸𝑐𝑚
2

• Direction of the W given by the opposite to the 3S direction

𝜏 → 𝑙  𝜈𝑙𝜈𝜏
𝜏 → 𝑙𝛼

𝑃3𝜋

-𝑃3𝜋
𝜏 𝜏

𝑙

𝛼

𝜃
𝜃𝑝𝑠

‣ Search for the two body decay !→e/µ+" where  
" is an unobserved particle (missing energy) 

‣ The tag is the three body SM decay !→3π# 

‣ The signal will manifest as a peak in the lepton momentum spectrum in the rest frame of the ! 

‣ However, we do not know the ! momentum. Approximated by assuming: 

→ "Pseudo-rest frame" built from the tag decay products

MPP Colloquium  |  3 Dec 2019  |  Francesco Tenchini !33

Search for !→$+" (invisible)

E⌧ ⇡ ECMS/2
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~p⌧ ⇡ ~p3⇡ =
P3

i=1 ~pi
<latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit><latexit sha1_base64="fRXUV3A0x7g/X/kDdFB1TdqoC9A=">AAACJnicbVDLSsNAFJ3UV62vqEs3wVZwVZJ2oZtC0Y3LCvYBTQ2T6aQdOkmGeRRLyNe48VfcuKiIuPNTnLZRtPXAhcM593LvPT6jREjb/jBya+sbm1v57cLO7t7+gXl41BKx4gg3UUxj3vGhwJREuCmJpLjDOIahT3HbH13P/PYYc0Hi6E5OGO6FcBCRgCAoteSZtZI7xihhqZe4EqrUhYzx+OFHrLqMpDVXqNBLSM1J75Nq+m2SkmcW7bI9h7VKnIwUQYaGZ07dfoxUiCOJKBSi69hM9hLIJUEUpwVXCcwgGsEB7moawRCLXjJ/M7XOtNK3gpjriqQ1V39PJDAUYhL6ujOEciiWvZn4n9dVMrjsJSRiSuIILRYFiloytmaZWX3CMZJ0oglEnOhbLTSEHCKpky3oEJzll1dJq1J27LJzWynWr7I48uAEnIJz4IALUAc3oAGaAIFH8Aym4NV4Ml6MN+N90Zozsplj8AfG5xdOp6d4</latexit>

π
⌧tag

<latexit sha1_base64="RMm5raAS/qNw6Yya13wjGg8drII=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNpYRzAOyMcxOZpMhM7vLzF0lLAE/w8ZCEVs/w97Ov3GSWKgoeODC4Zx7uYcTplIY9Lx3pzA3v7C4VFx2V1bX1jdKm1sNk2Sa8TpLZKJbITVcipjXUaDkrVRzqkLJm+HwbOI3r7k2IokvcZTyjqL9WESCUbTSVYA06+aBVgRpf9wtlf2KNwX5m5RPXt3jWwCodUtvQS9hmeIxMkmNafteip2cahRM8rEbZIanlA1pn7ctjanippNPU4/JnlV6JEq0nRjJVP16kVNlzEiFdlNRHJif3kT8zWtnGB11chGnGfKYzR5FmSSYkEkFpCc0ZyhHllCmhc1K2IBqytAW5f6vhMZBxfcq/oVXrp7CDEXYgV3YBx8OoQrnUIM6MNBwBw/w6Nw4986T8zxbLTifN9vwDc7LBxw5lGY=</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="OHg8lUQRtjoa4kmwIEXzR3QafqM=">AAAB9XicjVDLSgNBEJz1GeMr6tHLYBA8hV0vegx68RjBPCC7ht7JbDJkZnaZ6VXCkv/w4kERr/6LN//GyeOgomBBQ1HVTRcVZ1JY9P0Pb2l5ZXVtvbRR3tza3tmt7O23bJobxpsslanpxGC5FJo3UaDkncxwULHk7Xh0OfXbd9xYkeobHGc8UjDQIhEM0Em3IULeK0KjKMJg0qtUg5o/A/2bVMkCjV7lPeynLFdcI5NgbTfwM4wKMCiY5JNymFueARvBgHcd1aC4jYpZ6gk9dkqfJqlxo5HO1K8XBShrxyp2mwpwaH96U/E3r5tjch4VQmc5cs3mj5JcUkzptALaF4YzlGNHgBnhslI2BAMMXVHl/5XQOq0Ffi249qv1i0UdJXJIjsgJCcgZqZMr0iBNwoghD+SJPHv33qP34r3OV5e8xc0B+Qbv7ROs8pKZ</latexit>

e+
<latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit><latexit sha1_base64="rLc6ULkuVOE7MppFfCePMo1qCQI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSPT6e9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVz236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHkEo2G</latexit>

e�
<latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit><latexit sha1_base64="ois9VRdzJDl8YfUuPCL+K3TrBO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2g9oY9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1FjpHh/PeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDnGo2I</latexit>

⌧sig
<latexit sha1_base64="1S+hVzrQrXJlUYWQrUuJCCLUBfw=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNpYRzAOyMcxOZpMhM7vLzF0lLAE/w8ZCEVs/w97Ov3GSWKgoeODC4Zx7uYcTplIY9Lx3pzA3v7C4VFx2V1bX1jdKm1sNk2Sa8TpLZKJbITVcipjXUaDkrVRzqkLJm+HwbOI3r7k2IokvcZTyjqL9WESCUbTSVYA06+aBVsSI/rhbKvsVbwryNymfvLrHtwBQ65begl7CMsVjZJIa0/a9FDs51SiY5GM3yAxPKRvSPm9bGlPFTSefph6TPav0SJRoOzGSqfr1IqfKmJEK7aaiODA/vYn4m9fOMDrq5CJOM+Qxmz2KMkkwIZMKSE9ozlCOLKFMC5uVsAHVlKEtyv1fCY2Diu9V/AuvXD2FGYqwA7uwDz4cQhXOoQZ1YKDhDh7g0blx7p0n53m2WnA+b7bhG5yXDybilG0=</latexit><latexit sha1_base64="a6K9IdUcn6ENn/TY2hGeNk0M7k4=">AAAB9XicjVC7SgNBFL3rM66vqKXNYBCswq6NNmLQxjKCeUA2htnJbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzpIZLoXgNBUreTDWncSh5Ixycjv3GFddGJOoChylvx7SnRCQYRStdBkizTh7omBjRG3WKJb/sTUD+JqXjF/cofXhzq53ia9BNWBZzhUxSY1q+l2I7pxoFk3zkBpnhKWUD2uMtSxWNuWnnk9QjsmuVLokSbUchmahfL3IaGzOMQ7sZU+ybn95Y/M1rZRgdtnOh0gy5YtNHUSYJJmRcAekKzRnKoSWUaWGzEtanmjK0Rbn/K6G+X/a9sn/ulSonMEUBtmEH9sCHA6jAGVShBgw03MAd3DvXzq3z6DxNV2ecz5st+Abn+QMYcZXh</latexit><latexit sha1_base64="a6K9IdUcn6ENn/TY2hGeNk0M7k4=">AAAB9XicjVC7SgNBFL3rM66vqKXNYBCswq6NNmLQxjKCeUA2htnJbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzpIZLoXgNBUreTDWncSh5Ixycjv3GFddGJOoChylvx7SnRCQYRStdBkizTh7omBjRG3WKJb/sTUD+JqXjF/cofXhzq53ia9BNWBZzhUxSY1q+l2I7pxoFk3zkBpnhKWUD2uMtSxWNuWnnk9QjsmuVLokSbUchmahfL3IaGzOMQ7sZU+ybn95Y/M1rZRgdtnOh0gy5YtNHUSYJJmRcAekKzRnKoSWUaWGzEtanmjK0Rbn/K6G+X/a9sn/ulSonMEUBtmEH9sCHA6jAGVShBgw03MAd3DvXzq3z6DxNV2ecz5st+Abn+QMYcZXh</latexit><latexit sha1_base64="ne5HGLWYmne5eDeX6OlF2vwPfn4=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hV0vegx68RjBPCC7htnJbDJkZnaZ6VXCkv/w4kERr/6LN//GyeOgomBBQ1HVTRcVZ1JY9P0Pb2l5ZXVtvbRR3tza3tmt7O23bJobxpsslanpxNRyKTRvokDJO5nhVMWSt+PR5dRv33FjRapvcJzxSNGBFolgFJ10GyLNe0VoFLFiMOlVqkHNn4H8TaqwQKNXeQ/7KcsV18gktbYb+BlGBTUomOSTcphbnlE2ogPedVRTxW1UzFJPyLFT+iRJjRuNZKZ+vSiosnasYrepKA7tT28q/uZ1c0zOo0LoLEeu2fxRkkuCKZlWQPrCcIZy7AhlRrishA2poQxdUeX/ldA6rQV+Lbj2q/WLRR0lOIQjOIEAzqAOV9CAJjAw8ABP8Ozde4/ei/c6X13yFjcH8A3e2ye3m5Kg</latexit>

⌫⌧
<latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit><latexit sha1_base64="ahH09yS5aDKidxMMD59VrMkEe4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbRS11dZ30ea9as1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOf3TsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swug5yodIMuWKLRVEmCSZk9jwZCM0ZyokllGlhbyVsRDVlaCOq2BC85ZdXSfui7rl17/6y1rgp4ijDCZzCOXhwBQ24gya0gIGEZ3iFN+fReXHenY9Fa8kpZo7hD5zPHzFjkA4=</latexit>

W�

⌫̄e

µ�

⌫̄µ

e�

⌫̄⌧
<latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit><latexit sha1_base64="a+BD9CrmvPfZ11Mfy0UkgVxpBxE=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATymS7aZduNnF3Uyihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dJIpypo0EYnqhKiZ4JI1DTeCdVLFMA4Fa4eju5nfHjOleSIfzSRlQYwDySNO0Vgp8ENUxJdZzzeY9SpVt+bOQVaJV5AqFGj0Kl9+P6FZzKShArXuem5qghyV4VSwadnPNEuRjnDAupZKjJkO8vnRU3JulT6JEmVLGjJXf0/kGGs9iUPbGaMZ6mVvJv7ndTMT3QQ5l2lmmKSLRVEmiEnILAHS54pRIyaWIFXc3kroEBVSY3Mq2xC85ZdXSeuy5rk17+GqWr8t4ijBKZzBBXhwDXW4hwY0gcITPMMrvDlj58V5dz4WrWtOMXMCf+B8/gCL9JHx</latexit>

π
π

⌧tag
<latexit sha1_base64="RMm5raAS/qNw6Yya13wjGg8drII=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNpYRzAOyMcxOZpMhM7vLzF0lLAE/w8ZCEVs/w97Ov3GSWKgoeODC4Zx7uYcTplIY9Lx3pzA3v7C4VFx2V1bX1jdKm1sNk2Sa8TpLZKJbITVcipjXUaDkrVRzqkLJm+HwbOI3r7k2IokvcZTyjqL9WESCUbTSVYA06+aBVgRpf9wtlf2KNwX5m5RPXt3jWwCodUtvQS9hmeIxMkmNafteip2cahRM8rEbZIanlA1pn7ctjanippNPU4/JnlV6JEq0nRjJVP16kVNlzEiFdlNRHJif3kT8zWtnGB11chGnGfKYzR5FmSSYkEkFpCc0ZyhHllCmhc1K2IBqytAW5f6vhMZBxfcq/oVXrp7CDEXYgV3YBx8OoQrnUIM6MNBwBw/w6Nw4986T8zxbLTifN9vwDc7LBxw5lGY=</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="DgSFKWBwLNT1oxrRRxRfcFpdOOI=">AAAB9XicjVC7SgNBFJ31GddX1NJmMAhWYddGGzFoYxnBPCAbw93JbDJkdnaZuauEJf9hY+EDWz/D3kb8GyeJhYqCBy4czrmXezhhKoVBz3t3Zmbn5hcWC0vu8srq2npxY7NukkwzXmOJTHQzBMOlULyGAiVvpppDHEreCAenY79xxbURibrAYcrbMfSUiAQDtNJlgJB18kDHFKE36hRLftmbgP5NSscv7lH68OZWO8XXoJuwLOYKmQRjWr6XYjsHjYJJPnKDzPAU2AB6vGWpgpibdj5JPaK7VunSKNF2FNKJ+vUih9iYYRzazRiwb356Y/E3r5VhdNjOhUoz5IpNH0WZpJjQcQW0KzRnKIeWANPCZqWsDxoY2qLc/5VQ3y/7Xtk/90qVEzJFgWyTHbJHfHJAKuSMVEmNMKLJDbkj9861c+s8Ok/T1Rnn82aLfIPz/AENyJXa</latexit><latexit sha1_base64="OHg8lUQRtjoa4kmwIEXzR3QafqM=">AAAB9XicjVDLSgNBEJz1GeMr6tHLYBA8hV0vegx68RjBPCC7ht7JbDJkZnaZ6VXCkv/w4kERr/6LN//GyeOgomBBQ1HVTRcVZ1JY9P0Pb2l5ZXVtvbRR3tza3tmt7O23bJobxpsslanpxGC5FJo3UaDkncxwULHk7Xh0OfXbd9xYkeobHGc8UjDQIhEM0Em3IULeK0KjKMJg0qtUg5o/A/2bVMkCjV7lPeynLFdcI5NgbTfwM4wKMCiY5JNymFueARvBgHcd1aC4jYpZ6gk9dkqfJqlxo5HO1K8XBShrxyp2mwpwaH96U/E3r5tjch4VQmc5cs3mj5JcUkzptALaF4YzlGNHgBnhslI2BAMMXVHl/5XQOq0Ffi249qv1i0UdJXJIjsgJCcgZqZMr0iBNwoghD+SJPHv33qP34r3OV5e8xc0B+Qbv7ROs8pKZ</latexit>

µ�e�

↵
<latexit sha1_base64="3cuH/msNH5GL8ZP1kaOEpuPH6OM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXMrfswYa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlbrWPIhljdVCuuDV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfra4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwms/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBRQEPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBFTI9y</latexit><latexit sha1_base64="3cuH/msNH5GL8ZP1kaOEpuPH6OM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXMrfswYa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlbrWPIhljdVCuuDV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfra4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwms/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBRQEPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBFTI9y</latexit><latexit sha1_base64="3cuH/msNH5GL8ZP1kaOEpuPH6OM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXMrfswYa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlbrWPIhljdVCuuDV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfra4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwms/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBRQEPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBFTI9y</latexit><latexit sha1_base64="3cuH/msNH5GL8ZP1kaOEpuPH6OM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXMrfswYa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlbrWPIhljdVCuuDV3AbJOvJxUIEdzUP7qD2OaRkwaKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM9SiRHTfra4d0YurDIkYaxsSUMW6u+JDCOtp1FgOyM0Y73qzcX/vF5qwms/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBRQEPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBFTI9y</latexit>

,

• After background suppression, we search for an excess above the SM spectrum.


• The most prominent !→#$ signal would be in the ! rest frame (monochromatic peak)


• Cannot boost to it due to undetected % in both !.


• We approximate using the pseudo-rest frame:

Event signature

9

̂pτ ≈ −
⃗p tag

| ⃗p tag |
, Eτ ≈ s /2

Pseudo-rest Frame
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Table I: Requirements on event thrust, missing momentum
polar angle, and tag hemisphere particles’ total center-of-mass
energy and mass.

⌧� ! e�↵ ⌧� ! µ�↵

Thrust [0.90, 0.99] [0.90, 1.00]

✓miss [20�, 160�] [20�, 160�]

ECM
3h [1.2, 5.3] GeV [1.1, 5.3] GeV

M3h [0.5, 1.7] GeV/c2 [0.4, 1.7] GeV/c2

tributions of x` for events belonging to the signal region
are shown in Fig. 1.

We model each x` spectrum as a sum of contributions
from the signal decay, the standard-model leptonic decay,
and all other sources of background,
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Figure 1: Spectra of x` for electrons (top) and muons (bot-
tom) in simulation and experimental data. Simulated spec-
tra for standard-model processes are shown stacked, with the
grey band indicating the total uncertainty, which is dominated
by the lepton-identification e�ciency uncertainty. Remaining
background processes other than ⌧� ! `�⌫̄`⌫⌧ contributing
to the spectrum are combined together and collectively re-
ferred to as “Other”. The distributions for ⌧� ! `�↵ are
shown for three ↵ masses assuming branching-fraction ratios
of 5%.

N(x`) = N`⌫̄⌫
✏`↵
✏`⌫⌫

B`↵

B`⌫̄⌫
f`↵(x`)

+ N`⌫̄⌫ f`⌫̄⌫(x`) +Nb fb(x`) , (2)

where the probability density functions f`↵, f`⌫̄⌫ , and
fb are binned distributions taken from simulations, N`⌫̄⌫

and Nb are the observed yields, and ✏`↵/✏`⌫⌫ is the e�-
ciency of observing ⌧� ! `�↵ decays relative to that for
observing ⌧� ! `�⌫̄`⌫⌧ .
We use RooStats [30] and HistFactory [31] to fit our

model to binned data using extended maximum likeli-
hoods that are functions of the branching-fraction ratio
B`↵/B`⌫̄⌫ , and of N`⌫̄⌫ and Nb.
The leading systematic uncertainties originate from

the corrections to the lepton-identification e�ciency and
particle misidentification rate, based on comparison of
calibration samples in data and simulated events. These
corrections depend on momentum and polar angle; their
typical ranges are summarized in Table II. The resulting
uncertainties are asymmetric and strongly depend on x`;
their ranges and averaged values over the standard-model
yields are also reported in the same table. The contri-
bution from lepton-identification e�ciency partially can-
cels in the ratio between signal and normalization chan-
nels; while the contribution from particle misidentifica-
tion rates does not, as it only a↵ects other background
sources.

Table II: Typical ranges for corrections to the lepton-
identification e�ciencies and misidentification rates, together
with ranges for their respective uncertainties and their aver-
age values.

Corr. range Uncert. range Average uncert.

Electron id. 0.84 � 1.06 0.9% � 12.6% +5.3%,�2.9%

Muon id. 0.63 � 1.02 1.3% � 32.8% +11.7%,�1.6%

Electron mis-id. 0.6 � 6.0 4.3% � 34.6% +17.6%,�14.7%

Muon mis-id. 0.3 � 1.5 1.4% � 37.0% +18.0%,�18.2%

Uncertainties from the trigger and ⇡0 reconstruction
e�ciency corrections are also taken into account. Trigger
uncertainties range in 0.1% � 4% for the electron chan-
nel and in 0.2%� 1.5% for the muon channel, depending
on x`. Neutral pion reconstruction e�ciency is evaluated
from studies on independent samples to be 0.914±0.020.
Each of these systematic uncertainties is included in the
likelihood as an additional shape-correlated nuisance pa-
rameter that is assumed to follow a Gaussian distribu-
tion. Other sources of uncertainty from track reconstruc-
tion e�ciency, beam-energy determination, relative re-
construction e�ciency, and momentum-scale correction
have negligible impact on the results.
Inspection of events in the signal region shows that

asymmetrical uncertainties yield unreliable results. We
therefore revise our definitions and symmetrize their dis-
tributions using their greater variation in each bin.

• for  being an invisible particle 


• previous searches by Mark III (1985) and ARGUS (1995)


• event topology

✓ 1-vs-3 (3-prong for tag side) 

•  pseudo-rest-frame by approx. 

α

τ ECM
τ ≃ s /2
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⌧± ! `±↵ (Belle II)

• ↵ is assumed to be an invisible (undetected) long-lived massive boson

• previous searches by Mark III with 9.4 pb�1 and ARGUS with 476 pb�1

event topology

• signal side: ⌧± ! `± (+ ↵ undetected)

• tag side: 3-prong decay (⌧ ! 3⇡(+⌫))

search strategy

• 2 body decay on the signal side

• in ⌧ rest frame the ` momentum would peak
at a value depending on the ↵ mass

• can not access the ⌧ rest frame due to
undetected particles

• approximation: ⌧ pseudo rest frame

⌧ pseudo rest frame: ECM
⌧ ⇡

p
s/2

method 1 (‘ARGUS’) p̂CM
⌧,sig ' � ~p CM

3⇡

|~p CM
3⇡ |

method 2 (‘thrust’) p̂CM
⌧,sig ' n̂thrust

Vthrust
max
=

P
i |~p

CM
i · n̂thrust |P
i |~p CM

i |
13
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Table I: Requirements on event thrust, missing momentum
polar angle, and tag hemisphere particles’ total center-of-mass
energy and mass.

⌧� ! e�↵ ⌧� ! µ�↵

Thrust [0.90, 0.99] [0.90, 1.00]

✓miss [20�, 160�] [20�, 160�]

ECM
3h [1.2, 5.3] GeV [1.1, 5.3] GeV

M3h [0.5, 1.7] GeV/c2 [0.4, 1.7] GeV/c2

tributions of x` for events belonging to the signal region
are shown in Fig. 1.

We model each x` spectrum as a sum of contributions
from the signal decay, the standard-model leptonic decay,
and all other sources of background,
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Figure 1: Spectra of x` for electrons (top) and muons (bot-
tom) in simulation and experimental data. Simulated spec-
tra for standard-model processes are shown stacked, with the
grey band indicating the total uncertainty, which is dominated
by the lepton-identification e�ciency uncertainty. Remaining
background processes other than ⌧� ! `�⌫̄`⌫⌧ contributing
to the spectrum are combined together and collectively re-
ferred to as “Other”. The distributions for ⌧� ! `�↵ are
shown for three ↵ masses assuming branching-fraction ratios
of 5%.

N(x`) = N`⌫̄⌫
✏`↵
✏`⌫⌫

B`↵

B`⌫̄⌫
f`↵(x`)

+ N`⌫̄⌫ f`⌫̄⌫(x`) +Nb fb(x`) , (2)

where the probability density functions f`↵, f`⌫̄⌫ , and
fb are binned distributions taken from simulations, N`⌫̄⌫

and Nb are the observed yields, and ✏`↵/✏`⌫⌫ is the e�-
ciency of observing ⌧� ! `�↵ decays relative to that for
observing ⌧� ! `�⌫̄`⌫⌧ .
We use RooStats [30] and HistFactory [31] to fit our

model to binned data using extended maximum likeli-
hoods that are functions of the branching-fraction ratio
B`↵/B`⌫̄⌫ , and of N`⌫̄⌫ and Nb.
The leading systematic uncertainties originate from

the corrections to the lepton-identification e�ciency and
particle misidentification rate, based on comparison of
calibration samples in data and simulated events. These
corrections depend on momentum and polar angle; their
typical ranges are summarized in Table II. The resulting
uncertainties are asymmetric and strongly depend on x`;
their ranges and averaged values over the standard-model
yields are also reported in the same table. The contri-
bution from lepton-identification e�ciency partially can-
cels in the ratio between signal and normalization chan-
nels; while the contribution from particle misidentifica-
tion rates does not, as it only a↵ects other background
sources.

Table II: Typical ranges for corrections to the lepton-
identification e�ciencies and misidentification rates, together
with ranges for their respective uncertainties and their aver-
age values.

Corr. range Uncert. range Average uncert.

Electron id. 0.84 � 1.06 0.9% � 12.6% +5.3%,�2.9%

Muon id. 0.63 � 1.02 1.3% � 32.8% +11.7%,�1.6%

Electron mis-id. 0.6 � 6.0 4.3% � 34.6% +17.6%,�14.7%

Muon mis-id. 0.3 � 1.5 1.4% � 37.0% +18.0%,�18.2%

Uncertainties from the trigger and ⇡0 reconstruction
e�ciency corrections are also taken into account. Trigger
uncertainties range in 0.1% � 4% for the electron chan-
nel and in 0.2%� 1.5% for the muon channel, depending
on x`. Neutral pion reconstruction e�ciency is evaluated
from studies on independent samples to be 0.914±0.020.
Each of these systematic uncertainties is included in the
likelihood as an additional shape-correlated nuisance pa-
rameter that is assumed to follow a Gaussian distribu-
tion. Other sources of uncertainty from track reconstruc-
tion e�ciency, beam-energy determination, relative re-
construction e�ciency, and momentum-scale correction
have negligible impact on the results.
Inspection of events in the signal region shows that

asymmetrical uncertainties yield unreliable results. We
therefore revise our definitions and symmetrize their dis-
tributions using their greater variation in each bin.
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Table I: Requirements on event thrust, missing momentum
polar angle, and tag hemisphere particles’ total center-of-mass
energy and mass.

⌧� ! e�↵ ⌧� ! µ�↵

Thrust [0.90, 0.99] [0.90, 1.00]

✓miss [20�, 160�] [20�, 160�]

ECM
3h [1.2, 5.3] GeV [1.1, 5.3] GeV

M3h [0.5, 1.7] GeV/c2 [0.4, 1.7] GeV/c2

tributions of x` for events belonging to the signal region
are shown in Fig. 1.

We model each x` spectrum as a sum of contributions
from the signal decay, the standard-model leptonic decay,
and all other sources of background,
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Figure 1: Spectra of x` for electrons (top) and muons (bot-
tom) in simulation and experimental data. Simulated spec-
tra for standard-model processes are shown stacked, with the
grey band indicating the total uncertainty, which is dominated
by the lepton-identification e�ciency uncertainty. Remaining
background processes other than ⌧� ! `�⌫̄`⌫⌧ contributing
to the spectrum are combined together and collectively re-
ferred to as “Other”. The distributions for ⌧� ! `�↵ are
shown for three ↵ masses assuming branching-fraction ratios
of 5%.

N(x`) = N`⌫̄⌫
✏`↵
✏`⌫⌫

B`↵

B`⌫̄⌫
f`↵(x`)

+ N`⌫̄⌫ f`⌫̄⌫(x`) +Nb fb(x`) , (2)

where the probability density functions f`↵, f`⌫̄⌫ , and
fb are binned distributions taken from simulations, N`⌫̄⌫

and Nb are the observed yields, and ✏`↵/✏`⌫⌫ is the e�-
ciency of observing ⌧� ! `�↵ decays relative to that for
observing ⌧� ! `�⌫̄`⌫⌧ .
We use RooStats [30] and HistFactory [31] to fit our

model to binned data using extended maximum likeli-
hoods that are functions of the branching-fraction ratio
B`↵/B`⌫̄⌫ , and of N`⌫̄⌫ and Nb.
The leading systematic uncertainties originate from

the corrections to the lepton-identification e�ciency and
particle misidentification rate, based on comparison of
calibration samples in data and simulated events. These
corrections depend on momentum and polar angle; their
typical ranges are summarized in Table II. The resulting
uncertainties are asymmetric and strongly depend on x`;
their ranges and averaged values over the standard-model
yields are also reported in the same table. The contri-
bution from lepton-identification e�ciency partially can-
cels in the ratio between signal and normalization chan-
nels; while the contribution from particle misidentifica-
tion rates does not, as it only a↵ects other background
sources.

Table II: Typical ranges for corrections to the lepton-
identification e�ciencies and misidentification rates, together
with ranges for their respective uncertainties and their aver-
age values.

Corr. range Uncert. range Average uncert.

Electron id. 0.84 � 1.06 0.9% � 12.6% +5.3%,�2.9%

Muon id. 0.63 � 1.02 1.3% � 32.8% +11.7%,�1.6%

Electron mis-id. 0.6 � 6.0 4.3% � 34.6% +17.6%,�14.7%

Muon mis-id. 0.3 � 1.5 1.4% � 37.0% +18.0%,�18.2%

Uncertainties from the trigger and ⇡0 reconstruction
e�ciency corrections are also taken into account. Trigger
uncertainties range in 0.1% � 4% for the electron chan-
nel and in 0.2%� 1.5% for the muon channel, depending
on x`. Neutral pion reconstruction e�ciency is evaluated
from studies on independent samples to be 0.914±0.020.
Each of these systematic uncertainties is included in the
likelihood as an additional shape-correlated nuisance pa-
rameter that is assumed to follow a Gaussian distribu-
tion. Other sources of uncertainty from track reconstruc-
tion e�ciency, beam-energy determination, relative re-
construction e�ciency, and momentum-scale correction
have negligible impact on the results.
Inspection of events in the signal region shows that

asymmetrical uncertainties yield unreliable results. We
therefore revise our definitions and symmetrize their dis-
tributions using their greater variation in each bin.

 shown for BF = 5%τ → ℓα

3

its energy in the center-of-mass frame as
p
s/2 (ne-

glecting the initial-state-radiation) and its direction as
being opposite to the three hadrons on the tag side,
p̂⌧ ⇡ �~p3h/|~p3h|. From these we construct the ⌧ pseudo
rest frame [7].

We search for ⌧� ! `�↵ by looking for an excess of
events above the spectrum of ⌧� ! `�⌫̄`⌫⌧ normalized
lepton energy [13]

x` ⌘
E⇤

`

m⌧ c2/2
, (1)

where E⇤
` is the energy of the charged lepton in the ⌧

pseudo rest frame. We then measure the branching-
fraction ratio B`↵/B`⌫̄⌫ ⌘ B(⌧� ! `�↵)/B(⌧� !
`�⌫̄`⌫⌧ ), using ⌧� ! `�⌫̄`⌫⌧ as a normalization chan-
nel.

The search uses an online event selection (trigger)
that requires events with at least three localized energy
deposits in the ECL (clusters). One of these clusters
must have an energy above 0.3 GeV and the rest above
0.1 GeV. In addition, we require a topology inconsistent
with Bhabha scattering. The e�ciency of this trigger
is measured in experimental data with respect to inde-
pendent triggers based on the number of particles recon-
structed in the CDC; simulated distributions are then
scaled by this e�ciency. The trigger e�ciencies are on
average 97% and 86% for the electron and muon chan-
nels, respectively.

We select ⌧ -pair candidates by requiring the event
to contain exactly four charged particles with zero to-
tal charge, each displaced from the average interaction
space-point by less than 3 cm in the z-axis direction and
less than 1 cm in the transverse plane. The particle in the
signal hemisphere must be identified as either an electron
or a muon by combining the information from all subde-
tectors into a global discriminator similar to a likelihood
ratio. Each charged particle in the tag hemisphere must
satisfy the condition EECL/p  0.8 to reject electron con-
tamination. Here, EECL is the particle energy measured
in the ECL and p the magnitude of its momentum mea-
sured in the tracker, both in the laboratory frame.

Several e+e� final states contribute to the spectra as
background: qq̄ with q = u, d, s, c (hadronic), `+`��
(dileptonic), and e+e�`+`�, e+e�h+h� (two-photon).
We use simulated events to determine the criteria to
suppress these backgrounds. We use KKMC to sim-
ulate ⌧+⌧�, qq̄, and µ+µ�(�) production [14, 15];
BabaYaga@NLO for e+e�(�) [16–20]; and AAFH and
TREPS for non-radiative two-photon production [21–24].
Standard-model ⌧ decays are handled by TAUOLA [25]
and their radiative corrections by PHOTOS [26], while
⌧� ! `�↵ decays are simulated with PYTHIA8.2 [27]
for ↵ mass values of 0.0, 0.5, 0.7, 1.0, 1.2, 1.4, and
1.6 GeV/c2 and zero ↵ spin. The Belle II Analysis Soft-
ware Framework [28] uses the Geant4 [29] package to
simulate the response of the detector. Since we have

no prior knowledge of the ↵ mass, the selection is opti-
mized for the normalization channel using the figure of
merit, S/

p
S +B, where S is the number of events in

the normalization channel, while B is the number of to-
tal background events, both taken from simulations.
Backgrounds from e+e� ! qq̄ are suppressed by reject-

ing events containing neutral pions and photons. Pho-
tons used in ⇡0 reconstruction are ECL clusters with en-
ergy deposits of at least 0.1 GeV, which must be within
the CDC acceptance to ensure they are not matched
to any charged particle. Displaced clusters from sec-
ondary hadronic interactions and multiple clusters de-
posited by low-momentum charged particles are challeng-
ing to model correctly; photons that deposit less than
0.4 GeV in the ECL must be at least 40 cm from the near-
est charged particle at the inner surface of the ECL to
suppress these contributions. Neutral pions are identified
as photon pairs with masses within [115, 152] MeV/c2.
Events containing photons satisfying the above condi-
tions, but not used in ⇡0 reconstruction and with en-
ergy greater than 0.2 GeV, are also rejected. We reject
events from e+e� ! `+`��, e+e�`+`�, and e+e�h+h�,
characterized by low-momentum tag-side charged parti-
cles, by sorting the three charged particles in the tag
hemisphere by increasing transverse momentum and re-
quiring that they exceed 0.08, 0.30, and 0.70 GeV/c for
⌧� ! e�↵ candidates and 0.04, 0.17, and 0.47 GeV/c
for ⌧� ! µ�↵ candidates. We further reject events from
e+e� ! e+e�� and qq̄ by restricting the thrust value
to ranges consistent with that of ⌧+⌧� events; and from
e+e� ! e+e�`+`� by requiring the event missing mo-
mentum, i.e., the negative vector sum of the momenta
of all reconstructed particles in the event, to be within
a polar angle (✓miss) range where the process can be ac-
curately simulated. In addition we suppress all types of
backgrounds by requiring that charged particle trajecto-
ries in the tag hemisphere are consistent with a common
origin, and that these particles have a mass M3h and
center-of-mass-frame energy ECM

3h consistent with ⌧ de-
cay kinematics. The ranges for the thrust, ✓miss, ECM

3h ,
and M3h selections are listed in Table I. The reconstruc-
tion e�ciencies in the normalization channels are 12.7%
for ⌧� ! e�⌫̄e⌫⌧ and 16.2% for ⌧� ! µ�⌫̄µ⌫⌧ decays,
while the purities are 95.9% and 92.0% respectively. The
reconstruction e�ciency of ⌧� ! e�↵ decays depends on
the ↵ mass and varies between 9.4% and 13.9%. Likewise
the e�ciency for ⌧� ! µ�↵ decays varies between 9.1%
and 17.4%.

The parameter space defined by the selection criteria is
referred to as the signal region. We perform the analysis
in a closed-box approach; before examining the x` distri-
bution of experimental data in the signal region, we val-
idate the simulation using variables that are insensitive
to the presence of ⌧� ! `�↵ decay, and study control
regions defined by accepting events containing neutral
pions or photons, rather than rejecting them. The dis-
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Results for  τ → ℓ+α
• We find no signal excess and set 95% CL upper limits on 




• Most stringent limits in these channels to date

ℬ(τ → ℓα)/ℬ(τ → ℓνν̄)
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.

0     0.5  0.7   1  1.2  1.4  1.6

]2 [GeV/cαM

0
2
4
6
8

10
12
14
16
18
20
22

3−10×

) τν eν -
 e

→ - τ (
B)/

α-
 e

→ - τ (
B

Observed UL at 95% CL  1 std. dev.±Expected UL 

Expected UL at 95% CL  2 std. dev.±Expected UL 

Belle II

∫ -1dt = 62.8 fbL

0     0.5  0.7   1  1.2  1.4  1.6

]2 [GeV/cαM

0

5

10

15

20

25

3−10×

) τν 
µν -

µ 
→ - τ (

B)/
α-

µ 
→ - τ (

B

Observed UL at 95% CL  1 std. dev.±Expected UL 

Expected UL at 95% CL  2 std. dev.±Expected UL 

Belle II

∫ -1dt = 62.8 fbL

Figure 2: Upper limits at 95% CL on the branching-fraction
ratios B(⌧� ! e�↵)/B(⌧� ! e�⌫̄e⌫⌧ ) (top) and B(⌧� !
µ�↵)/B(⌧� ! µ�⌫̄µ⌫⌧ ) (bottom) as a function of the ↵ mass,
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In conclusion, we search for the lepton-flavor-violating
decay ⌧� ! `�↵ using data collected by the Belle II
detector at an e+e� center-of-mass energy of 10.58 GeV,
corresponding to an integrated luminosity of 62.8 fb�1.
We observe no statistically significant signal and set 90%
and 95% confidence-level upper limits on the branching-
fraction ratios B(⌧� ! `�↵)/B(⌧� ! `�⌫̄`⌫⌧ ). These
constitute the most stringent limits on invisible spin-0
boson production from ⌧ lepton decays.
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Table III: Central values with their uncertainties, 95% CL,
and 90% CL upper limits for the branching-fraction ratios
Be↵/Be⌫̄⌫ (top) and Bµ↵/Bµ⌫̄⌫ (bottom) for various masses
of the ↵ boson. Corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model branching
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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decay ⌧� ! `�↵ using data collected by the Belle II
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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as well as their expectations from background-only hypothe-
sis. All values are linearly interpolated between mass points.

In conclusion, we search for the lepton-flavor-violating
decay ⌧� ! `�↵ using data collected by the Belle II
detector at an e+e� center-of-mass energy of 10.58 GeV,
corresponding to an integrated luminosity of 62.8 fb�1.
We observe no statistically significant signal and set 90%
and 95% confidence-level upper limits on the branching-
fraction ratios B(⌧� ! `�↵)/B(⌧� ! `�⌫̄`⌫⌧ ). These
constitute the most stringent limits on invisible spin-0
boson production from ⌧ lepton decays.
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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Results for  τ → ℓ+α
• We find no signal excess and set 95% CL upper limits on 




• Most stringent limits in these channels to date
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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In conclusion, we search for the lepton-flavor-violating
decay ⌧� ! `�↵ using data collected by the Belle II
detector at an e+e� center-of-mass energy of 10.58 GeV,
corresponding to an integrated luminosity of 62.8 fb�1.
We observe no statistically significant signal and set 90%
and 95% confidence-level upper limits on the branching-
fraction ratios B(⌧� ! `�↵)/B(⌧� ! `�⌫̄`⌫⌧ ). These
constitute the most stringent limits on invisible spin-0
boson production from ⌧ lepton decays.

This work, based on data collected using the Belle
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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detector at an e+e� center-of-mass energy of 10.58 GeV,
corresponding to an integrated luminosity of 62.8 fb�1.
We observe no statistically significant signal and set 90%
and 95% confidence-level upper limits on the branching-
fraction ratios B(⌧� ! `�↵)/B(⌧� ! `�⌫̄`⌫⌧ ). These
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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In conclusion, we search for the lepton-flavor-violating
decay ⌧� ! `�↵ using data collected by the Belle II
detector at an e+e� center-of-mass energy of 10.58 GeV,
corresponding to an integrated luminosity of 62.8 fb�1.
We observe no statistically significant signal and set 90%
and 95% confidence-level upper limits on the branching-
fraction ratios B(⌧� ! `�↵)/B(⌧� ! `�⌫̄`⌫⌧ ). These
constitute the most stringent limits on invisible spin-0
boson production from ⌧ lepton decays.

This work, based on data collected using the Belle

Table III: Central values with their uncertainties, 95% CL,
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Be↵/Be⌫̄⌫ (top) and Bµ↵/Bµ⌫̄⌫ (bottom) for various masses
of the ↵ boson. Corresponding absolute upper limits for
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We observe no significant signal and determine upper
limits using the CLs method [32], a modified frequentist
approach based on a profile likelihood ratio [33]. Fig-
ure 2 shows the 95% CL upper limits as well as expecta-
tions calculated assuming the background-only hypothe-
ses, ranging in (1.1�9.7)⇥10�3 for the electron channel
and in (0.7 � 12.2) ⇥ 10�3 for the muon channel. Sys-
tematic uncertainties degrade on average our upper limit
sensitivity by approximately 35% in both channels.

The fit results and upper limits are summarized in
Table III. The corresponding absolute upper limits for
B(⌧� ! `�↵), computed using standard-model world-
average branching fractions for the reference channel [34],
are also provided for convenience. Our 95% CL limits
are 2.2 to 14 times more stringent than the best previous
bounds in [7], depending on the value of the ↵ mass.
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FIG. 1. Feynman diagrams for HNL production
(top) and decay (bottom).
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Full Belle sample of    
( )

Use  vs.  

988 fb−1

Nττ = (912 ± 13) × 106

M(πpπℓ) ΔE ( = Eπpπℓ − s) 4

The number of neutrinos detected by this method is (in units where ! = c = 1)

n(νh) = 2Nττ B(τ → πνh) B(νh → π$)
mΓ

p

∫

exp
(

−
mΓl

p

)

ε(m, l)dl

= |Uτ |
2|Uα|

2 2Nττ f1(m) f2(m)
m

p

∫

exp
(

−
mΓl

p

)

ε(m, l)dl, (3)

where Nττ is the number of ττ pairs, B(τ → πνh) is the branching fraction for νh production,116

B(νh → π$) is the branching fraction of the reconstructed decay, m, p and Γ = Γ(m,U)117

are the mass, momentum and full width of the HNL, respectively, and ε(m, l) is the re-118

construction efficiency of the HNL of mass m decaying at a distance l from the IP. The119

momentum p is approximated by the mean value for a given mass, determined from the120

signal MC. To factor out the |U |2 dependence, we define |Uτ |2f1(m) ≡ B(τ → πνh) and121

|Uα|2f2(m) ≡ Γ(νh → π$) = B(νh → π$)Γ, where α denotes the flavor (e, µ) of the charged122

lepton produced in the νh decay. Integration is performed over the full volume used to recon-123

struct the HNL vertex. The expressions for B(τ → πνh), Γ(νh → π$) and the full neutrino124

width Γ are taken from Ref. [23] and require only general assumptions (i.e., they are not125

specific to the νMSM model). Since the relations among the different Uα are unknown, in126

the calculation of Γ we assume |U |2 = |Uτ ||Uα|. To get the value of |U |2 = |Uτ ||Uα| given127

number of observed events, we solve Eqn. 3 for the variable |U |2.128

The systematic uncertainties in number of events calculated according to Eqn. 3 are129

enumerated in Table II. We estimate the systematic uncertainties of event selection criteria130

from the differences in their efficiencies obtained in data and MC. Since all particles used in131

the systematic uncertainty study decay relatively close to the IP compared to the expectation132

for an HNL, we require where possible that the decay vertices be farther than 4 cm from133

the IP in the transverse plane to put more weight on large decay lengths. To estimate134

the systematic uncertainty due to tracking, we compare the number of fully and partially135

reconstructed D∗+ decays in the decay chain D∗+ → D0π+, D0 → K0
Sπ

+π−, K0
S → π+π−,136

where in the latter case one of the pions from the K0
S is explicitly left unreconstructed.137

To estimate the systematic uncertainty of the lepton identification, we reconstruct J/ψ →138

$+$−, $ = e, µ events, where one of the daughter particles is identified as an electron or139

muon. The difference of the identification efficiency of the other daughter between data140

and MC is treated as a systematic uncertainty. To estimate the systematic uncertainty141

of the vertex quality requirements we apply them to K0
S decays, which have a topology142

similar to HNL decays. Signal events were generated using EvtGen, which is not optimized143

for τ decays. To estimate the effect of this we prepared two samples of ττ events — one144

generated with EvtGen and the other with KKMC and TAUOLA — then reconstructed145

τ → $νν decays, where $ = e, µ, using the same tagging as for the signal events and146

compared reconstruction efficiency in both cases. The calculation uncertainty comes from147

the efficiency and momentum approximations in Eqn. 3 and was estimated by comparing148

predicted and observed number of events in different subsets of the signal MC. Systematic149

uncertainties induced by the fitting procedure were found by varying the signal resolution and150

background shape within their errors. The theoretical uncertainty arises from uncertainties151

in the constants used in Eqn. 3. Correlations between different systematic uncertainties are152

found to be small and are ignored. All systematic uncertainties are summed in quadrature,153

leading to total systematic uncertainties of 15% and 11% for the ππe and ππµ modes,154

respectively. The largest contributions are lepton identification (12% and 6% for the electron155

and muon identification, respectively) and vertex quality requirements (5.3%).156
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Closing remarks
After > 12 years since shut-down, Belle is still producing > 20 
papers per year. 

In 2022, there was a tentative interruption (due to …) of paper 
publication, but now it is resumed with ORCID. 

Belle II has collected data sample of , and currently in 
Long Shutdown 1.  Combining Belle & Belle II, we have 
at .  Analyses based on combined data set will become more 
active.

Please stay tuned for more news in semi-invisible B decays from 
Belle II.

∼ 430 fb−1

∼ 1.1 ab−1

Υ(4S)
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51

Ø 2 types of signal decay with charge combination of primary tracks.
– As long as staying on model-independence, we must consider both channels.

Ø The reconstruction strategy is same.
Ø However main BG types are different, thus cut strategies are also differently 

optimized.

Ø SS has huger size of BG, hardly separate signal/BG, etc...

→ Much more difficult channel !
S. Watanuki @Saga-Yonsei Workshop 2022
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We must do both (if only for model independent search)

same reconstruction, but very different bkgd.

Background for SS is much harder to handle
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